Given the Krylov subspace

K(A, q1,n) = span{q1, Aqs, ..., A" "1} (1)
and the Lanczos Algorithm
g =rj-1/Bj-1, (2)
a; = qjAg (3)
rj=(A—a;I)g; — Bj-19j—1 (4)
B = lIr;ll2 (5)

for j =1,...,M with rg = ¢1, fo = 1, go = 0, and M is the smallest positive integer such
that ﬁM =0.

: Let A € R™*™ be symmetric and assume ¢; € R"™ with ||¢1]||]2 = 1. Then

the Lanczos iteration runs until j = m where m = rank({K(4,q¢1,n)}). Moreover, for
7 =1,...,m we have

AQj = QT +rje; (6)
where
ay P 0 0
B ay - 0 0
Ti=| @ &+ D | eRY (7)
0 0 - aj1 Bia
0 0 - B a

e; =10,0,...,1]* € R7 and Q; = [q1] - - |¢;] has orthonormal columns that span (4, g1, 7).

[Proo]

(1) We prove the statements by using the mathematical induction on j.

For j = 1, by (4) we have Aq; = r1 + Bogo + a1q1 = a1q1 + riet, then (6) followed by
Q1 = q1 and T} = [a1]. The Q5 has orthonormal columns is due to ¢t q; = ||q1]]3 = 1, ¢bqo =
lg2|13 = [lr1/B1l3 = 1, and ¢iga = [¢1(A — a1 l)q1 — Bogigqol/Br = [¢1 Aqr — crgiqi]/Br = 0.
And by (2) and (4) we have Aq; = a1q1+r1 = @11+ P14e, so span{q1, g2} = span{q1, Aq1 } =
’C(A7 qi, 2)

Now assume that it holds for j < k, where k < M — 1 (i.e., B # 0).

We have AQj = Qi Ty +rjel, QLQr = Ir, and range(Q;) = K(4, q1,j) for j < k. When
7 =k+ 1, we have

Ty  Brex

Qr1Tht1 + T 1€)qy = ko Qe | [ Bret sy } +reg1 [ Opxr 1]

[
= [ QiTk + Beqrs1€l,  BeQrer + kp1qhs1 + res1 |
[ QuTk + reel  Brar + Ch1@r1 + Ther |

= [ AQr  Agr+1 ]

= AQk+1

where the third and forth equalities are due to (2), (4), and induction hypothesis, so we had
proven (6) for j =k + 1.

To prove @}, Qk+1 = Ii11, it suffices to prove ¢fqr1 = 0 for i <k and g qe41 = 1.
The latter one is obvious (by (2)) and the former one is more complicated. For i = k, it is
clear that

ahak1 = (G AQ — arghqr — Be—195q5-1)/ Br
= (g1, Aqr, — o)/ B
=0.



For i =k — 1, we have

Qo 1ar+1 = (@1 Agk — kGl 19k — Br—14_1qk—1)/ B
= (q¢/._1Aqr — Br—1)/Bk
p— ()7

where

a1 Agqr = (Agk—1)"qr
= (Th—1+ —1qk—1 + Be—1qk—2)"qk
=Ty 1k =Th_1Tk—1/Bk—1

= Br-1-

And for i < k — 2 we have ¢iqry1 = (¢} Aqr — angiar — Be—10iqk—1)/Br = ((Aqi)")an/Br =
0, where the last equality we used ¢; € K(A,q1,k — 2) = span{qi, Aqi, ..., A¥ 3¢} so
Aq; € span{Aqy, A%q1,..., A" 2q;} € K(A,q1,k — 1), i.e., Ag; is a linear combination of
{a1:q2, - qe—1}, 50 (Agi)'qr = 0.

It is clearly that rank(X(4,q1,k+1)) < k+ 1. Since q1,...,qk+1 are linearly inde-
pendent, span{qi,...,q} C K(4,q1,k) C K(4,q1,k + 1), and qp41 = (Agr — arpqr —
Br—1qr-1)/Br € span{Aqr, qr, qr—1} C span{q1, Aq1, ..., A*q} = K(A, q1,k + 1), so
span{qi,...,qe+1}t = K(4,q1,k + 1).

(2) We show that M = m, in fact, for j = M —1, the above results tell us span{q,...,qn} =
K(A,q1, M) C K(A,q1,n), thus m > M.

Now, since M is finite, so for j = M we have AQn; = QarThr, thus, Agys is a linear
combination of {¢1,...,qa} for i < M. But

K(A,qi, M +1) = span{q1, Aqi, ..., AMq}
= span{q1, AK(4, q1, M)}
= span{qi, Aq1, ..., Aqnr}
=span{q1, Aq1,..., Aqn—1}
= span{qi, AK(4A,q1, M — 1)}
=span{qi, Aq1,..., AV g1}
=K(A,q1, M)

and use the induction sense we can show that

K(A,q1,i+1) = span{q1, Aq, ..., A'q:}
= span{q1, AK(A, q1,1)}
= span{q1, AK(A4,q1,i— 1)}
= span{qi, Aqi,..., A g1}
= K(4,q1,19)

for i > M + 1 provided K(A,¢1,i) = K(A,q1,i—1). So K(A,q1, M) = K(A, g1,n) has rank
m,ie, M >m.



