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Abstract

Studies comparing two or more methods of measuring a continuous variable are rou-

tinely conducted in biomedical disciplines with the primary goal of measuring agree-

ment between the methods. Often, the data are collected by following a cohort of

subjects over a period of time. This gives rise to longitudinal method comparison data

where there is one observation trajectory for each method on every subject. It is not

required that observations from all methods be available at each observation time. The

multiple trajectories on the same subjects are dependent. We propose modeling the

trajectories nonparametrically through penalized regression splines within the frame-

work of mixed-effects models. The model also uses random effects of subjects and their

interactions to capture dependence in observations from the same subjects. It addi-

tionally allows the within-subject errors of each method to be correlated. It is fit using

the method of maximum likelihood. Agreement between the methods is evaluated by

performing inference on measures of agreement, such as concordance correlation co-

efficient and total deviation index, which are functions of parameters of the assumed

model. Simulations indicate that the proposed methodology performs reasonably well

for thirty or more subjects. Its application is illustrated by analyzing a dataset of

percentage body fat measurements.
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1 Introduction

The usual longitudinal data arise when a cohort of subjects is followed over a period of

time and observations of a response variable are recorded for each subject at various points

in time. These data consist of one observation trajectory per subject. A key feature of

the data is dependence in the observations from the same subjects. These data are com-

monly analyzed by modeling them in the framework of mixed-effects models which are fit

by likelihood-based methods. See, e.g., [1, Chapter 9] and [2, Chapter 8] for introductions

to this methodology. Multiple outcomes longitudinal data arise when observations of two or

more response variables are recorded for each subject in the cohort. Thus, these data consist

of multiple trajectories per subject. The observations from the same subjects are dependent

but there are now two types of dependence — one for observations on the same trajectory

and the other for observations on different trajectories. The analysis of these data calls for

joint modeling of the multiple trajectories. One such model is developed in [3] for modeling

of trajectories of diastolic and systolic blood pressure measurements of children as functions

of their heights and weights.

Multiple outcomes longitudinal data are also of interest in this article. However, our

interest is in the specific context of method comparison studies where the outcomes represent

measurements from two or more methods of measuring a continuous variable that often has

some clinical importance. The methods may be medical devices, clinical observers or assays.

Such studies are common in medicine and other health-related disciplines [4, 5]. The main

goal of a method comparison study is to evaluate whether the methods agree with each
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other well enough to be used interchangeably. This would permit use of the cheapest or the

most convenient method in place of the others. Agreement is quantified using measures of

agreement such as concordance correlation coefficient (CCC, [6]) and total deviation index

(TDI, [7–9]), which are functions of parameters of the joint distribution of the methods’

measurements. The books [11, Chapters 2-4], [12, Chapters 2-6], and [13, Chapters 1-2],

and the review article [14] can be consulted for an introduction to the analysis of method

comparison data.

Statistical approaches for analysis of longitudinal method comparison data from two

methods go back to [15]. This article assumes a random-coefficient growth curve model for

the data and allows the within-subject variation to vary across subjects. It develops a CCC

for each subject, and combines the subject-specific CCCs into a single index by taking their

weighted average. The weights are based on the within-subject variation of the subjects.

The articles of [16–18] consider the time of observation as a discrete quantity, measured as

‘visit number’ with, say m possible values, and assume that each subject contributes two

m× 1 vectors of observations which are treated as draws from two multivariate populations.

In [16], a ‘repeated measures’ CCC is developed that quantifies agreement in the two m× 1

population vectors in a single index. An m×m weight matrix is also incorporated into the

index to allow differential emphasis on within-visit and between-visit agreement. In [17], first

an m × m matrix analog of CCC is developed by directly extending the CCC’s definition

to the multivariate case, and then its Frobenius norm is taken to get an overall measure of

agreement. In [18], the data are modeled as a random-effects analysis of variance (ANOVA)

model. Agreement is measured by an intraclass correlation coefficient defined under the

model which is a special case of the repeated measures CCC developed in [16].

In case of longitudinal method comparison data with continuous observation times, the

extent of agreement between the methods changes over time. However, none of the ap-
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proaches of [15–18] allows this possibility as they all use a single overall index to measure

agreement. This limitation is overcome in [19]. It takes differences in measurements of the

methods, models their mean function nonparametrically using penalized regression splines

in time, and measures agreement using TDI, which, under the model, is a function of time as

well as the model parameters. This approach, however, has the drawback that it focuses on

differences. This has two consequences. First, it does not use all the data, and in particular,

throws away all those observations whose counterparts from the other methods are missing.

Modeling of all data allows borrowing of information across methods and subjects which

in turn helps in comparison of methods even if observations of some methods are missing

at certain times or on certain subjects. Second, it precludes evaluating agreement using

measures such as CCC, which require modeling of all data, not just the differences. The

approaches of [16, 17] also discard observations that do not have counterparts from all the

methods. Furthermore, all the existing approaches [15–19] share the drawbacks that they

focus on specific agreement measures — [15–18] on CCC and [19] on TDI.

The aim of this article is to present a methodology that overcomes the aforementioned

drawbacks of the existing approaches. We consider data from multiple methods, but it is not

necessary that an observation from each method be available from every visit of a subject.

We model the mean functions of the methods nonparametrically using separate penalized

regression splines via their representation as a mixed-effects model. A lucid account of this

kind of semiparametric modeling where the mean functions are specified nonparametrically

but the model is actually fit as a parametric model is provided by [20, Chapters 3-5]. Our data

model also incorporates random subject effects and their interactions to capture dependence

in observations from the same subject. The within-subject errors of each method are allowed

to be correlated. The proposed model generalizes the model of [18] by treating time as a

continuous covariate. Once we have a model for the data, any measure of agreement can be
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written in terms of the model parameters. The parameters are estimated by the method of

maximum likelihood (ML), and bootstrap is employed to get bias and variance estimates that

are used for computing relevant confidence intervals for the parameter functions of interest.

Simultaneous confidence bands are constructed for the functions that depend on time.

The rest of this article is organized as follows. In Section 2, we describe the proposed

methodology for modeling and analysis of longitudinal method comparison data. Its prop-

erties are evaluated in Section 3 through a simulation study. Its application is illustrated in

Section 4 by analyzing the body fat data. Section 5 concludes with a discussion. Appendix A

contains some technical details. All the computations here have been performed using the

statistical software R [21].

2 Modeling and analysis of data

Suppose there are J (≥ 2) methods under comparison, indexed as j = 1, . . . , J . Suppose also

that there are n subjects in the study, indexed as i = 1, . . . , n. We assume that the study

plans for m visits to collect data. Let Yij(tijk) denote the observation by the jth method on

the ith subject at time tijk, k = 1, . . . ,mij, j = 1, 2, i = 1, . . . , n. Here tijk are values of the

time covariate t ∈ T , which is treated as a continuous variable. By definition, mij ≤ m. The

observations Yij(tijk), k = 1, . . . ,mij form the trajectory of the ith subject under the jth

method. Let vijk denote the visit number during which the measurement Yij(tijk) taken. One

can think of vijk as the value of a discrete variable v ∈ {1, . . . ,m}. It is primarily used to link

the observations taken during the same visit. Having observations from all methods during

each visit is not necessary. The available observations, however, are linked by the common

visit number. The index vijk for it is generally different from the index k, representing

the repeated measurement number. For example, the second repeated measurement may be
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taken during the third visit, implying k = 2 and vij2 = 3. One exception is when observations

from all methods are available during each visit. In this case, k and vijk are identical.

Let Ni =
∑J

j=1mij be the total number of observations on the ith subject, and N =∑n
i=1Ni be the total number of observations in the data. We use boldface letters to denote

vectors and matrices. The transpose of Y is denoted as YT . The vectors are column

vectors unless specified otherwise. A p-variate normal distribution with mean vector µ and

covariance matrix Σ is denoted as Np(µ,Σ).

2.1 The data model

We propose modeling the observed data as a mixed-effects model,

Yij(tijk) = µj(tijk) + bi + bij + b∗ivijk + eijk, k = 1, . . . ,mij, j = 1, . . . , J, i = 1, . . . , n, (1)

where µj(t) is the mean function of the jth method, bi is the random effect of the ith

subject, bij is the random subject×method interaction, b∗ivijk is the random subject× visit

number interaction, and eijk is the within-subject random error. It is assumed that bi ∼

independent N1(0, σ
2
b ), bij ∼ independent N1(0, ψ

2) and b∗ivijk ∼ independent N1(0, η
2). For

a given (i, j) combination, the eijk follow N1(0, σ
2
ej) distributions with

corr(eijk, eijl) = ρ|tijk−tijl|, 0 ≤ ρ < 1.

This autocorrelation structure is a continuous time analog of AR(1), the autoregressive

structure of order one. It is a simple model that allows unequally spaced times, and tends

to work well in practice; see, e.g., [3] and the simulation results in Section 3. If needed,

it can be replaced by other correlation models, see, e.g., spatial correlation models in [22,

Chapter 5]. The errors for different i or j are assumed to be independent. The random effects

and the errors in (1) are also assumed to be mutually independent. This model generalizes
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the random-effects ANOVA model of [18] by treating time as a continuous covariate rather

than as visit number, a discrete covariate.

The model assumptions for (1) imply that the observations of subject i are jointly nor-

mally distributed with

E{Yij(t)} = µj(t), var{Yij(t)} = σ2
b + ψ2 + η2 + σ2

ej. (2)

For two observations on the same trajectory, we have

cov{Yij(tijk), Yij(tijl)} = σ2
b + ψ2 + σ2

ejρ
|tijk−tijl|, k 6= l. (3)

This covariance structure depends on continuous time t through the correlation in within-

subject errors. For observations on different trajectories, depending upon whether or not

they are collected in the same visit, we have

cov{Yi1(ti1k), Yi2(ti2l)} =


σ2
b + η2, k = l,

σ2
b , k 6= l.

(4)

The observations from different subjects are mutually independent.

The mean functions in (1) are modeled nonparametrically via penalized splines regression.

For this, we write µj(t) as a pth degree spline model,

µj(t) = β0j + β1jt+ . . .+ βpjt
p +

Q∑
q=1

uqj(t− cq)p+, j = 1, . . . , J, (5)

where β0j, . . . , βpj are regression coefficients, Q is the number of knots, c1 < . . . < cQ are the

locations of the knots, and u1j, . . . , uQj are respective coefficients of the truncated polynomial

basis functions (t− c1)p+, . . . , (t− cQ)p+, with (t− cq)p+ = (max{0, t− cq})p. The same set of

knots are used for both mean functions. To estimate the coefficients, we adopt the mixed-

effects model representation of the spline model wherein the spline coefficients uqj are treated

as independent N1(0, σ
2
uj) random variables [20, Chapters 4 and 6]. This makes the mean

functions and any other parameter functions that depend on them random quantities.
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Thus, the proposed model for the data is (1) with mean functions given by (5). The

degree p, the number of knots Q, and the locations of the knots can be chosen according to

the recommendations of [20, Chapter 5]. A matrix formulation of the model is given in (A.3)

in Appendix A.

2.2 Evaluation of agreement

To evaluate agreement, we need longitudinal data analogs of measures of agreement under

the assumed data model. For this, we first derive the joint distribution of (Ỹ1(t), . . . , ỸJ(t)),

the observations taken by the J methods on a randomly chosen subject from the underlying

population at time t ∈ T . The companion model for Ỹj(t) induced by the data model (1) is

Ỹj(t) = µj(t) + b̃+ b̃j + b̃∗ + ẽj, j = 1, . . . , J,

where b̃ ∼ N1(0, σ
2
b ), b̃j ∼ independent N1(0, ψ

2), b̃∗ ∼ N1(0, η
2), ej ∼ independent N1(0, σ

2
ej),

and the random variables are mutually independent. It follows that

Ỹ1(t)

Ỹ2(t)

...

ỸJ(t)


∼ NJ





µ1(t)

µ2(t)

...

µJ(t)


,



σ2
b + ψ2 + η2 + σ2

e1 σ2
b + η2 . . . σ2

b + η2

σ2
b + η2 σ2

b + ψ2 + η2 + σ2
e2 . . . σ2

b + η2

...
...

. . .
...

σ2
b + η2 σ2

b + η2 . . . σ2
b + ψ2 + η2 + σ2

eJ




.

(6)

Two common measures of agreement between a pair of methods are CCC [6] and TDI [7].

For measuring agreement between methods j and r, they can be expressed using (6) as

CCCjr(t) =
2cov{Ỹj(t), Ỹr(t)}

[E{Ỹj(t)} − E{Ỹr(t)}]2 + var{Ỹj(t)}+ var{Ỹr(t)}

=
2(σ2

b + η2)

{µj(t)− µr(t)}2 + 2(σ2
b + ψ2 + η2) + σ2

ej + σ2
er

(7)
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and

TDIjr(p0, t) = 100p0th percentile of |Ỹj(t)− Ỹr(t)|

=

{
(2ψ2 + σ2

ej + σ2
er)χ

2
1,p0

(
{µj(t)− µr(t)}2

2ψ2 + σ2
ej + σ2

er

)}1/2

, (8)

where p0 is a specified large probability and χ2
1,p0

(∆) represents the 100p0th percentile of a

noncentral χ2 distribution with one degree of freedom and noncentrality parameter ∆.

The CCC lies between zero and one, and a large value for it implies good agreement.

It equals corr{Ỹj(t), Ỹr(t)} if µj(t) = µr(t) and σ2
ej = σ2

er, and is zero if the methods are

uncorrelated. A CCC is related to an intraclass correlation, see, e.g., [14]. The TDI is

bounded below by zero, and a small value for it implies good agreement. Perfect agreement

at t, the case when the bivariate distribution of (Ỹj(t), Ỹr(t)) is concentrated on the 45◦

line, is implied when the CCC equals one or equivalently the TDI equals zero. We evaluate

agreement by examining one-sided simultaneous confidence bands for agreement measures

over T , in particular, a lower band for CCC and an upper band for TDI, for each pair of

methods of interest. Their construction is described in the following subsection.

2.3 Inference under the model

Let θ be the vector of unknown parameters in the assumed data model. We obtain its ML

estimator θ̂ by numerically maximizing the likelihood under (A.3). Any mainstream software

package for fitting mixed-effects models, e.g., the nlme package [23] in R, can be used for this

purpose. The functions of θ are estimated by plugging in θ̂ for θ. From (5), the fitted mean

functions are

µ̂j(t) = β̂0j + β̂1jt+ . . .+ β̂pjt
p +

Q∑
q=1

ûqj(t− cq)p+, j = 1, . . . , J, (9)

where the ûqj are the estimated best linear unbiased predictors (BLUPs; see [22, Chapter 2]

and Appendix A).
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We can get the standard errors of ML estimators of components of θ and their con-

fidence intervals in the usual manner via the large-sample theory of ML estimators [24].

However, this theory does not directly apply for inference on the mean functions µj(t) and

the parameter functions that involve them because these are random quantities under the

mixed-effects model representation of the spline functions, see (5) and also [20, Chapters 4

and 6]. We deal with this difficulty by using parametric bootstrap. The bootstrap readily

yields estimates of biases and variances of the estimators, which are then combined with

the assumption of approximate normality of the estimators to get simultaneous confidence

bands for the parameter functions.

To fix ideas, suppose φ(t) ≡ φ(t,θ,u), t ∈ T is a function of parameter vector θ and spline

coefficients vector u (see Appendix A). Specific examples of φ(t) include the mean function

µj(t), the mean difference function µr(t)−µj(t), and the agreement measures CCCjr(t) and

TDIjr(p0, t) given by (7) and (8), respectively. We would like to construct an appropriate one-

or two-sided simultaneous confidence band for φ(t) over T . The band is actually constructed

over a relatively fine grid t = (t1, . . . , tL)T of L points in T . In practice, L between 25 to

50 is generally adequate. The estimator φ̂(t) ≡ φ(t, θ̂, û) of φ(t) is obtained by replacing θ

by its estimator θ̂ and u by its estimated BLUP û. Let φ̂(t) and φ(t) respectively represent

the L × 1 vectors of values of φ̂(t) and φ(t) on the grid. Owing to the randomness in

φ(t), we need the estimated mean vector and covariance matrix of φ̂(t)− φ(t) to construct

the band. Let these be denoted by the L × 1 vector δ̂ = (δ̂1, . . . , δ̂Q)T and the L × L

matrix Ŝ = (ŝlr)l,r=1,...L, respectively. Upon approximating the distribution of φ̂(t) − φ(t)

for large n by a NL(δ̂, Ŝ) distribution, possibly after applying a normalizing transformation,
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an approximate 100(1− α)% simultaneous confidence band for φ(t) can be computed as:

lower band: φ̂(tl)− δ̂l − a1−α,L
√
ŝll, upper band: φ̂(tl)− δ̂l + a1−α,L

√
ŝll,

two-sided band: φ̂(tl)− δ̂l ± b1−α,L
√
ŝll, l = 1, . . . , L.

The critical point a1−α,L is the 100(1− α)th percentile of the maximum of the components

of a L-variate normal vector with mean zero and covariance matrix equal to the correlation

matrix corresponding to Ŝ. The critical point b1−α,L is defined similarly except that the

maximum of the absolute values of the components is taken. The critical points ensure

that the simultaneous coverage probability of the band is approximately 1 − α. They can

be computed using the multcomp package of [25] in R. When L = 1, a1−α,L = z1−α and

b1−α,L = z1−α/2, where zα represents the 100αth percentile of a N1(0, 1) distribution.

Now all that remains is the estimation of the bias vector δ̂ and the covariance matrix

Ŝ. Below we present a parametric bootstrap methodology for this. It uses the matrix

formulation of the model (A.3) presented in Appendix A and involves the following steps:

1. Simulate u∗ ∼ NJQ(0, Ĝu), b∗ ∼ Nn(1+J+m)(0, diag{Ĝb1 , . . . , Ĝbn}) and also e∗ ∼

NN(0, diag{R̂1, . . . , R̂n}). Follow (A.3) to form

Y∗ = Xβ̂ + Wu∗ + Zb∗ + e∗

as a bootstrap resample of the original sample Y.

2. Compute φ∗(t) ≡ φ(t, θ̂,u∗) as the bootstrap counterpart of φ(t).

3. Fit model (A.3) to the resampled data Y∗ by ML and get θ̂
∗

as the resulting estimate

of θ.

4. Compute û∗, the bootstrap counterpart of the estimated BLUP û, by replacing (Y, θ̂)

in its expression with (Y∗, θ̂
∗
).
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5. Compute φ̂∗(t) ≡ φ(t, θ̂
∗
, û∗) as the bootstrap counterpart of φ̂(t), and get the differ-

ence φ̂∗(t)− φ∗(t).

6. Repeat Steps 1-5 a large number of times, say B. Denote the difference φ̂∗(t)− φ∗(t)

computed in the bth repetition as φ̂∗l (t)− φ∗l (t), l = 1, . . . , B.

7. Take δ̂ and Ŝ as respectively the sample mean and the sample covariance matrix of

the B differences in Step 6.

Typically B = 500 is adequate for the task of estimating bias and covariance matrix.

Although we have taken φ(t) to be a parameter function involving (t,θ,u), the bootstrap

method can also be used for inference on elements of θ alone or functions thereof, e.g., the

precision ratio σ2
e1/σ

2
e2, by suitably modifying the foregoing algorithm. This is the approach

we take here. Also, for increased accuracy of the normal approximation, the confidence

intervals are first computed by applying a normalizing transformation to the parameter to

make its range (−∞,∞), and then transforming the results back to the original scale. In

particular, a Fisher’s z-transformation is applied to CCC. It is defined as

z(CCC) =
1

2
log

(
1 + CCC

1− CCC

)
= tanh−1(CCC).

Further, a log transformation is applied to standard deviations, precision ratio and TDI, and

a logit transformation is applied to the autocorrelation parameter ρ.

So far in this section we have assumed the data model (1). In practice, sometimes it may

happen that the data support only a special case of the model, e.g., the model without the

subject×method interaction or the model with independent errors. A real example of this

situation is provided by the body fat data in Section 4. The proposed methodology can be

easily adapted to deal with such cases. This involves reformulating the new model in the

matrix form (A.3) as described in Appendix A, redefining θ appropriately, and if necessary,

obtaining expressions for the agreement measures (7) and (8) under the new model.
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3 A Simulation Study

This section is devoted to evaluation of the performance of the methodology proposed in the

previous section for J = 2 methods via Monte Carlo simulation. We are specifically interested

in examining the accuracy of the individual confidence interval for σ2
e1/σ

2
e2, simultaneous two-

sided confidence bands for µ1(t), µ2(t) and µ2(t)−µ1(t), simultaneous lower confidence band

for CCC(t), and simultaneous upper confidence band for TDI(p0, t), for t ∈ T . Also of

interest is a study of how this accuracy is affected if the true autocorrelation structure of

the within-subject errors in model (1) differs from the assumed continuous AR(1) structure.

The data are simulated from model (1) along the lines of the body fat data but to

allow moderate agreement between the measurement methods — a common scenario in

practice. Specifically, we take T = (10.5, 16), mean functions µ1(t) = −325 + 70t − 2.5t2,

µ2(t) = 575 − 70t + 2.5t2, variance components (σ2
b , ψ

2, η2, σ2
e1, σ

2
e2) = (230, 20, 15, 120, 90),

and seven models for autocorrelation in within-subject errors. They are: independent er-

rors; AR(1) with autocorrelation parameter equal to 0.2 and 0.5; MA(1), i.e., moving average

model of order one, with autocorrelation parameter equal to 0.2 and 0.5; and compound sym-

metric model with common correlation equal to 0.2 and 0.5. These models as respectively

denoted as IND, AR(0.2), AR(0.5), MA(0.2), MA(0.5), CS(0.2) and CS(0.5). We simulate

two trajectories per subject for n ∈ {30, 60, 100} subjects using both balanced and unbal-

anced designs. For the balanced design, each subject has nine visits, starting randomly

around age 11 and being six months apart on average. Observations from both methods are

available in each visit. Thus, in this case, each trajectory of a subject has nine observations.

The data for the unbalanced design are initially simulated as in the balanced design but

only the observations from a Poisson (6) number of visits (up to a maximum of nine visits),

simulated independently for each method, are randomly selected to be kept in the data, and
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the rest are set to be missing. Thus, in this case, the two trajectories of a subject may not

have an equal numbers of observations, and it is not necessary that the observations from

both methods are available in a particular visit. Altogether we have 7 ∗ 3 ∗ 2 = 42 settings.

For each setting, we simulate the data as explained above, fit model (1) to the data

assuming the continuous AR(1) structure regardless of the true autocorrelation model, and

use the methodology of Section 2 with B = 500 bootstrap replications to compute the desired

individual confidence intervals and simultaneous confidence bands with 1 − α = 0.95. The

simultaneous bands employ a grid of L = 30 equally spaced points on T . The probability

p0 for TDI is taken to be 0.9. The process of simulating data and constructing confidence

intervals and bands is repeated 500 times, and an appropriate coverage probability — either

individual or simultaneous — is computed for each interval and band.

Table 1 presents the estimated individual coverage probabilities for the confidence inter-

val for σ2
e1/σ

2
e2 and simultaneous coverage probabilities for the confidence bands for µ1(t),

µ2(t), µ2(t) − µ1(t), CCC(t) and TDI(0.90, t) for the balanced design. Similar results for

the unbalanced design are presented in Table 2. In the balanced case, we see that with the

exception of CCC, all coverage probabilities are close to the nominal level of 95%. The CCC

bands appear a bit conservative as their coverage probabilities are 2-3% greater than the

nominal level. Interestingly, there is no considerable difference in the probabilities across the

various autocorrelation models. This indicates that the methodology is robust to the auto-

correlation structure in the data. The results for n = 30, 60 and 100 also appear remarkably

similar. The results in case of the unbalanced design follow the same pattern as the balanced

design. In some instances, probabilities for n = 60, 100 are closer to the nominal level than

for n = 30. This is especially true for the CCC band. These conclusions are representative

and are not overly tied to the specific parameter values chosen. Overall, they suggest that

the proposed methodology has acceptable accuracy with n = 30 for both balanced and un-
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balanced designs. Moreover, the true autocorrelation structure of the within-subject errors

does not seem to have much impact on the accuracy of the methodology.

4 Application: Body Fat Data

These data are from [15] and have also been analyzed in [16, 17, 19]. They consist of

percentage body fat measurements estimated using two methods, namely, skinfold calipers

and dual energy x-ray absorptiometry (DEXA), on a cohort of 112 girls over a period of

about 41
2

years. The first visit occurred around age twelve and there were eight subsequent

visits roughly six months apart. The actual ages of the girls are also recorded at each visit.

We do not have observations from both methods on each visit. In particular, the DEXA

observations are completely missing from the first visit, and there are 75 girls for whom

observations from one or both methods are missing from at least one of the later visits. In

total, there are 1,515 observations in the data, ranging from 12.7 to 37.4 with an average

of 23.5. The ages range from 10.7 to 17.3 years with an average of 13.8 years. Some lack

of agreement between the two methods is expected given that they estimate percentage

body fat quite differently. For example, the measurements of skinfold calipers are based on

measurements of thicknesses of subcutaneous fat layer at several standardized points in the

body. On the other hand, DEXA measurements are obtained by scanning the body with two

x-ray beams with different energy levels and examining the difference in their absorptions

by soft tissues. The main goal here is to see if the methods agree sufficiently well to be used

interchangeably.

Figure 1 displays the body fat trajectories separately for caliper and DEXA methods.

Also superimposed on the plots are the mean functions estimated using the methodology

proposed in Section 2 (see below for details). There is considerable variation in the tra-
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jectories both within and between the methods. Further, the two mean functions change

with age, and the same holds for their difference. This implies that the extent of agreement

between the methods changes with age.

To analyze these data, the skinfold calipers and DEXA methods are taken to be methods 1

and 2, respectively. The time covariate t is the age (in years) of the girl at the time of

measurement. The observed age range of (10.7, 17.3) years serves as the interval T . Our first

task is to model the data. Initially, we fit the model (1) with J = 2 and mean functions (5).

The degree of the spline model is chosen to be p = 2 to impart a smooth appearance to

the estimated mean functions. This choice, however, is not crucial for our purposes as

similar results are obtained, e.g., with p = 1 or 3. Following [20, Chapter 5], we take

Q = 35 knots, located at (1/36), . . . , (35/36)th sample quantiles of the observed unique

time values. The likelihood ratio test of zero autocorrelation in the within-subject errors

has a p-value of less than 10−3, confirming the need for incorporating the autocorrelation.

However, then the random subject×method interaction, which from (3) also contributes to

correlation between observations on the same trajectory, becomes redundant. The p-value

of the relevant likelihood ratio test is 0.18. Therefore, we drop this term from the model,

and assume the model without the interaction for all the inferences henceforth. The key

conclusions, nevertheless, remain unchanged if the interaction is kept in the model. For

model evaluation, [22, Chapters 4 and 5] suggests examining residual plots for assessing

overall model fit, normal quantile-quantile plots for assessing normality of within-subject

errors and random subject effects, and plots of empirical autocorrelation and semivariogram

functions for assessing the continuous AR(1) autocorrelation structure for the errors. These

diagnostics (not presented here) show that the assumed model provides a reasonably good

fit to the data.

Table 3 provides estimates of the variance-covariance related parameters in the assumed
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model. Their 95% confidence intervals are also provided. None of the intervals appears

unusually wide. Substituting the ML estimates in the counterpart of (6) for the assumed

model gives the fitted distribution of (Ỹ1(t), Ỹ2(t)), t ∈ T asỸ1(t)
Ỹ2(t)

 ∼ N2


µ̂1(t)

µ̂2(t)

 ,
15.3 9.8

9.8 14.0


 . (10)

The estimated mean functions µ̂1(t) and µ̂2(t) are given by (9). They are plotted in Figure 1.

The two functions do not have the same shape. Caliper’s mean ranges between 22 to 27,

and it exceeds DEXA’s mean, which ranges between 21 to 25, for most of T . Caliper’s

variance also exceeds that of DEXA’s. The correlation of 0.67 between the methods cannot

be considered high compared to what we normally see in method comparison studies.

Our next task is to evaluate agreement between the methods. The simultaneous confi-

dence bands for measures that depend on t are computed over a grid of thirty equally-spaced

points in T . The critical points needed for the bands are computed using the multcomp pack-

age of [25] in R. Figure 2 presents estimates and 95% simultaneous one-sided confidence bands

for CCC and TDI with p0 = 0.90. A lower band is presented for CCC and an upper band is

presented for TDI. The critical points used in the two bands are −2.55 and 2.68, respectively.

It is clear from the figure that both measures suggest the same pattern of agreement be-

tween the methods. The CCC estimate ranges between 0.5 to 0.7 and its lower bound ranges

between 0.2 to 0.6. Likewise, the TDI estimate ranges between 4.7 to 7.3 and its upper

bound ranges between 5.5 to 11.2. Based on the bounds, the agreement appears best around

age 11 and between ages of 14.5 to 16.5, and worst around age 13 and near the endpoints.

Specifically, the extent of agreement increases till about age 11, decreases sharply thereafter

till about age 13.5, increases again till about age 14.5 and reaches its previous highest value,

remains constant there till about age 16.5, and finally decreases again. The uncertainty in

the bands is highest near the endpoints. In the best case scenario, CCC lower bound is 0.6
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and the TDI upper bound is 5.5. The latter implies that 90% of differences in observations

from the two methods fall within ±5.5. Given that the body fat measurements themselves

average around 23.5, the level of agreement implied by TDI even in the best case scenario

is unlikely to be considered high enough for interchangeable use of the methods. The same

conclusion is reached on the basis of CCC as well. Thus, on the whole, the caliper and the

DEXA methods do not agree well enough to be used interchangeably. These conclusions are

consistent with [15, 16], where the authors also provide a physiological explanation for the

especially poor agreement around age 13 by noting that “skinfold estimation is only capable

of detecting subcutaneous fat, whereas breast, lower body and visceral fat are increasing

over this age range due to the onset of menarche.”

To gain some insight into the lack of agreement, we examine the estimate of difference

in means of DEXA and caliper methods and its 95% simultaneous two-sided confidence

band. These are presented in Figure 3. The critical point used in the band is 2.83. We see

that the estimate is positive for ages below 11.3 years and between 15 to 16 years, and it

is negative elsewhere. The confidence band is widest near the endpoints. It contains zero

except when the age is between 11.8 to 14.4 years in which case the band is below zero. This

implies that the means of the two methods cannot be considered equal over the entire age

interval T . The pattern of increase and decrease in absolute value of the estimated mean

difference is consistent with the pattern of decrease and increase in the extent of agreement.

Specifically, the maximum absolute difference is about 3.4, which occurs around age 13 years

— the region where the estimated agreement is weakest. Thus, the lack of agreement is

partly explained by a difference in the means of the methods. In addition, the precisions of

the methods are relatively low, leading to a somewhat low correlation between them. The

estimate of precision ratio of DEXA and caliper methods is 1.28 and its 95% confidence

interval is (1.04, 1.58). This implies that the DEXA method is more precise of the two.

18



Based on this, we may prefer the DEXA method because its precision is higher than that of

the caliper method.

5 Discussion

In this article, we presented a semiparametric procedure for modeling longitudinal method

comparison data from two or more measurement methods using penalized regression splines

within the framework of mixed-effects models. The assumed model is then used to develop

a methodology for evaluation of agreement between the methods. Our approach is flexible

in that it can accommodate balanced or unbalanced data designs and multiple methods.

Moreover, it does not require one to specify in advance how the mean functions may be

related to time. Instead, these relationships are completely determined from the data. The

approach also allows the agreement measures to depend on time to capture changes in the

extent of agreement over time. The simulations indicate that the methodology has acceptable

performance for 30 or more subjects, and is robust to autocorrelation structure of the within-

subject errors. Although the proposed model assumed homoscedastic errors, it can be easily

extended to deal with heteroscedastic errors along the lines of [26].

One limitation of the methodology is that it is computationally intensive. However,

the computations can be easily programmed. The R program used to do the computations

for the body fat data is available at the second author’s professional website, http://www.

utdallas.edu/~pankaj. The computations took about 200 minutes on a Windows computer

with a 2.2 GHz processor and 4 GB RAM.

Here we have used the ML method for parameter estimation. The method of restricted

maximum likelihood (REML) is another common method for parameter estimation in mixed-

effects models. Ordinarily, the REML method has limited usefulness for inference on agree-
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ment measures, which are functions of both mean and variance-covariance related parame-

ters, because it does not provide a joint covariance matrix for estimators of all such param-

eters. However, this covariance matrix is not needed in the proposed methodology because

bootstrap is used to estimate the uncertainty in the estimators. This implies that the REML

method can also be used in place of the ML method.
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Appendix A. Model in matrix notation

In this section, we formulate the model (1) with mean functions (5) using matrix no-

tation. For i = 1, . . . , n, j = 1, . . . , J , define Yij = (Yij(tij1), . . . , Yij(tijmij
))T , eij =

(eij1, . . . , eijmij
)T , βj = (β0j, . . . , βpj)

T ,

Xij =


1 tij1 . . . tpij1
...

...
...

...

1 tijmij
. . . tpijmij

 ,

and

Yi =


Yi1

...

YiJ

 , ei =


ei1

...

eiJ

 , β =


β1

...

βJ

 , Xi =


Xi1 . . . 0

...
. . .

...

0 . . . XiJ

 .
Next, define uj = (u1j, . . . , uQj)

T ,

u =


u1

...

uJ

 , Wij =


(tij1 − c1)p+ . . . (tij1 − cQ)p+

...
...

...

(tijmij
− c1)p+ . . . (tijmij

− cQ)p+

 , Wi =


Wi1 . . . 0

...
. . .

...

0 . . . WiJ

 ,
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and also

bi =



bi

bi1

...

biJ

b∗i1
...

b∗im



, Zi =



1 1 . . . 0 I(vi11 = 1) . . . I(vi11 = m)

...
...

...
...

...
...

...

1 1 . . . 0 I(vi1mi1
= 1) . . . I(vi1mi1

= m)

...
...

...
...

...
...

...

1 0 . . . 1 I(viJ1 = 1) . . . I(viJ1 = m)

...
...

...
...

...
...

...

1 0 . . . 1 I(viJmiJ
= 1) . . . I(viJmiJ

= m)



.

Now the model (1) with mean functions (5) can be written as

Yi = Xiβ + Wiu + Zibi + ei, i = 1, . . . , n, (A.1)

where

u ∼ NJQ(0,Gu), Gu = diag{Gu1 , . . . ,GuJ
}, Guj

= diag{σ2
uj, . . . , σ

2
uj}, j = 1, . . . , J,

bi ∼ independent N(1+J+m)(0,Gbi
), Gbi

= diag{σ2
b , ψ

2, . . . , ψ2, η2, . . . , η2},

ei ∼ independent NNi
(0,Ri), Ri = diag{Ri1, . . . ,RiJ},

with Rij as an mij×mij covariance matrix whose (k, l)th element is σ2
ejρ
|tijk−tijl|. The vectors

u, bi and ei are mutually independent. It follows that Yi ∼ NNi
(Xiβ, var(Yi)) with

var(Yi) = WiGuWT
i + ZiGbi

ZT
i + Ri. (A.2)

The Yi are not independent because they share the common spline coefficient vectors u. We

can see that

cov(Yi,Yl) = WiGuWT
l , i 6= l.

To obtain a joint model for all the N observations in the data, define

Y =


Y1

...

Yn

 , X =


X1

...

Xn

 , W =


W1

...

Wn

 , b =


b1

...

bn

 , e =


e1

...

en

 .
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These quantities are obtained by stacking the various subject-specific vectors and matrices

in a vertical manner. Also, take Z = diag{Z1, . . . ,Zn}. Here Y and e are N × 1 vectors; b

is an n(1 + J +m)× 1 vector; X is an N × J(p+ 1) matrix; W is an N × JQ matrix; and

Z is an N × n(1 + J +m) block diagonal matrix. We can now write the joint model as

Y = Xβ + Wu + Zb + e. (A.3)

The assumptions for (A.1) imply that Y ∼ NN(Xβ, var(Y)) with

var(Y) = WGuWT + Z diag{Gb1 , . . . ,Gbn}ZT + diag{R1, . . . ,Rn}. (A.4)

The BLUPs of the random effects [27] in the model are

E(u|Y) = GuWTvar(Y)−1(Y −Xβ),

E(bi|Y) = E(bi|Yi) = Gbi
ZT
i var(Yi)

−1(Yi −Xiβ), i = 1, . . . , n, (A.5)

where the covariance matrices involved are given by (A.2) and (A.4). The fitted values

become

Ŷ = Xβ̂ + Wû + Zb̂,

where û and b̂ are estimated BLUPs [22, Chapter 2] obtained by replacing θ in (A.5) with

θ̂.

Thus far in this section the model (1) was assumed for the data, but often its special

cases are needed. For example, when the model does not include the interaction term bij,

we can represent it in the form (A.3) by respectively redefining bi, Gbi
and Zi by dropping

bi1, . . . , biJ from bi, their variances ψ2 from Gbi
and the corresponding columns from Zi; and

replacing 1 + J +m with 1 +m. Likewise, when the within-subject errors are independent,

the matrix form of the model is same as (A.3) except that the error covariance matrix Rij

is now a diagonal matrix, obtained by setting ρ = 0 in its off-diagonal elements.
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autocorrelation model

n parameter IND AR(0.2) AR(0.5) MA(0.2) MA(0.5) CS(0.2) CS(0.5)

30 σ2
e1/σ

2
e2 95.4 96.2 96.2 96.4 95.6 96.2 96.2

µ1(t) 95.0 94.6 94.6 93.0 94.4 93.2 92.6

µ2(t) 93.2 95.2 94.2 94.0 92.6 92.4 94.2

µ2(t)− µ1(t) 96.0 94.2 93.4 93.0 94.4 93.2 94.6

TDI(0.9, t) 95.6 95.6 93.8 94.2 94.4 93.6 93.4

CCC(t) 98.2 96.8 98.2 97.0 97.4 96.6 97.6

60 σ2
e1/σ

2
e2 96.2 95.0 95.4 93.6 94.8 95.6 94.8

µ1(t) 94.0 95.4 95.2 93.6 95.8 95.0 94.4

µ2(t) 95.8 95.4 94.8 93.8 91.8 94.2 94.6

µ2(t)− µ1(t) 94.0 92.8 93.4 94.8 94.8 94.6 94.4

TDI(0.9, t) 93.6 94.8 93.6 94.6 95.8 96.4 91.0

CCC(t) 96.4 95.8 98.2 98.4 97.8 98.4 96.4

100 σ2
e1/σ

2
e2 95.8 94.2 95.8 96.0 94.0 94.6 95.8

µ1(t) 93.0 95.0 95.2 93.0 95.0 94.2 94.6

µ2(t) 94.2 94.6 95.0 93.4 94.8 94.2 94.4

µ2(t)− µ1(t) 95.8 95.2 94.4 94.4 95.4 93.6 95.6

TDI(0.9, t) 95.4 95.0 96.0 95.0 95.8 94.2 94.8

CCC(t) 97.2 96.8 98.0 97.4 97.8 95.8 96.8

Table 1: Estimated individual and simultaneous coverage probabilities (in %) for 95% con-

fidence intervals and bands in the balanced design case.

26



autocorrelation model

n parameter IND AR(0.2) AR(0.5) MA(0.2) MA(0.5) CS(0.2) CS(0.5)

30 σ2
e1/σ

2
e2 97.6 96.2 96.8 95.2 95.6 97.4 97.4

µ1(t) 93.8 93.6 92.0 94.0 91.4 91.8 95.6

µ2(t) 93.4 94.4 92.8 93.6 92.8 94.8 95.6

µ2(t)− µ1(t) 91.8 91.0 93.8 93.6 93.0 94.6 94.0

TDI(0.9, t) 94.4 94.6 94.0 92.6 94.0 93.4 94.8

CCC(t) 97.8 98.8 98.2 98.2 97.8 97.4 98.2

60 σ2
e1/σ

2
e2 95.2 94.2 95.2 96.8 95.0 94.6 94.8

µ1(t) 94.8 95.0 94.8 95.2 96.2 94.8 94.8

µ2(t) 95.6 94.6 94.2 92.4 95.4 95.6 94.2

µ2(t)− µ1(t) 94.6 95.2 92.8 91.6 94.4 93.2 94.0

TDI(0.9, t) 95.2 95.0 94.2 94.2 95.4 93.6 94.4

CCC(t) 98.0 96.8 98.0 97.2 98.8 98.4 98.0

100 σ2
e1/σ

2
e2 95.8 93.8 95.0 94.8 94.2 94.0 95.6

µ1(t) 93.2 94.8 94.4 91.2 95.2 93.8 95.8

µ2(t) 94.4 94.8 94.2 93.2 94.4 96.0 94.8

µ2(t)− µ1(t) 94.8 95.0 96.4 92.6 94.6 94.4 94.6

TDI(0.9, t) 95.2 95.4 96.2 95.2 96.8 95.4 94.8

CCC(t) 97.2 96.6 97.4 96.4 97.8 96.8 97.0

Table 2: Estimated individual and simultaneous coverage probabilities (in %) for 95% con-

fidence intervals and bands in the unbalanced design case.
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parameter estimate 95% interval

σb 3.05 (2.60, 3.59)

η 0.69 (0.59, 0.82)

σe1 2.33 (2.12, 2.57)

σe2 2.06 (1.87, 2.27)

ρ 0.55 (0.49, 0.62)

Table 3: Estimates and 95% confidence intervals for variance-covariance related parameters

for body fat data.
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Figure 1: Trajectories of percentage body fat measurements from caliper and DEXA meth-

ods. The points on the same trajectory are connected by lines. The thick grey curves in the

middle are the estimated mean functions.

29



age (years)

0.3

0.4

0.5

0.6

12 14 16

CCC

age (years)

5

6

7

8

9

10

11

12 14 16

TDI

Figure 2: Left panel: Estimate of CCC (solid curve) and its 95% simultaneous lower confi-

dence band (shaded region). Right panel: Estimate of TDI with p0 = 0.90 (solid curve) and

its 95% simultaneous upper confidence band (shaded region).
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Figure 3: Estimate of difference in means of DEXA and caliper methods (solid curve) and

its 95% simultaneous two-sided confidence band (shaded region).
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