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Problem definition: We study the multidimensional price optimization problem faced by a rent-to-own
(RTO) firm, which rents a product for a periodic fee and during the rental repeatedly offers it for sale to
the renter at a sequence of prices forming the buyout price path. Mlethodology /results: We first employ
calculus of variations to obtain optimal buyout prices in closed form for a special case. Next, to overcome
the nonconcavity of the profit in the general problem, we formulate an equivalent bilevel optimization over
the resource utilization and price path. We then transform the inner pricing problem into a deterministic
dynamic program (DP) with a one-dimensional state. Leveraging this transformation, we develop an efficient
algorithm to find the optimal price path. We also apply our methodology to jointly optimize buyout prices
and inventory levels. Mlanagerial implications: Standard practice in the RTO industry is to use a price
path that decreases steeply early in the agreement and gradually later. However, we prove for the special
case that the optimal prices are in contrast concave decreasing; prices should optimally decrease gradually
early in the agreement and steeply later. In the joint inventory and pricing case, our results reveal, perhaps
counterintuitively, that higher inventory levels tend to entail higher optimal prices. Applying our algorithm
in a case study with parameters calibrated from our discussions with an RTO firm, we again find that prices
should optimally decrease gradually early in the agreement and steeply later, validating our insights from the
special case. Moreover, our methodology yields approximately a 22% increase in profit relative to industry

prices.
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1. Introduction
A rent-to-own (RTO) firm offers products such as appliances, furniture and televisions to its renters
under rental agreements with a specified term. If a renter continues paying the periodic rental
fee—usually paid weekly or monthly—for the length of the term, then he owns the product without
additional payments. This is referred to as a payoff. On the other hand, he can terminate the agreement
and return the product without penalty, in which case the firm can re-rent it to someone else. The
RTO firm also typically offers the renter repeated opportunities for a buyout, i.e., to purchase the
product early before completion of the term, according to a sequence of buyout prices forming the
buyout price path.

The RTO business has operated for almost half a century (APRO 2015), and it has grown into an
$8.2 Billion industry in the United States (May 2017). Annual revenues for well-known firms Aaron’s
and Rent-A-Center easily reach into the billions on their own (Aaron’s 2022, Rent-A-Center 2022).
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RTO represents a unique blend of renting and selling, and it is attractive to prospective renters who
desire flexibility, such as individuals occupying short-term housing while renovating a house, those
temporarily living away from home for work or school, or parents whose child wants to take up a
musical instrument (RTO for musical instruments brings in approximately $2 Billion per year by
itself; see APRO 2015). It is also popular with those who can afford periodic payments for an item
but have less-than-perfect credit, since RTO firms do not always require a credit check (APRO 2015).
Such individuals may find it desirable to eventually achieve ownership of the item through gradual
payments, similar to a mortgage on a house. An RTO agreement offers such a route toward ownership,
and moreover “customers can return the merchandise at any time for any reason without penalty”
(APRO 2015). So, if a renter’s financial situation or need for the item changes, he can easily return it,
or, on the other hand, he can accept one of the early buyout offers.

The present work sprang from our discussions with a large RTO firm. Managing an RTO business
poses unique challenges not faced by standard retailers (APRO 2015). Because renters can initiate
and terminate their agreements at will and purchase rented items at any time, the flow of items to
and from renters is highly stochastic, and items also leave the system at random times due to these
early buyouts (and payoffs) and must be replaced to serve future demand. Additionally, RTO renters
pay rental fees between successive buyout price offers for the same product, so RTO firms must trade
off two sources of revenue: rental fees and buyouts. A daunting problem facing RTO firms is how to
determine the buyout price path in the face of these as well as other, more familiar uncertainties like
random demand for new rentals. In practice, buyout prices in an RTO agreement typically reduce
from a period to the next. These reductions are usually steeper at the start of a renter’s agreement
and more gradual later in the agreement. An RTO firm generally posts a verbal description of the
price path as opposed to detailed price schedules, keeping the price path opaque (see Appendix A.1 for
details). In our discussions, the RTO firm has shared with us that its current pricing policy is based
on cost, and a chief aim is to achieve a sufficient amount of both rental and buyout revenues from an
item. The firm is currently experimenting with different pricing policies, but the experimentation is
complicated by the high dimension of the price path: an agreement’s term is often a year or longer,
and a buyout price is offered in each period of rental (week or month).

Despite the size and history of the RTO business, the determination of buyout price paths has
received negligible attention in the academic literature. Hence, open questions abound, in particular:
(i) how should the random flow of a product through RTO agreements be modeled? (ii) does an
optimal buyout price path possess a particular structure? (iii) can we find an efficient algorithm to
optimize buyout price paths, ideally one that also supports joint pricing and inventory optimization?
and (iv) what is the magnitude of potential profit improvement from such optimization relative to

current practice? A sizable knowledge gap thus exists, and we address this gap in the pages to come.
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Specifically, we develop a faithful but parsimonious model of the RTO system; we use this model to
formulate the buyout price optimization problem; we derive the optimal price path in closed form (as
well as its shape) for a special case; in general, we devise an efficient price optimization algorithm;
and finally, we benchmark this algorithm’s performance against industry prices in a case study, which
reveals that the associated profit improvements are significant. We now survey the operations and
revenue management literatures related to renting and/or selling, before detailing the approach and
contributions of our work.

Related Literature: The present work is related to a few streams of literature: pricing and inventory
management for rental products, pricing for reusable resources, the sell-vs.-rent (or concurrent selling
and renting) decision and related pricing, and research on the operations of RTO businesses.

Some past work has considered pricing for rental units. Examples include Huang et al. (2001), Gans
and Savin (2007) and Gilbert et al. (2014). Huang et al. (2001) studies a durable-goods setting with a
secondary market, focusing on the case where goods last exactly two periods; the firm chooses the
sales and rental prices for new goods, while the sales prices for used goods (which can also be resold by
consumers) are determined by a market-clearing condition. Contrasting with the RTO business and
with our work, in their model rentals last only a single period and “lease contracts do not contain an
option” to purchase. Gans and Savin (2007) uses a continuous-time framework to study a rental firm
that must jointly determine admission controls for fixed-price contract customers and dynamically
optimize prices for walk-in customers; importantly, and in direct contrast to our work, payments are
for rental access to the product and there is no buyout price for customers to obtain ownership of it.
Gilbert et al. (2014) studies a firm that rents and/or sells a digital product. Although it maintains a
constant sales price, e.g., independent of the elapsed time in the rentals, it provides insights on when
a firm should offer both rentals and sales, how the optimal rental (sales) price is affected by the sales
(rental) option.

More recent work has considered capacity /inventory management for rental units. Slaugh et al.
(2016), motivated by fashion rental firms like Rent-the-Runway, studies a setting with a one-time
procurement opportunity before the renting season, with products that are subject to “usage-based
loss” due, for example, to wear and tear. By contrast, our focus is on durable goods like washer/dryers
and refrigerators which offer multiple procurement opportunities: if these items are sold, then the firm
can easily replace them at any time for another unit of the same or a very similar model. Importantly,
although buyout opportunities are mentioned in passing in Slaugh et al. (2016) as a possible reason for
lost units, their study does not involve pricing: the prices and costs are exogenously given (and fixed) in
their model, and they optimize instead over inventory management and “recirculation” policies, which
designate whether to allocate units with higher or lower likelihood of loss to new rentals. They show

that incorporating product loss into these decisions can lead to significant profit improvements. Slaugh
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et al. (2016) also provides an excellent review of prior work on rental capacity management going all
the way back to Tainiter (1964); almost all of this work adopts a continuous-time queueing-theoretical
framework, and none of it, to the best of our knowledge, includes a buyout option. Most recently,
Firouz et al. (2022) studies a fleet-sizing problem for equipment rental, using a similar modeling
approach to ours, but they do not optimize prices. They allow breakdown for a rented unit, in which
case it undergoes a repair process with random duration to satisfy demand for new rentals. On the
other hand, several studies perform joint inventory and pricing optimization (see, e.g., Govindarajan
et al. 2020 and references therein) in a retail (i.e., non-rental) setting.

Our work is closely related to research that focuses on the sell-vs.-rent decision. Jalili and Pangburn
(2020) solves the rental fee and price optimization problem of a firm that can make available post-rental
sales to its customers. They characterize when it is optimal to offer this opportunity and find the
corresponding optimal outright purchase price, rental fee and post-rental purchase price. The main
factor that contrasts our work with theirs is that in our setting renters have multiple purchase
opportunities after rental initiation which entails optimizing many prices (forming a price path) rather
than a single price. Altug and Ceryan (2022) considers a firm that concurrently sells and rents its
fixed inventory of a perishable product and optimizes its revenue by dynamically determining rental
and sales inventory allocation for fixed rental duration, rental fee and purchase price. Finally, Zhang
et al. (2022) constructs game-theoretic models between a manufacturer and a rental company and
studies the effect of power structure in the supply chain on the pricing decisions of both firms; in
their setup, neither party concurrently engages in both renting and selling.

Other work has studied pricing with reusable resources; see, e.g., Lei and Jasin (2020), Rusmevichien-
tong et al. (2020), Jia et al. (2022), Besbes et al. (2022), and references therein. Pricing with reusable
resources is similar to rental fee optimization, and typically there are no buyouts or payoffs. In most
of these studies usage duration is exogenous, e.g., realized according to a distribution. In contrast,
rental duration in our model is an endogenous factor affected by the prices offered during rental. For
challenging problems like these, the optimization is frequently intractable, requiring approximations
and heuristics. A different but somewhat related setting is that of pricing and return policy decisions
when customers either keep the purchased product or return it to the firm within a specified return
window: a product return in exchange for a (partial) refund or credit can be viewed as a short-term
rental. In Liu and Zhang (2023), a customer may have repeated need to buy the same type of product,
and his valuation for the product is realized independently in each period. If a customer buys and
then returns the product in one period, he receives a partial credit to spend on a future purchase
with the firm, but the credit expires after some time. It derives the optimal price, credit amount
and the length of time until credit expiration. Other recent work on this topic includes Wagner and

Martinez-de Albéniz (2020) and Nageswaran et al. (2020). Unlike RTO, in this context there is a
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single purchase price rather than a price path, and the price is paid upfront in full, with no option for
gradual payments.

We briefly shed light on other research conducted regarding the RTO business. Anderson and Jaggia
(2012) estimates RTO agreement outcomes (return, buyout and payoff). Anderson and Sibdari (2012)
studies investment decision of an RTO firm. Jaggia et al. (2019) empirically studies the profit margin
of an RTO firm but does not optimize buyout prices. Guajardo (2019) investigates the relationship
between rental payment behavior and usage frequency of the rented product in a developing country.
Most recently, Armaghan et al. (2023) performs a counterfactual analysis on buyout prices but does
not optimize them, leaving RTO buyout price optimization as an open question.

Approach and Contributions: Substantial research has been performed on topics related in
various ways to rental operations, along with limited work on the RTO business itself. Some of this
research even studies the determination of rental fees (although not for the RTO business). However,
to the best of our knowledge, no systematic study has yet been conducted on the optimization of
RTO buyout price paths. Motivated by this real-world problem that also represents a notable gap in
the literature, in this work, we introduce, formulate, and solve the RTO buyout pricing problem.

The high dimension and opacity of price paths make it difficult for an individual renter to engage
in strategic purchase timing. Accordingly, we consider renters that are myopic in purchase decisions.
In addition, several empirical studies document the prevalence of myopic customers. Both Moon et al.
(2018) and Li et al. (2014) find that at least 80% of customers decide myopically in the online retailing
and airline industries, respectively. Yilmaz et al. (2022) also finds a high fraction of myopic customers
in the hotel industry. In the same spirit, Armaghan et al. (2023) performs structural estimation using
various renter decision-making models—including those with strategic renters—and assesses renters’
utilities for products. It finds that RTO renters are myopic or nearly so in their purchase decisions,
aligning with our model of renter purchase decisions.

We first develop a new, discrete-time Markov chain model of RTO agreements, using the notion of
an inventory slot. An inventory slot begins in the idle state, from which it initiates a new agreement
with a specified probability. After an agreement is initiated, the firm offers buyout prices to the
renter in successive periods according to its chosen buyout price path. The probability of the renter
accepting a buyout price offer depends on the price and his valuation for the item (whose probability
distribution may vary over time). If he accepts, then he takes ownership, the agreement ends, and the
firm procures a new item to occupy the inventory slot, which resets to the idle state. If he declines the
price and continues the rental by paying the rental fee, then the state, which measures the number of
periods remaining until payoff, decrements by one. If he terminates the agreement, then he returns
the item to the firm, and the slot resets to the idle state, but no replacement is required. In the last

period (i.e., when the state reaches one), paying the rental fee entails paying off the item, and in
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this case (like a buyout) the renter takes ownership of the item, a new one is procured to replace
it, and the slot resets to the idle state. We derive the stationary probabilities for this Markov chain
as functions of the price path and the probability distribution of the renter’s valuation for the item.
This allows us to formulate the profit optimization problem over the price path, namely the RTO
buyout pricing problem.

The profit in the RTO buyout pricing problem is in general nonconcave and also high-dimensional,
and a customized approach is thus required. In the simplest version of the problem when only a
single buyout price is optimized, we show that the optimal price is decreasing in the agreement
initiation probability, i.e., the probability that an available item becomes rented in a given period.
If this probability is low, then after selling the item and replacing it, a long period of idleness may
occur before the next rental, during which this item does not produce revenue for the firm. For low
agreement initiation probabilities, the firm thus prefers to set the price high so that either the rental
will continue for another period or the firm will be compensated for the expected idleness with a
substantial lump sum.

By considering a fixed utilization (fraction of on-rent time) of an inventory slot, we make two key
observations: we can control the expected rental revenue via the utilization, and we can anchor the
stationary probabilities to the utilization. This anchoring decouples stationary probabilities of higher
states (those closer to agreement initiation) from prices of lower states. We then reformulate the
problem as a bilevel, constrained optimization: an outer optimization over the achievable range of
utilizations and an inner optimization over the price path.

To obtain additional structural insights, we then consider a continuous-time analog of the inner
pricing problem (for fixed utilization), with the specifications that (i) renter valuation is uniformly
distributed and stationary and (ii) renters do not return the item but own it either through buyout
or payoff. We refer to this problem as the special case. We determine the exact optimal price path in
closed form. Consistent with the above finding, these prices also shift up as the agreement initiation
probability decreases. Moreover, the optimal price path is concave decreasing over the course of a
renter’s agreement; that is, the price should decrease gradually early in the agreement and more
steeply towards the end. Intuitively, the firm should try to earn substantial rental revenue before
selling the item and incurring the replacement cost. So, it needs to keep the price relatively high in
the early stages of an agreement so that the renter is unlikely to purchase and even if he does, then
the high price brings a substantial sales revenue for the firm. On the other hand, towards the end
of an agreement, the firm wishes to avoid “giving up” the item through payoff without a lump sum
payment, so it optimally drops the price more steeply at this stage to entice the renter to buy. This
finding contrasts with industry conventions, which as mentioned entail steep price drops early in the

agreement and gradual price drops later on.
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Armed with these insights, we then move on to develop an approach to solve the general problem in
discrete time and without the above specifications (of the special case). First, we use the decoupling to
transform the inner pricing problem for fixed utilization—a static optimization problem over the entire
price path—into an equivalent, single-state deterministic dynamic program (DP) that determines
the prices sequentially. This DP can be solved efficiently by discretizing its state space. Since the
utilization is bounded in a narrow interval, the outer optimization requires a limited number of
iterations, and we thus arrive at an efficient optimization algorithm (subject only to discretization
error) to solve the RTO buyout pricing problem. Our algorithm solves a pressing problem in the RTO
business, and as (to the best of our knowledge) the first to make a detailed study of this problem,
our contribution is significantly bolstered by the fact that we traverse the entire path from initial
formulation to an efficient optimization algorithm.

After solving the pricing problem, we then consider the joint buyout pricing and inventory opti-
mization problem. In the joint problem, an RTO firm must choose not only the buyout price path but
also the inventory level to maintain. This can be thought of as a base-stock inventory level maintained
by the firm, such that when items leave the system through sales (buyouts or payoffs), they are
replaced to maintain the base-stock level (i.e., the target inventory level). Indeed, the RTO firm that
inspired this work has a target inventory level. The inventory units, associated with inventory slots
in our Markov chain, compete for rental demand, leading to dependence among the states of the
slots. Crucially, this dependence is confined to the idle state, and based on this observation, we devise
a simple and highly accurate approximation for the evolution of the multi-slot system. Using this
approximation, we then apply our methodology from the single-slot system to solve the joint pricing
and inventory optimization problem for the multi-slot system.

Finally, to demonstrate the power of our methodology, we conduct a case study using parameters
calibrated from our discussions with the RTO firm and price paths (for benchmarking) computed with
their price formula. The optimal prices from our algorithm tend to be decreasing over the course of an
agreement; this decreasing property is in line with industry practice as described above, but there the
resemblance ends. Consistent with our structural results from the simplified continuous-time setting,
we find in the realistic setting of the case study that the optimal price path from our algorithm
decreases gradually early in the agreement and steeply later in the agreement. Since the convention in
the industry is to reduce prices steeply early in the agreement and gradually later in the agreement,
our findings suggest that RTO firms may be dropping prices too quickly at the start of an agreement.
Our findings counsel RTO firms to refrain from substantial price drops early in an agreement; with
higher prices early on, the agreement is more likely to generate substantial rental revenue before a
buyout, and if an early buyout does occur, it will be at a high enough price to justify the replacement

cost and the opportunity cost of future idleness. We also quantify the profit impact of our methodology.
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We find that applying our methodology to jointly optimize prices and inventory yields approximately
a 22% increase in profit compared to inventory optimization alone with industry prices. We also find
that there is value in price-only optimization for given inventory: across different fixed inventory
levels, we observe an average of 20% higher profit with the optimal prices versus the industry prices.
Finally, the character of the optimal solutions reveals the importance of cooperation between the
supply chain and revenue management groups within an RTO firm. Not only is profit left on the
table if the inventory (price path) is optimized assuming fixed price path (inventory), but also the
optimal decisions are interdependent; the optimal price path is substantially different for different
inventory levels, and the optimal inventory level is different for different price paths. In particular,
since inventory units compete for demand, higher inventory levels lead to lower agreement initiation
probabilities. As we showed analytically in continuous time, lower agreement initiation probabilities
lead to higher optimal prices, and accordingly in the case study we find that higher inventory levels
tend to yield higher optimal prices.

The rest of the paper is organized as follows. In §2, we introduce our Markov chain model of RTO
agreements and derive its stationary distribution. §3 formulates the RTO buyout pricing problem based
on the stationary distribution, then derives the equivalent bilevel price-utilization formulation. In §4,
we solve a simplified version of the problem in continuous time and derive structural insights about
the shape of the price path. In §5, we present our dynamic programming approach to optimize buyout
price paths in the general setting. §6 studies the joint buyout pricing and inventory optimization

problem, and it also presents the benchmarked case study. §7 concludes.

2. Markov Chain Model of RTO Agreements

RTO firms offer ownership opportunities to customers during their rentals. A renter can own the
rented item either through payoff or buyout. Payoff requires renting the item for a specified duration,
referred to as the term, while buyout occurs earlier by accepting one of the periodic (monthly or
weekly) buyout price offers made within each agreement according to the firm’s chosen buyout price
path.

An RTO renter who initiates an agreement judges the use of the item to be worth the rental fee.
The status quo is continuing to rent, unless either the buyout is sufficiently attractive or circumstances
change such that the item is no longer needed or the rental is not affordable. As discussed in §1, we
consider myopic renters, who purchase the rented item if their valuation is greater than the offered
buyout price. An attempt to consider strategic renters would lead to a high dimensional stochastic
dynamic game requiring the firm’s determination of an entire price path as well as renters’ rational
expectation of the path (in contrast to the single-price setting in, e.g., Liu and Zhang 2023), whose

analysis is almost certainly intractable and hence avoided in the absence of strong empirical evidence



Armaghan et al.: Optimizing Buyout Prices in the Rent-to-Own Business 9

for strategic behavior among RTO renters. Moreover, a considerable portion of renters are individuals
who might not be able to commit to a specified duration of rental. Such a lack of commitment could
emanate from short-term needs or other life circumstances like relocation, unemployment, etc. A
renter may terminate his agreement and return the item in any period during the rental without
penalty. We account for this possibility through the probability p, with which a renter sustains his
rental agreement in each period, independent of other periods. Accordingly, with probability (wp)
1—p, the renter terminates his agreement and returns the item. In each period that the renter sustains
his agreement, he receives a buyout price and compares it against his valuation for the product, which
is realized independently in each period similar to Gilbert et al. (2014) and Liu and Zhang (2023)
and whose distribution may vary during the rental. If he rejects the offer, then he pays the rental fee
and continues to the next period. If he accepts the offer, then he pays the buyout price and owns the
product. The benefit from renting can be expected to be very similar to the rental fee. Differing values
of these quantities can be easily accommodated by appropriate shifts of the valuation distribution, so
without loss of generality (wlog) we normalize the rental benefit to zero.

A renter’s valuation is V, = v, + &, where k is the number of periods remaining in the term, v, is its
expected value and &, is the mean-zero random component (e.g., Ozer and Phillips 2012, §18.3). This
specification is versatile enough to accommodate various settings, such as valuation with decreasing
expected value due perhaps to diminishing novelty of the product. Moreover, variability of the random
component &, may shrink over time, e.g., due to decreasing valuation. The cumulative distribution
function of Vj, is denoted by Fj,.

We consider an RTO firm that owns several items of inventory for a focal product (e.g., a particular
model of refrigerator). At each point in time, some of the items are out on rent, while others (if any)
are idle waiting to be rented. Consistent with other works on durable goods (e.g., Coase 1972, Bulow
1982), items do not depreciate due to use. Moreover, within the planning horizon for pricing (a few
years), depreciation due to obsolescence is minor for commonly rented items such as refrigerators
or washer/dryers with stable design and functionality. The firm replaces each sold item (via payoff
or buyout) with a similar one at replacement cost c. The firm forms the same agreement for each
rented item, i.e., all rental agreements for the focal product have term T > 2, rental fee s < ¢ and
identical buyout price path. We translate the inventory policy of the firm to maintaining a fixed
number of inventory slots for the focal product. Although items are sold, inventory slots are perpetual
and suitable for long-run profit calculations. We first take the perspective of a single inventory slot
and later in §6 extend our analysis to multiple slots.

To represent the progression of the slot’s rental agreements, we use a discrete-time Markov chain
(MC) with state space [1:T], where [a: b] is the set containing a, b and the integers between them.
We refer to the MC as the RTO MC and to its state as the rental state. Rental state k < T signifies
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that the slot’s current rental has k£ periods remaining until the renter owns the item through payoff,
while the rental state is 7" when the slot is holding an idle item waiting to initiate a new rental. In
each period, an idle item initiates a rental wp o and remains idle wp 1 — «, i.e, the slot transitions
from rental state T to T'— 1 wp « and remains in T wp 1 — a. We refer to « as the agreement
initiation probability and to rental state 1" as the idle state. The probability o depends on the demand
distribution for new rentals as well as the total number of slots (see §6), but for the purposes of this
section, it is given as a primitive.

The slot transitions from a non-idle state k € [1: T — 1] to the idle state if the renter either returns
the item or purchases it. The return event occurs wp 1 — p, and the buyout event occurs when the
renter sustains the agreement and his valuation is no less than the buyout price p; in rental state
k. Therefore, the buyout event occurs wp pFj(pr), where Fi,(pi) = 1 — Fi(py,). Accordingly, the slot
transitions from rental state k to k —1 wp pFj(px) if neither the return nor the buyout occurs. In
contrast to other rental states, sustaining the agreement in rental state 1 leads to item ownership
through payoff, so the slot transitions wp 1 from this rental state to the idle state.

With each transition of the slot from rental state k to k — 1, the firm earns the rental fee s. In
transitions from rental state k to the idle state that occur via a buyout, the firm earns the revenue p;
and incurs replacement cost c. Finally, in transitions from rental state 1 to the idle state via payoff,
the firm earns s and incurs the cost c. Any other transition is to the idle state via return of the item
and thus involves no monetary transaction. As a side note, an RTO firm might incur a restocking cost
for returned items, e.g., to refurbish, repair, or (if the item is damaged beyond repair) replace them.
For parsimony, we do not include such a cost, but our model could easily be extended to include it by
adding terms with this cost to the profit function for the transitions associated with returns.

Figure 1 illustrates the RTO MC and rental state transitions as well as their probabilities and the
associated profits. Note that the idle state (rental state T') is accessible from all other states (including
itself), but any state k € [1: T — 1] is only accessible from state k + 1. We seek to determine the
stationary probabilities of the different rental states. These probabilities most importantly depend on
the agreement initiation probability a and the buyout price path p:= (pr_1,---,p1) > 0. Note that
there is no buyout in rental state T" since a renter who initiates a rental agreement is by definition
not seeking to purchase immediately. The RTO MC is both aperiodic and irreducible. Therefore, its
stationary probabilities are all positive. The following lemma provides formulas for the stationary
probability 7. (p;a) for each k € [1:T]. Hereafter, when the lower index of a sum ) is larger than its
upper index, the sum becomes zero, and when the lower index of a product [] is larger than its upper

index, the product becomes 1. Table 1 summarizes our important notations.
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Figure 1 The RTO MC with transition probabilities and monetary transactions.
LEMMA 1. The stationary probabilities of the RTO MC in Figure 1 are given by
-1
T—-2 T-1 T-1
mr(p;a)=|1+a+a Z pm I F () |, me(psa) = amp(py o) p” F 1 H F;(pj) for k<T —1(1)
k=1 j=k+1 j=k+1

We observe in Lemma 1 that 7r(p; ) > -+ > m(p; «); rental state k € [1: T — 1] is only accessible
from state k + 1. Therefore, each visit to state k warrants at least a visit to the prior state k + 1,
which makes m441(p; a) > mp(p; ). As a result, the slot spends more time in the idle state than any

other single state over the long run.

3. The RTO Buyout Pricing Problem

We use the stationary probabilities in Lemma 1 to derive the expected per-period profit in the RTO
MC, which we refer to as the profit rate. For k € [2:T — 1], a transition from state k to state k — 1
occurs at the rate 7 (p; ) pFy(pr) and generates the profit s. A transition from state k to state T, if
involving a monetary transaction, is only possible through a buyout, occurs at the rate 7 (p; o) pFi (px )
and generates the profit p, —c¢. A transition from state 1 to state T, if not due to a return, either
occurs through a buyout at the rate 7, (p; @) pFy(p;) or through a payoff at the rate m(p; a)pFy(p1)
with respective profits of p; — ¢ and s — ¢. Finally, a transition from state T' to T'— 1 occurs at the
rate amr(p; ) and generates the profit s. Figure 1 depicts these transition probabilities and monetary
transactions. All other possible transitions are due to the item being returned; these do not involve a
monetary transaction and thus do not affect the profit rate. The discussed transition rates and the
associated profits yield the (expected) profit rate as

T-1

Rer(p; @) =amr(p; @)s+3_pmi(p; @) (Fx(pr) s+ By (pr) (=) 0 (B3 ) (F1 (1) (s—€)+ P (p1) (Pr—c)(2)

k=2
Since sold items are replaced to maintain a target inventory level, the inventory holding cost is sunk
and can thus be safely ignored when optimizing the buyout price path. However, holding cost will be
important in §6 when we optimize both the price path and the inventory level.

In setting the buyout price path p, we aim to maximize the profit rate given in (2). We can further
restrict the price space with appropriate constraints, which we now describe. First, in any non-idle

rental state k, it would be sub-optimal to set a buyout price p, < s because selling at such price
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Table 1 Important notations.

Inputs:
a and p Probabilities of initiating an agreement and Sustaining an agreement
s and ¢ Rental fee and Replacement cost
T Agreement term
F;, Cumulative distribution function (cdf) of a renter’s valuation in rental state k € [1: 7T — 1]
Abbreviations:
#F and ®F Hf:l F;(s) and Hle F;(js)
Outputs:
v and 1 —~ Utilization and Idleness
m,  Stationary probability for rental state k € [1: T
Rr and RT Expected profit rate and Expected profit per agreement
p and I Buyout price path and Number of inventory slots

(and thus incurring the replacement cost) would be strictly worse for the firm than receiving s for
continuation of the rental (without incurring the replacement cost). Second, a renter in state k& would
reject any buyout price py > ks because it would be cheaper to instead pre-pay (or pre-allocate) the
remaining rental fees to own the item through payoff. Thus, we can restrict our attention to buyout
prices p; such that s < p, <ks. Note that the realized total rental payments are equal to ks only if
the renter continues the rental agreement until the end of the term without purchasing or returning
the item. Thus, the expected total rental payments will be less than ks, and p, < ks does not imply
that buying in rental state k is preferred to continuing to rent. The price constraint s < p, < ks and

(2) together yield the RT'O buyout pricing problem
max{Rr(p; ) :py € [s,ks] for ke[l:T—1]}. (3)
D

The optimization in (3) is to determine a single buyout price path that is common across renters.
The price offered to a renter is determined by the state of his agreement; for instance, given the price
path p, a renter whose agreement is in state k is offered the price p;, while another renter whose
agreement is in state k' # k is offered p;/. Now, we show that the buyout price path optimization in
(3) is in general nonconcave.

REMARK 1. The profit rate function Rr(p;«) in (3) is not in general concave in p.

The nonconcavity of Rr(p: «) implies that traditional gradient-based methods, even if they could
identify a critical point efficiently in our high-dimensional price space, could get trapped at local
optima or saddle points. The special case of T'= 3 has a single buyout price ps to determine, as p; = s
and rental state T"= 3 has no buyout price. For this case with exponentially distributed valuations,

we can characterize the relationship between the initiation probability and the optimal buyout price.

LEMMA 2. For exponentially distributed valuations with mean v and a given p, the optimal buyout

price is decreasing in « € (0,1) when T =3.
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Lemma 2 features a structural property for T'= 3 and exponential valuations. Although a buyout
generates more momentary revenue than the rent obtained if the renter continues the agreement, it
starts a duration of idleness with no revenue. The lower the agreement initiation probability is, the
longer the expected duration of idleness (with no revenue), and thus the higher the opportunity cost
of stopping the recurring rental payments. Thus, for a low agreement initiation probability, the firm is
only willing to give up the recurring rental revenue in exchange for a high price. The general problem
with T >4 is more complex and requires optimization of multiple prices. For this problem, due to
nonconcavity of the profit rate, an alternative and customized approach is required, which we proceed
to develop.

In the forthcoming analysis, we will leverage another profit-related quantity, namely the expected
profit from a single rental agreement, which we denote by R%(p). An important distinction between
R4%(p) and the profit rate Ry (p;«) is that the former ignores the idle time between agreements when
no revenue is generated; unlike the profit rate, its calculation is contingent on agreement initiation
and thus does not depend on «. The profit per agreement is calculated similarly to the profit rate by
computing the probability of the agreement ending in each possible rental state with each outcome that
is possible in that state, as well as the associated profit. The resulting expression for the (expected)

profit per agreement is

Ri(p) = Z (p”%ﬁ Ey () (PEe)(T = F)s +py =€) + (1= p)(T = K)s)

(072 TLE @) (0B o) (T~ 1)s 4 — )+ (1= p)(T— s+ pFi(p)(T5 — <)), (4)

where p; = s because of the constraint in (3). This profit can be grouped into three terms: those
proportional to rent s, to replacement cost ¢ and the rest, which respectively are (expected) rental
revenue, incurred replacement cost and sales revenue (all per agreement). The last period’s payment
to the firm is interpreted as sales revenue.

The next lemma relates the profit rate Rr(p;a) with the profit R%(p) per agreement. This

relationship will later prove useful in our algorithm for buyout price path optimization.

ProprosITION 1 (Profit Rate vs. Profit per Agreement). For any price vector p,

Rr(p; a) = arp(p; o) RE(p). (5)

Proposition 1 delineates the components of the profit rate Ry (p;«) and reveals the tradeoffs in
maximizing it. Unsurprisingly, the profit rate is increasing in the agreement initiation probability
a because a higher a implies a smaller fraction of time spent idle (as discussed, R%(p) does not

depend on «, and it is straightforward to show that amr(p;«) is increasing in «). The agreement
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initiation probability is treated as exogenous in this section, but we will later endogenize it in §6.
For a given a, the firm’s choice of price path p affects both the profit per agreement R%(p) and the
idleness rate mr(p; «). Intuitively, increasing the prices in p leads to fewer buyouts and thus longer
agreement durations, i.e., less profit from buyouts and more from rental fees. The net impact on the
profit per agreement depends on the relative magnitudes of these changes. Additionally, the longer
agreement durations lead to a decreased proportion of time spent idle, i.e., a smaller 7r(p;a). Hence,
to maximize the profit rate, the firm must optimally balance three interdependent quantities (which
are also all affected by the given probability p of sustaining the agreement): profit per agreement from
buyouts, profit per agreement from rental payments, and idleness rate. This interdependence in the
multidimensional price space leads to the nonconcavity identified in Remark 1, and it makes the price
path optimization in (3) a highly challenging problem to solve. To tackle this challenge, our approach
is to decompose the problem into a bilevel optimization, which we describe below, but first we discuss
the important concept of wutilization as it relates to our problem.

The utilization of an RTO inventory slot is the proportion of time its item is rented (i.e., is not
idle). In our discussions, the RTO firm has emphasized that utilization (or equivalently, idleness) is
a key metric for evaluating its operational performance, and moreover that it sets a target idleness
(rate) for its inventory. It is possible that the target utilization will be provided exogenously by upper
management, in which case methodology is required that provides optimal prices for a given utilization.
This idea also suggests a decomposition of the general problem into two stages: determining the target
utilization, and then determining the optimal buyout price path for that utilization.

As a proportion, utilization is bounded between 0 and 1, but the parameters of the system (e.g.,
p, a) may further limit what utilizations can be achieved. Recall that 7r(p;«) is the proportion of
time the slot is in the idle state and hence is equal to the slot’s idleness rate. As such, 1 — 77 (p;«) is
the slot’s utilization. For v € [0,1], to achieve the utilization 1 —~, the firm must set a buyout price
path p such that 77 (p;a) =+. A utilization 1 — v is achievable for a given « if there exists p with
pr € [s,ks] for k€ [1:T — 1] such that mr(p; o) =~. With the next lemma, we explicitly characterize
the interval of achievable utilizations in terms of the problem parameters. We define ¢¥ := Hf:i F;(s)

and OF := Hf:i F}(js) for tidier expressions. Note that ¢f < @

LEMMA 3. For a given «, the utilization 1 —+y is achievable if and only if v € [y4(a), v ()], where

-1 —1

T-2 T—2
Ah(a):=|1+a+a Z pT*Fl(I)iTJ:ll and vi(a):=|l+a+a Z pr—itt 5:11

=1 =1
Using Lemma 3 to identify the range of achievable utilizations, we can now express the buyout

pricing problem problem (3) as a bilevel optimization. The outer problem chooses a utilization from
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the achievable interval, and for each such utilization, the inner problem determines the optimal price
path among those leading to that utilization. Formally, we cast (3) alternatively as

ve[wlr(%é)g“(a)] {R*T(’y; a) = max {Rr(p;a) :px € [s,ks] for ke[l:T—1],7r(p;a ’y}} (6)
(Appendix C.1 formally establishes equivalence of (3) and (6)). Note that the expression for mr(p; «)
in the inner maximization above is obtained from Lemma 1.

In addition to its role in profit rate maximization, as hinted earlier, the inner problem of (6) is of
particular interest to an RTO firm that has an exogenously given target utilization. For example, the
utilization may be benchmarked by the industry as a performance metric of inventory management.

We now take a key step to enable our approach for optimizing the buyout price path. Recall that we
have Ry (p; ) = anr(p;a)Ry(p) by Proposition 1. Since 77 (p; a) =+ in the inner problem of (6), we
make a substitution and arrive at an equivalent problem with a greatly simplified objective function,

namely R%(p) (which does not depend on « or the stationary probabilities) instead of Ry (p; ).

LEMMA 4. The solution to the inner maximization problem of (6) for v € [vh(a),v4(a)] can be

obtained by solving:

T—-2 T—1
1—~—
Ry (v;0) = aymax { Ra(p): py € [s,ks] for ke [1:T—1], S p" [ Fi(p;) = ———L % (7)
P k=1 j=k+1 arp

We refer to (7) as the inner pricing problem. The equality constraint in (7) guarantees the utilization
1 —~. We refer to this as the wtilization constraint. We have obtained the inner pricing problem
n (7) by deriving the stationary distribution of the RTO MC and using it to construct the profit
rate function in Proposition 1. Alternatively, it is also possible to obtain R%(p) and the utilization
constraint via renewal theory (see Appendix C.2).

Towards simplifying the objective R%(p), we reconsider the rental and sales revenues, and the
incurred replacement cost. The rental revenue is proportional to the duration of the rental. To
represent rental and sales revenues, we let 7(p) and A, (p) respectively be the rental duration random
variable and its failure rate under price path p. This random variable has the range [1:7 — 1] and

the tail probability (see Appendix C.2 for details),

P(r(p)>t) = p'! | H F;(p;) forte[l:T—1]. (8)

The replacement cost is incurred when the rented item is sold during the rental. To represent this

cost, we let S(p) be a binary random variable taking the value of 1 when the rented item is sold. So,

P(S(p)=1)= ) P(r(p)) 2 t)pFr—i(pr—s) + P(r(p)) =T ~1)p.
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Equipped with these random variables, we can reinterpret the utilization constraint and drop the
expected rental revenue and replacement cost from R%(p) in (7) to obtain a reduced yet equivalent

formulation presented next.

ProPOSITION 2 (Reduction of Inner Pricing Problem). The expected rental duration is
E(r(p)) =(1—7)/(avy) <1/(1—p) and the probability of selling the rented item is P(S(p) =1) =
1—(1—p)E(1(p)) > 0. Given E(7(p)), the expected rental revenue and incurred replacement cost are
constant in buyout prices. The relevant objective to maximize is the expected sales revenue Ri}\ (p),

where

~

-2

Ry (p) = . P(7(p) > t)pFr_i(pr—)pr— + P(r(p) > T —1)pp:.

H
l
—

Then instead of (7), the following can alternatively be solved to obtain the optimal prices:
L—y
i {E(pr—r[S(p)=1) € st fort€ 13T ~1), Emp)):m}. (9)
Under p=1, R%\(p) = E(pr—rp) = E(F;ET(p)(l — X (T(P)))) and so with this objective, (9) reduces

to

max {R;\(p) 1= Aip(8) € [Fro(s), Fr (T = 0)s)] fort€[1:T—1], E(r(p))= 1;77} - (10)

Interestingly, the optimal solution to the inner pricing problem is independent of the rental revenue
and the incurred replacement cost. The former independence follows from noting that the utilization
constraint fixes the expected rental duration. The latter independence follows from two observations.
First, the replacement cost is incurred in the event of sales, whose rate of occurrence is the difference
between the agreement initiation rate amr(p; @) and the item return rate (1 — 77 (p; a))(1— p). Second,
as these rates are dependent on prices only through 77 (p;«), the utilization constraint mr(p; ) =~
fixes them and in turn fixes the incurred replacement cost.

Prices are related to the failure rate A, (,)(t) of the rental duration. Failure (termination) of a rental
can be due to a buyout or a return. The possibility of a return makes it impossible to directly connect
the termination to the price at a particular time. For such a connection, at the end of Proposition 2,
we consider the special case of no returns, i.e., p=1, and show that the failure rate at a time is the

buyout probability with the price at that time, i.e., A;p)(t) = FT,t(pT,t).

4. Calculus of Variations for Optimal Price Path
The problem in (10) is complicated to solve given the high-dimensionality of the price space. To gain
insight into the structure of the solution, we next consider a continuous-time analog of (10) with a

stationary distribution F'. We assume that a renter’s valuation for the rented product is at least s, so



Armaghan et al.: Optimizing Buyout Prices in the Rent-to-Own Business 17

F(s)=0. In this section, t represents the amount of time elapsed since the beginning of the rental, so
we let p(t) represent the buyout price at time ¢ € [0, 7. For brevity, we let § = (1 —)/(ay) and drop
t as argument of p(t) when p itself is an argument of a functional.

With g,y and C_}'T(p) respectively denoting the density and tail probability functions of 7(p), the

continuous-time analog of the expected sales revenue is

R%\(p) :E<F_1(1 — Ay ( / 9w (1 1_gT(p (t )/ér(p)(t)>dt7

where the last equality follows from A, (p)(t) = gr()(t) /G (t). In addition, E((p)) in continuous

time is [} Gy (t)dt. So, the continuous-time analog of (10) is
max {R%\(p) : M c[1—F((T —1t)s),1] for t € 0,7, /T Gr(py(t)dt = 6} : (11)

P Grip) (1) 0

Instead of solving (11) in the space of prices, we solve its equivalent in the space of tail probabilities
G :]0,T] — [0, 1] that have continuous second derivatives. With this restriction, the derivative G is
defined and is continuous over [0, 7. This tail probablhty is for the rental duration random variable 7
whose density and failure rate are respectively G and G( )/G(t). Thus, with some abuse of notation,

we write the expected sales revenue as

RN (G) = — /O " aw (F1(1+G)/Gw))dt
We allow for G(T') > 0; this mass P(7 =T) = G(T) is the payoff probability. If the renter does not buy
the rented item by T, he owns it wp G(T') and ends the rental with duration 7. For mathematical
convenience, we drop the lower bound on the failure rate in the forthcoming reformulation of (11).
This corresponds to dropping the upper bounds s(7 —t) from prices in (7). After we find a solution
G, we can compute p(t) = F~(1+ é(t)/é’(t)) and then implement min{p(¢),s(T"—t)} to make the
prices feasible. Hence, we arrive at

max R5°(G), where G = {G: G0)=1, G(t) >0, —G(t)/G(t)€[0,1] for t € [0,T], /TG(t)dt = 5} ,

Geg

which we refer to as the reformulated pricing problem. Note that constraints G(0) =1 and G(t) >0
make G(t) a valid tail probability.

Inspecting R%*(G), we observe
Sales Revenue Linearity: R%(kG) = xR (G) for k> 0.

This allows us to easily evaluate R%>(kG) and compare with R%(kG3) by using only R4 (G,) and
R%(G,). By dropping fOT G(t)dt = ¢ and adjusting the equality and the last inequality in G, we arrive

at a version of the feasible set:

gr:{G a0 5/ £)>0, —G(t)/G(t) € 0,1] for t € [0,T], /OTG(t)dth}.
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Except for the last inequality in G”, other constraints remain to hold with G if they hold with
G. Equipped with this observation and the sales revenue linearity, we next connect the problem

max{R$ (G) : G € G} to max{R$ (G): G €G"}.

LEMMA 5. If G solves max{R%(G): G € G"} and yields fOT G"(t)dt = 6" >0, then (/6")G" solves
max{ R} (G):G €G}.

By Lemma 5, we can first solve max{R% (G) : G € G'} and then adjust the solution with a positive
multiplier to construct a solution to max{R$ (G): G € G}. Although the constant G(t) at 0 for every
t is trivially in G", it yields 6" = 0. We next show that G includes a nontrivial G that yields 6" > 0
when we seek a solution under a specific distribution F'.

We consider uniform valuations and deploy calculus of variations to solve max{R$ (G): G € G"};

wlog, we set the support of F to [s,s+ 1], i.e., F~}(x) = s+ for x €0, 1].

PROPOSITION 3 (Optimal Price Path with Fixed Utilization). The optimal price path for

an instance of the reformulated pricing problem with a uniformly distributed valuation over [s,s+ 1]

and §/T € [(T? + 6T +12)/(3(T +2)?),1] is

1+/1-(4/3)(1 —5/T)T
2(1—6/T) '

p(t)=1+s forte€[0,T], where c\(T,9)=

2
Cx (T, (5) —1
This path is concave decreasing in time. It shifts down when the initiation probability o or the idleness

rate vy increases, as larger a or vy yields smaller § by 6 = (1 —7)/(ar).

The concave decreasing price curve implies that optimally, prices will decrease gradually early in
the agreement and more steeply later in the agreement. See Figure 2 in Section 5.1 for an example.
By contrast, in practice, RTO firms usually decrease prices steeply early in the agreement and more
gradually later in the agreement (see Appendix A.1). Thus, we find that the optimal price curve has
a qualitatively different shape from that applied in practice. Additionally, when the idleness rate
increases under a fixed initiation probability, the rate of return to the idle state must rise. To achieve
such a higher rate of return, we need to induce shorter rental durations by motivating renters to buy
with a lower price path. When the initiation probability increases, the rate of return to the idle state
must rise to maintain a fixed idleness rate. Then, once again, we need to induce shorter durations
with a lower price path. The same directional relationship is observed in Lemma 2 for a small problem
without a fixed idleness rate as the initiation probability varies.

In this section, we have derived a closed-form function for the optimal price path and also
characterized the curvature of this function and its monotonicity in the agreement initiation probability
and utilization. However, obtaining this complete characterization of the optimal buyout prices
required some assumptions—no returns, uniformly distributed valuations, and continuous time—that

may fall short of representing reality faithfully enough for practical implementation.
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5. Dynamic Programming Approach for the RTO Buyout Pricing Problem
For real-world RTO buyout price path optimization, a general-purpose algorithm is required that
(i) incorporates the probability of items being returned, (ii) is flexible enough to accommodate a
wide variety of valuation distributions and (iii) aligns with the discrete-time nature of practical
RTO agreements. In this section, we develop such an algorithm using a dynamic programming (DP)
approach. The DP allows us to sequentially determine the optimal buyout price for each rental state
instead of determining the optimal price path p in one shot. We then deploy our algorithm over all
feasible v values to solve the RTO buyout pricing problem.

We denote the vector of buyout prices in states prior to state k by p., = (Pr—1,Pr—2, -, Pkt1)-
Also pj, = (Pr,Pk—1,- -+ ,p1) and p.p_, = . Based on the right-hand side (RHS) of the utilization
constraint in (7), we set ar_y =ar_1(0) = (1 —v —ay)/(ayp). For the forthcoming derivations, we

define functions {ay(p>,):ke€[l:T —1]} as

a(p )_CLT—1(®)_ZZT k;QPT - z1_[?:_1'1+1Fj(pj) . 1_'7_04'72? klpT - ZHgT_iirle(pj) (12)
k) — - )
g pT—1=k Hj:k1+1 F; (pj> pT=k HJ k41 (PJ)

which we refer to as the DP state for a slot in rental state k. For a given p, values of ax(p-,) evolve

according to the recursion

k-1 (Psp-1) = (ar(P)/ Fr(pe) = 1)/p for ke [2:T—1]. (13)

For any k € [1:T — 1], the utilization constraint is equivalent to Y5 pF=1- Hf:iﬂ F;(p;) = ar(p=y)
(see Appendix C.3 for details). Specializing this expression for k=7 —1 and inserting in (12), we get
ai(p-,) =0. That is, prices that are feasible to the inner pricing problem of (7) yield a;(p-;) =0.
Next, we consider relevant states that produce feasible prices for (7).

In the sequentially solved DP formulation, when in rental state k, the buyout prices p-, in states
prior to k are already determined, and we are to determine p. As mr =+, by Lemma 1, we have

mr_1 = a7, and the stationary probabilities for other rental states are

m(Psr) = avp’ H Fy(p;), ke[l:T-2]. (14)

Note that 7, depends on p.; and is independent of p_,. In essence, 7mr(p; «) is a normalization
factor that relates any other stationary probability to p in Lemma 1; when 7r(p; «) is fixed at v, my
is expressible in terms of «, v and p., for k€ [1:T — 1]. Consequently, when setting pj,, the value
of m; is known for ¢ > k, and for any p,, we can determine the resulting m;,_;. These probabilities
must naturally satisfy Zfzk_l m; < 1. However, this condition is insufficient to guarantee existence of

{pj €[s,5s]:j <k—1} that satisfy Zle m; = 1. So, p,, must be such that the equation

Z Ti(Ps;) = Zm p-.) (15)
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can be satisfied with p; € [s, js] for j <k —1. The RHS of (15) is known and fixed when setting pj, as
it depends only on p,.

By (14), the left-hand side (LHS) of (15) is increasing in p; for j <k . As such, for any fixed py,
the maximum value of the LHS must be greater than the RHS and its minimum value must be lower
than the RHS; otherwise, (15) is not satisfiable with p; € [s, js] for j < k. For (15) to be satisfiable
with p; € [s, js] for j <k, two conditions must hold for any py; first, the RHS of (15) must be no less

than the minimum of its LHS, achieved with p; = s for j <k, which is equivalent to

ak(p>k)

Fio(pr) < (16)
1 + Ez 1 pl(é
Second, the RHS must be no larger than the maximum of the LHS, achieved with p; = js for j <k:
ak(p>k)
F > , 17
(px) 2 1+Zz 1P(Dk ; 1)

where ¢ and ® were defined in Table 1. Constraints (16) and (17) are obtained algebraically (see
Appendix C.4). Checking the constraints requires knowledge of only ay, without the need to know
individual prices of p. ..

Using (16) and (17) in addition to the constraint on prices in (7), we present a DP formulation
to solve the inner pricing problem with DP state {aj : k > 1}, specializing the formulation for
ar—1 = (1—y—av)/(ayp).

ProprosITION 4 (DP for Optimal Prices with Fixed Utilization). Let v, =v;(0) = p(s—c),
and for k> 2

vilar) = max pF(pe)(pe— ) +pFi(pe) (s-+ v (ar/ Fi(pe) = 1)/ )
k
ak Ay, (18)
s.t. - — < I}, () <
D DL N Dy
Obtaining vr_1((1 —v — av)/(avyp)) yields the optimal prices for (7 ) and Ri(v;a) = ay(vr—1((1 —

v —ay)/(avyp)) + s) yields the optimal profit rate.

Proposition 4 states and validates the DP formulation (18) to solve the inner pricing problem
(7). Our DP has a single, one-dimensional state variable that evolves deterministically according to
recursion (13). Hence, it is simple and efficient to solve. It transforms a one-shot multidimensional
optimization problem (whose prices are set all at once) into a sequential optimization problem. The
simplicity of the DP facilitates the implementation of our pricing methodology in practice.

From specialization of (18) for k =2, we infer ay = F(p2) and then a; = as/Fs(p2) —1 =0 by (13).
Hence, the ending state a, is fixed at 0. The DP is a fixed endpoint optimal control problem (Sethi
2018). Prices across different periods are coupled to achieve the fixed endpoint of a; = 0. Inequality
constraints on Fj(px) in (18) collectively ensure the equality constraint in (7), which keeps prices

consistent with the fixed utilization. This consistency leads to fixing the endpoint at a; =0.
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LEMMA 6. Construction of state intervals forward in time: Starting at ar_1 = (1 —~v —ay)/(avyp)
and using recursion (13) and p; € [s, js|, we have ay, € [ak,a}] for k > 2, where 0 <al <a} and

(1=9)/(av) _ zT:

T—k@pHT—1
p (I)k+1

u__
and A = T_k(bT_l i_k¢i—1 :
p k+1 imkt1 P k+1

!
Ay = kgL
i PO
Construction of state intervals backward in time: Consider a price vector p with p; € [s, js] for j > 2
and numbers ay,as, ... that satisfy the recursion (13). The constraint on Fy(py) in (18) holds for all

k>2 if and only if p, = Fy "(ay) and ay € [a,a}] for k > 2, where @, < a} and

k—1 k—1
iy, = Zpquﬁzﬂ‘ﬂ and aj = Z Pl71¢£7i+1~ (20)
=1 =1

Lemma 6, for each rental state k € [2: T — 2], limits the range of the DP state a,. The intervals in
the lemma are constructed using the same underlying logic but starting from different fixed points
of the DP state and moving in opposing directions in time. To further prune the values of the DP
state, we use the intersection of the intervals, i.e., ay € [a},a¥]N[al,ay]. The results in this section

lead to the Dynamic Program for Pricing (DPP) algorithm for the inner pricing problem, provided in
Appendix A.2.

5.1. Price Optimization with Target Utilization Rate

We have so far presented two methodologies for the inner pricing problem; one in continuous time
in Proposition 3 and another in discrete time in Proposition 4. Proposition 3 explicitly presents
the optimal price path, whereas the DP methodology of Proposition 4 is implemented via the DPP
algorithm; here, we examine the solutions that these methodologies provide.

First, we compare the prices produced by the continuous-time and discrete-time methods under
no returns, initiation probability of 80%, utilization of 87% and valuation in each rental state is
(stationary and) uniformly distributed between 0.2 and 1.2. If the range of the underlying valuation
is not 1, it can be made 1 via rescaling of the monetary parameters. We use agreement parameters
of term T'= 20 and rent s = 0.2. This problem instance satisfies the conditions in Proposition 3,
which yields the optimal price path p(t). Figure 2 shows the continuous-time (min{p(t),s(T —t)})
and discrete-time (DP solution) price paths. The paths are very close, both in price magnitudes and
curvature. In our numerical setting of identically distributed valuations, the price paths are concave
decreasing with moderate price drops that are s or less; however, we note that if valuations had, for
example, convex decreasing means, then the shape of the price path could change. That is, the DP
solution mirrors the structural properties of the optimal price path obtained under the restrictions of
no returns and uniformly distributed valuations in Proposition 3. The DP methodology, however, is
advantageous in that it is efficiently solvable for any valuation distribution and with the possibility of

returns, making it an appropriate tool for practitioners in determining buyout prices.
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Figure 2  Continuous-time (solid) and discrete-time (dashed) buyout price paths.

Next, to observe directional changes in optimal price path with respect to (wrt) target utilization,
we examine the DP solutions for different ~y values. Consistent with empirical findings in Armaghan
et al. (2023), we set p=0.92 and consider exponentially distributed valuation with mean $120 in
each rental state, i.e., Fy(p) = F(p) =1—e /129 for k > 1 (in particular, v}, = 120 and &, has the cdf
1 — e~ (1F2/120) gyer [—120,00]). We consider a yearlong agreement with monthly rental fee of $100,
ie., T=12 and s = $100. Finally, we take agreement initiation probability o= 80%, and find optimal
buyout price paths for target utilizations of 81%, 82.4% and 84% which correspond to interior
values of the interval specified in Lemma 3. Figure 3 shows the optimal price paths, which shift down
as the target utilization decreases. This observation in discrete time agrees with its continuous-time
analog in Proposition 3.

Recall from Proposition 2 that for each given utilization, the replacement cost does not influence
the optimal prices. However, since different utilizations imply different rates of replacement, the
replacement cost will have a nonhomogeneous effect on the profit rates for different utilizations. Thus,
the optimal utilization (and hence also the optimal prices) will be different for different values of the

replacement cost, even though the optimal prices for each given utilization will be unaffected.

5.2. Solving the RTO Buyout Pricing Problem

We now consider different utilizations (and the corresponding prices) to obtain the solution to the RTO
buyout pricing problem in (6). In addition to the parameters in the previous subsection, we set the
replacement cost ¢ = $150. The interval of achievable utilizations, from Lemma 3, is [!,(0.8),7%(0.8)],
where 71,(0.8) 2 0.15, and ~},(0.8) 22 0.38. To find the pair of utilization and buyout price path that

together yield the highest profit rate, we discretize the achievable utilization interval and solve the
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Figure 3 Optimal buyout paths in dollars for different utilizations.

DP (18) for each point to achieve the optimal buyout price path and the corresponding profit rate
(see the DPP algorithm in Appendix A.2).

Figure 4 illustrates the optimal profit rate as a function of the utilization. As expected, higher
utilizations do not in general yield higher profit rates; we observe that the profit rate is indeed
concave in utilization. The optimal utilization is 82.4%, whose buyout price path is presented in
Figure 3. These prices yield the profit rate of $90.5 per month. An RTO firm can determine the

optimal utilization by plotting profit rate, as in Figure 4, and retrieving the corresponding price path.
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Figure 4 Profit rates for different target utilizations.
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6. Joint Buyout Pricing and Inventory Optimization

To this point, we have considered a single inventory slot in isolation, and we have taken the agreement
initiation probability « as a given parameter representing the probability that demand arrives for the
particular inventory slot when it is idle. However, in practice, RTO firms maintain multiple inventory
slots for the same type of item. Consequently, the probability of agreement initiation for a given idle
slot depends on the total number of idle slots, as well as on the demand distribution.

To reflect this feature of real-world RTO operations, in this section, we extend our analysis to a
system of I > 1 identical inventory slots, each with the same term 7', rental fee s, replacement cost ¢
and buyout price path p. To each slot, we associate a rental state; if the slot has an active rental
agreement, then this state belongs to [1:7 — 1] and indicates the number of periods remaining until
payoff; otherwise, the rental state is 7', indicating that the slot is idle and available to be rented.
The number of customers wishing to initiate a rental agreement in a period is iid across periods and
denoted by integer-valued random variable D. If the demand is at least the number of idle slots, then
all idle slots initiate a new rental agreement, and excess demand is lost. If instead there are strictly
more idle slots than the demand, then each of the idle slots is equally likely to initiate an agreement.

The system of I inventory slots evolves as a complicated Markov chain with a multidimensional
state space. We refer to this system as the Grand Markov Chain (GMC). The GMC suffers from
the curse of dimensionality in that the state space explodes combinatorially with the term T and
the number I of inventory slots. For problems of realistic size, it thus becomes intractable even to
compute the stationary distribution, much less perform price optimization (see Appendix D for the
GMC and the state space explosion).

To overcome this difficulty, we propose an intuitive approximation motivated by the observation
that each slot’s rental state evolves independently while on an active rental agreement; that is, the
dependence among inventory slots is confined to the states where these slots are idle. Our approach
approximates the agreement initiation probability in a tractable way, and it is highly accurate
(Appendix E.2). Conveniently, the approximation also allows us to optimize prices using our existing

results for a single-slot system.

6.1. Independence Approximation for Agreement Initiation Probability
Our approximation assumes that the stationary probabilities for each slot’s rental state are given by
those found in Lemma 1 for some suitable agreement initiation probability to be determined, which
we denote by af(I,v). We again deploy a fixed-utilization approach in inner maximization step, so
when we optimize, we will consider a range of v values, for each one restricting our attention to prices
that will achieve 77 (p; o (I,7)) =1.

By symmetry, a(I,+) is the same for all the I slots, so wlog, we take the perspective of an arbitrary

inventory slot, say slot 1. Suppose in a period that there are m > 1 idle inventory slots (one of which
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is slot 1) and that the demand is realized as d. Conditional on this event, the probability that slot
1 will be rented in this period is min{d/m,1}. To determine a*(I,7), we take expectation over the
demand and the number of idle slots.

Supposing that each inventory slot’s state is realized independently, each slot is idle wp v independent
of the other slots. Then, the number of other idle slots (in addition to slot 1) is binomial with I —1
trials and success probability «. Since o (I,~) is the probability that slot 1 will initiate an agreement

if idle, and taking expectation of min{d/m, 1} over the demand distribution, we have

of(I,7) = P(slot 1 initiates agreement | slot 1 is idle)
I
= Z P(slot 1 initiates agreement | slot 1 is idle, m idle slots)P(m idle slots | slot 1 is idle)
m=1

=2 (mi (d/m)P(D =d)+P(D>m)) <I - 1>7m—1(1 e, o)

m=1  d=1 m—1

The long-run agreement initiation probability is approximated by (21), which can be easily calculated
for a given demand distribution.

One important question remains, namely whether the idleness v is consistent with the agreement
initiation probability aZ(I,v) for a given number I of inventory slots. In words, do feasible prices
exist that will lead to an idle probability of 7, given an agreement initiation probability of aZ(I,7)
calculated from (21)? We already have the tools to answer this question; for o*(I,v), we can
use Lemma 3 to determine the interval [vh(a®(1,7)),v%(a*(I,7))] of achievable v values. If v €
[V (o (I,7)), ¥4 (a®(I,7))], then we say that v is consistent with o (I,7) (and also with I); otherwise,
the idle probability v cannot be achieved with I inventory slots. Finally, note that we derived (21)
under a fixed utilization +. In Appendix E.1, we provide the corresponding derivation under an
arbitrary price path. In Appendix E.2, we validate our approximation on intermediate-size problems

permitting the calculation of GMC’s stationary distribution, and we show that it is highly accurate.

6.2. The Approximate Joint Buyout Pricing and Inventory Problem
In addition to the profit rate for an individual slot, an RTO firm must also consider inventory holding
costs, since the firm retains ownership of the inventory until and unless a renter accepts the buyout
price or owns the item through payoff. We denote by w the holding cost per period per inventory slot;
S0, for a system with I inventory slots, the total inventory holding cost rate is wl.

The firm faces a familiar tradeoff: more inventory slots will lead to fewer lost demand but more
inventory holding cost. Under the independence approximation, an RTO firm faces the following joint
buyout pricing and inventory problem:

max  {IRy(p;a”(1,7)) —wl :y € Vo (o™ (1,7)), (o™ (I,7)], mr(p; o™ (I,7)) =~} . (22)

I,v,p:py €[s,ks]
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The objective function above is the firm’s approximate aggregate profit rate, net of inventory holding
cost rate. Despite the benefits of the independence approximation, (22) is still a challenging problem.
Thankfully, it admits a nested structure to which we can apply our DP approach. Specifically, by
nesting and Proposition 1, (22) is equivalent to
e { T {0 (7)) max (RSP mo(pia®(1,7) =7} € D (@™ (T2t (L) | -~ }.
(23)
The innermost maximization above can be solved efficiently with the DP developed in §5, in particular
via the DPP algorithm presented in Appendix A.2. A suitable upper bound can be found on I, and ~
is bounded between 0 and 1, so the outer optimizations can be performed with a manageable number
of iterations. This suggests a tractable approach for solving the joint buyout pricing and inventory
problem to optimality (subject only to discretization error for v and p); we provide full implementation
details in Appendix A.2. A huge advantage of the approximation is that the computation time does
not explode with the number of inventory slots. This allows us to solve realistically-sized problems
efficiently.

We briefly discuss the computational efficiency of our DPP algorithm for solving the RTO buyout
pricing problem in (6) (i.e., joint pricing and utilization optimization) and joint pricing and inventory
problem in (23) (see Appendix A.2 for details). The worst-case running time for the DPP algorithm
(corresponding to a single slot with a fixed utilization) increases proportional to 7?; the running time
for the RTO buyout pricing problem optimization increases proportional to 7% and the number of v
values considered; the running time for joint pricing and inventory optimization increases proportional
to T2 and to the numbers of v and I values considered. Moreover, our approach is highly conducive
to parallelization. That is, the DPs for different pairs of v and I can be solved in parallel on different
processors on a multi-core machine. Indeed, we implemented most of the computations in this paper
to leverage this parallelism, solving many DPs at once. This potential for parallel processing also
implies that our approach could scale well; for instance, for a large problem where many different
inventory levels must be considered, it is possible to merely assign more processors (or multiple
cloud servers) to the task of getting a solution in comparable time to a smaller problem with fewer
processors. Alternatively, for large problems, a coarser grid could be used for the inventory slots (e.g.,

increments of 5, 10, etc.).

6.3. Case Study

In this subsection, using parameters calibrated to real-life RTO agreements (provided to us by our
collaborating RTO firm), we present the solution to the joint buyout pricing and inventory problem.
In addition, we shed light on two related reduced problems; an inventory-only optimization where

inventory is optimized for a fixed price path and its counterpart price-only optimization in which
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inventory is fixed and prices are optimized. Across all our calculations, ¢ = $300, and p = 0.92.
We consider iid Poisson distribution of mean u for D, i.e., P(D =d) = pe™/(d!), and as in §5.1,
exponentially distributed valuations with mean $120.

For the joint optimization problem (23), we consider an RTO agreement of term 7' = 20 with
monthly rental fee payment schedule. Figure 5(a) plots the optimal aggregate profit rate net of holding
cost rate wrt the number of slots; the optimal number of slots is 23. Starting from a single slot, as
increases, initially, the increase in aggregate profit rate made from satisfying more demand for rental
agreements outweighs the increase in holding cost rate, and the firm would benefit from increasing
the number of slots. However, the marginal benefit of an additional inventory slot is decreasing; more
inventory means more slots competing for the same demand, which leads to lower utilization (e.g.,
Figure 5(b)) and thus less incremental revenue per period from the additional slot. Eventually, the
marginal benefit drops below the (constant) marginal holding cost rate w, and at this point the
inventory is optimized; see Figure 5(a).

The optimal buyout price path corresponding to I =23 appears in Figure 5(c) in addition to the
optimal price paths for values of I € {1,10,20}. Across all values of I, the optimal paths tend to
decrease over time. Moreover, the optimal prices tend to increase in [; as I increases, utilization
decreases and a buyout would more likely lead to idleness. For this reason, when [ is large, the firm is
willing to tolerate the idleness risk only at high buyout prices; otherwise, instead of selling, it would
rather collect rental profits.

In practice, inventory decisions are often made by the operations group whereas the revenue
management group is tasked with determining the buyout prices. Due to different goals and lack of
communication, these groups may make decisions in silos without cooperating with each other. For
example, the revenue manager might only be interested in optimizing prices for the current inventory
level. To illustrate the value of price-only optimization, we study an RTO agreement with term T" = 60
(corresponding to weekly rental fee payment schedule) and compare the aggregate profit rate net
of holding cost made under our prices with that obtained using industry buyout prices, which are
determined from the collaborating firm’s price formula. Unfortunately, we do not have permission to
share the exact industry prices. However, it is a common practice in the RTO business to reduce the
rate of price reduction as the rental progresses. That is, in practice prices reduce more steeply early
in the agreement than later (see Appendix A.1 for more). By contrast, the optimal prices from our
algorithm exhibit steeper drops later in the agreement, similar to the plots in Figure 5(c). Figure 6
illustrates aggregate profit rates under optimal and the industry buyout prices for a range of I values.
Overall, the improvements are sizable with an average of 20% increase in the aggregate profit rate

across all values of I € [1:40], pointing to the value of the price-only optimization.
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Figure 5 Joint pricing and inventory optimization for T' = 20, s = 60, w = 20 and p = 2.

On the other hand, an inventory manager without authority over prices might consider optimizing
only inventory for the existing price path (see Appendix E.3 for technical details). We observe in
Figure 6 that when prices and inventory are jointly optimized, the optimal inventory level is 17, higher
than 15 corresponding to when only inventory is optimized. Moreover, the aggregate profit rate when
prices and inventory are jointly optimized is 22% higher than when only inventory is optimized. This
is the value of joint optimization over and above inventory-only optimization, and its magnitude
underscores the importance of cooperation between the operations and revenue management groups

in determining inventory and buyout prices.

7. Conclusion

In this paper, we study the RTO buyout pricing problem, in which an RTO firm must determine a
path of buyout prices to offer to its renters. In addition, we determine the optimal inventory level of
rental items to maximize the firm’s profit. The firm collects a periodic rental fee from a renter until
he either returns the product or owns it outright, in the latter case by accepting one of the buyout
price offers or by completing the designated term of the rental agreement. This problem underlies an

$8B+ industry, but it has received negligible attention to date in the operations literature.
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We comprehensively address the RTO buyout pricing problem, also incorporating the closely related
inventory optimization. Our work both enhances the academic understanding of the RTO business
and has immediate practical value for RTO firms. Specifically, (i) we propose a novel Markov chain
model of RTO agreements, (ii) we formulate the profit optimization problem under this model, (iii)
we derive the exact solution for a special case and (iv) despite the general problem’s high dimension
and the profit’s nonconcavity, we devise an efficient optimization algorithm to solve this problem.

We prove for the special case and observe in the general problem that the optimal price path is
concave decreasing, exhibiting gradual price drops early in the agreement and steep price drops later
in the agreement. Our results show that to optimally balance rental and sales revenues, RTO firms
should instead keep prices relatively steady early in agreements; this way, any early buyout occurs at
a high enough price to justify giving up the recurring rental revenue. In addition, the optimal price
path shifts upward as the firm’s target utilization increases or the agreement initiation probability—a
proxy for the relative magnitude of the rental demand wrt inventory level—decreases.

We then extend our formulation to include optimization of rental inventory in the RTO system,
and we show that our algorithm can be easily applied to jointly optimize the buyout price path
and inventory level. The optimal prices and inventory levels exhibit substantial interdependence.
Specifically, we observe that increasing the rental inventory shifts the optimal price path upward.
Higher inventory levels lead to increased idleness, so as inventory increases, the firm optimally should
only forgo an agreement’s recurring rental revenue in exchange for a higher price.

Finally, in a realistic case study guided by our interactions with an RTO firm, we demonstrate the
magnitude of profit improvements that our optimized prices provide relative to industry prices. Across

different fixed inventory levels, our prices achieve a 20% profit improvement on average. Furthermore,
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due to the aforementioned interdependence between optimal prices and inventory levels, we find
that jointly optimizing prices and inventory results in a substantial profit improvement of 22% over
solely optimizing inventory under industry prices. The magnitude of this improvement highlights the
importance of cooperation between the revenue management and operations groups of RTO firms in
making pricing and inventory decisions.

To illustrate the practical implementability of our approach, we have also created a software
tool with a graphical user interface to our algorithm and procedures. This software tool enables
price-only, inventory-only, and joint pricing and inventory optimizations. Because our methodology
(and hence the tool) requires only a small number of parameters, a manager can collect or estimate
these parameters (e.g., agreement term, demand per period, etc.), input them directly into the tool,
and obtain a solution at the click of a button without needing to implement a data interchange with
an ERP system. For a realistically sized problem, the tool returns a solution in a few minutes (see
Appendix A.2 for details and a screenshot).

Our work and its potential profit impact reveal the scale of opportunity for improving the academic
understanding and practical performance of RTO firms, and the context is ripe for additional study.
For instance, while our work addresses the RT'O buyout pricing problem for a single product, RTO
firms must also determine the set of products to offer. Jointly optimizing the assortment and pricing
for different RTO products represents an exciting direction for future research. However, such a study
could prove quite difficult since it would combine the combinatorial nature of assortment optimization
with the already challenging and multidimensional problem of determining RTO buyout price paths.
Another direction would be to consider a pricing game played by multiple RTO firms; this would
highlight the role of competition but would likely also be difficult to analyze. Overall, we hope that

our approach and findings will draw attention to the RTO business and inspire further research.
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Appendix
A. Real-life Buyout Prices and Computation of Optimal Prices

We first provide more details regarding current buyout prices in practice and then provide the details of our

algorithm and procedures for buyout price optimization.
A.1. RTO Buyout Prices in Practice

Most RTO firms offer a same-as-cash interval early on in the rental. During this interval, the buyout price in
a given period is determined by subtracting the cumulative rental fees paid from a known starting point.
Thus, the buyout price reduces by s in each period during the same-as-cash interval. After this interval, as
APRO (2015) states, “[t]he early-purchase option can reduce the total rent-to-own price by 50% of remaining
payments,” implying a reduction in the price of s/2 each period. In Figure 7, we show pricing descriptions
from the websites of two $1B+ RTO firms, Aaron’s (Aaron’s 2023) and Rent-A-Center (Rent-A-Center 2023),

as well as Progressive Leasing (Progressive Leasing 2023) who partners with Best Buy, Big Lots!, and Lowe’s.

To help you save money, Progressive Leasing offers two different early purchase options with each lease-

Do | have the option of buying the product before my

| 452 to-own agreement. Our standard lease-to-own agreement is 12-months and offers easy-to-budget
ease term ends?

payments that align with the dates you receive your paycheck. Paying off your lease-to-own agreement
Ves. You can purchase the product at any time. If your ownership early will help reduce your 12-month lease-to-own total and allow you to own your merchandise sooner.
plan is longer than 6 months, you can take advantage of Aaron’s
same as cash option. For those new agreements with a payment
option longer than 6 months, if you payout your merchandise within 90-Day (3 months in CA)

the applicable same as cash period, you will pay the cash price, plus You can buy out your lease-to-own agreement within the first 90-days. This amount includes the cash

price, plus the lease-to-own cost for the first 90-days. Taking advantage of the 90-day purchase option will
location but is generally 120 days. For California residents the same save you the most money! You will n.ed to call us to exercise this option. Once this option is set up with

as cash option is 90 days for all rental purchase agreements. one of our service representatives, you may make payments online in MyAccount

tax and applicable fees (if any). The same as cash period varies by

. . Early B t
In addition, after the same as cash option expires, you can purchase arly Buyou

the merchandise for more than the cash price but less than the total The Early Buyout option offers you the most flexibility and is available to you throughout the 12-month
of remaining lease payments, as described in your lease agreement. term of your lease-to-own agreement. The Early Buyout is a percentage of the unpaid 12-month lease-to-
This early purchase option amount varies by state and is explained own total. Taking advantage of this purchase option will save you money on your 12-month lease-to-own
in the lease agreement. total

Ownership Options

What are my ownership options? Can | own an item early? -

YES. At Rent-A-Center, you always have an early purchase option that will save you money compared to paying the total cost to own in your
lease. You have the freedom to choose the option that works best for your budget. When you're ready to own, simply pay the early purchase
price and it's yours! *NOTE: Early Purchase Option requires a payment in addition to regular rental payments.

* 6 Months Same as Cash**: Own it in the first 6 months and you'll pay only the cash price. 6 Months Same as Cash not available in HI, NJ, NY,
WV and select franchised locations. Such locations may offer 4-6 Months Same as Cash; 4 Months Same As Cash valid only on new
agreements, and period ends 123 days after start of the new agreement.

« Standard Early Purchase : After your same as cash period has ended, you still save on the remaining total if you choose to own your item
early. Most Rent-A-Center locations offer a 50 percent savings on the remaining total. This can vary by state, so be sure to review your
agreement.

Figure 7 Buyout Price Descriptions: Top-left, Aaron’s; Top-right, Progressive Leasing; Bottom, Rent-A-Center

For all three firms in Figure 7, in the initial interval of rental, each rental fee payment of s reduces
the buyout price by exactly s. After this interval, at Rent-A-Center, the price is equal to half of the
remaining rental fees required for completing the term, i.e., the buyout price in a particular period is
(sT — total rental payments by this period)/2. As the renter pays s in each period, the price drops by s/2
from one period to the next, which is more gradual than the earlier price drop s during the same-as-cash
interval. Similarly, the buyout price at Progressive Leasing after the initial 90-day interval is “a percentage of
the unpaid 12-month lease-to-own total,” and Aaron’s states that “after the same as cash option expires,
you can purchase the merchandise for more than the cash price but less than the total of remaining lease

payments.”
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A.2. Our Algorithm and Interface

We use the Dynamic Program for Pricing (DPP) algorithm below to solve the DP in (18) for a given pair of
agreement initiation probability and utilization. For each k € [2:T — 1], we first form a price-state grid using
prices in [s, ks] with increments ¢, and DP states being one of the n, equidistant points belonging to the
interval obtained by combining forward and backward constructions in Lemma 6. We then evaluate the value

function v, on the price-state grid to find the best price.

Function SolveDP («,7)
Data: T, s, ¢, F}, for k> 2, p, price increment €, > 0 that divides s, number of states n, > 2
/* Construct sets of states and prices for each rental state k */
for ke[2:T—1] do
a;, < max{al,al}; @, < min{a¥,a’} // Upper and lower bounds on DP states
€a, < (@r —a;)/na // Determine state increment

ay < {ay,a; +€ayy---, 0k — €qp,ar} // Construct set of DP states for rental state k
P, {s,s+¢€p,...,ks—¢,,ks} // Construct set of prices for rental state k

end for

/* Iteratively compute optimal policy x/

vy ¢ p(s—c); a; <0 // Terminal values
for ke[2:T—1] do
for a; € a; do
for p, € p,, do
if (ay/Fi(px) —1)/p € [a;,a%] then
ap—1(ap,pp) < argmin, oo lax—1 — (ax/Fr(pr) —1)/p| // Find closest
next state
Ok (ak, pi) < PER(pr) (Pk — €) + pFi(pr) (8 4 Op—1(ar—1(ar,pr))) // Value for
price-state pair
else
| ox(ak, pr) < —00
end if
end for
v (ax) < max,, cp, Ox(ak,pr) // Optimal value function at this DP state
Pr(ar) < argmax O (ag,pr) // Optimal price at this DP state

PrLEPK
end for
end for
/* Retrieve optimal prices */

ap’ (1=~ —av)/(ayp) // Known starting state

p7”, < Pr—1(az”;) // Optimal price for 7T'—1 based on known starting state
for ke[(T—1):-1:2] do

P < Pr_1(ay”)) // Determine optimal price for rental state k
end for
Result: Optimal prices p*7 = (p7,...,p77)

DPP algorithm: Solve DP in (18) for fixed agreement initiation probability o and utilization 1 —~

Recall that for k=1, a; =0, p; = s and v; = p(s — ¢). Hence, no calculation is required for k =1. For k > 2,
the number of price points increases linearly in k — 1, i.e., if the number of price points for £ =2 is n, then
for k=3,4,...T —1, the number of price points respectively are 2n,3n, ..., (T — 2)n. The number of DP state
points, however, is fixed at n,. So, the price-state grid consists of n,(k — 1)n points. For each price-state

combination, we first perform a fixed number of calculations to evaluate v, each of which takes, say t., to be



Armaghan et al.: Optimizing Buyout Prices in the Rent-to-Own Business 3

completed. Then, finding the price with the maximum value function takes n,(k — 1)n — 1 comparison steps
each of which takes ¢,,. After this procedure is followed for each k € [2: T — 1], we need to retrieve optimal
prices for each rental state k € [2: T — 1]. With ¢, denoting the elapsed time for each price retrieval, the total
retrieval time is (7' — 2)¢,.. In conclusion, the total computation time for the DPP algorithm is

(T —2)t, + z_: (na(k—1)n)tc+ (na(k—1)n— 1)ty = (T —2)(t, —tm)+ >  (na(k—1)n)(tc+tn).

k=2 2

~

e
Il

For a given €, and n,, the computation time above grows proportional to 7.

To solve the RTO buyout pricing problem in (6) (i.e., to jointly optimize prices and utilization), we use the
Single-Slot Search Procedure below. This procedure involves repetitions of the DPP algorithm over a set of
achievable utilizations specified by Lemma 3. As such, its computation time grows proportional to T2 and

the number of utilizations considered.

Data: T, s, ¢, F}, for k> 2, p, , set v of v values
for ye~ do

p”? < SolveDP(«, ) // Obtain optimal price path for a given 7~

V7« Rr(p";a) // Compute associated profit rate
end for
V* < max,c, V7 // Obtain globally optimal profit rate
p* < argmax,., V" // Obtain globally optimal price paths
Result: p*, V*

Single-Slot Search Procedure: Buyout price and utilization optimization

Finally, we use the Multi-Slot Search Procedure below to solve (22) and to jointly optimize prices and
inventory. For each given pair of the inventory level and utilization, this procedure first checks if the given
utilization yields a valid solution to (21) in « for the given inventory level. If so, it then invokes the DPP
algorithm for that utilization and « pair. Therefore, its computation time grows proportional to T2 as well as

the number of inventory level and utilization pairs considered.

Data: T, s, ¢, Fj, for k> 2, p, holding cost w, set v of y values, set I of numbers of inventory slots
for (I,v) eI x~ do
/* Check whether ~ is achievable for a=a’(l,7) calculated from (21) */;
if v € [yr(a(1,7)),7¢(e* (1,7))] then
p’7 < SolveDP(a’(1,7),v) // Obtain optimal prices via DPP algorithm
VY I (Rr(p";0%(1,7)) —w) // Compute the corresponding profit rate net of
holding cost
else
| V74 —00 // Rule out (I,7) pair if 7 not achievable with a=a’(I,7)
end if
end for
I, y" «<—argmax; ey ey V17 // Retrieve optimal I and v
p < p"; V*« VI // Retrieve optimal prices and profit rate net of holding cost
Result: I ~* p* V*
Multi-Slot Search Procedure: Joint buyout pricing and inventory optimization
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We embed our algorithm and procedures in a simple graphical user interface (GUI) for ease of application.
The user only needs to input a few parameters and select the tab corresponding to the desired problem to
solve (Inventory and Pricing, Inventory Only, or Pricing Only). For pricing-only optimization of a 20-period
agreement with a rental fee of $60 per period, price increments of $1, and 100 DP grid points for each
period’s DP state, the tool returns a solution in roughly 5 minutes on a multi-core desktop computer using

20 processing threads. A screenshot of the GUI with this solution appears in Figure 8.

Inventory and Pricing Inventory Only PRICING ONLY

PRICING OPTIMIZATION FOR FIXED INVENTORY

Target Inventory: 10 units

Other inventory inputs (min, max, step size) are ignored here because target inventory is fixed by your
Agreement Term: 20 periods choice above.

eADeT O 2 e —— OPTIMIZE BUYOUT PRICES

Using the optimal prices in the figure, the optimal profit rate is $315.37 per period ($31.54 from each
of the 10 units of inventory).

Avg. Utility for Item: 120

Rental Fee: 60 USD/period Optimal Buyout Prices

500 477 474 prici
ricing

460 457
R A o —e— Optimal

Unit Holding Cost: 20 USD/period

Prob. of Return: 8 % (each period)

Procurement Cost: 300 USD/unit

Buyout Price (USD)

Min. Inv. to Consider: 1

Max. Inv. to Consider: 5 20 15 10 5 0

periods Until Payoff

Inv. Step Size: 1

Figure 8  GUI to our algorithm and procedures with the Pricing Only tab active.

B. Proofs

Proof of Lemma 1: The stationary probabilities of the RTO MC in Fig 1 are the solution to its balance

equations:

mr(psa) = (1— a)rr(pia) + Y1, mi(pia) (1= p+ pFil(pr)) + m(p; )
mr_1(p; ) = anp(p; a)

Te(P; @) = pFri1 (Pry1)Tha (P ) for ke [1:T 2]

> Th(pi ) = 1.

Note that we do not include 7, (p; ) >0 for k € [1: T] above as they are implied by the last three equations.

The second and third equations imply 7 (p; ) = anr(p;a)p? —*-1 H;F;kl 41 Fj(py) for k€ [1:T — 2], inserting

which in the last equation yields
T-1 -1

ropa)= 140+ apt [ Fiey)|- (24)

i=2 j=T—i+1
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Next, we show that the the first equation is redundant as it is implied by (24), the second equation and
the third equation. Substituting 7r from (24), 77_1(p; ) from the second equation and 7 (p; «)’s from the
third equation

ﬂ
i

mr(pia) = (1—a)mr(p;a) + Y m(pia) (1—p+ pFi(pr))

k=1
T-1 T
= (1—a)mr(p;a) + (omT p;)p’ ! H Fy(p;) ka(pk)))+a7rT(p;a)pT’2HFj(pj)
k=2 j=k+1 j=2
T-1 T—1
= (1= a)rr(pia) + Y (amr(pia)e™ " T Fi(p) (- pFilp)) )
k=3 j=k+1
T-1
+amr(p;a)p” 7 [ Fi(ps) (1= pFa(p2)) + amr(p; o H Fi(p;)

3

.
I

S
-

= (1—a)mr(p;a) + (cer(p;oz)pT"“‘1 ]:[ Fj(pj)(l_ka(pk))>

k=3 =k+1
T-1 T-1

+arr(pia)p” || Fi(p)) — amr(p;a)p” 2 [ [ Fi(py) + omr(pia HF P;)
=3 j=2
T-1

= (1 —a)mr(p;a)rt (omT pia)p’ ! H F(p;) ka(pk)))JrawT(p;a)pT’g’HFj(pj)-(%)
=3 j=k+1 =3

Eod

By similar manipulations, we can increase the lower index of the summation above to T'— 1. That is, (25) is
equivalent to m7(p;a) = (1 — a)mr(p; ) + anp(p;a) (1 — pFr_1(pr_1)) + aprr(p; ) Fr_1(pr—1) = 77 (p; ).
Therefore, the stationary probabilities specified by the last three equations of the system and (24) satisfy also
the first equation of the system. O

Proof of Remark 1: For T'=4, from Lemma 1 we have

1
mai(p;a) = - i a(p; ) = amy(p; @);
1+a+a21 1P ZH; z+1F(pj)

m(p;a) = ami(p;a)pFs(ps);  mi(pia) = am(p;a)p” [ [ Fi(py)-

j=2
To get the profit rate function R4, we insert stationary probabilities above in (2) for T'=4 and specialize Fj,

for k € [1: 3] therein to exponential distribution of mean v =1/pu:
Ru(pia) = (s +ap((1 = e7)s + 75 (py — ) + 0 (1 — 79 (1= 7%)5 7% (py — )
-1
+ap(1—e #P3)(1 —e #P2)(s — c)) (1 +a+tap(p(l—e M3)(1—eP2)+1— 6_“”3)) .

Let RY (p) := % %p R,(p). Using Wolfram Mathematica application, we evaluate the cross derivative function
R3%(p3,py) wrt ps3 and p,, while the parameters are fixed; s = 300, ¢ =300, u=1/120, a = 0.8 and p=0.78.
As an example, R3?(500,400) = 3.57 x 1077 > 0, illustrating nonconcavity of R4 in buyout prices. Recall
that p, € [300,600] and p; € [100,900] constraints in (3). Over this range, min B3> ~ —10~*, min, R}* = 107*,

max, R}~ —107°, min, R} & —107*, max, R} 2 107°, min, R{* &~ —107" and max, R3* 2 1075, As such,
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|R32(500,400)| & 10~ max, |R*?| and hence significant. Moreover, we can increase the magnitude of these
derivatives by decreasing monetary values s, ps, ps, 1/u and ¢ by the same scaling factor; for instance, we
can make these magnitudes 1000 times larger if we use thousands of dollars as the monetary unit instead of
dollars. The Wolfram Mathematica script we used to set up Ry(p;a) and evaluate R32(p;a) wrt py and p3
appears in Appendix F. O

Proof of Lemma 2: For T'= 3, the firm only needs to decide on the buyout price p,. For ease of reading, let
p denote this price, and let F, = F'. Recall also that ¢ > s. When p =0, the rental ends in period T without
an opportunity to offer the item for sale and price it. Then buyout prices become irrelevant and the lemma
holds trivially, so we consider p > 0 in the rest of the proof. We first carry on our analysis using a generic
valuation distribution F and later on specialize it to exponential.

From Lemma 1, the stationary probabilities for the RTO MC are

1 o _ apF(p)

T ) = T e T P ) ™Y = TratanF ) ") T ThatapF(p)

The profit rate function in (2) for T = 3 therefore is

as+ap(Fp)s+ Fp)p—c)) +apPFp)(s =) s+p(Fp)s+F@)p—0)) +p*Fp)(s )

Rs3(p;a) = =
3(pic) 1+ a+apF(p) 1/a+1+pF(p)

If the optimal price belongs to the interior (s,2s), then it must solve the FOC equation
()5 = F@)p =)+ F@) +pfp)s =) (1/a+1+pF®)) = pf 1) (s+ Fp)s + Fp)(p— ) + pF(p) (s — )
(1/a F14 pF(p))2

Dividing the above equation by pf(p)(1/a+ 1+ pF(p))~? for a positive density over (s,2s), we get

=0.

p

(8—(p—0)+F( )/ f(p)+p(s—c )(1/a+1+pF(p)) —p(s+F(p)8+F(p)(p—C)+pF(p)(S—C)) =0
& p(s+ F@)s+ F@)p—0) +pF@)(s—0)) = (s = (0= )+ F0)/f(p) + pls — ) ) (1/a+1+ pF(p))
e p(s+p—c)=(s= =)+ F®)/f(p) +p(s—) ) (1/a+1)+ pF(p)F(p)/ £ (7)
s— =)+ F(p)/f(p) +p(s—¢)

S (L+pp—c—s—(1+pF(p)E(p)/f(p)= - (26)
The RHS of (26) is positive for p € (s,2s), because it strictly decreases in p and yields, at p = 2s,
F(2s) F(2s) F(2s)
—2s+(14+p)s+(1—p)c+ > =25+ (14+p)s+(1—p)s+ = >
(1 p)st =Pkt ) )t (s o) = Fos)
A solution to (26) cannot make its LHS zero or negative. So, any interior optimal price must solve
—p+ (1 +p)s+(1—p)c+ F(p)/f(p) (27)

(1+p)p—c—s—(1+pF(p)F(p)/f(p)
For exponential distribution with mean v, f(p) =e ?/* /v, F(p) =1 — e ?/* (in particular, £ has the cdf
1 —e~(+e/Y) gver [—v,0]).) and (27) becomes

—p+ (1 +p)s+(1—p)ctv

= 28
1+pp—c—s—v—pr(l—e?/") @ (28)

9v(p) ==
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where g, has domain [0,00) and range (—o0,00). As mentioned above, the numerator of g, (p) decreases in
p and always positive for an interior p. Moreover, its denominator is increasing in p since its derivative is
1+ p(1 — pe~?/") > 0. The denominator achieves zero at its unique root and makes g, discontinuous at the

root. When g, (p) is positive, it decreases in p. Since g, (p) is continuous and s < ¢,

—s+(1+p)s+(1—plctv ps+(1—plet+v
g (s)= = <0.
(1+p)s—c—s—v—pv(l—es/V) ps—c—v—pv(l—es/")

Also,

—(1=p)s+ ({1 —p)ct+v

L(25) = .
9(29) (1+2p)s—c—v—pr(l—e2/7)

As a €(0,1), we are interested in p values with g, (p) € (0,1). The root of the denominator of ¢, (p) always
exceeds s and can possibly exceed 2s. As the numerator of g, (p) is always positive, g, (p) becomes positive

after the root (if it is below 2s) and is less than 1 when its denominator exceeds its numerator.
CrLAM 1. There exists a unique solution p to g,(p) =1.

Proof of Claim 1: The numerator of g,(p) is decreasing in p, positive at p =0 and negative when p grows
sufficiently large, while the denominator of g,(p) is increasing in p, negative at p = 0 and positive as p
grows sufficiently large. So, the numerator and the denominator cross each other at a single unique point
since both are continuous. Moreover, the crossing point cannot be a point where both the numerator and
the denominator are zero because the root of the numerator is p = (14 p)s+ (1 — p)c + v at which the

denominator is positive. o

As mentioned earlier, g, (p) is decreasing when it is positive. As g, (p) =1, the solution to (28) is also unique

and greater than p.
CLAIM 2. For exponential valuations, the profit rate R3(p;«) is either increasing or unimodal in p € [s,2s].

Proof of Claim 2: For ease of writing, we define A =1/v. The profit rate function specialized to exponential
valuations is
s/p+ (L= )5+ e (p—c) + p(1 —e)(s = )

1/(ap)+1/p+(1—e)

s/p+s—se P +pe P —ce N + ps — pse P — pc+ pee”
K—eP

Rs(p;a) =

Ap

)

where Kk =1/(ap)+1/p+ 1. The derivative of R3(p; ) wrt p is

Ase™ — Ape P + e 4 Aee P + pAse P — pAce P
(k—e=p)2
Ap _

Ri(pia) = (k—e )

. s/p+s—se P+ pe” ce P + ps — pse” P — pc+ pee P

- A
(k —e=*p)2

As we are interested in the sign of Rj(p,«), for ease of exposition, we consider Rj(p,a)(k — e *P)2/(Ae™*?)

which has the same sign as Rj(p, o). We have

(k—e™")*Ry(p; ) /(Ae ™)
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1
=(k—e ) ( -p+ X +(1+p)s+(1— p)c) - (% +s—se P +pe P —ce P+ ps— pse M — pc+pce‘”’>

_ e

1
= ((1+p)(fs—e”\f’)—;—1+e*Ap—p+pe’A”)s+ ((1—p)(m—e”’”)+e*k”+p—pe””)c—ﬁp+%

> (14 p)(r =)+ (L4 p)e™ = (14 p) = 1/p)s+ (1= p) (5 =€)+ (1= p)e™" + p) e — hp

= ((1+p)(n—1)—1/p)s+ ((1—p)/<;+p>c—np.

The above expression evaluated at p=s is equal to

(+p)=1)=1/p)s+ (1= pr+p)e—ns=(pr— (1+p) = 1/p)s+ ((1=pi+p)e,

which by inserting £ =1/(avy) +1/p+ 1 becomes positive:

(p(1/Cap) +1/p+1) = (14 p) = 1/p)s+ ((1 = p)(1/(ap) + 1/p+1) +p)e
=1/a+14+p—1—p—1/p)s+(1/(ap)+1/p+1—1/a—1—p+p)c
— (1/a—1/p)s+(1/(ap)+1/p—1/a)e=(c—s)/p+ (c/p—c+s)/a

> 0.

So, the profit rate is increasing at p = s. Recall that the FOC equation (28) has a unique solution. If the
solution is smaller than s or larger than 2s, then Rj(p;a) is increasing in [s,2s]; otherwise, R3(p;a) is

unimodal in [s,2s]. o

Based on Claim 2, if (28) does not admit an interior solution, then the optimal buyout price is p =2s, and

if it does, then the solution is the optimal price.
CLAM 3. The solution to (28) is interior if and only if (i) p < 2s and (ii) g(2s) < a.

Proof of Claim 3: Suppose the solution to (28) is in the interior. Because g, (p) is either negative or positive
decreasing in p for p < p, we cannot have g,(p) = « for p < p. Moreover, since g,(p) is decreasing in p for
p>p, and g,(p) =1, the solution to (28) is greater than p. This implies p < 2s. Also g,(2s) < a, otherwise
the solution cannot be in the interior.

Now suppose (i) and (ii) hold, so g, (p) =1 and g,(2s) < « for p < 2s. Since g, (p) is continuous in p, by

intermediate value theorem, there exists an interior price that solves (28). o

In Claim 3, (ii) does not imply (i); for instance, if the solution to (14 p)p—c—s5—v—pv(l —e?/*)=0
exceeds 2s (for a large enough v), then g,(p) <0 for p < 2s. However, p > 2s.

CLAIM 4. p<2s if and only if (2+p)s— (2 —p)e>v(2+ p— pe=2/7).

Proof of Claim 4: The inequality (2+ p)s — (2 — p)c > v(2+4 p — pe~2¥/¥) is equivalent to g, (2s) < 1. Suppose
P < 2s. By definition, g, (p) = 1. Because g, (p) is decreasing in p for p > p, we have g¢,(2s) <1 and in turn
(2+p)s— (2= ple>v(2+p—pe /).
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Now suppose g,(2s) < 1. We prove p < 2s by contradiction. If p > 2s, the solution to the equation
—p+A+ps+(1—plc+tv=(1+p)p—c—s—v—pv(l—eP/")is no less than 2s, which implies

2+p)p = (2+p)s+ (2= plet+v(2+p—pe ). (29)

At p=s, the LHS of (29) is (2+p)s and its RHS is (2+p)s+ (2 —p)c+ (2+p— pe~*/")v > (24 p)s. Moreover,
the derivative of the LHS is (2 + p) more than the derivative pe~?/* of the the RHS. Therefore, since j > 2s,
the LHS is no greater than the RHS at p = 2s. That is, (2+p)2s < (2+p)s+ (2 —p)c+v(2+ p — pe~2/¥),
which is equivalent to (24 p)s — (2 — p)c < v(2+ p — pe~2%/"), a contradiction. As such, p < 2s. o

Based on Claims 3 and 4, (28) has a unique interior solution if and only if

—(I=p)s+(1—p)ct+v

) —(2— ) _ —2s/v d
(2+p)s =2 =p)e>v(2+p—pe ) an (1+2p)s—c—v—pr(l—e25/v)

=g,(25) <«

The first condition does not depend on «. When it does not hold, (28) does not admit an interior solution
by Claim 3, and the optimal price is 2s by Claim 2. This optimal solution remains the same even when
« changes. We now consider cases where the first condition holds. For small values of «, the condition
9,(2s) < @ may not hold, in which case the optimal price is 2s by Claims 2 and 3. As « increases, it might
satisfy g,(2s) < a in which case the optimal price is in the interior. As « further increases, the optimal price

decreases because g, (p) is a decreasing function in p. O

Proof of Proposition 1: We rewrite (5) as RS = Ry/(anr) by dropping the fixed price p from the

notation for brevity. The RHS of this equation has ;/(arr) terms, which reduce to p” " []._, P +1 F;(p;) for
1€[1:T—1] by Lemma 1. As such, limiting probabilities are eliminated in the RHS, which facilitates its

comparison with R} in the LHS. Specifically from (2) and by inserting p; = s, we have

o +ZpT Z H Fy(pj) (Fi(Pi)5+Fi(Pi)(Pi—C))+pT_1ﬁFj(pj)<s—c).

=S
QT
T Jj=i+1

Both R% and Rr/(amr) are linear in ¢ and s. They can be thought of as sums of three components: those
including s, those including ¢ and the rest. We show that each of these components are identical in R} and
Ry /(amr).

The coefficient of s in R$ with p; = s from (4) is

(T —i)(p" " TIE¢ #:)) (PP () + (1—p>)+(Wﬁﬂ(pj))(pT+<1—p><T—1>)

Jj=i+1

~
=

[|
)

K2

= (pFT—l(pT—l) +1- ,0) +2pFr_1(pr—1) (pFsz(prz) +1- p) +30°Fr_1(pr—1)Fr—2(pr—2) (pFT—Zi(pT—S) +1- p))

o (T ( - 3HF P; )(ng p2)+(1—p)) +pT2(T—1)Tl_[_1Fj(pj)+pT1TH_1Fj(pj)

= (1 - pFTfl(pT71)> + 2pFT—1(pT—1) (1 - pFT72(PT72)) +3p°Fr_1(pr—1)Fr_s(pr—2) (1 - FT73(pT73))

—2) (PT?’THle(pj)) (1 - PF2(p2)> +p' (T -1) T[fFj(pj) +p TUIFJ‘ (p))
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=1+ pFr_i(pr—1) + p*Fr-1(pr—1)Fr—2(pr—2) + p* Fr—1(pr—1) Fr—2(pr—2) Fr—3(pr—3)
T-1

+o " [ F) + 0" [T Ei ).
Jj=2 j
The last expression is the coefficient of s in Ry /(amr). So, the coeflicients of s in R and RT /(amr) are the
same. Similarly, the coefficient of ¢ in R% is — >, ' (pT‘i H7T=jrl F; (p]))F( ) —plt H F;(p;), which is
the same as its counterpart in Ry /(anr). The remaining terms are Ei:Q (pT ‘ Hf:;rl F; (pj)>Fi(pi)pi in

R, which are the same as those in Ry /(amr). O

Proof of Lemma 3: From Lemma 1 and for a given « value, the idleness 7 (p;«) is decreasing in p.
Therefore, it achieves its maximum when the buyout prices in different states are equal to their lowest possible
value s, and conversely achieves its minimum when p = (s(T' — 1), s(T —2),...,s). Therefore, the idleness for
a buyout price vector p with p; € [s, st] for t € [1: T — 1] satisfies

T-2 -1

-1
Yr(a)=|1+a+ad p" 1%31 <mr(pia) <

i=1

T—2
I+a+ad p" ol =7i(a).

i=1

An achievable utilization satisfies m(p;a) =~ € [v4(a), 74 (a)]. As, 7r(p;) is continuous in p;, by the
intermediate value theorem (Sundaram 1996, Theorem 1.73), for any «y € [y, (c), ¥4 ()], there exists a price

vector p with p; € [s, st] for t € [1:T — 1] such that mr(p; ) = 1. O

Proof of Lemma 4: A feasible solution to the inner maximization problem of (6) solves the balance equations
of the RTO MC (see proof of Lemma 1) in addition to mr(p;a) =+. These equations are implicit in the
statement of the inner problem of (6) since they are needed to find 7r(p; ). To get the full statement of the

inner problem, we include these equations as constraints:

max {RT(p; a):(I)s<pp<ksfor ke[l:T—1],(ii)rr(p; ) =",
P

(iii) mr—1 (p; @)=amr(p; @), (V)7 (P; &) =pFji1(Prt1)Trsa (P) for k€ [1:T — 2], Zm p; }.(30)

The last three equations above are inherited from the balance equations (see Lemma 1) and are used to
find 7. (p; @)’s used to obtain Ry (p;a). In presence of (ii) above, (iii) is equivalent to m7_;(p;a) = ay in
whose presence (iv) is equivalent to 7 (p; @) = ayp? ~*~1 HJ wr1 Fi(pj) for k€ [1:T —2]. Therefore, (30) is

equivalent to

max {RT(p; a):(I)s<pp<ksfor ke[l:T—1],(ii)rr(p; ) =",
P
T-1
(iii-a)mp_1 (p; @) = ary, (iv-a) 7 (p; ) = ayp” *~ 1I_IF p;) for ke [1:T —2], Zwk P }
j=k+1
Above, (iii-a) and (iv-a) can be combined into a single expression by extending the index in (iv-a) to

include k=T — 1. Also, in presence of (iii-a), (iv-a) and (ii), (v) is equivalent to vy + ay + ary ZZ pr k-l

[T} —s1 Fj(ps) = 1, rearrangement of which gives Yy~ p" "' [[[Z,, F;(p;) = & — £ — 1. In presence of (ii)

and in light of Proposition 1, we have Rr(p;a)= ayR}5(p). Therefore, (31) is equivalent to

max {a’yR%(p) c(D)s<pp<ksfor ke[l:T—1],(ii)rr(p;a) =7,
3
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T-1 T-2

(iv-b)mi (p; @) = aryp” F~ 1I_IF p;) for ke [1: T —1],(v-a ZpT k= 1I_IF
Jj=k+1 k=1 j=k+1

-7 OW}
ay

Equations (ii) and (iv-b) are used to determine 7 (p; «)’s which are needed to obtain Rr(p;a), but are not

needed to calculate R%.(p). Moreover, they do not affect the feasible region for the problem above. Hence,

they can be dropped without changing the solution. That is, the above problem is equivalent to

T-2 T-1

ary max {RQT(p) c(D)s<pp<ksfor ke[l:T—1],(v-a) Z pT*k*2HFj(pj) =
p k=1 j=k+1

1—7—047}
ayp b

This completes the proof of the lemma. O

Proof of Proposition 2: From (8), we obtain P(7(p) > ¢) =P(7(p) >t —1)pFr_ty1(pr—i41) fort € [2: T —1],
0
B T-1
P(r(p)=t) = P(1(p) = t)(pFr—i(pr—e) + 1= p) = p' " (pFr_s(pr—i) +1 —P II Ey) forte[,T—-2].
=T—t+1

Then inserting p; = s, the objective R%(p) of (4) in terms of 7(p) is

T-2

Ri(p) = > P(r(p) = t) (pFr—o(pr—)(ts +pr-s) + (1= p)st)

t=1

+P(T(p)ZT—1)( ((T—l)s+p1)+(1—p)(T—1)s)
_CZP ) > t)pFry(pr—t) — cP(1(p) > T = 1)p. (31)

The terms that have s as the monetary coefficient in (31) boil down to the expected rental duration:

T-2

P(r(p) 2T~ 1) (p(T = 1)+ (1= p)(T = 1) + > P(r(p) 2 ) (pFri(pr—) + 1 p)t
t=1
T—2
= P(r(p) =T - 1)(T-1)+ ) _P(r(p) =)t = E(7(p)).
t=1
In presence of the utilization constraint of (7), the expected rental duration is independent of the price path,

as it depends only on « and ~:

T—1 T—1 T—1 T—1 T—1
E(r(p)) = ) _P(r(p)>i)=) p! H Fi(p))=) o' " H Fi(p;)
1=1 =1 j=T—i+1 k=1 J=k+1
T—2 T—1 1 — 1 1 —
:14—2:;9_’“_1 H Fj(pj)—1+p(—)—, (32)
k=1 j=k+1 ayp p ary

where the next-to-last equality is the utilization constraint. That is, the utilization constraint becomes
E(r(p))=(1—7)/(ay) in (9). As such, this constraint sets the expected rental revenue at (1 —+)/(ay)s.

If the firm sets each price sufficiently high to render a buyout unjustifiable during the agreement, the
rental duration can be represented with the random variable 7(c0), which has the probability mass function
of P(r(c0)=t)=p""1(1—p) for t € [1:T —2] and P(7(c0) =T — 1) = p”~1. It has the same distribution

as min{Geo(l — p),T — 1}, where the geometric random variable Geo(l — p) is the number of Bernoulli
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trials until the first success whose probability is 1 — p. By construction 7(p) is stochastically smaller than
min{Geo(1 — p),T — 1}, which in turn is stochastically smaller than Geo(1 — p). Hence, E(7(p)) <1/(1 — p).

The terms that have —c as the monetary coefficient in (31) sum to the probability of a sale.

P(S = ZP )= )pFr_i(pr—1) +P(r(p) =T —1)p
— oS Pl S P(r(p) > OpFrs(pr_) + pP(r(p) = T— 1)
= oS P 2 ) - S P 24 1) = 1 (1- PE((p)).

t=1 t=1

In presence of the utilization constraint, the probability of a sale is independent of the price path. This
probability is nonnegative as E(7(p)) <1/(1 — p). The utilization constraint sets the expected replacement
cost per agreement at (1 —(1—p)(1—7)/ay)ec.

Given the utilization constraint, we can exclude the expected rental revenue and replacement cost from
a\(

R4(p) when solving (7), and we instead consider R;\ (p). R7'(p) is the expected sales revenue in an agreement

when the appropriate random variables are incorporated into the revenue.

Ay pFr_i(pr—¢)P(7(p) > 1) P(r(p)>T—1)p
RT\(p) =P(S(p)=1) (Z P(S(p)=1) Pr—¢+ P(S(p)=1) P1>

ZP =t|S(p) =1)pr—+ = P(S(p) = 1)E(pr_-p|S(p) =1).

The operations above induce a conditional random variable [7(p)|S(p) = 1] whose range is [1: 7T — 1].
Specifically, P(r(p) = t|S(p) = 1) = pFy_(pr_)P(r(p) > £)/P(S(p) = 1) for t € [1: T — 2] and P(r(p) =
T —11S(p) = 1) = pP(r(p) > T — 1)/P(S(p) = 1). This conditional random variable is deployed in
E(pr—r)|S(p) = 1). Since P(S(p) = 1) is independent of price path in the presence of the utilization

constraint, we can maximize E(pr_,)|S(p) =1) as in (9). O

Proof of Lemma 5: Since G” € G", we have fo G"(t)dt < T, which implies 6" <T. Using 6" > 0, we can

express G parameterically via

g(ar):{g G(0 5/ Glt)dt, G(t) >0, —C(t)/G) € [0,1], /OTG(t)dt:(S, /OTG(t)dt§6§:}.

In G(67), we still have G(0) = 1. Moreover, the last inequality fo t)dt <§T/é" is never binding, because
d" <T. Hence, G=G("). If 6" >4, G" includes G(d"); otherwise, no subset relation holds.
Since G = G(0"), we connect max{R% (G): G € G"} to max{R%(G): G € G(6")} in the rest of the proof.

The first three constraints in G(6") and G" are identical:

G(0) =5 /0 Té(t)dt, Gt)>0, —G(t)/Gt)€[0,1],

whose validity is unaffected from scaling of G(t) by a positive multiplier. So we focus on the other constraints

in G(6") and G" when arguing for feasibility below.
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We first argue that (5/6")G" € G(6") = G. We focus on the constraints that are affected by positive scaling
of G by 6/8". Since [ (6/67)G"(t)dt = (§/67)8" =8 < 8T /6", (§/67)G" satisties the equality [} G(t)dt =5
and the inequality fOT G(t)dt <6T/8" in G(67), i.e., (6/67)G" € G(67).

It suffices to argue that (6/6")G" solves max{R%: (G) : G € G}. Proof is by contradiction. Suppose
(§/6™)G" is not the maximizer, then there exists G® € G(6") such that R% (G®) > R ((6/6")G"). Let
G™ = (67/0)G", we show G™ € G". G™ is obtained from G® € G(§") via scaling by a positive num-
ber, so we need to check the only constraint fOT G(t)dt < T that is affected by scaling. G™ satisfies
this constraint, as fOT G™(t)dt = (67/5) fOT G'(t)dt = 6" and 6" < T, so G™ € G". On the other hand,
R&((8/07)G™) < RS (G?) = R%((6/67)G™), which by the sales revenue linearity implies R%: (G") < R&:(G™)
for G™ € G". The last inequality violates the optimality of G” and establishes the contradiction. O

Proof of Proposition 3: We follow the convention of van Brunt (2003) and denote our variable G by y and

its derivative by ¢ and deploy methods of Calculus of Variations. The expected sales revenue is

o t5-2(©) = { = [0 (1 s+ 0/t h = [ A esyto) 000

where H(-;y,9) = =9(-) (1+s+39()/y(-))-

CLAIM 5. The expected sales revenue is mazimized by y(t) = exp(c,) exp (— fg A(m)dx), where

At =~ 24 for t€[0,7]. (33)

Above ¢, and cy are constants to be determined.

Proof of Claim 5: The necessary condition for an optimal solution is the Euler-Lagrange differential equation
(Theorem 2.2.3 in van Brunt 2003):

G HE(0,(0) = 5L (60(0).3(0) =0 for t€ [0.7].

We next derive the terms involved in the equation above:
0 . . . .
By (v:9) = =y (=5(t)/(y(1)*) = (1))*/ (y(t))* = 0,

S H(t03) = 2 0/ — 600/ (")

Inserting the above equalities in the Euler-Lagrange differential equation, we get

2 (5(t) /y(t) — (9(t)*/ (w(t)*) = =(H(®)*/(w(®)* = 2t)y(t) = ((1)*. (34)

The Legendre condition for a local extremum (Theorem 10.3.1 in van Brunt 2003) is

o 0 N .
@@H(t;yvy) = [—s—1-29(t)/y(t)] = —2/y(t) <0.

We are interested in y(¢) for ¢t € [0,7]. Any such solution to (34) is a local maximizer from the Legendre

condition above.
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Next, we transform (34) by writing it in terms A(t) = —gy(¢)/y(t). Solving the differential equation A(t) =
—y(t)/y(t) gives y(t) = exp(c,) exp (—fot )\(ac)dx) for a constant exp(c,). The Euler equation (34) after

dropping exp(2¢,) terms from both sides can be written in terms of A(¢):

exp (— /O t A(:r)dx) ((A(t))? - A(t)) exp (— /O t A(x)dm) = (A(t))%exp (—2 /O t A(x)dx)

= 20 -A))=A1)? = (A1) =2)@).

The solution to the above differential equation is given by (33) in the statement of the claim. Moreover, this

solution is unique upto the constant c,. o

The maximizer of expected sales revenue is not necessarily the tail probability of rental duration, as it
is likely to be scaled by a positive constant. Before such scaling, we can remark about the optimal tail
probability and optimal price behavior in time. When y(t) is positive, §j(t) is nonnegative in (34). So, any
positive maximizer y of expected sales revenue is convex in time. This convexity is preserved when y is scaled
by a positive constant to obtain the optimal tail probability of rental duration. Scaling of the maximizer y
does not affect A(t) = —gy(t)/y(t), except that A\(¢) becomes the failure rate of the duration when y is the tail

probability. Moreover, the optimal price is p(t) = F~1(1 — A(t)) =1+ s — A(t) and

A= = - 1O GOF

-2 >0 = (5~ #(0)y() 20.
Deducting 4(t)y(t) > 0 from both sides of (34), (9(t))? — 4(t)y(t) = 9(t)y(t) >0, so A(t) > 0. This implies that

the optimal price path is decreasing in time.

CLAIM 6. The constant

34+/9—12(1—4/T)

e\ 0) = 6(1—6/T)

deployed in (33) yields \(t) and then y(t) such that y belongs to G for §)T € [(T*+ 6T +12)(3(T +2)?), 1].
In particular, this y is y(t) = exp(c,)(1 —t/cx(T,6))* for t €[0,T] and ¢, < 0.
Proof of Claim 6: To determine constant ¢, (T, d), we start with y characterized by Claim 5 and check the
constraints in G": y(t) >0, —y(t)/y(t) € [0,1], dy(0) = fOT y(t)dt and fOT y(t)dt <T.

We move on to translate the optimal failure rate to the tail probability y(t):

ymwm@m%[

Note that y(¢) >0, g(t) <0 for t € [0,T7], so —y(t)/y(t) >0 for ¢t € [0,T]. Since y(t) is decreasing, it achieves
the highest value at y(0) = exp(c,). Then with ¢, <0

d:r) =exp(cy) exp (2In(cy — ) [§) = exp(cy) (1 - i)2 for t € [0,T7].

Cy— X Cx

T
/ y(t)dt <exp(c,)T <T.
0

The exact value of ¢, is not important as long as ¢, <0. This is because exp(c,) is removed by scaling of y(t)

with fOTy(t)dt, as we show below.
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The only remaining conditions to check to ensure y € G are dy(0) = fOT y(t)dt and —g(t)/y(t) < 1. The first

condition will yield an expression for the constant ¢,. We have dy(0) = d exp(c,) and

T T 1-T/cx
/0 y(t)dt = eXp(cy)/0 (1—t/cy)’dt = exp(cy)cA/1 u?(—du) = exp(c,)(cx/3) (1= (1 = T/cy)?).

Setting dy(0) = fOT y(t)dt first leads to 36 /cy =1— (1 —=T/cy)* =3T/cx — 312 /c3 + T3 /c3 then to the following

quadratic equation in ¢, where T and 0 are parameters:
3(T —8)c5 —3T%cA+T° =0. (35)

The larger root of (35) is real for 6 >T/4 and it is given by ¢\(T,0) in the statement of the claim. We
must require ¢ (T,9) > T + 2 so that —y(T")/y(T) < 1:

cA(T,a)/T:3+‘/9_12(1_6/T) 14T,

6(1—0/T)

We look for the range of 6=1—§ /T such that the above inequality holds. This requires
34+V9-120>(142/T)66 < V9—-120>(1+2/T)60 — 3.

Depending on the sign of (1+2/T)606 — 3, we have two cases.
o If (1+2/T)65 — 3 <0, the inequality is trivially satisfied, i.e., when

(1+2/T)66 <3 & 66<3/(1+2/T) & §<1/2+4/T) & 1-6/T<1/(2+4/T)

o §/T>1-1/(2+4/T) & 6>T—T/(2+4/T) < 5>27;Z/4T.

Note for T'> 2 that (T'+4)/(2+4+4/T) > T/4. So, 6 € (T +4)/(2+ 4/T),T] ensures real c,(T,0) and
ex(T,6)>T +2.
o If (1+2/T)65 — 3 >0, we require

9—120> (66 — 3+ 120/T)% = 3602 — 365 + 9+ 2(65 — 3)120 /T + 1446% /T

& 0> (36+144/T +144/T2)5% — (24 +72/T)5 < 0> 5(5(36 + 144/T + 144/T?) — 24 — 72/T).

The final inequality above holds between the roots of 4, i.e., when

24+ 72T }_[ 272 +6T ]
36+ 144/T +144/T21 L7 372+ 12T + 121

= [O
The above condition is equivalent to 6 <7 and

272 + 6T 273 + 67> T T2+ 6T +12
1-6/T<— " o7 T <5 -2 " T2y
T3 ar+12 3(T+2)? — 3 (T+22 —

Let I(T) = (T?+ 6T +12)(3(T +2)?). So, 6 € [T/4,(T +4)/(2+4/T)]N [I(T)T,T] ensures real c,(T,8) and
ex(T,6)>T +2.
Uniting the intervals obtained according to the sign of (14 2/T)65 — 3,

(T +4)/(2+4/T), TIU ([T/4,(T +4)/(2+4/T)| N [T, T])

= (1T +4)/2+4/T), T)U[T/4,(T +4)/2+4/T)]) 0 ([T +4)/(2+4/T), T|U [((T)T, T} )
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=[T/4,TIN (DT, T] <« (T)T<(T+4)/(2+4/T)
=[(T)T,T] <« U(T)T>T/4.

In summary, ¢, (7,9) is real and at least T+ 2 if § € [I[(T)T,T).

The analysis for the larger root of (35) can be repeated for the smaller root. But this analysis yields a more
restrictive condition than § > I(T'), so we keep the condition § > {(T)T unaltered. As T grows large, [(T') | 1/3,
and the condition simplifies to 6 € [T//3,T]. In conclusion, for given T" and 6 € [0,T], if 6 € [{(T)T,T], then we
have ¢\ (T,0) >T + 2 and y given in the statement of the claim belongs to G. o

The process used in claims above guarantees that the resulting y € " maximizes R5°. This y solves
max{R%*(G): G € G"}. If there is another y* € G" allegedly maximizing R%*, it must satisfy the functional
form in Claim 5 with the constant in Claim 6. Then y® =y because the construction in the claims leads to a
unique solution.

With y in Claim 6, foTy(t)dt =exp(c,)(ex(T,6)/3)(1 — (1 = T/ex(T,6))?) = 6". By using Lemma 5, the
solution to max{R%*(G):G € G} is

0 t 2
V) = o T.0) /30 = (L =T/ex(T.))) (1= ogyy) Preelom (36)

The payoff probability with optimal prices is y(T') and can be computed from (36). This probability is positive
for a finite T', which makes ¢ finite, too.
Finally, by (33), the optimal price path is p(t) = s+ 1 — A(¢), which is given in the statement of the

proposition. The optimal price path is decreasing and concave in time.
CLAM 7. The constant c\(T,9) increases in & for § > 1(T).

Proof of Claim 7: The first term 1/(2—2§/T) in ¢, (T, 0) increases in ¢. It suffices to check the derivative

of the second term wrt §.

0 Y1-(/3)A-4/T),,  TO1-$/T) 3 /[T, 125704 (4/3)52
o5 s T = g g gV =

where 6 =1—6/T <1—1(T) <3/4. o

If the initiation probability « or the idleness v increases, the expected duration ¢ decreases. Then, ¢y (T, 9)

decreases by Claim 7 and the optimal price path shifts down. O

Proof of Proposition 4: To express the objective function R%(p) of the maximization problem (7), we
delineate the profit-to-go function R, (p.,) in a state k € [1:T — 1]. This function represents the expected
profit to be gained in state k and afterwards with the buyout price vector p_,. For i € [2: k], the agreement

terminates in state i either via a buyout wp p*~* [* F;(p;)pFi(p;) and the profit (k —i)s +p; —c, or an

j=i+1l
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item return wp p*~? H§=i+1 F;(p;)(1—p) and the profit (k —1i)s. Alternatively, since p; = s, the agreement
terminates in state 1 by selling the item (either through a payoff or a buyout) wp p*~* H?ﬁ F;(p;)p and
profit of ks — ¢, or by the renter’s returning the item wp p*~* H?:g F;(p;)(1—p) and (k—1)s in profit. It

easy to show that RZ,(p;) has the following form:

Ri(7:0) = R (p<y) = f( 2)) (PFipi) (k=) +pi =) + (1 = p)(k ~i)s)

G

We can check that S5, (0 TTi_esy F5(00) ) (0F () + (1= p)) + 9 TTi_, F(py) = 1. Note that poy_, =p

and R%,(p<;) = p(s —c) as p.; = s. The following claim connects RZ;_; to the expected profit Rf in an

AL se
f[ (1)) (ks = &) + (1= p) (k= 1)s). (37)

agreement of term 7.

CLAM 8. The profit-to-go function in state T — 1 and the expected profit in the agreement are related to
each other through R%;_,(p) = R%.(p) —

Proof of Claim 8: We can reorganize R% from (4) and insert p; = s as follows:

Ri(p) = Z( o HF p)) (PP (T =i)s +pi =)+ (1= p)(T = i)s)
+(pTzjﬂ:mm)(p(TS_C)+(1_,,)<T_1)S)
= Z(p e HF 2)) (PFp)(T ~i = 1)s+pi =) + (1= p)(T —i = D)5 + (1= pE(p.))s)
+(pT2j21 ) (T = 1)s =)+ (1= p)(T = 2)s+5)
=(j: HFp ) (1= pFi(ps)) + HF (b)))s+ By (p)
( HF pi)) (L= PF(p:) pHF p))s+ Rer_,(p)

The second equality above holds because pFi(p;) + (1 — p) = 1 — pF;(p;). With similar manipulations,
we can increase the lower indices of the summation and the product in the last equality to get

R = (1—pFr_1(pr—1) +pFr_1(pr-1))s + Ry = s+ R%p_,, which completes the proof of Claim 8. o

The difference between RZ;_; and R is the profit s gained in state 7'. This profit is absent in RZ,_,, for

which expected profit are calculated from state T'— 1 on.

CLAaM 9. The profit-to-go function in state k € [2: T — 1] is related to the profit-to-go function in state

k — 1 through the recursion

R, (p<y) = pFi(pi)(p — ¢) + pFr(pr) (5 + R%k—l(ﬁ’gkfl))'
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Proof of Claim 9: From (37), we write R, (p),) as

k

Z( e H Fj(p; )(PF(pz)((k_l)S—i—pz—C)—I—(l—p)(k‘—i)s)

i= Jj=i+1

+(o [[Fj (1)) (ks =€) + (1= p) (b 1)s)

= pFi(pr) (pr — ©) + > (p’“ ’HFJ )(pF pz)((k‘—l—i)8+pi—0)+(1—,0)(/€—1—i)8+(1—pFi(pi))8)
+(p'€-1f[Fj<pj>) (p((k=1)s =)+ (1= p) (k= 2)s+35)

= pFu(pe) (pr — O +pFu(pi Z( T Fie)) (PR ) (R = 1= )s +pi = €)1 = p) (k= 1 = i)s)
i=2 j=i+1

+pFi(p) (o L5 p)) (pl(k=1)s =)+ (1= p)(k—2)s)

j=2

(S0 T1 R0 0o+ TT o)
= pFi(pr) (pr — ©) + PEL(pr) RS (P<p—1) + ( ‘_ (Pkii H F](p])) (1 - PFi(Pi)) + oMt HFZ(pZ))s
= pFi(pi) (pr — ) + pFr(pi) R 1 (P<jo_y) + ( - (o5 Fy(p) (1— pEi(p)) + QHF " )
i=3 j=i+1

With similar manipulations, we can increase the lower index of ¢ in the sum and product up to kK —1 to

ultimately get
R%k(pgk) = PFk(pk)(Pk —c) +PFk(pk)R%k—1(ng—1) + (PFk(pk)) (1 - PFk(pk—l)) +p2Fk(pk)Fk—1(pk—l))S
= pEy(pr) (px — €) + pFi(pr) (s + R )1 (P<j_1))-

This concludes the proof for Claim 9. o

For feasible prices to (7), a1(p~,) =0, which becomes the hypothesis of the next claim. The claim provides

necessary condition for each price to be feasible. There, péf = (pk,...,pj+1) for j<k.

CLamM 10. Consider a price vector p with s <p; < js for j € [1:k] and a family of functions {a; (pgf) :
j€[1:k]} that satisfy recursion (13). If a,(p<y) =0, then
a; (ch) a; (ch)
—Jl <SEp) S ——= -
1+3750 L+ pig

Proof of Claim 10: For ease of exposition, let a; = aj(pg?). So, a; = 0. Using recursion (13), as =

for je2:k]. (38)

(14 pa1) Fy(ps2) = Fa(p2), i-e., (38) holds for j =2 if a; = 0. Starting with j =2, we provide a proof through an
induction on j. As the induction hypothesis, we assume (38) holds for some j =1 € [2: k — 1]. In the induction

step, we show that the induction hypothesis holds for [+ 1.
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To get an upper bound on Fjyq(p;41), we start with Fl(pl) <a/(1+ ZZ 1 p7¢ ) and replace a; by a;1 by
using the recursion (13) to obtain 1+ pF;(p;)(1 + ZZ 100" 1) <apy1/Fiyi(pisa). Since s < py, this inequality

implies
-2 -1 a
7 i 1+1
1+ pFi(s 1+ZP $-1) < aryr/Fra(pisa) ®1+ZP G1-i1 < a1/ Fipa(pien) € Fra(poa) < 1+Zlil+ o
i=1 i=1 i=1 P Pi—i—1

To get a lower bound on Fy,(p;y1), we start with a;/(1 + Zz 1P Pl < F;(p,) and replace a; by a;11
by using the recursion (13) to obtain a;i1/Fii1(piv1) < 1+ pFi(p)(1 ZZ L p'®I1). Since p; < s, this
inequality implies a;y1/Fi11(piv1) < 1+ pFi(1s) + pFi(ls) Zi;l pidI =1 —I—ZZ 1 pZ(DﬁH ;» which is equivalent
to ajr1/(1+ Zi 1o 141—i) < Fiy1(pig1)- In conclusion, when (38) holds for j =1, it also holds for j=1+1.

This completes the induction step and the proof of the claim. o

Equipped with Claim 10, we present the following claim that facilitates the characterization of the feasible

region of (7). In particular, with the definition of A{ below, the feasible region is

{p:pe A2 i(ar_1), ar—1 = (1—~—a)/(ap)}.

CrLAaM 11. For a given k >2 and a number a},, the sets Ao(a}C) and AP (a},) defined below are the same.

k—1
AL (ay,) = {p<k s<p;<jsforje[l:k]; Y p H Fy(p; —ak}
=1 Jj=i+1
/ a/‘
AR (ay) = {P<k15§}7‘§j8f07“j€[11k] —— 7 < i) < —]
- ! ZJ 1P‘I) ’ 1"‘21 1p

where a;_, = (a;/Fj(pj) —-1)/p fOT’j € [2 : k]}
Proof of Claim 11: It suffices to prove AP (a},) C A9 (a},) and A{(a}) C AP (a},).
To obtain AP (a},) C Af (a},), consider an arbitrary price vector p, € AP (aj,). The inequalities on F}(p;),
when specialized to j = 2, yield aj = Fy(p). Using the recursive equation of a)’s for j =k, we obtain

ay, = Fy(pr) + pFr(pr)aj,_,. Using the same equations for j=k—1,...,2,

@i = Fu(pi) +pFu(p) (B (prt) + P (1) s ) = S H Fy(py) + 5% H Fy(py) )i

,_-

i=k—2 Jj=i+1 j=k—1
k—1 k k
= > ] Fg(pj)+p3( 11 F}(pj))ak73
i=k—3 Jj=i+1 j=k—2
k—1 k k k—1 k k
=S T Een+ o2 (TT @) )aa =0t T Fien) + 02 ([ Falen) ) Fo(2)
=2 Jj=i+1 7j=3 =2 Jj=i+1 7j=3
k—1 k
=> T Eiw)
i=1 =i+l

This coupled with p; € [s, js] for j € [1: k] yields p.;, € AS (a},). Hence, AP (a},) C AL (a},).
To obtain Af (a;,) C AP (aj},), consider an arbitrary price vector p., € Af (a;). We define the sequence

{d):j€[1:k]} as follows:

a —ZPJ e H Fi( pt (39)

t=1i+1
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So, a} = 0. The number a}, given in the claim statement satisfies (39) as a}, = Zf Lk Hf:i-i,-l F,(p:) by

Py, € AL (a},). Also, a)’s satisfy the recursion in AP because

j—1 Jj—2 Jj—1
(@, /Fy(p) 1) /p = (3 p/ H Fi(p)/Fy(p) = 1)/p= Q=2 T Fule)
=1 t=i+1 =1 t=i+1

What remains is to establish the inequalities on Fj(p;) in AP (aj,) with parameters a;’s for p., € Af (aj,).
This is done by using Claim 10 with the new function a; (pgf) defined for pgf =Pk, Pj+1):

k— 1 i—
a’;c - Z k ! Ht i+1 ( )
k J Ht:j+1 Ft(pt)

which is for a problem of k prices and a counterpart of (12). Also, @, (p<;) =0 as a}, = Zl 1 i Ht i+1

~ k
aj(pgj) =

for j e [1: k],

Fy(p) by p<y € A (a,). We now relate a; to a; (p>J) Writing (39) with index k = j, we obtain a series of

equivalent equalities

Zpk21HFfpt *ak

t=i+1
ZPkZlnFtpt—ak ZPkZlnFtpt
t=i+1 t=i+1
k
( H Ft(Pt))ZP] ke H Ft D) _a’k Zpk o H Fy( pt
t=j+1 t=i+1 t=i+1

= i—1—i _ a;c Zz j pk ot Ht i+1 ( )
§ P’ I | Fi(p:) = = .
i=1 t=i+1 J Ht:j+1 Fy(p:)

The LHS above is a) given by (39) and the RHS is dj(p§ ). Therefore, a; = aj(p>3) for j € [1:k]. This
together with @, (p=¥) = 0 imply that {a, (pgf) :j € [1: K]} satisfy the recursion (13). With @, (p<¥) =0, Claim

10 applies and yields
a; (ps) &j(pif)
1+Zz 1pq)]7:11 ]‘+Zz 1p J 1
Replacing dj(pgf) by a confirm that p., satisfies the inequalities in AP (aj). Therefore, we obtain

p<y, € AL (a},) and AP (a},) € A} (a,). This completes the proof. o

< Fj(p;) < for j € [2: k]

For the forthcoming derivations, we recursively specify A¥ (a) for a given number ay.

Qg < Qg
1+Zz 1p(I)}lz:217 1+Zz 1pl¢k 1’
P<p1 € Ak—l(akfl) where a,_1 = (ar/F(pr) — 1)/P}-

AkD(ak):{ng:(Pkankq):sgkak Fi(pr) <

By Claim 11, the feasible region of the maximization problem (7) is {p:p € A?_,(ar_1), ar_1=(1—v—
ay)/(ayp)} and its objective function is R$(p) = R%r_,(p) + 5. So, we can instead maximize R, ,(p).

Hence,

max { Ry, (p) :p € A, (1= 7 —a7)/(@7p)) |
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has the same solution as the maximization problem (7). For k € [2: T — 1] and the feasible set parameterized

by ay, we consider

max { R, (<) Py, € A (ar) |

P<g

= max {ka(pk)(pk —c) +10Fk(pk)<5+ max {R%;_;(P<y_ 1)}) P<, € AkD(ak)}

P<ik-1

— max { pu(pe) (. — €) + pFe(p) (s + max (R, (poy_1)} ) :

P<k—1

P<i1 € AP (ak—1);s < pi < ks;

ag Qap
ey SR € sy where ax = (a/Fi(pi) 1)/}
L+ 30 i) L+ 30 pioh) 1
= max {ka(pk)(pk —c)+pFi(pr) (8 + max {Re_y (Pey1) 1P<p1 € A?ﬂ(am)}) 8 <pi < ks;
<k—1
ag Qg
ey S o) € — gy where a1 = (ai/Fe(pi) 1)/}
1+Zz 1pq)k1 1+Zz 1pl¢k1 '

Above, Claim 9 enables us to cast the initial problem as a nested maximization problem, and Claim 11 enables

us to draw alternative representations of the feasible region of the nested problem. These manipulations, with

v (ar) = max {R%k(pgk) 1Py € Ako(ak)}, yield

vi(ax) = max {PBum)or =€) + pFu(on) (5 -+ vi s (an/ Fulon) - 1>/p>) :
1+Zf “P'Z zl_F(pk) 1+Zz 1Pl¢

Recall that RZ,(p<1) = p(s — ¢), which coincides with v; in the statement of the lemma. The value functions

s <pip < ks;

{vy, : k > 1} defined above coincide with those in the statement of the lemma. Moreover,

vr_1 (1 =y —av)/(avp))

= max {Riy (per )i <py <is, G171 Y0 [ Fip)=(1 -7 - an)/(0p)}
_ T-2 1;171 FZH
= max {R?r(p) ts<p;<gs, jel:T—=1]; Y p" 2] Fp)=0-~v- av)/(owp)} -
i=1 j=i+1
= Rp(y;)/(ay) =
This completes the proof of the lemma. O

Proof of Lemma 6: We first consider forward construction of intervals. As an induction hypothesis in
our proof by induction, we assume ay, € [a},a¥] for rental state k. By recursion (13), a, = (pax_1 +1)F(py),
and therefore al < a;, is equivalent to (a'/Fy(pr) — 1)/p < ax_,. Since p, < ks, this inequality implies
(a},/Fy(ks) —1)/p<aj_;. By (19), the LHS of this inequality can be simplified to

— e T
%_Zi:kqtlﬁ{)i—l 1 (1—7)/(a) T 1 1
(ak/ﬁk(ks)—-l)/p _r kt1 p e 2 W my)/len) j{: _—— -
pFy(ks) p o pTMHLTE L pitERIgTh

T
_ (1—7)/(0W)_Z 1 _ 4
= - _ P -1 Qk—1-
pT7k+1(I){ 1 Pl k+1q>k 1

i=k
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So, al, < ay, implies that a!,_ |, <aj_;.
Next, by recursion (13), a; < a} is equivalent to ay_1 < (a}/F).(px) — 1)/p. Since s < py, this inequality
implies ay_1 < (a}/Fy(s) —1)/p. By (19), the RHS of this inequality can be simplified to

(a}/Fy(s)—1)/p = P _7:( 7)/(ey) Z 1t 1
pE(s) p plktigh-1 = PGt p

(1—7)/(a) _i 1

u
— =aqa, .
T—k+14T—1 i—k—+1 4i—1 k-1
plT—Ftigy Aanton

i—k
Therefore, ay < a implies that ay_; < a_,. Last, we have ar_; = (1 — v — ay)/(ayp) € [ay_,,a% 1] =
[(1=7—av)/(ayp),(1 =7 —avy)/(ayp)], which initiates our induction and completes the proof.

We now consider backward construction of intervals. For the proof of the only-if part, suppose that the
constraint in (18) holds. Then in particular for k =2, (20) gives py = F, '(ay). We can rewrite p, € [s, 25]
as ag € [Fy(s), Fo(2s)] = [@h,ay]. To complete the proof of the only-if part with induction, we show that
ai_y € [al_,,a* ] implies a, € [a},a?]. From (13), a;_y = (a;/Fi(p:) —1)/p is decreasing in F;(p;). Therefore
for a given a,, its minimum is (a;/F;(ts) —1)/p and its maximum is (a;/F;(s) —1)/p. As a;_, € [a_,,a* ],

we have

1/ a =
(s 1) 2> o ez B+ 3 = Yo
t =1
t—2

) _
;<Fc(1;) 1)<at 1<Zpl 19!~ o a, < F,(ts) +Zp<I> Zpl ‘o, =ay.
t i

i=1

Therefore, a; € [al,a"] and the proof of the only-if is complete.

For the proof of the if part, suppose that ay, = Fy(p2) and ay, € [al,ay] holds for (20) and k > 2. As such,
a; = (az/Fy(p2) —1)/p =0 from recursion (13). From Claim 10 in the proof of Proposition 4, the constraint
in (18) holds for all k> 2, and the if part is proved. O

C. Derivations and Supplementary Analyses
C.1. Equivalence of (3) and (6)

Since we consider fixed a, we drop it from the argument of the functions below. Let p* = (ph_4,...,p;) be
the solution to (3) and v* be the solution to (6). We need to show that R%(v*) = Rr(p*). Let 4 =nr(p*),
so R5.(¥) = Rr(p*). We have R(%) < R;.(y*) by the optimality of v* for (6). Moreover, we cannot have
R5.(5) < RH(v*). If so, then the solution buyout price path to the inner problem of (6) for v =~* results in
a profit rate higher than Rr(p*) contradicting the optimality of p* for (3). Therefore, we have Ry (p*) =
R (%) = R (v*) and solutions of (3) and (6) yield the same profit rate.

C.2. Profit Rate via Renewal Theory

An alternative route to reach the maximization problem in (7) is via the renewal reward theorem. Rental
initiation for each slot also initiates a renewal cycle. Each cycle includes periods of rental followed by periods

of idleness. The expected profit obtained during each cycle with buyout price path p is R%(p).
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11—« e « mFTfl(prl)
T(p)>1 7(p) >2
1 *[)FTA(PTA)

T(p)=1

The slot is idle
Figure 9 The inventory slot transition probabilities and associated rental duration 7(p).

The number of idle periods depends only on the initiation probability « and it is a geometric random
variable with success probability «. Hence, the expected number of idle periods in a renewal cycle is 1/a.
The number of rental periods with buyout prices p is also random and denoted by 7(p); see Figure 9. We
have 7(p) € [1: T — 1] and the tail probability of 7(p) is given by (8). That is, a rental agreement lasts at
least ¢ periods if the slot transitions from state j to state j —1 wp pF}(p;) for j € [T —i+1,T —1]. These
transitions bring the slot to state T'— i, so the rental agreement lasts at least ¢ periods. Given the initiation
of a rental, the slot transitions from state T to T'— 1 with certainty.

By the renewal reward theorem, the profit rate with p converges almost surely to the ratio of expected
profit per renewal cycle R%:(p) to the expected cycle length E(7(p)) + 1/«. To maximize the profit rate over
a long run, we can consider

Re
p:prjneafzsj] IE(T(PE)(Z)UOL-

The profit rate maximization problem can be recast for the fixed idleness rate v after noting the definition
of idleness in terms of expected rental and idleness durations: v =1/a/(E(7(p)) + 1/a), which leads to an

alternative representation of the expected rental duration.

which can be made explicit via (32):
T—2 T-1 1—
1+ ZPT_I_l H Fi(p;) = o
i=1 j=it1 v
This is the utilization constraint in (7). To this constraint, appending p; € [s, sj] for j € [1: T — 1], we arrive
at the feasible set A2_, ((1—v—av)/(ayp)) :={p:px € [s,ks] for ke [1:T —1], E(r(p)) = (1—7)/(a7)}.
This set is also defined in the proof of Proposition 4 but without using 7(p).

We return to the maximization of profit rate.

e R (p) B R%(p)

X —_——— — Inax max

pprels.ks] E(7(p)) +1/a ¥ peAQ_ (1—v—am)/(avp) (L=7)/(ay) + 1/
= max vy max R5.(p).

¥ peAQ_ ((1—y—av)/(avp))

The inner optimization problem over p is exactly the maximization problem in (7). In conclusion, besides the

argument leading to (7) in the main body, we have justified (7) via renewal theory.
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C.3. Derivation of (13) from the Utilization Constraint

The equivalence follows after algebraic manipulations of the utilization constraint in (7):

ZpT21HFp] ZpTZZHFpJ—"ZpTQZHF 1

j=i+1 Oé’}/p J=i+1 Jj=i+1 p P
i l—7—ay i
N T WA | R
j=i+1 j=i+1
—y—ay—ayp X P S Fi(py)
i i= j=i+1+5\Pj
@;}Zpkl +Tk1HFp]HFp] - Jj=i+
j=k+1 Jj=i+1 P
T—2 i T—1
<:>Z:p/c 1—i H Fi(p;) —y—ay—ay ot Hj:i+1Fj(pj)
j
=it ayppF TS By (py)
-1 7 1—iy7T—1
i i O"Yzl kP IL z+1Fj(pj)
@Zﬂ’“ - H E5(p)) T Z . = ay(Poy)-
j=i+1 j= k+1

C.4. Derivations of (16) and (17)
To derive constraint (16) on py under fixed psy, we must have the LHS of (15) at p; =s for j <k —1 to be

no larger than its RHS:

chpT - H Fi(pj) <1—v— a’yZpT i H Fi(p;), pij=s, j<k—1

Jj=i+1 Jj=i+1
‘i*OWHF P; (ZPT i 21‘11)<1—7 avaT i H Fy(py)
=1 j=i+1
& Fi(pr)ayp” ™" H (D (HZpk o l+1)<1—7 a’yZpT i H Fi(p;)
j=k+ Jj=i+1
1—v- O"YZZ k pT - 1HJ i+l Fj(pj) ak

Ey.(pr =
< (p) pT= kH; k+1 ( )(1+Zz 1Pl¢ ) 1+ZZ 1/’2(15

Similarly for constraint (17), we must have the LHS of (15) when p; = js for j <k —1 to be no less than
its RHS:

avaT ot H Fi(pj) =21 -7~ CWZPT i H Fi(p;), pj=js, j<k—1

Jj=i+1 J=it1
@OWHFJ'(P]')(Z/)T - 1<I>f+11)>1_7 avaT i1 H )
= =t Jj=i+1
o R 1] B, (1+Zpk Cel)21-y- mZPT “ I B
j=k+1 il
1—v-— CWZZ . pT i 1H] Z+1F»(pj) a

<~ Fk(pk) .
PP T s Fi(py) (L4 o phi @l o 1+ i)

D. Analysis of the GMC

The state of the GMC is a T-dimensional vector n = (nr,nr_1,---,n;) with its i-th to last element denoting
the number of slots with rental state i. As the GMC has I inventory slots, EiT=1 n; = I for any state n. We
denote by N(I)={n: n; >0, ZiTzl n; = I'}, the set containing all the possible states of the GMC. The
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cardinality of AV/(I) is (I +?_1), which quickly explodes in both T" and I. Our purpose is to calculate a(I;p),
the probability that a slot initiates an agreement, given it is in the idle state. Naturally, «(I;p) is a decreasing
function of I for a given demand distribution D for rentals; the larger the inventory is, the more the number
of idle slots on average is, and hence the less is the probability that an idle slot initiates an agreement. We

first derive the GMC'’s state transition probabilities and then find the stationary probability of each state.

D.1. GMC’s State Transition Probabilities

We consider the arbitrary states n= (np,nr_1, -+ ,n1) and n’ = (n,nl_,,--- ,n}) and aim to calculate the
probability wyy,, with which the GMC transitions from n to n'. Let C' be the random number of slots, out
of the n; slots in rental state i, that transition to state ¢ — 1. Because all the n, slots with rental state 1
transition to the idle state (rental state T') with certainty, C;"* =0 wp 1. Moreover, the other non-idle slots
either become idle (via a buyout or a return) or their rental states decrease by 1 (via continuing the rental).
As such, for all ¢ € [2: T, to have n}_; slots with rental state ¢ — 1 after the n —n’ transition, n}_; slots out
of the n; slots with rental state ¢ must transition to rental state ¢ — 1, i.e, C}"" =n/_;, and the remaining
n; —nj_; slots must become idle. Note that n; >n}_; for i € [2:T], is a necessary condition for n and n' to
communicate. The transition under study occurs if and only if C}"* =n/_, for i € [2:T] and C{* =0:

T T
P(Cyt = 0,00 =n!_, for i € [2:T]) =P(C7* = 0) [[ P(C =nl_,) = [[P(C =n_,), (40)
=2

=2
where the first and second equalities hold as non-idle slots evolve independently and C7* =0 wp 1, respectively.

Next, we calculate each of the probabilities in the final product in (40) for two cases of i € [2: T — 1]
and ¢ =T. We denote the Binomial random variable with n trials and success probability ¢ by X (n,q). For
i €[2:T — 1], each non-idle slot transitions from rental state ¢ to ¢ —1 wp pF;(p;) and transitions to the
idle rental state wp 1 — p+ pF(p;) =1 — pF;(p;). As such, C;" has Binomial distribution with n; trials and
success probability of pF;(p;):

P(C =n,_ ) =P(X(ns,pFi(p;))=n._,) for i€[2:T—1]. (41)

The event C7T = n/._; involves the random demand D since C}7 is the number of idle slots that become
non-idle and initiate a rental agreement in the transition; if n._; =nr, i.e., if all the ny idle slots initiate an
agreement, then the event C77 =n/._; occurs if and only if D > np =n/_;. On the other hand, if nf_; <nr,
i.e., if some of the idle slots initiate a rental agreement, then the event C7" =n/._; occurs if and only if

D =n/._,. Hence,
P(Cr" =np ) =P(DZnp )y —np +P(D =07 )y np (42)

Inserting the probabilities in (41) and (42) into (40), we get the probability wpy, (p, I) of the GMC transitioning

from state n = (ng, - ,nq1) ton' = (nk,---,n}) as
T-1
Wnn' (p,[) = (P(D > n,T—l)]In'TflznT +P(D :n/T—l)][n’T71<nT) H P(X(nz,pE(pJ) :n;—l)
i=2

for n,n' € N(I) with n; >n/_, for i€ [2:T]. (43)
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D.2. The GMC’s Agreement Initiation Probability and Utilization Rate

Next, we calculate a(I; p), which is identical for all the I slots due to symmetry. So wlog, we focus on slot 1 for
derivation of a(I;p). Let V,, = {n : nr =m} be the class of the GMC states with m < I idle slots. Suppose that
the GMC is in state i € \V,,. Because each slot is equally likely to be one of the idle slots, slot 1 is idle wp m/I.
Conditional on slot 1 being idle and realized demand being d, slot 1 initiates an agreement wp min{d, m}/m.
Accordingly, the probability of slot 1 initiating an agreement is 7' (d/m)P(D = d) + P(D > m). These

probabilities are required for derivation of «(I;p) through the manipulations below:
a(I;p) = P(slot 1 initiates an agreement | slot 1 is idle)

I
= Z P(slot 1 initiates an agreement | slot 1 is idle, m idle slots)P(m idle slots | slot 1 is idle)

m=1
1 m—1 . PR .
_ Z ( (d/m)P(D=d) + P(D > m)) P;(m 1d.h? slots)P(slot 1 is 1.dl§ | m 1'd-le slots)
b > i, P(i idle slots)P(slot 1 is idle | 4 idle slots)
1 m—1

(d/m)P(D=d)+P(D > m)) Z%:nez/\:/m Wn(l;?;.(gé-[/)l)
' i=1 nenN; T4} 7

z; (SIS dP(D = d) + mP(D 2 m)) T e, 7n15P)
Zi:liZneNi Wn(l;p)

where 7, (I;p) is the stationary probability of state i of GMC with I slots under price path p. As evident in

Il
/N

3
Il
=
a

; (44)

(44), a(I;p) is not slot specific and same for all slots. We have this symmetry as m/I is the steady-state
probability for slot 1 being idle, conditional on m idle slots.

D.3. The GMC’s Profit Rate

Using the stationary probabilities for a GMC with I slots each offering agreements of term 7" with the price
path p, we formulate the profit rate:
Re@. D)= Y mn@1) > wan (P, D)rnm(p, 1),
neN(I) n’eN(I)
where 7,/ (p, I) is the expected profit for the n —n’ transition.

In the n —n' transition, the number of slots out of the n; slots that transition from rental state i to
i—11is n)_,; for i € [2:T]. All these transitions generate s in profit. The rest of the slots, i.e., n; —nj_;
slots, transition to the idle state. The profits associated with these transitions depend on the number of
buyouts. Let B; <n; —n/_; be the random number of slots out of the n; —n_; slots that return to the idle
state from rental state i via buyout. Each of these B; slots generates the revenue p; and incurs the cost c.
So, conditional on B; buyouts, the profit obtained from transitions from state ¢ is B;(p; —¢) +n._;s. The
event B;=j € [0:n; —n/_,] occurs if j slots become idle with a buyout —each occurring wp pF;(p;)— and
n; —n_, — j slots become idle with a return —each occurring wp 1 — p. Burrowing notation of Appendix D.1,

PO Bieg) )T R (o) (1= )

P(Bi=j|C" =ni 1) = —fmm oy = =
: P(C7 =nly) <n;i1)<pFi<pi>> (1= pFi(pa))"

() ) (Bt)
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_ g PE@) 2T —
_P(X(nl ni_l’lpri(pi))_j) for 1€[2:T-1],

and accordingly for the expected profit 7¢ _,(p;) associated with slots leaving state i, we have

(ni —n_,)pFi(p:)
1 —pFi(ps)

Each slot that is in rental state 1 transitions to the idle state with certainty, either via sales wp p and

T (D) =115+ (pi—c) for i€[2:T—1].

the profit s — ¢ or via item return wp (1 — p) and no revenue. The profit associated with slots leaving state

Lisrl ,=mnip(s—c). Finally, the profit from the n/._, slots that initiate an agreement is rZ _, =n/._,s. In

T—

conclusion, we find 7y (p, 1) =75, + 3 rh (p;) + 7k, for communicating states n,n’ € N(I).

E. The Independence Approximation: Supplementary Discussion and Evaluation

E.1. Approximation of Agreement Initiation Probability under an Arbitrary Price Path

In (21), we approximate the agreement initiation probability under a fixed utilization and direct our attention
to buyout price paths p that yield the utilization. However, we can approximate this probability outside the
context of fixed utilization for an arbitrary buyout price path p. Under the independence approximation, the
stationary probability of any slot being idle is 7r(c;p), obtained from Lemma 1, identical to and independent
of other slots. Conditional on slot 1 being idle, there are m total idle slots when m — 1 of the I — 1 other

independent slots are idle. This probability is equal to P(X (I —1,77(a;p)) =m — 1), which we use to find o

a = P(slot 1 initiates an agreement | slot 1 is idle)

1
Z P(slot 1 initiates an agreement | slot 1 is idle, m idle slots)P(m idle slots | slot 1 is idle)
1

3
Il

[
M~

(mzl(d/m)P(D —d)+P(D=m)) (éﬂ) mr(p; 0)"™ (1= mr(p ) " (45)

We define o (I; p) to be the solution in « to (45), which serves as our approximation for the agreement initiation
probability under price path p. In the special case of I =1, from (45) and (44), o*(1;p) = a(1;p) =P(D > 1),
as expected. When we fix idleness at v as in §6.1, we let v be 77 (p; o (I;p)), and with a slight abuse of
notation we write o (I,v) for o (I;p). Substituting v for 77 (p;a®(I;p)) in (45) yields (21).
E.2. Evaluation of the Independence Approximation
For the calculations of this section, we consider exponentially distributed valuations with mean $120 and
Poisson distributed demand D with mean pu, i.e., Fy(p) = F(p) =1 — e P2 for k> 2 and P(D =d) =
ule=*/(d!). Also, we fix the rental fee at $60 per period and the replacement cost at $80.
We first evaluate the performance of the independence approximation for a GMC with T'=6. To do so, for
a common price path p, we obtain «(I;p) from (44) and o (I;p) from (45) and then determine the absolute
approximation error |a(I;p) — o (I;p)|. We calculate the error for each possible combination of u € {1,2,3}
and I €{1,3,6,9,12}. For each combination, we set p equal to the approximate optimal buyout prices (see
the discussion surrounding (23) on how we obtain these prices) for calculation of «(I;p) and o (I;p).
Table 2 reports the absolute approximation errors for each combination of p and I as well as the utilization

1 —~ of the GMC at the considered price path. Except for two values, the utilizations are between 45% and
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Table 2 Rounded independence approximation errors for T'=6 and s = 60.

n=1 n=2 nw=3
I[1—y o of Jeror||1—y a aof Jerror][1—y «a of error]
1| 0.65 0.63 0.63 .000| 0.71 0.83 0.86 .000| 0.73 0.95 0.95 .000
3] 0.58 0.49 0.51 .015| 0.69 0.79 0.79 .005| 0.72 0.91 091 .001
6| 0.45 0.31 0.33 012 0.64 0.65 0.67 .020| 0.70 0.84 0.84 .007
9| 033 0.18 0.19 .001| 0.57 0.50 0.53 .024 1 0.67 0.74 0.76 .019
12| 0.24 0.12 0.12 .000| 0.47 0.36 0.39 .009| 0.62 0.63 0.66  .027

75%, in line with the industry figures. The average absolute approximation error is 0.009 while across all
instances, the error is less than 3 percentage points.

For completeness, we carry out the above evaluation for a GMC with T'= 12 under each possible combination
of p€{1,2,3} and I € [1:6]. We do not consider larger values of I as the transition probability matrix
becomes prohibitively large rendering stationary probability calculations intractable. In line with the case of
T =6, the average approximation absolute error is small at 0.007 for the 18 instances considered.

To round out the evaluation of the independence approximation, for the GMC’s in Table 2 with I =3,
we determine the percentage decrease in the profit rate because of deviating from the optimal to the
approximately optimal buyout prices. We obtain the optimal profit rates by searching over the price grid
formed by discretizing the interval for each buyout price in increments of 5. For example, the considered
values for p, are {60,65,---,4 x 60}. The percent decrease in the profit rate for py=1, p=2 and p=3
are all extremely small respectively at 0.06%, 0.09% and 0.07%. Judging from different types of numerical

experiments above, the independence approximation sufficiently captures the GMC dynamics.

E.3. The Inventory-only Optimization Problem

Under the independence approximation, to find the optimal inventory for a fixed buyout price path p, we
solve max;{I Ry (p; ) — wl : a solves (45)}. This entails finding the agreement initiation probability from

(45) under p for each value of I.
F. Mathematica Code

For Remark 1, we present the code for evaluating R,(p) and its second derivatives wrt p, and pj:

(*Specifying valuation distributionx*)

Flp_, \[Lambdal_] := CDF[ExponentialDistribution[1/\[Lambdal]l, p];
Fbar[p_, \[Lambdal_] := 1 - F[p, \[Lambdall;

(*Specifying functions of stationary probabilities)

Subscript [\[Pi], 4] [p_, \[Alphal_, \[Rho]l_, \[Lambda]l_] := 1/(
1 + \[Alphal + \[Alphal \!\(

\#UnderoverscriptBox [\ (\[Sum]\), \ (i = 1\), \(2\)I\((
\*SuperscriptBox [\ (\[Rho]\), \(4 - i - 1\)] \(
\*UnderoverscriptBox [\ (\ [Product]\), \(j = i + 1\), \(B\)IF[
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pINCIVNGWDNANT, \[LambdalI\))\)\));
Subscript [\[Pi], 3]1[

p_, \[Alphal_, \[Rho]l_, \[Lambda]_]
4] [p, \[Alphal, \[Rhol, \[Lambdall ;
Subscript [\[Pil, 2][

p_, \[Alphal_, \[Rhol_, \[Lambda]_] \[Alpha] Subscript[\[Pil,
4] [p, \[Alphal, \[Rho], \[Lambdal] \[Rho] \!\(
\*UnderoverscriptBox [\ (\ [Product]\), \(j = 3\), \(B\)I\(FI[
pINC[3IN)], \[Lambdall\)\);

Subscript [\[Pi], 1]1[

p_, \[Alphal_, \[Rhol_, \[Lambda]_] := \[Alpha] Subscript[\[Pi],
41[p, \[Alphal, \[Rho], \[Lambdal]l \[Rho]"2 \!\(
\*UnderoverscriptBox [\ (\[Product]\), \(j = 2\), \BVI\(F[
pINC[3IN)], \[Lambdall\)\);

\ [Alpha] Subscript[\[Pil,

(*Specifying the profit rate function for T=4%*)

Subscript[R, 4] [p_, \[Alphal_, \[Rho]l_, \[Lambdal_, s_,

c_] := \[Alpha] Subscript[\[Pil, 41[

p, \[Alphal, \[Rhol, \[Lambda]]l s + \[Rho]l Subscript[\[Pi], 3][
p> \[Alphal, \[Rhol, \[Lambdal]l (F[p[[3]1], \[Lambdall s

+

Fbar[p[[3]], \[Lambda]] (p[[3]1] - c)) + \[Rho] Subscript[\[Pi],
21 [p, \[Alphal, \[Rhol, \[Lambdal]l (F[p[[2]], \[Lambdal]l s

+

Fbar[p[[2]], \[Lambda]] (p[[2]] - c)) + \[Rho] Subscript[\[Pi],
11[p, \[Alphal, \[Rho], \[Lambdall (s - c);

(*Specifying the cross derivate function wrt Subscript[p, 2] and Subscript[p, 3] and \

evaluating itx)

Subscript [DR, 4]1[s_, p2_, p3_, \[Alphal_, \[Rhol_, \[Lambdal_, c_] :=
D[D[Subscript[R,

4] [{s, Subscript[p, 2], Subscriptlp,

31}, \[Alphal, \[Rhol, \[Lambdal, s, cl, Subscriptlp, 211,
Subscript[p, 311 /. {Subscript[p, 2] -> p2,

Subscript[p, 3] -> p3};

Subscript [DR, 4][300, 400, 500, 0.8, 0.92°3, 120, 300]



