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Abstract Trace gas sensors have a wide range of applications including air quality monitoring, industrial
process control, and medical diagnosis via breath biomarkers. Quartz-enhanced photoacoustic spectroscopy
and resonant optothermoacoustic detection are two techniques with several promising advantages. Both
methods use a quartz tuning fork and modulated laser source to detect trace gases. To date, these comple-
mentary methods have been modeled independently and have not accounted for the damping of the tuning
fork in a principled manner. In this paper we discuss a coupled system of equations derived by Morse and
Ingard for the pressure, temperature, and velocity of a fluid that accounts for both thermal effects and
viscous damping, and which can be used to model both types of trace gas sensors simultaneously. As a first
step towards the development of a more realistic model of these trace gas sensors, we derive an analytical
solution to a pressure-temperature subsystem of the Morse-Ingard equations in the special case of cylindri-
cal symmetry. We solve for the pressure and temperature in an infinitely long cylindrical fluid domain with
a source function given by a constant-width Gaussian beam that is aligned with the axis of the cylinder. In
addition, we surround this cylinder with an infinitely long annular solid domain, and we couple the pressure
and temperature in the fluid domain to the temperature in the solid. We show that the temperature in
the solid near the fluid-solid interface can be at least an order of magnitude larger than that computed
using a simpler model in which the temperature in the fluid is governed by the heat equation rather than
by the Morse-Ingard equations. In addition, we verify that the temperature solution of the coupled system
exhibits a thermal boundary layer. These results strongly suggest that for computational modeling of res-
onant optothermoacoustic detection sensors, the temperature in the fluid should be computed by solving
the Morse-Ingard equations rather than the heat equation.

Keywords trace gas sensing · optothermal detection · mathematical modeling · photoacoustic spec-
troscopy · viscothermal effects

1 Introduction.

Many applications in science and engineering, such as the design of trace gas sensors, hearing aid
transducers, and micro-electrical-mechanical devices, involve the interaction between a pressure
wave and a thermal wave on a very small scale [8,17]. Models that use either the acoustic
wave equation or the heat equation do not account for viscothermal effects [8]. Instead, by
using a set of coupled equations involving pressure, temperature and fluid velocity that are
derived from the Navier-Stokes equations, one can examine thermal and viscous boundary layer
phenomena and more accurately calculate resonances [15,16]. In a study of reduced models
for thermal phenomena near thin bodies in a fluid, Lavergne et al. [22] showed that thermal
boundary layer effects can be significantly different for planar membranes than for cylindrical
fibers. In their modeling of hearing aid receivers, Cordioli et al. [8] show that experimentally
measured resonance frequency curves agree much better with results obtained from models that
incorporate viscothermal effects than with models based on the acoustic wave equation.

Analytical solutions to the coupled pressure-temperature-velocity system have been derived
by several authors for a variety of applications, and used to determine the limitations of the
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acoustic wave equation at small scales where viscous and thermal effects may be significant.
For example, Morse and Ingard [29] derived plane wave solutions both in free space and near
a planar boundary, and used them to determine the width of viscous and thermal boundary
layers. Joly et al. [16] studied admittance properties for the reflection of a pressure wave incident
on a rigid wall, accounting for viscous and thermal effects in the fluid and thermal diffusion
into the wall. For their study of photoacoustic effects in small droplets, Cao and Diebold [6]
derived a spherically symmetric solution of a coupled system for pressure and temperature
with a spatially uniform heat source, and applied the solution to study the limitations of the
acoustic wave equation when the radii of the droplets approaches the characteristic lengths for
fluid viscosity and thermal conduction.

In this paper, we derive an analytical solution to a coupled system of equations derived by
Morse and Ingard for the pressure and temperature variations in a fluid due to a heat source that
is internal to the fluid. We use this solution to study how the interaction between the pressure
and temperature near a fluid-solid interface gives rise to a thermal boundary layer that affects
the diffusion of heat into the solid. Our motivation for studying this problem is to investigate
whether the coupled equations for pressure, temperature, and fluid velocity can be used to
improve computational models of a class of trace gas sensors that employ a quartz tuning fork
to detect the weak acoustic pressure waves and thermal disturbances that are generated when a
trace gas is heated by a laser [19,20]. The results we will present in this paper demonstrate that
for the modeling of a trace gas sensor designed to detect thermal disturbances, it is necessary to
solve the coupled pressure-temperature system rather than simply relying on the heat equation
in the fluid, as was done in previous modeling work [36].

Trace gas sensors are currently being developed for a diverse range of applications includ-
ing air quality monitoring, industrial process control, medical diagnosis via breath analysis,
and explosives detection [9,23,38]. An important class of trace gas sensors are photoacoustic
spectroscopy (PAS) sensors which detect the weak acoustic pressure waves that are generated
when optical radiation from a laser is periodically absorbed by molecules of a trace gas [2,27].
A PAS sensor that has garnered much recent attention is the quartz-enhanced photoacoustic
spectroscopy (QEPAS) sensor, which employs a quartz tuning fork to detect these acoustic
pressure waves via the piezoelectric effect [19,33].

In addition to generating an acoustic pressure wave, the periodic interaction between the
laser radiation and a trace gas also generates a thermal diffusion wave in the fluid. The same
tuning fork can be used to detect this thermal diffusion wave via the indirect pyroelectric
effect [20,31]. This trace gas sensing modality is referred to as Resonant OptoThermoAcoustic
DEtection (ROTADE). Because the thermal diffusion wave attenuates very rapidly, in most
operating regimes the acoustic wave has a much greater effect on the tuning fork than does the
thermal wave. However, when the ambient pressure is sufficiently low and the laser source is
positioned close enough to the surface of the tuning fork, the thermal wave can dominate [20,
36]. Since the lines in the absorption spectrum become more distinct as the ambient pressure is
lowered, ROTADE sensors provide more wavelength selectivity than do QEPAS sensors, which
is important for some applications.

QEPAS and ROTADE sensor technologies are based on the following physical processes.
A laser generates optical radiation at a specific absorption wavelength of the trace gas to be
detected. The optical energy absorbed by the trace gas is transformed into vibrational energy of
the gas molecules. By sinusoidally modulating the interaction between the laser radiation and the
trace gas, a thermal diffusion wave is generated in the ambient fluid. In addition, vibrational-to-
translational energy conversion processes at the molecular level generate an acoustic pressure
wave. In a QEPAS sensor, the acoustic pressure wave induces a mechanical vibration of the
tuning fork, which is in turn converted to an electric current via the piezoelectric effect in
quartz. QEPAS systems are highly sensitive trace gas sensors which can detect minute amounts
of trace gas at the parts-per-billion level [25,39]. This sensitivity is achieved by directing the
laser beam between the tines of the tuning fork (see Figure 1, left) and choosing the laser
modulation frequency to excite a strong resonance in the tuning fork. Since the entire process
is linear, the amplitude of the received electrical signal is proportional to the concentration of
the trace gas. In those operating regimes for which the thermal diffusion wave dominates over
the acoustic pressure wave on the surfaces of the tuning fork, the device acts as a ROTADE
sensor. When the excited molecules collide with the surface of the tuning fork, their vibrational
energy is transferred to the tuning fork in the form of heat. The thermal energy transferred to
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the surface then diffuses into the interior of the tuning fork where it induces a mechanical stress
and displacement of the tines of the tuning fork. In summary, the ROTADE sensor utilizes
a combination of the thermoelastic effect, in which heat generates mechanical stress, and the
piezoelectric effect, in which this stress generates an electrical signal. The combination of these
two effects is called the indirect pyroelectric effect [31].
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Fig. 1 Schematic diagram of a QEPAS sensor (left) and a ROTADE sensor (right). Each figure shows the quartz tuning
fork (mustard) and laser source (pink).

At low ambient pressure, the same tuning fork can act as both a QEPAS sensor and a
ROTADE sensor. In this situation the placement of the laser beam relative to the tuning fork
dictates which sensing modality is dominant. When the laser is directed near the top of the tines
of the tuning fork the QEPAS signal is dominant (see Figure 1, left), whereas when the laser
beam is directed near the base of the tuning fork the ROTADE signal is dominant (see Figure 1,
right). Laboratory experiments suggest that as the laser source is moved down from the top
of the tuning fork to its base, at some point the QEPAS and ROTADE signals destructively
interfere with one another [20,36].

QEPAS and ROTADE sensors have several promising advantages over traditional trace gas
sensors, including their small size (1000 times smaller than traditional sensors), immunity to en-
vironmental noise, and improved sensitivity [20,23,38]. The high degree of sensitivity of QEPAS
and ROTADE sensors is primarily due to the very strong resonances of tuning fork oscillators.
In general for an oscillator, smaller damping effects result in larger resonance amplitudes and
narrower resonance frequency widths. Physically realistic modeling of damping is therefore crit-
ical for accurate computational modeling of QEPAS and ROTADE sensors [12]. In particular,
since the overall damping effect depends on the geometric configuration of the system, such
models need to allow for the geometry of the tuning fork to be varied. Firebaugh et al. [12,
13] obtained reasonable agreement between a computational model and experimental data in
a study comparing the performance characteristics of several different tuning fork geometries
for a QEPAS sensor. Previous work with a simplified model of a ROTADE sensor by Petra
et al. [36] demonstrated that computer simulations can be used to optimize the tuning fork
geometry in an efficient manner. However, ad-hoc damping models were used in all these stud-
ies. For example, Petra et al. [35,36] incorporated an ad-hoc damping term into the equations
describing the resonant vibration of the tuning fork, in which the damping constant was fitted
to experimentally measured data from a single tuning fork.

The major source of damping in tuning fork oscillators is viscous damping due to the motion
of the oscillator through the ambient fluid [30]. Kokubun et al. [18] developed a theoretical
model of the viscous damping of a tuning fork in which the drag force is calculated using fluid
mechanics. By approximating a tuning fork by a string of spherical beads, they were able to
apply an analytical formula for the drag force on a sphere [21] to approximate the drag force
on a vibrating tuning fork.1 However, because of its ad-hoc nature, Kokubun et al. used a
curve fitting algorithm to determine the radius of the sphere in the model using data obtained
from experimental measurements of specific tuning forks. Firebaugh et al. [12,13] obtained

1 These formulae were obtained by solving the incompressible linear Navier-Stokes equation for viscous fluid flow around
a sphere.
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qualitative—though not quantitative—agreement with experiments using a finite-element model
of a QEPAS sensor that incorporated viscous damping of the tuning fork using the approach
of Kokubun et al. They attributed the lack of quantitative agreement to the oscillating sphere
approximation used to model the viscous damping of the tuning fork.

In this paper, we take the first step towards the development of a joint mathematical model
for QEPAS and ROTADE phenomena that more accurately incorporates viscous damping and
thermal conduction effects. This new model will in the future allow for numerical optimization
of the geometric parameters of the tuning fork in these sensors. Viscous and thermal effects
in an acoustic fluid play a significant role only near the boundaries of the fluid. For harmonic
plane waves, the thickness of the viscous and thermal boundary layers are each on the order of
10 µm at the 32.8 kHz operating frequency of the sensor [29]. By comparison, depending on the
design of the system, the smallest characteristic length of the geometric domain ranges from 30-
100 µm [10]. Because the thickness of the boundary layers is within an order of magnitude of the
smallest characteristic length of the geometric domain, rather than treating the boundary layer
separately [3], we instead use a modification of the classical equations for acoustic pressure and
heat conduction in the entire fluid domain that correctly accounts for thermal and viscous effects.
This modification was obtained by Morse and Ingard [29], who linearized the Navier Stokes
equations to derive a coupled system of linear partial differential equations for the acoustic
pressure, temperature, and fluid velocity that includes the effects of fluid viscosity and thermal
conduction. By decoupling the equations for the fluid velocity from those for the other two
variables, they obtained a pair of equations for the pressure and temperature. The pressure
and temperature equations are coupled to each other through a term that involves the viscosity
and thermal conduction parameters of the fluid. In this paper, we add a source term to the
temperature equation which enables us to model the generation of the thermal diffusion wave
and its conversion to an acoustic pressure wave in photoacoustic spectroscopy and resonant
optothermoacoustic trace gas sensors [28].

As a first step towards our goal of developing a realistic model of the coupled thermal and
pressure waves, in this paper we derive an analytical solution to the Morse-Ingard equations for
pressure and temperature in the special case of cylindrical symmetry. Specifically, the simplified
situation we consider is to solve the Morse-Ingard equations in an infinitely long cylindrical
fluid domain with a source function given by a constant-width Gaussian beam that is aligned
with the axis of the cylinder. Furthermore, we surround this cylinder with an infinitely long
annular solid domain, and we couple the pressure and temperature in the fluid domain to the
temperature in the solid, which we model using the heat equation. Because of the symmetries
inherent in this simplified problem, the solutions of the coupled system are functions only of
the radial distance from the axis of the cylinder. In particular, the analytical solution we derive
does not capture any variations of pressure and temperature along the axis of the cylinder. We
will use the resulting solution to gain insight into how the thermal boundary layer in the fluid
affects the temperature variation in the solid near the fluid-solid interface. We show that both
the pressure and temperature variations in the fluid are the sum of a small scale thermal mode
and a large scale acoustic mode. For the pressure, we show that the acoustic mode dominates
over the thermal mode. However, we will show that the temperature in the solid near the fluid-
solid interface can be at least an order of magnitude larger than that computed using a simpler
model in which the temperature in the fluid is governed by the heat equation rather than by
the Morse-Ingard equations.

Globally, the geometry of a tuning fork is very different from the geometry of an infinitely
long annular domain. However, experiments and simulations have shown that the performance
of a ROTADE sensor is to a large extent determined by the temperature in that region of the
tuning fork that is closest to the laser beam [34,36]. Moreover, in a ROTADE sensor, the laser
beam is positioned close to the U-shaped surface near the base of the tines of the tuning fork,
and this surface is locally well approximated by the boundary of a half-cylinder (see Figure 1,
right). In laboratory experiments of ROTADE sensors, the acoustic pressure of the fluid is
not resonant. Rather, the frequency of the source is chosen to excite a mechanical resonance
in the tuning fork. Similarly, although the cylindrical fluid domain of the simplified system is
enclosed by the solid, the frequency of the source does not excite an acoustical resonance in the
radial direction. Nevertheless, since the pressure variation decays slowly it depends on the global
geometry of the system. In summary, although the global geometry of the simplified system is
different from that of a trace gas sensor system, the local similarities between the two systems
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are strong enough that our conclusions about the temperature in the solid should carry over
to ROTADE sensors. In particular, our results strongly indicate the necessity of modeling the
temperature in the fluid using the Morse-Ingard equations, rather than using the heat equation.
Indeed, in our previous modeling of ROTADE sensors that was based on the heat equation in
the fluid, we could only obtain agreement between normalized signal amplitudes rather than
between the amplitudes themselves [36]. While there are several factors that could contribute
to this lack of agreement, the discrepancy between the results obtained using the Morse-Ingard
equation and the heat equation in the fluid is likely one of them.

In Section 2 we briefly review the derivation of the Morse-Ingard equations. In Section 3
we derive an analytic solution of these equations. In Section 4 we describe the finite-element
computation we performed to verify the correctness of the analytic solution. In Section 5 we
present the results we obtained using both the analytical solution and finite-element method.
Finally, in Section 6 we summarize the results and discuss future work.

2 Model.

In previous work, Petra et al. [34–37] developed separate models for QEPAS and ROTADE
sensors. In the case of a QEPAS sensor, in which a pressure wave generates the electrical signal,
Petra et al. used the acoustic wave equation to model wave propagation [35]. Similarly, in
the case of a ROTADE sensor, in which periodic thermal expansion generates the electrical
signal, they used the heat equation to describe the diffusion of the gas [36]. In this paper,
we simultaneously model the temperature and pressure in an acoustic fluid using a coupled
system of equations derived by Morse and Ingard [29, p. 279-282]. These equations are obtained
from a system of equations for pressure, temperature, and fluid velocity that was independently
obtained by Morse and Ingard [29], Miklos, Shäfer and Hess [28], and Joly et al. [16].

We consider a fluid that in the absence of a heat source has uniform density, pressure, and
temperature, and is everywhere at rest. When heat energy is introduced into the fluid, for
example by the interaction between a laser and a trace gas, the thermodynamic quantities vary
from their ambient values. To derive equations for the variation of pressure, temperature, and
velocity we begin by considering the linearized Navier-Stokes equations,

ρ0
∂v

∂t
= −∇P +

(
η +

1

3
µ

)
∇ (∇ · v) + µ∇ (∇ · v)− µ (∇× (∇× v)) , (1)

where v is the fluid velocity, ρ0 is ambient density, t is time, P is the variation from the ambient
pressure, and µ and η are the viscosity and bulk viscosity of the fluid, respectively. By the
Helmholtz Decomposition Theorem, we can express the fluid velocity in the form v = v` + vt
where the lamellar part, v`, is curl free and the rotational part, vt, is divergence free.2 Because
∇P is also curl free, we can use this decomposition to obtain separate equations for the lamellar
and rotational parts:

ρ0
∂v`
∂t

= −∇P +

(
η +

4

3
µ

)
∇ (∇ · v`) , (2)

ρ0
∂vt
∂t

= −µ (∇× (∇× vt)) . (3)

In addition to the Navier-Stokes equations, we consider the continuity of mass flow equation,

∂ρ

∂t
+ ρ0∇ · v = 0, (4)

where ρ is the variation of the ambient density, ρ0, and the continuity of heat flow equation,

T0
∂ζ

∂t
= K∇2T , (5)

2 A theorem in the text of Chorin and Marsden [7] states that for a vector field, v, on a domain Ω ⊂ R3, the Helmholtz
decomposition, v = v` + vt, is unique, provided that we also assume that vt is tangential to the boundary surface, ∂Ω.
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where T is the variation from the ambient temperature, T0, ζ is the variation of the entropy,
and K is the thermal conductivity. We also consider the equation of state,

ρ = γρ0κS (P − αT ) , (6)

where γ is the ratio of specific heats and κS is the adiabatic compressibility. In addition, the
parameter, α, is given by α = ρ0βc

2/γ, where c is the speed of sound and β is the coefficient of
thermal expansion of the fluid. Finally, the equation for the variation of the entropy is given by

ζ =
Cp
T0

(
T − γ − 1

αγ
P
)
, (7)

where Cp is the specific isobaric heat capacity of the fluid. Equations (2)–(7) form a system of
six equations for the fluid velocity and the variations in the pressure, temperature, density, and
entropy. Eliminating ζ and ρ from Equations (4)–(7) and focusing on the temperature variation,
T , and pressure variation, P, of the fluid, we obtain:

∂

∂t

(
T − γ − 1

γα
P
)
− lhc∇2T = S, (8)

γ

c2

(
∂2

∂t2
− lvc

∂

∂t
∇2

)
(P − αT )−∇2P = 0, (9)

ρ0
∂v`
∂t

= −∇
[
P +

γlv
c

∂

∂t
(P − αT )

]
, (10)

where S = S (x, t) is the amount of heat per unit time provided by the source, t is time, and
x is position. We added the source term, S, to Equation (8) to model the heating of the fluid

by the laser [16,28]. The parameter lv =
(

4
3 + η

µ

)
µ
ρ0c

is the viscous characteristic length, and

lh = K/ρ0cCp is the thermal characteristic length. We refer to Equations (3) and (8)–(10) as
the Morse-Ingard equations. Equations (8) and (9), which are independent of the fluid velocity,
v, can be solved as a system of two equations to determine the temperature and pressure
variations. In this paper we focus on Equations (8) and (9), since the tuning fork in a trace gas
sensor is designed to detect the pressure and temperature variations. For a tuning fork sensor,
it is only necessary to solve for the fluid velocity in situations where the damping of the tuning
fork cannot be obtained from experimental measurements. However, in future computational
models we will also include Equations (3) and (10) for the fluid velocity. The fluid velocity is
needed to impose the conditions at the interface between the fluid and tuning fork that are
required to compute the effect of the viscous damping of the tuning fork by the fluid.

Since the tuning forks used in QEPAS and ROTADE sensors are sharply resonant, it is
reasonable to assume that the source, S, is harmonic in time [35]. Consequently, we model the
source as an axially symmetric Gaussian beam of width σ of the form

S (r, t) = <
{
C exp

[
−r2/

(
2σ2
)]

exp(−iωt)
}
, (11)

where r is radial distance from the axis of the laser beam and <(z) denotes the real part of
a complex number, z. The angular frequency, ω, is given by ω = 2πf , where f is the wave
frequency. This frequency is chosen to match the resonance frequency of the tuning fork, which
is typically f = 32.8 kHz. The parameter, C, is given by C = αeffWL/

(
4πρ0Cpσ

2
)

where αeff is
the effective absorption coefficient (i.e., the fraction of radiation absorbed per unit length as it
passes through fluid), and WL is the laser power [35].

To enable us to derive cylindrically symmetric solutions, we solve the Morse-Ingard Equa-
tions (8) and (9) with a source function given by Equation (11) in an infinitely long cylindrical
fluid domain, Ωfluid, of radius, R, that is aligned with the axis of the laser beam. Furthermore,
we couple the pressure and temperature variations in the fluid to the temperature variation
in an infinitely long annular solid domain, Ωsolid, surrounding the fluid with inner radius, R,
and outer radius, RS . We show a cross section of the composite domain, Ω = Ωfluid ∪Ωsolid in
Figure 2.

We will use the resulting analytical solution to gain insight into how the thermal boundary
layer in the fluid affects the temperature variation in the solid near the fluid-solid interface.
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We anticipate that the behavior of the temperature variation in the solid near the fluid-solid
interface obtained on the simplified geometric domain will be similar to that in the tuning fork
of a ROTADE sensor. In particular, experiments have shown that that the performance of a
ROTADE sensor is to a large extent determined by the temperature in that region of the tuning
fork that is closest to the laser beam [34,36]. Moreover, since the laser beam is positioned close
to the U-shaped surface near the base of the tuning fork, locally in this region, the boundary is
well approximated by the boundary of a half-cylinder (see Figure 1, right).

RS

R

Fig. 2 Cross section of a cylindrical fluid domain of radius, R, surrounded by an annular solid domain with outer radius,
RS .

Because of the cylindrical symmetry of the both source function, S, and the composite
domain, Ω = Ωfluid ∪ Ωsolid, the temperature and pressure variations are functions only of the
radial distance, r, from the axis of the laser beam. Moreover, since we are only interested in
time-harmonic, steady-state solutions, we can express the pressure, temperature, and source in
the form

P (r, t) = <
{
P (r) e−iωt

}
, T (r, t) = <

{
T (r) e−iωt

}
, S (r, t) = <

{
S (r) e−iωt

}
. (12)

Under these assumptions, the coupled system of time-dependent partial differential equations (8)
and (9) reduces to the coupled Helmholtz system of second-order ordinary differential equations,

lhc∇2T + iω

(
T − γ − 1

γα
P

)
= −S, (13)

∇2P +
γ

c2

(
ω2 − ilvcω∇2

)
(P − αT ) = 0, (14)

where the Laplacian operator of a function, F = F (r), is given by ∇2F = F ′′ + 1
rF
′. Here

F ′ = dF/dr.
The temperature, TS , in the solid, Ωsolid, satisfies the heat equation

∂TS
∂t
−DS∇2TS = 0, (15)

where DS is the thermal diffusivity of the solid. Assuming a time-harmonic solution, we have
that TS(r, t) = <{TS (r) e−iωt} and so the Helmholtz form of Equation (15) is

T ′′S +
1

r
T ′S +

iω

DS
TS = 0, (16)

which has the solution
TS (r) = d1J0 (kr) + d2H

(1)
0 (kr) . (17)
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Here k =
√

iω
DS

and J0 is the zeroth order Bessel function of the first kind and H
(1)
0 is the zeroth

order Hankel function of the first kind [32]. We express the solution using this particular linear

combination because J0 and H
(1)
0 form a numerically satisfactory pair of cylinder functions in

the upper half of the complex plane [32, 10.2(iii)].
In Section 3, we will derive a formula for the general solution of Equations (13) and (14) in

terms of Bessel and Hankel functions. Because these equations are both of second order, the
general solution will have four unknown constants. In addition, the temperature solution in the
annulus given by Equation (17) has two unknown constants, d1 and d2. To determine these six
constants we impose the six conditions,

T (0) <∞, (18)

P (0) <∞, (19)

T (R) = TS (R) , (20)

KF∇T (R) = KS∇TS (R) , (21)

P ′ (R) = 0, (22)

TS (RS) = 0, (23)

where KF and KS are the thermal conductivities of the fluid and solid, respectively. The first two
conditions are necessary to guarantee that the solution is bounded, since the Hankel functions
have a singularity at zero. The third and fourth conditions ensure continuity of temperature and
heat flux across the fluid-solid interface. The fifth condition ensures that the normal derivative
of the pressure is zero at the fluid-solid interface. To a first approximation, this assumption is
reasonable when modeling the acoustic pressure in a trace gas sensor that employs a tuning
fork, since the amplitude of vibration of the tuning fork is several orders of magnitude smaller
than the characteristic lengths of the system. Therefore, it is reasonable to also assume that the
surface of the annular solid in our simplified model is rigid. The sixth condition states that the
temperature variation is zero on the outer wall of the annulus. This assumption is reasonable
since the temperature variation is known to decay exponentially in the solid, and because we
are most interested in computing the temperature near the inner wall of the annulus.

Imposing the condition T (R) = 0 in place of conditions (20), (21), and (23) yields essentially
the same solution in the fluid. However, in future work, we will develop a model for a trace gas
sensor in which the pressure and temperature in the fluid and the temperature in the tuning
fork are coupled to the mechanical deformation of the tuning fork. For this model, setting the
temperature to zero on the boundary of the tuning fork would be incorrect as laboratory data
has shown that at low ambient pressure the output of the sensor depends on both the pressure
variation at the interface and the temperature variation in the tuning fork near the interface.
One of our goals in this paper is to determine whether it is necessary to use the coupled system
given by Equations (13) and (14) to model the pressure and temperature in the fluid, or whether
it is sufficient to separately compute solutions of the acoustic wave and heat equations. Since
this question cannot be answered by imposing the condition T (R) = 0, we instead use the more
realistic conditions (20), (21), and (23).

3 Derivation of the Analytic Solution.

To solve Equations (13) and (14), we adapt the method used by Petra et al. [35] who employed
the acoustic wave equation to model the propagation of pressure waves in a QEPAS sensor.
By considering the Helmholtz form of the equation Petra and coauthors were able to use the
method of variation of parameters to derive an analytic solution to the acoustic wave equation
in terms of Bessel and Hankel functions. In this section, we use a similar approach to solve the
Morse-Ingard equations.

To facilitate the derivation of the solution and to focus attention on the parameters of
interest, we nondimensionalize the Morse-Ingard equations using the nondimensional quantities

x∗ =
ωx

c
, ∇∗ =

c

ω
∇, P∗ = P

(cx∗
ω

)
, T∗ = αT

(cx∗
ω

)
,

S∗ = −α
ω
S
(cx∗
ω

)
, Ω =

ωlh
c
, and Λ =

ωlv
c
. (24)
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Substituting these nondimensionalized quantities into Equations (13) and (14) gives

Ω∇2
∗T∗ + iT∗ − i

γ − 1

γ
P∗ = S∗, (25)

∇2
∗P∗ + γ

(
1− iΛ∇2

∗
)

(P∗ − T∗) = 0. (26)

To eliminate the spatial derivative of temperature in Equation (26), we substitute Equation
(25) into Equation (26) to obtain the new system,

Ω∇2T + iT − iγ − 1

γ
P = S, (27)

(1− iγΛ)∇2P +

[
γ

(
1− Λ

Ω

)
+
Λ

Ω

]
P − γ

(
1− Λ

Ω

)
T = −iγ Λ

Ω
S. (28)

Here we have dropped the star notation. However, the reader should keep in mind that we are
working with nondimensionalized quantities for the remainder of Section 3. Note that while the
equations are still coupled, each has derivatives of temperature or pressure only. Thus we can
write Equations (27) and (28) as

Ω

(
T ′′ +

1

r
T ′
)

+ iT − iγ − 1

γ
P = S, (29)

(1− iγΛ)

(
P ′′ +

1

r
P ′
)

+

[
γ

(
1− Λ

Ω

)
+
Λ

Ω

]
P − γ

(
1− Λ

Ω

)
T = −iγ Λ

Ω
S. (30)

3.1 Solution of the Homogeneous Equations.

We begin by finding the solution of the homogeneous version of the system (29) and (30). When
S = 0, solving Equation (29) for P gives

P =
γ

γ − 1

[
T − iΩ

(
T ′′ +

1

r
T ′
)]

. (31)

Because of the presence of the Laplacian in cylindrical coordinates in Equation (31), it is natural
to suppose that T = C0 (kr), where C0 is a cylinder function of order zero, i.e., a linear combi-
nation of Bessel and Hankel functions of order zero [32], and k is a constant to be determined.
Consequently, T satisfies T ′′ + 1

rT
′ = −k2T , and so Equation (31) can be rewritten as

P = mT = mC0 (kr) where m =
γ

γ − 1

(
1 + iΩk2

)
. (32)

Since P is also a cylinder function, Equation (30) reduces to the algebraic equation

(1− iγΛ)
(
−k2P

)
+

[
γ

(
1− Λ

Ω

)
+
Λ

Ω

]
P − γ

(
1− Λ

Ω

)
T = 0. (33)

Since P = mT , and assuming T is not identically zero, we conclude that

(iΩ + γΩΛ) k4 + (1− iγΩ − iΛ) k2 − 1 = 0. (34)

Therefore, for T = C0 (kr) and P = mC0 (kr) to be solutions of the homogeneous equations (29)
and (30), the parameter k must be a solution of Equation (34). Consequently,

k2 =
i

2Ω

(
1− iγΩ − iΛ±Q

1− iγΛ

)
, (35)

where
Q2 = (1− iγΩ − iΛ)2 + 4 (iΩ + γΩΛ) . (36)
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Next we define

k2
t =

i

2Ω

(
1− iγΩ − iΛ+Q

1− iγΛ

)
and k2

p =
i

2Ω

(
1− iγΩ − iΛ−Q

1− iγΛ

)
, (37)

and set
mt =

γ

γ − 1

(
1 + iΩk2

t

)
and mp =

γ

γ − 1

(
1 + iΩk2

p

)
. (38)

We note that Equation (37) also holds for plane and spherical harmonic waves [6,29]. The
constants kp and kt correspond to acoustic and thermal modes, respectively [29]. The acoustic
mode has a small imaginary part and attenuates slowly whereas the thermal mode has both a

large real and large imaginary part and attenuates rapidly. Because J0 andH
(1)
0 are a numerically

satisfactory pair of cylinder functions in the upper half of the complex plane [32, 10.2(iii)], we
use them to obtain the fundamental set of solutions to the homogeneous equations (29) and
(30): [

T (r)
P (r)

]
∈

{[
J0 (kpr)

mpJ0 (kpr)

]
,

[
H

(1)
0 (kpr)

mpH
(1)
0 (kpr)

]
,

[
J0 (ktr)
mtJ0 (ktr)

]
,

[
H

(1)
0 (ktr)

mtH
(1)
0 (ktr)

]}
. (39)

3.2 Solution of the Inhomogeneous Equations.

Having found a fundamental set of solutions (39) to the homogeneous version of Equations (29)
and (30), we now solve the inhomogeneous equations (29) and (30). Introducing new variables
for T ′ and P ′, we can rewrite the two second order equations (29) and (30) as the first order
system

u′ (r) =M (r)u (r) + g (r) , (40)

where

u (r) =

 T (r)
T ′ (r)
P (r)
P ′ (r)

 M (r) =


0 1 0 0

− i
Ω −1

r
i(γ−1)
γΩ 0

0 0 0 1
γ(1− Λ

Ω )
1−iγΛ 0

γ(1− Λ
Ω )+ Λ

Ω

1−iγΛ −1
r

 g (r) =


0

1
ΩS (r)

0

− iγΛ
Ω(1−iγΛ)S (r)

 . (41)

Using the method of variation of parameters [4], the solution of the inhomogeneous system (40)
can be written as

u (r) = Ψ (r)

(
b +

∫ r

0
Ψ−1 (s)g (s) ds

)
, (42)

where b is a constant of integration and Ψ is the fundamental matrix

Ψ (r) =


J0 (kpr) H

(1)
0 (kpr) J0 (ktr) H

(1)
0 (ktr)

−kpJ1 (kpr) −kpH(1)
1 (kpr) −ktJ1 (ktr) −ktH(1)

1 (ktr)

mpJ0 (kpr) mpH
(1)
0 (kpr) mtJ0 (ktr) mtH

(1)
0 (ktr)

−kpmpJ1 (kpr) −kpmpH
(1)
1 (kpr) −ktmtJ1 (ktr) −ktmtH

(1)
1 (ktr)

 . (43)

We use the Schur complement [26] to calculate Ψ−1. Specifically, we employ the blocking

Ψ =

[
A B
C D

]
, (44)

where

A =

[
J0 (kpr) H

(1)
0 (kpr)

−kpJ1 (kpr) −kpH(1)
1 (kpr)

]
, B =

[
J0 (ktr) H

(1)
0 (ktr)

−ktJ1 (ktr) −ktH(1)
1 (ktr)

]
, (45)

and
C = mpA and D = mtB. (46)
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Then

Ψ−1 =

[
A B
C D

]−1

=

[
S−1 −S−1BD−1

−D−1CS−1 D−1 +D−1CS−1BD−1

]
, (47)

where
S = A− BD−1C. (48)

Substituting D−1 = 1
mt
B−1 and Equations (46) into Equation (48) yields

S =
mt −mp

mt
A. (49)

Therefore

Ψ−1 =
1

mt −mp

[
mtA−1 −A−1

−mpB−1 B−1

]
, (50)

where

A−1 (r) =
πr

2i

[
−kpH(1)

1 (kpr) −H(1)
0 (kpr)

kpJ1 (kpr) J0 (kpr)

]
, B−1 (r) =

πr

2i

[
−ktH(1)

1 (ktr) −H(1)
0 (ktr)

ktJ1 (ktr) J0 (ktr)

]
.

To calculate A−1 and B−1 we used the property that W
(
J0 (z) , H

(1)
0 (z)

)
= 2i/ (πz) where W

denotes the Wronskian [32]. Thus the inverse of the fundamental matrix is given by

Ψ−1 (r) =
πr

2i (mt −mp)


−kpmtH

(1)
1 (kpr) −mtH

(1)
0 (kpr) kpH

(1)
1 (kpr) H

(1)
0 (kpr)

kpmtJ1 (kpr) mtJ0 (kpr) −kpJ1 (kpr) −J0 (kpr)

ktmpH
(1)
1 (ktr) mpH

(1)
0 (ktr) −ktH(1)

1 (ktr) −H(1)
0 (ktr)

−ktmpJ1 (ktr) −mpJ0 (ktr) ktJ1 (ktr) J0 (ktr)

 . (51)

Applying the variation of parameters formula (42) we conclude that the general solution of
the first order system (40) is

u (r) = Ψ (r) (b + c (r)) . (52)

Here, b = [b1, b2, b3, b4]T is a vector of unknown constants and c (r) = [c1 (r) , c2 (r) , c3 (r) , c4 (r)]T

where

c1 (r) =
π

2i (mt −mp)

(
E − mt

Ω

)∫ r

0
sH

(1)
0 (kps)S (s) ds, (53)

c2 (r) = − π

2i (mt −mp)

(
E − mt

Ω

)∫ r

0
sJ0 (kps)S (s) ds, (54)

c3 (r) = − π

2i (mt −mp)

(
E − mp

Ω

)∫ r

0
sH

(1)
0 (kts)S (s) ds, (55)

c4 (r) =
π

2i (mt −mp)

(
E − mp

Ω

)∫ r

0
sJ0 (kts)S (s) ds, (56)

and E = −iγΛ/ (Ω (1− iγΛ)). From the first and third rows of Equation (52), we conclude that
the general solution of the inhomogeneous system (29) and (30) is given by

T (r) = (b1 + c1 (r)) J0 (kpr) + (b2 + c2 (r))H
(1)
0 (kpr) +

(b3 + c3 (r)) J0 (ktr) + (b4 + c4 (r))H
(1)
0 (ktr) , (57)

P (r) = (b1 + c1 (r))mpJ0 (kpr) + (b2 + c2 (r))mpH
(1)
0 (kpr) +

(b3 + c3 (r))mtJ0 (ktr) + (b4 + c4 (r))mtH
(1)
0 (ktr) . (58)

To determine the constants b1, b2, b3, and b4 in Equations (57) and (58), as well as the constants
d1 and d2 in Equation (17), we use boundary conditions (18)–(23). To apply the first condition

(18), we consider lim
r→0

T (r) in Equation (57). By using the approximation H
(1)
0 (r) ≈ (2i/π) ln (r)
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[32], which is valid for small r, along with repeated application of L’Hopital’s Rule, we conclude
that condition (18) gives

b2 + b4 = 0. (59)

Similarly, by considering lim
r→0

P (r), we conclude that condition (19) gives

b2mp + b4mt = 0. (60)

Therefore, since mp 6= mt, Equations (59) and (60) imply

b2 = b4 = 0. (61)

Thus the coupled solution given in Equation (57) and (58) simplifies to

T (r) = (b1 + c1 (r)) J0 (kpr) + c2 (r)H
(1)
0 (kpr) +

(b3 + c3 (r)) J0 (ktr) + c4 (r)H
(1)
0 (ktr) , (62)

P (r) = (b1 + c1 (r))mpJ0 (kpr) + c2 (r)mpH
(1)
0 (kpr) +

(b3 + c3 (r))mtJ0 (ktr) + c4 (r)mtH
(1)
0 (ktr) . (63)

Using Equations (62) and (63) and the four boundary conditions (20)–(23), we obtain the
linear system of four equations in four unknown constants b1, b3, d1, and d2 given by

J0 (kpR) J0 (ktR) −J0 (kR) −H(1)
0 (kR)

kpJ1 (kpR) ktJ1 (ktR) −KS
KF

kJ1 (kR) −KS
KF

kH
(1)
1 (kR)

mpkpJ1 (kpR) mtktJ1 (ktR) 0 0

0 0 J0 (kRS) H
(1)
0 (kRS)


 b1b3d1

d2

 =

F1

F2

F3

0

 , (64)

where

F1 = −c1 (R) J0 (kpR)− c2 (R)H
(1)
0 (kpR)− c3 (R) J0 (ktR)− c4 (R)H

(1)
0 (ktR) , (65)

F2 = −kpc1 (R) J1 (kpR)− kpc2 (R)H
(1)
1 (kpR)− ktc3 (R) J1 (ktR)− ktc4 (R)H

(1)
1 (ktR) , (66)

F3 = −mpkpc1 (R) J1 (kpR)−mpkpc2 (R)H
(1)
1 (kpR)−

mtktc3 (R) J1 (ktR)−mtktc4 (R)H
(1)
1 (ktR) . (67)

Solving the third row for b3 and the fourth row for d2 and then substituting these expressions
into the two other rows we can reduce the system (64) to the 2 × 2 system

J0 (kpR)− mpkpJ1(kpR)J0(ktR)
mtktJ1(ktR)

J0(kRS)H
(1)
0 (kR)

H
(1)
0 (kRS)

− J0 (kR)

kpJ1 (kpR)
(

1− mp
mt

)
KSk
KF

(
J0(kRS)H

(1)
1 (kR)

H
(1)
0 (kRS)

− J1 (kR)

)
[ b1d1

]
=

[
F1 − J0(ktR)F3

mtktJ1(ktR)

F2 − F3
mt

]
.

(68)
The 2 × 2 system (68) can now be solved for b1 and d1, and using those values in the 4 × 4

system (64), we can find b3 and d2. We now have a complete solution to the coupled temperature
and pressure system given by Equations (62) and (63). At this point, we remind the reader that
all quantities in these equations are nondimensional, but that they can be converted back to
physical units using Equation (24).
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4 Finite-Element Computation of the Solution.

As an additional check, we compared the analytical solution derived in the previous section
to a finite element solution computed on the two-dimensional domain shown in Figure 2. Our
finite element implementation, which was developed using the FEniCS package [24], is a first
step towards a computational model for QEPAS and ROTADE sensors in three dimensions
with realistic geometry. One of our major motivations for deriving the cylindrically symmetric
analytical solution is that it can be used to help verify the correctness of such a computational
model.

For the finite-element results in this paper, we solved the coupled Helmholtz system consist-
ing of the the Morse-Ingard equations (13) and (14) in a disk-shaped fluid domain, Ωfluid, and
the heat equation (15) in an annular solid domain, Ωsolid, with boundary and interfacial con-
ditions given by Equations (20)–(23). Since FEniCS does not support complex arithmetic, we
decomposed the variables into real and imaginary components, T = T1 + iT2 and P = P1 + iP2,
as in [5]. With this decomposition, the entries of the complex-valued finite-element matrices are
converted into 2×2 blocks of corresponding real-valued matrices. The mesh was generated using
the Gmsh package [14]. The mesh was refined around the source and near the interface between
the fluid and solid subdomains (see Figure 3). For our FEniCS implementation, we used linear
Lagrange interpolating polynomials on triangular elements. Finally, the assembled system was
solved using the sparse LU decomposition algorithm in the PETSc package [1]. The finite el-
ement system we solved had approximately 2 × 105 unknowns on a mesh with 105 triangular
elements. In Figure 3 we show a slightly coarser mesh (with 104 triangular elements) which has
the same characteristics as our simulation mesh. We note that with a finer mesh it is harder
to discern the refinement around the source and at the fluid-solid interface due to the density
of the elements. For comparison with the analytical solution, we used linear interpolation to
compute the values of the temperature and pressure along the x-axis of the two-dimensional
domain.

X

Y

Z

Fig. 3 A finite-element mesh with 104 triangular elements for the domain shown in Figure 2.

5 Numerical Results.

In this section, we numerically investigate the solution of the Morse-Ingard equations derived in
Section 3. We first verify the correctness of the analytic solution for temperature and pressure
by comparison to a purely numerical solution computed via the finite element method. Next,
we show that the temperature solution from the Morse-Ingard equations differs significantly
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from the solution obtained using the heat equation in the fluid. In particular, we show that the
Morse-Ingard solution produces a thermal boundary layer which is not present in the solution
obtained using the heat equation in the fluid. This boundary layer results from the interaction
of a thermal part and an acoustic part of the solution of nearly equal magnitudes.

For all the numerical simulations, we assume that the fluid is nitrogen gas at a temperature
of 300 K and a pressure of 1 bar [36]. The parameter values we used are shown in Table 5.
All the parameter values in the simulations closely correspond to those used in our previous
modeling of laboratory experiments of QEPAS and ROTADE sensors [35,36]. In the first set
of numerical simulations, we assume that the width of the Gaussian source σ is 0.02 mm. In
Figure 4 we show the amplitude of the temperature variation in the fluid as a function of the
radial distance, r, from the center of the laser beam over the interval [0, 0.1] mm. The three
curves show the solution to the heat equation in the fluid (dots), the analytic solution of the
Morse-Ingard equations (circles), and the solution of the Morse-Ingard equations via the finite-
element method (dashes). The analytic solution of the Morse-Ingard equations agrees with the
finite-element solution, thus verifying the accuracy of both solution methods. Also, in Figure 4,
we see the amplitudes of the temperature variation given by the Morse-Ingard equations and
the heat equation in the fluid agree well for r ∈ [0, 0.025] mm. However, as r increases, the
two amplitudes diverge, as is seen more clearly in Figure 5, which shows the same solutions
as Figure 4 over the interval [0.05, 0.1] mm rather than over the full interval [0, 0.1] mm. The
solutions of the heat equation and the Morse-Ingard equations disagree in this region. For
example, at r = 0.08 mm, we see that the amplitude of the temperature given by the Morse-
Ingard equations

(
≈ 3.3× 10−5 K

)
is about four times the amplitude of the temperature given

by the heat equation
(
≈ 7.7× 10−6 K

)
.

Source Frequency f = 3.28× 104 Hz
Source Width σ = 2× 10−5 m or 1× 10−6 m

Radius of Nitrogen Gas Domain R = 1× 10−4 m
Outer Radius of Solid Annulus RS = 2× 10−4 m

Thermal Conductivity of Nitrogen Gas KF = 0.0259 W m−1 K−1

Density of Nitrogen Gas ρ0 = 1.123 kg m−3

Specific Isobaric Heat Capacity of Nitrogen Gas Cp = 1041 J kg−1 K−1

Ratio of Specific Heats of Nitrogen Gas γ = 1.4
Thermal Expansion of Nitrogen Gas β = 3.33× 10−3 K−1

Bulk (Volume) Viscosity of Nitrogen Gas η = 1.3× 10−5 kg m−1 s−1

Viscosity of Nitrogen Gas µ = 1.76× 10−5 kg m−1 s−1

Speed of Sound in Nitrogen Gas c = 353 m s−1

Thermal Conductivity of Solid KS = 16 W m−1 K−1

Thermal Diffusivity of Solid DS = 4× 10−6 m2 s−1

Effective Absorption Coefficient αeff = 0.05 m−1

Laser Power WL = 3× 10−2 W
Thermal Characteristic Length lh = 6.276× 10−8 m
Viscous Characteristic Length lv = 9.199× 10−8 m

— α = ρ0βc2

γ = 333.18 kg m−1 K−1 s−2

Table 1 Parameters used in the numerical simulations.

In Figure 6 we plot the phase of the temperature variation relative to the source as a function
of r over the interval [0, 0.1] mm. (We assume that the phase of the source is zero, see Equa-
tion (11).) Once again, we observe excellent agreement between the analytical and numerical
solutions of the Morse-Ingard equations. However, although the phase of the temperature solu-
tions of the Morse-Ingard equations and of the heat equation in the fluid agree well for small r,
they differ significantly as r increases.

The pressure solution of the Morse-Ingard equations is dominated by the acoustic mode,
which attenuates very slowly, and is therefore nearly constant over the interval [0, 0.1] mm.
While we do not include plots of the amplitude or phase of the pressure variation in this paper,
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the analytic solution to the Morse-Ingard equations again agrees with the finite-element solution.
Both solutions have an amplitude of approximately 0.048 Pa, and they differ from one another
by less than one percent. Similarly, the phase of the pressure solution is nearly constant with
an approximate value of 1.59 radians.
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Fig. 4 Amplitude of temperature versus radial distance from the center of the laser beam. The width of the Gaussian
beam is σ = 0.02 mm. The figure shows the solution in the fluid only.
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Fig. 5 Amplitude of temperature versus radial distance from the center of the laser beam. The width of the Gaussian
beam is σ = 0.02 mm. The figure is a zoomed-in view of the tail of Figure 4.

Having examined the solution in the fluid, we now consider the solution in a larger domain
which includes both the fluid and the solid annulus surrounding the fluid. In Figure 7 we plot the
amplitude of the temperature variation in the fluid as well as in the solid annulus surrounding
the fluid for r ∈ [0, 0.2] mm on a log scale for both the Morse-Ingard equations and the heat
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Fig. 6 Phase of temperature versus radial distance from the center of the laser beam. The width of the Gaussian beam is
σ = 0.02 mm. The figure shows the solution in the fluid only.

equation in the fluid. The width of the laser source is still σ = 0.02 mm, and the fluid-structure
interface is located at r = 0.1 mm. At the interface, the temperature solution to the Morse-
Ingard equations is between one and two orders of magnitude larger than the solution obtained
using the heat equation in the fluid. Since the amplitude of vibration of the quartz tuning fork in
a ROTADE sensor is primarily determined by the temperature variation at the fluid-structure
interface [36], this result strongly indicates that the solution of the heat equation in the fluid
is likely to be a poor approximation when modeling thermal effects in trace gas sensors. In
particular, since the signal-to-noise ratio in a tuning fork sensor is approximately 1000, (i.e.,
30 dB) [11], ROTADE sensors can readily distinguish between temperature variations that are
less than an order of magnitude apart.
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Fig. 7 Semilog plot of the amplitude of the temperature variation as a function of radial distance from the center of the
laser beam. The width of the Gaussian beam is σ = 0.02 mm. The figure shows the solution in both the fluid, r ∈ [0, 0.1]
mm, and the surrounding solid, r ∈ [0.1, 0.2] mm.
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In the second set of numerical simulations, we assume a narrower width for the Gaussian
source, i.e., σ = 0.001 mm. In Figure 8, we show the amplitude of the temperature variation
in the fluid as a function of the radial distance, r, from the center of the laser beam over the
interval [0, 0.1] mm. The two curves show the solution obtained using the heat equation in the
fluid and the analytic solution of the Morse-Ingard equations. Because the source is narrower,
in this case, the solution decays much faster than in the previous case, as can be seen by
comparing Figures 4 and 8. In addition, we observe a boundary layer, as shown in Figure 9. This
figure shows the same solutions as Figure 8 but over the smaller interval [0.05, 0.1] mm. While
the solution to the heat equation decreases monotonically, the solution to the Morse-Ingard
equation increases for r ∈ [0.06, 0.08] mm before decreasing for r ∈ [0.08, 0.1] mm. According
to Morse and Ingard, for a plane harmonic wave, the width of the temperature boundary layer
is
√

2lhc/ω ≈ 0.0147 mm [29, p. 286]. In Figure 9, we see that for the cylindrical harmonic
wave, the width of the boundary layer is approximately 0.05 mm, which is on the same order
of magnitude as that predicted by Morse and Ingard.
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Fig. 8 Amplitude of the temperature variation as a function of radial distance from the center of the laser beam. The
width of the Gaussian beam is narrower than in Figures 4–7 with σ = 0.001 mm. The figure shows the solution in the fluid
only.

In Figure 10, we show the phase of the temperature variation as a function of r over the
interval [0, 0.1] mm. Comparing Figures 6 and 10, we also see that there is a more rapid change
in phase of the temperature solution of the Morse-Ingard equations when the Gaussian beam is
narrower.

Both the thermal wave, T , and the pressure wave, P , contain a thermal part and an acoustic
part. The acoustic part of the temperature solution is given by the first two terms of Equa-

tion (62), i.e., (b1 + c1 (r)) J0 (kpr) + c2 (r)H
(1)
0 (kpr), and the thermal part of the temper-

ature solution is given by the last two terms of Equation (62), i.e., (b3 + c3 (r)) J0 (ktr) +

c4 (r)H
(1)
0 (ktr). The acoustic and thermal parts of the pressure solution are given by the anal-

ogous terms of Equation (63). In Figure 11 we show the acoustic and thermal parts of the
temperature variation using the source with the narrower width of σ = 0.001 mm. For small
r, the thermal part of the solution is about two orders of magnitude larger than the acoustic
part. For example, at r = 0.02 mm, the amplitude of the thermal part of the temperature
solution (≈ 0.001 K) is about 24 times the amplitude of the acoustic part of the temperature
solution

(
≈ 4.17× 10−5 K

)
. As r increases, the acoustic part remains relatively constant while

the thermal part decreases. When both parts are roughly the same order of magnitude, they
produce the variation in amplitude in the radial direction seen in Figure 9. In Figure 12, we
show the acoustic and thermal parts of the pressure variation. The acoustic part of the solution
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Fig. 9 Amplitude of the temperature variation as a function of radial distance from the center of the laser beam. The
figure is a zoomed-in view of the tail of Figure 8. The width of the Gaussian beam is σ = 0.001 mm.
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Fig. 10 Phase of the temperature variation as a function of radial distance from the center of the laser beam. The width
of the Gaussian beam is the same as in Figures 8 and 9 with σ = 0.001 mm. The figure shows the solution in the fluid only.

is at least two orders of magnitude larger than the thermal part of the solution. For example, at
r = 0.02 mm, the amplitude of the acoustic part of the pressure solution (≈ 0.0486 Pa) is about
5900 times the amplitude of the thermal part of the pressure solution

(
≈ 8.27× 10−6 Pa

)
. As

r increases, the ratio of the amplitude of the acoustic part to the thermal part of the pres-
sure solution also increases. In summary, the thermal mode dominates the temperature solution
away from the boundary layer, while the acoustic mode dominates the pressure solution over
the entire fluid domain. For both the temperature and pressures solutions, the thermal mode
attenuates rapidly as described by Morse and Ingard [29, p. 282-283].
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(a) Acoustic part of temperature.
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Fig. 11 Amplitude of (a) the acoustic part and (b) the thermal part of temperature variation as a function of radial
distance from the center of the laser beam. The width of the Gaussian beam is σ = 0.001 mm. The figures show the
solution in the fluid only.
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(a) Acoustic part of pressure.
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Fig. 12 Amplitude of (a) the acoustic part and (b) the thermal part of pressure variation as a function of radial distance
from the center of the laser beam. The width of the Gaussian beam is σ = 0.001 mm. The figures show the solution in the
fluid only.

6 Conclusions.

We derived an analytic solution to the coupled system of pressure-temperature equations of
Morse and Ingard. By assuming that the laser source can be represented as a time-harmonic
function and by using the cylindrical symmetry of the domain, we converted the partial differ-
ential equations into ordinary differential equations for which the independent variable is given
by the radial distance from the center of the laser beam. We solved these ordinary differen-
tial equations using the method of variation of parameters. The constants of integration were
found by solving a system of linear equations obtained from the boundary conditions. We then
verified the correctness of the analytic solution by comparing it to the solution computed via
the finite-element method. We also compared the solution of the Morse-Ingard equations to the
solution of the heat equation in the fluid and found that the coupled nature of the Morse-Ingard
equations results in a significantly larger temperature variation than that predicted by the heat
equation, especially in the solid near the fluid-solid interface. This discrepancy demonstrates
the importance of using the Morse-Ingard equations for more realistic computational modeling
of trace gas sensors.

In addition, because the Morse-Ingard equations include parameters that model viscother-
mal effects, the analytic solution we derived in this paper provides a starting point for the
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development of a mathematical model of QEPAS and ROTADE sensors which accounts for
the damping of the tuning fork. The ultimate goal of such an improved model is to allow for
the efficient optimization of the tuning fork geometry via computer simulations so that the full
benefit of this promising technology may be realized.

An important application of the analytical solution we derived is that it can be used to verify
the correctness of computational models for trace gas sensors that are based on finite-element
solutions of the Morse-Ingard equations. In particular, because we correctly model the source,
we expect the behavior of the cylindrically symmetric pressure and temperature solutions to be
qualitatively similar to that in a trace gas sensor. By comparison, the plane wave solutions we
used in past verification studies are qualitatively very different [5].

To quantify the performance of a QEPAS/ROTADE sensor, the Morse-Ingard equations in
the fluid need to be coupled to the system of equations for the displacement of the tuning fork.
As we will show in future work, this coupling is via conditions on the interface between the fluid
and tuning fork. In particular, the condition on the tuning fork due to the fluid includes a term
that involves the viscous stress tensor of the fluid and models the damping of the tuning fork
due to its motion through the viscous fluid [16]. With the recent interest in further miniaturizing
these devices, the thermal and viscous boundary layers become more significant, emphasizing
the importance of our new model [15].
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