SPECTRAL COMPUTATION OF LOW PROBABILITY TAILS FOR THE
HOMOGENEOUS BOLTZMANN EQUATION

JoHN ZWECK®", YANPING CHEN(, MATTHEW GOECKNER("), AND YANNAN SHEN®
(UTHE UNIVERSITY OF TEXAS AT DALLAS, @ THE UNIVERSITY OF KANSAS; EMAIL: ZWECK@UTDALLAS.EDU

PROBLEM SETTING ERROR ESTIMATE FOR Q" [2] RESULTS FOR BKW PDF RESULTS FOR MIXS OF MAXWELLIANS

o Motivation:  Accurate simulation of low- | | Theorem. Suppose that f(v) < ce™*", where v = |v|. Y e o
probability, high-energy processes in non- Then, the truncation error, &, = |Q — Q"'|, satisfies 02 N U050 foix(v) = 1—w)f(v—v1,Th) + wf(v—v2,T5),
equilibrium plasmas. £ (v) £UB( ) (ko) £ ) N —Awaytical N (0.T) = (2nT)~4/2 exp(—v? /2T)
(V) < & (g, v) 1= cexp(—kv?) Erel(Gtr, V) S S 0% where f(v,T) = (2aT) ™/ exp(—v*/2T).
e Reaction rates depend on overlap between electron .
velocity pdf and electron-ion impact cross sections. | | where g~ 2L 106 (A)w=05v1=(200),v2 = —vy,and T1 = T5 = 0.25.
) — Analytical 10° 10” L
e Goal: Accurate computation of low-probability — F(o—g)? " i " o o 0 S ¢ ’ DU Ethae, DO
i i = : Ere V) = _/6_ 9 (1 — e dg. ’ ’ - t=6 =6
tails of electron velocity pdf, f = f(t, v): 1(ger,0) kv ( )9 g Smaller A¢ better captures the oscillations of G o ey A
Gtr “~ 10° % ~ 109 ¥
of . 10°
ot Q1) Boltzmann equation Corollary. If X € (0, 1] and if k and g, are both large enough, 10
8
for Boltzmann collision operator (%) 3/2,0 if gor < v, <0 . ! - : - . 1010 . ; - )
4
Ere V) R L[(Wk)1/2 + (L+ X g;l g>‘r 7 Jir = 0, 105 F —Maxwellian Upper Bound 1 Chose g;, = 10 to ensure ¢ ) < 10~! for v < 6.
Q('U) _ [f('v/)f('w') _ f(v)f(v +g)] )\d@dg, 1<gt ) 2k2 A 1(+>\ ) t ] t f t igllza\t\\;ve;il:;n:%?gerBmdeI 2 gt e (gt )
g Tc e Gir 20 4
A T T if ger > v. T e B T S (B)w =104, v, = (7.38,0,0), T; = 4and T» = 0.0625
v v %107 5
- )\ = 0: Isotropic Maxwell collisions In particular, 8 ’
6
— )\ = 1: Isotropic hard-sphere collisions e For gy > v, Evel(gtr, v) — 0 exponentially as g, — oo 0
\_ P P p yasg ) .
— “— .t—0 N
e For \=0and g,, = v>0, . o =l
GAMBA’S SPECTRAL METHOD [1] I e
L. me e MguTY 108
Truncated Collision Operator Ereilgn,v) = o5 —— o i Cor o0
kBound based on dominant Maxwellian gives g, = 10.
Q"(v) = / / [f(v")f(w") = f(v) (v +g)] g*dOdg Strategy for choosing g,
l9I<gw 52 \To ensure Q" ~ () at v, choose g, slightly larger than v. CONCLUSIONS
e Ignores collisions for which g = |v — w| > gy . 1. 1%* explicit study of accuracy of deterministic com-
~ . o NUMERICAL METHOD Verification of Asymptotic Formula in Corollary putation of low-probability tails for Boltzmann eq.
(€)= - G"(&,¢) d€. ) v =8 ) =14
<N /]1@3 fE-7067E O e Method I for gi,: Choose c: fo(v) < ce_(3/2E0)v2, 10 : 10 ’ 2. gy plays important role in computational accuracy.
~ . : : LI : 10° ° 10° 6 o 0 0 0o ©
G"(&,¢) = / G(g,¢)e '¢9dg. so width agrees with that of limiting Maxwellian. e P o, . e Caxxxx 3. 3 trade off between errors in truncation of @) and
'Q'Sg‘fc e Method II for g,.: Tightest Maxwell bound for fo. | | & |~ Seoeoood & mma N numerical computation of Q.
G , — A[%'gsinc 2—1]’ :;’z :’z . .
9:0)=9"|¢ (9¢/2) e Ensure f* is accurate on [0, v,] by choosing g, so 0" ;%igg o o2 ;%i% 4 Error estimate applies to related methods.
c ] O(NG) that £,q (gtr, U) < 107! forall w < V. 10" 72 : p ¢000 . 10" 72 ; : .
e Computational cost < . v, v
e Discretize R? using N points on [-L, L]?. - g =8 I gu=14 REFERENCES
e If supp(f) C [-L, L)?, then Q = Q" if g, > 2v/3L.
. . - . e Compute integral for Q' via spectrally accurate 10° 1 10° i 1] I. M. G.amba and S. H. Tharl.<a.bhushanam. Spectral-
e Error: &0 < |Q — QY| + |Q* — Q|, where Q™ is trapezoid rule with N sufficiently large, as in [1]. 19 ° ’ ° 106 . LagFe}nglan met.hods for collisional models of non-
numerical approximation of Q" with N points. - ) . Ceal, equilibrium statistical states.  Journal of Computational
— Analytical H 1 — Analytic: N .
) e Solve ODE system using multistep 4th-order iE o Vi + K Aualytical Physics, 228:2012-2036, 2009.
e How to choose gy;? Adams-Bashforth method. : . Nl . ; il [2] J. Zweck, Y. Chen, M.]. Goeckner, and Y. Shen. Spectral com-
1. Asgy \O: |Q— QY| 1 . ) 7% 2 3 s 8 107, 2 4 6 s putation of low probability tails for the homogeneous Boltz-

- o Enfor(;e conservation of moments using a La- " " mann equation. Applied Numerical Mathematics, 162(4):301-
L 2. As gy oo |QF — QNC| 4 as G oscillates. S grangian projection of [1]. S Validation of Method for Choosing g, L 317, 2021.




