Math 6390 (Numerical Linear Algebra) Midterm Exam
3/5/14
Dr. Minkoff

Name:
Instructions: You may not use notes or books on this exam. Don’t
spend too much time on any one problem. Show your work!

[16 pts] (1a) Prove that if the matrix A has the decomposition A = MM
with M nonsingular, then A is positive definite.
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(b) Find the Cholesky factor M in the decomposition A = M*M for
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[24 pts] (2) Consider the system Az = b where € << 1,

=11

and

(a) Assuming your computer uses rounding to store floating point numbers,
determine the computed solution gotten from applying naive Gaussian elim-
ination to Az = b. (Hint: do not round until the end.)
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(b) What is the true solution to the problem Az = b7 (Hint: don’t apply
Gaussian Elimination. Just solve the system simultaneously.)
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(c) Explain why your solution in part (a) differs from your solution in part
(b). Is this error due to the matrix A or the algorithm you used?

(d) Approximately how many steps will elimination take to solve 10 systems
with the same 50x50 coefficient matrix A?
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[20 pts](3) Let
1 1000
A= [ S } |
(a) Calculate A™! and the condition number ko, (A).
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(b) Find the solution to the system Az = b for the two right hand sides:

1000
=[]

and

b+6b=[ 0
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(c) Calculate ||6b|o0/|]0]|co and ||0z||eo/||%||co for the two right hand sides in
Part (b) above. Carefully explain Part (b) in light of Part (a).
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(d) If we solve the system Az = b using Gaussian Elimination with partial
pivoting on a machine with 8 digits of accuracy, what does the condition
number in Part (a) tell us about the number of digits we can trust in the

solution z?
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[14 pts](4) Prove that the back substitution algorithm is backwards stable
for matrices of size 2 x 2.
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[16 ptsl;(ﬁ%ii Using Gram-Schmidt orthogonalization write the matrix

3 2
2 3
1 2

as the product of an orthogonal matrix @) and an upper triangular matrix R.
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(b) Now use your QR decomposition of A to find the least squares solution

for the system
3 2 3
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Please sign the following honor statement: —On my honor, I
pledge that I have neither given nor received any aid on this

exam. - .
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(6)[EXTRA CREDIT, 8 pts| Prove that
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