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Figure1l: Harmonicvolumetricmappingfrom a solid polycubemodel(a)to the solid Buddhamodel(b).(c) is the color-codeddistanceeld
of the Buddhainterior. This colorcodeddistanceeld is transferredrom the Buddhato the polycubemodelasshowvn in (d). (e) and(g)
shav the tetrahedrameshof the polycubemodelwith two differentcross-sectiondlt is utilized to remestthe solid Buddhamodel;andthe
resultsarevisualizedwith correspondingross-sections (f) and(h), respectiely.

Abstract

Harmonicvolumetric mappingfor two solid objectsestablishea
one-to-onesmoothcorrespondencbetweerthem. It nds its ap-
plicationsin shaperegistration and analysis,shaperetrieval, in-
formationreuse,and material/tature transplant.In sharpcontrast
to harmonicsurface mappingtechniqueslittle researcthasbeen
conductedor designingvolumetricmappingalgorithmsdueto its
technicalkhallengesin this paperwe developanautomaticandef-
fective algorithmfor computingharmonicvolumetricmappingbe-
tweentwo modelsof thesameopology Givenaboundarymapping
betweentwo models,the volumetric (interior) mappingis derived
by solving a linear systemconstructedrom a boundarymethod
called the fundamentalsolution method The mappingis repre-
sentedas a setof pointswith differentweightsin the vicinity of
the solid boundary In a nutshell,our algorithmis a true meshless
method(with no needof speci c connectity) andthe behaior of
the interior region is directly determinecby the boundary These
two propertieshelp improve the computationakf ciency andro-
bustness.Therefore our algorithmcanbe appliedto massve vol-
ume datasetswith various geometricprimitives and topological
types. We demonstratehe utility andefcacy of our algorithmin
shaperegistration,informationreuse deformationsequenceanaly-
sis, tetrahedratemeshingandsolid texture synthesis.
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2 SBU: Story Brook Univ.,USA. e-mail:xinli@cs.sunysb.edu
Yemail:xguo@utdallas.edu

Ze-mail:wanghy@cs.sunysb.edu

XNTU: NaryangTech.Univ., Singapore.e-mail:yhe@ntu.edu.sg
{ e-mail:gu@cs.sunysb.edu

ke-mail:gin@cs.sunysb.edu

1 Introduction

With therapid developmentof modern3D digital acquisitiontech-
nigues,more and more volumetric objectsare routinely obtained
andstoredin shaperepositories How to effectively analyze com-
pare,andsearchtheseobjectsandreusetheirinformationbecomes
atechnicalchallengen the elds of graphicsyision,andcomputer
aidedgeometriadesign.Thedif culties stemfrom thefactthat(1)
shapeof the modeledobjectsvary signi cantly, (2) they areac-
quiredfrom differentviewing positions,and(3) oftentimesshapes
aredeformablewith time-varyingbehaiors. Oneviable approach
for thematchingandanalysispurposes to establistthe correspon-
dencebetweerobjectsof interest. Towardsthisgoal,we needeither
a registrationprocessetweenobjectsor a parameterizatiotech-
niguefrom objectsonto certaincanonicaldomains both of which
arevery dif cult dueto the geometricandtopologicalcompleity
of the underlyingvolumetricobjects. Fundamentallybuilding the
correspondendeetweerpbjectsis equivalentto seekingamapping
from onedomainto anotherwhich becomesneof the key issues
nowadaysin graphicsandsolid modeling elds. Two dimensional
surfacemappingsandthreedimensionalvolumetricmappingsare
mostrelevantanddesere extensve researctinvestigation.

Computingcorrespondencketweertwo surfaceshasbeenwidely
studied,usuallyfor surfacedeformationor morphingpurpose.lts

variation, parameterizinga surface onto planardomainsalso be-
comesa centralresearchopic in the graphicand modelingarea.
Thisarosefrom applicationsuchastexturemapping;andit aidsin

mary scienti c computationsuchas providing domainsfor con-
tinuous surface spline constructionand physically-basedsimula-




tion or deformation. In reality, despitethe necessityof surface
mappingtechniquesjnterior volume datacarriesabundantinfor-
mationincluding material,density texture, etc. (beyond purege-
ometricinformation). Not only the thin-shellof the objectbut the
whole solid modelshouldbe takeninto accountin mary casesof
solid modeling,shapeanalysis andphysically-basedcomputation.
For example,mostof the physically-basedleformationtechniques
arevolume-drizen. Volumetricmappingbetweerobjectsinsteadof
surfacemapping,senesasa betterandmoreaccurateool for this
task. In spite of this strongneed,dueto its technicalchallenges
and computationatompleity, muchlesswork hasbeenactually
carriedoutin volumetricmappingcomparedvith the surfacecase.
In this paper we aim to pursuea rohust, ef cient, andaccurateal-
gorithmto computetheharmonicvolumetricmappingbetweertwo
solid objects. We make useof the boundarymethod,in which the
behaior of the interior region of the volume datais determined
only by its surface boundary thus naturally reducesthis volume
problemto that of its boundarysurfacescale. The harmonicityof
themappingis guaranteetby the fundamentasolutionmethod.

Harmonicityof the mapscharacterizesmoothnessyhichis a nat-
ural phenomenoithat depictsthe minimized physical enegy con-
guration that arisesfrom the differencebetweentwo shapes.In

the surfacecase harmonicmappingtriesto achieve this by vanish-
ing onthesourcesurfacethe Laplace-Beltramoperator Intuitively

speaking, nding a harmonicmappingbetweentwo surfaceswith

x edboundarycorrespondends like computingthe nal deforma-
tion of a rubbermembrane The membranéiasthe sourcesurface
asits relaxed shapecon guration, andis wrappedonto the tamget
shapewith certain x ed boundaryconstraints. The mappingthat
leadsto the physically-natural nal deformationshouldminimize
the harmonicenegy andis what the algorithm aimsto achiee.

Similarly, for harmonicvolumetricmapping,we x the boundary
mapping,which is now a surlacemappingbetweerthe two given

solid objects. Thenwe seeka smoothinterior region mappingby

enforcing3D Laplacianeverywhereto be zero. Thisis equivalent
to arriving atthe nal stablecon guration of a solid rubbersubject
to its boundaryshapeconstraint.

Unlike the surfacecase the variationalprocedurehatminimizesa
prede nedenegy needgo adjusta muchlarger numberof points,
which usually resultsin an intolerable computationcompleity.

Accordingto the maximumprinciple of harmonicfunctions,inte-
rior valueof a smooth eld is determinecby its boundarysetting.
Thereforewe canusea boundarymethodcalled methodof funda-
mentalsolution (MFS) to solve this problem,hencereducingthe
volumetricsolid problemto justthe boundarysurfacescale.To our
bestknowledge thisis the rst work in thecomputergraphicsarea
thatMFS is employedto solve the volumetricmappingproblem.

Several applicationsare usedto demonstratehe efcacy of our
mappingtechnique. Theseapplicationsalsoshav the importance
of thevolumetricharmonicmapping.The rst andnaturalapplica-
tionis to usethis correspondend® establisharegistrationbetween
two solid models. Informationon onemodelcanbe transferredo
another;thus material,texture and disparatefunctionsde ned on
a volumedomaincanbe transplantedand reusedeasily With the
registrationbeingestablishedwe canalsomeasurehedistancebe-
tweenshapesaturallyby the enegy requiredto deformonesolid
objectto the other We are ableto visualizethe deformationen-
emy distribution, which aids in shapeand deformationsequence
analysis. Seconda solid parameterizatioman be computedonce
we have the mappingbetweena solid objectand a canonical3D
domain. We transplantthe tetrahedralizatiorof standardregular
shapessuchas polycubesonto other objects. Sucha remeshing
mechanisnprovidesahighly regulartetrahedrorstructurefor com-
plex solid objects,which makesthe geometryoperationandcom-
putationsmoreef cient, andsuitablefor graphicshardwareaccel-

eration.Third, our methodcanbeusedfor asolid texturesynthesis,
which createssolid texture from the object's boundarysurfacetex-
turemapping.

Our speci ¢ contributionsarethreefold:

1. Wedevelopasimpleandef cient algorithmthatcanrobustly
andautomaticallycomputethe harmonicvolumetricmapping
from onevolumetricobjectto another

2. Tothebestof ourknowledge,thisis the rst attemptto bring
the fundamentakolution methodinto the graphicmodeling
community The techniqueis an ef cient meshlesound-
ary methodwith greatpotential. Earlierwork providessome
theoreticablinalysisfrom themathematicendmechanicaén-
gineeringpoint of view, but it lacksexperimentalvalidation.
We conductexperimentson the problemof computinghar
monicvolumetricmappingusingthis method;andwe provide
somevaluablesuggestionsf usingthis methodin themodel-
ing area.

3. We demonstrat@ur harmonicvolumetricmappingwith sev-
eral applications,which not only illustrate our mappingre-
sults, but also shawv the strongpotentialof volumetric map-
ping asatool for future graphicsandmodelingresearch.

We will briey review therelatedliteraturein Section2. Thenwe
introducethe theoryandalgorithmof our methodin Section3, fol-
lowedby Section4 with someimplementatiordetailsandproperty
discussionsFinally, we demonstrateur experimentakresultswith
someapplicationsn Section5 andconcludeourwork in Section6.

2 Related Work and Background Knowledg e

Harmonicmapshave beenextensiely studiedin the literature of

surfaceparameterizationlt is addressedrom the point of view of

minimizing Dirichlet Enegy. Thediscreteversionof harmonicen-
ergy was rst proposedyy Pinkall andPolthier[Pinkall andPolth-
ier 1993] andlater introducedto computergraphics eld in work

of Eck et al. [Eck et al. 1995]. By discretizingthe enegy de-
ned in [Pinkall andPolthier1993], Desbrunet al. [Desbrunet al.

2002] constructedree-boundanharmonicmaps. More harmonic
andconformalmapsarestudiedandsureyed by FloaterandHor-

mann[Floaterand Hormann2005]. The harmonicmapsbetween
surfacesarosefrom shapeblending [Kanai et al. 1998] and are
widely usedin shapemorphingapplicationlater [Lee et al. 1999;
Michikawa et al. 2001; Praunet al. 2001; Kraevoy and Shefer

2004;Schreineetal. 2004].

Harmonicityin volumetricsensas similarly de ned asthevanish-
ing Laplacian,representinghe smoothnes®sf the mappingfunc-
tion. Wanget al. [Wanget al. 2004b] studiedthe formula of har

monic enegy de ned on tetrahedraimeshand computedthe dis-
cretevolumetricharmonicmapsvia a variationalprocedure.Ju et
al. [Juetal. 2005]generalizedhe meanvaluecoordinategFloater
2003]from surfacesto volumesandbuilt a smoothvolumetricin-

terpolationbasedon this.

We constructthe mappingthrougha meshlesgrocedureby using
a boundarymethodcalled methodof fundamentakolution(MFS).

Notablework amongboundarymethodgfor solvingelliptic partial
differential equations(PDESs) includesthe classicalboundaryin-

tegral equationand boundaryelementmethod(BIE/BEM), which

hasbeenwidely usedin mary engineeringapplicationgBanerjee
1994], andwasintroducedinto computergraphicsfor the simula-
tion of deformableobjectsin [Jamesand Pai 1999]. One of the
major advantagesof the BIE/BEM over the traditional nite ele-
mentmethod(FEM) and nite differencemethod(FDM) is that



only boundarydiscretizationis usuallyrequiredratherthantheen-
tire domaindiscretizatiomeededor solvingthePDEsnumerically
Comparedvith the BIE/BEM approachthe MFS usesonly thefun-
damentabolutionin the constructiorof the solutionof a problem,
without usingary integralsover boundaryelements Furthermore,
the MFS is atrue meshlessnethod,sinceonly boundarynodesare
necessarjor all thecomputation:‘Meshless"hasthe advantageof
simplicity thatneitherdomainnor meshconnecwity is requiredin
storageandcomputationsoit becomesery attractve in scienti ¢
computingandmodeling[Belytschlo etal. 1996;Guoetal. 2006].
A comprehensk review of the MFS andkernelfunctionsfor solv-
ing mary elliptic PDE problemswas documentedn [Fairweather
andKarageoghis 1998].

3 Theory and Algorithm

To computea volumetricmap f~ from a given solid objectM ; to
anotherM; is equivalentto building up a smoothone-to-onecor
respondencéetweenthem. The boundaryconstraintis a surface

mappingf= from the boundarysurfaceof M 1, denotedas @ 1, to
theboundarysurfaceof Mz, @M .

Our problemsettingis in R®, sothemappingf(p) = g (p 2 M1,

andg 2 M) canbe decomposeihto threecomponentgor three
axesasf 1;f2, andf ;. In eachdirection,f; mapsthe pointp onto
acomponenty of g. This problemis reducedo the computations
of three separate ;, with boundarymappingconstraintsin each
correspondin@uxis.

3.1 An Intuitive Explanation of Our Ideas

We rst introduceour ideasin an intuitive way from the electro-
staticspoint of view. Our tamgetis the smoothmappingin each
direction:f;. It isjustlike building upasmoothscalareld de ned
in theregion M 1 with givenboundaryconditions.This smoothness
canbesimulatedusinganelectric eld. Many electricparticlesare
placedoutsideof M 1; eachof themhassomeamountof chages.
If theelectric eld of theseparticlessimulateghe boundarycondi-
tion(orin otherwords,we make theelectricpotentialon thebound-
ary surface@\ ; to have thef;'s boundaryconstraintvalue); then
we canusethis electric particle systemto simulateour mapping,
which is rigorously written as a partial differential equationwith
boundaryconditionsin Section3.2. The electric eld providesa
correctsimulationfor our problembecausehe electric eld is har
monic, andit satis esthe vanishingLaplacianeverywherein R?,
exceptfor the positionswheretheseparticlesare placed. There-
fore,we alsocall theseparticlessingularity pointsor source points
andwe placethemoutsideof M ;.

Sincethe electric eld guaranteeshe vanishingLaplacianevery-

where,we only needto enforcethe boundaryconditionswith these
particles.If we x their positions,how mary chageseachparticle
shouldcarryarethefreedomswe try to solve in orderto enforcethe
boundaryconstraint Whenall thesefreedomsaresettleddown, the
valueof fi onary interior pointis the electricpotentialin that po-

sition. In Section3.2,we will shav the kernelfunctionof the fun-

damentalsolutionmethodto 3D harmonicproblemhasthe same
formulaof how we computepotentialin theelectric eld.

Intuitively, if we have denseenoughparticlesplacedoutsideof M 1,
a boundaryconditionis alwaysableto be well approximatedex-
ceptin somehighly discontinuoudboundaryregions. For morede-
tails we referreadergo [Garabediari998].

3.2 Problem Formulations

We now formulatethe volumetricmappingproblemasfollows:

GivenamappingbetweertheboundarysurfacesaM 1 and@M ;:
f%p)=q,p 2 @11;q 2 @, ourgoalisto computeamapping

f7:M1! My suchthat
1
¢f(p)=20 p2My,;
(p) = Ap) p2 @M
wherethe¢ is de ned continuouslyin 3D as
@ ,06 ., 0.
@& @ @

and¢ f~= Ofor f"= (fo;f1;f2) isequialentto ¢ f; = O for all
i=1,23.

Since¢ is alinear self-adjointdifferential operator we cancom-
puteits GreenFunction: given¢ f;(x) = g (x), we denote¢ i *
astheinverseof theoperator¢ , ¢¢ ' 1 = | wherel is theidentity
operatorandwe canwrite thesolutionasf; (x) = ¢ | 1g (x).

Note that ¢ ' *gi(x) = |:\)K (x;x%g (x%dx®, here the kernel
K (x; x°) is the Greens function associateavith ¢ , andwe want
thatit satises¢ K (x;x% = #x j x% wherex(x j x9 is the
Dirac function.

The solutionto the aborve equationcanthusbe written in termsof
theKernelfunctionas
z

fix) = Kx;x%g (x%dx"

The Kernel function of 3D Laplacianoperatoris knowvn to be
K (x;x9) = 2o wherejx i x% denotesthe distancebe-
tweenthepointsx andx®

Sincef; in the interior region is determinedoy the boundaryval-
ues,we solwe it usingFundamentaBolutionMethod(MFS) [Fair-
weatherand Karageoghis 1998] with the above kernel. Thelin-
earnatureof Laplacianoperatorindicatesthatthe boundary-based
methodsuchasMFSis mostsuitablesincetheinterioris now repre-
sentedn anexactmannerwe only needto enforcea givenbound-
ary condition function 0, or f ° for eachf;. The approximation
equationwe useto evaluatef ; onaninterior or boundarypointp is

Xs
fi(w;Q;P) = wy ¢k(P;Qn);P 2 My: 1)

n=1

In theabore equationw = (wy; wWo; thNS)T is the vectorof un-
known coefcients we wantto solve, representinghe chagescar
ried by eachparticle,whereNs is the numberof sourcepoints. In
addition, Q is a 3Ns-dimensionalvector containingpositionsof
all Ns three-dimensionatourcepoints. As we introducedabove,
Qn 2 R% n = 1; ¢e¢; N lies outsideof M 1, in otherwords,they
areplacedontheboundary@ 1 of aregion1, containingM (i.e.
M1 % 1)

Notethat,with arbitraryw, f; satis estheLaplacianoperatoiin an

exactmannein theinteriorregionbut usuallyviolatestheboundary
conditions. Hencewe solwe the setof expansionconstraintsw to

t theboundaryconditions.This tting processeducedo alinear
system:

Aw=0:



Matrix A hasits elementA;s = Kk(P,;Qs) with P, be-
ing the constaint point (also called collocation point) on the
boundary @11, and Qs being the souice point on @f/ll. B
is the vector of imagesof these collocation points under the
boundary condition, i.e. B = fbi;b,;0¢hy " =
1P fUP2); ¢ee; fAPn.)g", whereN, is the numberof
collocationpoints.

3.3 Algorithm

Thealgorithmic o w is asfollows:

In: Two solid objectsM ;1 and M, andtheir boundarysurface

mappingf®: @11 ! @2:

Out: A harmonicvolumetric mappingf™ : M1 ! M2 s.t. on
boundaryf(p) = 9p);p 2 @ andin the interior re-
gion:%?+ %§+ %E: 0:

(1) Placethe sourcepoints and the collocation points. (Sec-
tion 4.1andSection4.5).

(2) Computethe coefcient matrix usingthe methodof funda-
mentalsolutionswith respecto sourcepointsQ s andcollo-
cationpointsP; accordingto Equationl.

(3) Decomposehe coefcient matrix using SingularValue De-
composition.(Section4.2 andSection4.6).

(4) Solwe this linear systemwith input boundarymappingcon-
straintsf usingthe decompositiorresultfrom Step(3), and

gettheharmonicvolumetricmappingf(representetly Equa-
tion1).

The resultantvolumetric mappingis harmonic,guaranteedby the
kernelfunctionwe used.It minimizesthe harmonicenegy, which
will be discussedn Section4.3.1. We assumethe initial bound-
ary surfacemappingis given asan input, andin Section4.4, we
briey discusshow to obtain this surface mappingwith existing
techniques.

4 Implementation and Discussion

4.1 Placing Source Points and Collocation Points

We placethe sourcepointsuniformly on anoffsetsurfacenearthe
boundarysurfaceof the solid model,asshavn in Figure2(b), the
following procedures arobustway to createsucha sampling.The
reasorthatwe conducthe sourcepointsplacementn this way will
bediscusseth Sectiond.5. Thealgorithmmakesuseof theimplicit
form of the surfaceboundaryof the solid model:

(1) Computethe distanceeld in R® of the given objectbound-
ary surface@ 1 usingtechniquentroducedin [Larsenetal.
2000]. We geta distancesvaluationfunctiondist (p) thatthe
signeddistancefrom ary pointp 2 R® to @1 canbecom-
putedef ciently .

(2) Build anoffsetsurface@ , usingBloomenthalk polygoniza-
tion method[Bloomenthal1994]. It takes an implicit dis-
tanceevaluationfunctiondist 2(p) de nedin R® astheinput.
Thereforeto build the oﬁsetsurface@f/l 1 with distanced to
@M 1, we setsuchinputfunctiondist 2(p) = dist(p) + d.

(3) Uniformly samplen pointson mesh@l ; .

() ) )

Figure2: Volumetricharmonicmappingfrom the solid Igeamodel
to a solid spheremodel. (a) The sourceandtametsolid objectsare
shavn. (b) Sourcepointsare placedon an offset surface. (c) and
(d) Theharmonicenegy distribution of themappingis color-coded
andillustratedon two differentcross-sectionge) Thedeformation
enepy distributionis illustratedover onecross-section.

Thecollocationpointsarechoserfrom theverticesp onthebound-
ary surfaceof sourcesolidmodelp 2 @V 1).

4.2 Solving the Linear System with the Dense Coef -
cient Matrix

As discussedn Section3.2, we want to solve the linear system

Aw = D. Elementin the coefcient matrix A is the valueof the
kernel function on eachcollocationpoint, which is almostnever
zero, making the matrix quite dense. The matrix may be ill-
conditioned[Ramachandrar2002], in which case,regular linear
systemsolverssuchasGaussiareliminationor LU decompositions
oftenfail to producea meaningfulsolution. Singularvaluedecom-
position(SVD) is a stableandrobustapproacHor accurataesults
evenwhenthecoefcient matrixis ill-conditioned. Anotheradwan-
tageis that oncewe have decomposedthe matrix, we canusethe
resultfor rapidly recomputingnev mappingswheneer boundary
conditionschange. This ef ciency alsoarisesfrom the boundary
method detaileddiscussioraboutthis aspecwill be givenin Sec-
tion 4.6. More adwantagesof using SVD in MFS are discussed
in [Ramachandra2002].

4.3 Energy of Volumetric Mapping
4.3.1 Harmonic Energy

Harmonic Enegy measureghe smoothnes®f the mapping. It

is measuredy the integration of the squareof the gradientover
the interior region domain. Both the sourceandthe targetmodels
shouldbe normalizedto unit sizein volumebeforecomputingthe
harmonicenegy. Thetotal harmonicenegy of this mappingis

z
<r f5r > dx: 2

M1

We built avolumetricgrid andcomputethegradientof themapping
on eachgrid point, thenusethe following formulato approximate



theenepy:
X .. .2
jir T(Puviw)ii” evol(pu:viw); 3)

Puiviw2My

wherevol(py:v.w) is the interior volume on grid point py.v:w,
andvol(py.v:w) equalsto the volume of the intersectionof M,
and the small grid cubeCubse, ..., centeredat py,v.w. Here,
the edgelengthof Cubs,, ., ., is the distancebetweentwo adja-
centgrids. We canusethe volumeof Cubs,.,., to approximate
vol(pu:v.w ). With the grid samplingdensityincreasingthe value
of Equation(3) is asymptoticto Equation(2). We usethe sim-
ple volumegrid datastructurebecauset is easyto implementand
efcient in tracingvaluesof its neighboringgrid points: the gradi-
entof theharmonicmappingon eachgrid point canberepresented
by threevectors:r = (r f1;r f2;r f3), sojir F(Puivw)ii® =
jir f1jj2+jjr f2i%+ jjir f3jj2. Intheexampleof Figure2, thehar
monic enegy distribution of the volumetric mappingis colorized
in (c) and (d) over two differentcross-sectionsThe color-coding
schemein our paperis asshavn in the barin (c): redrepresents
maximumwhile bluerepresentsinimum.

4.3.2 Deformation Energy

Oncea correspondencbetweentwo solid objectsis created the
interior voxel point's deformationcan be estimatedeasily This
provides us a formal mechanisito computethe enegy required
to deformoneobjectto another Later we will usethis enegy to
measurehedistancebetweershapesn deformationsequences.

We computethe deformationenegy starting from the classical
strainandstresstensoranalysis.Greens straintensor? is usedto
quantify the local strainundegoing a 3-dimensionatdeformation.
If apointp is mappedo g, thenthe3 £ 3 tensor? hasits elements
2; representeds

@ . @
2. = 2 ¢C— ;i & X
ij @i @j I &j
wherel - i;j - 3areindicesin axisdirections,%; is the Kro-
necler delta: 1,

J
j

o |l

1: i
550

Accordingto differential geometry this strain tensoris invariant
underrigid transformationand vanishesunderidentity mapping.
The stresstensorrepresentshe information of the internalforces
underthe deformation. A simpli ed linear form of elasticstress
with theassumptiorof isotropy is de ned as

x3
Y = CkkE + 225

k=1
where, and! aretwo Lamé constantof material, respectrely
representingigidity andresistancéo volumedilation change For
example,in mostof our experimentsyve pick the parameteof rub-
beri.e.,, = 0:0335! = 0:0224. Theelasticpotentialdensity’
onthis pointp is measuredby

; _1)(3)@
(p)—E

i=1 i=1

Y5 %,

representinghe internal elastic enegy underthe shapechange.
Similar to Equation(3), the total deformationenegy of this vol-
umetricmappingis computedoy

X

“(Puiviw) Svol(pu;viw): 4)

Pu;v;w2Mq

Figure 2(e) color-codesthe deformationenegy distribution of the
volumetricmappingfrom solid Igeamodelto the solid sphere.

4.4 Initial Boundar y Surface Mapping

)

Figure3: Differentboundaryconditiondeadto differentvolumetric
mappingresultseven for the sametarget object. Volumetricmap-
pingsfrom the solid Teapotmodelto a solid Cup model(a) under
two differentboundarymappingconditions(see(c) and(e)) have
differentharmonicityasshavn in (d) and(f) (enegy distributions
aredepictecdbnthe Teapotmodelrespectiely). (c) and(e) highlight
differentsurfacemappingswith magni ed views.

Our proposedalgorithmis simpleandfully automaticoncetheini-

tial boundarysurfacemappingis provided. Surfacemappingtech-
nigues[Kanai et al. 1998;Leeet al. 1999; Michikawa et al. 2001;
Praunetal. 2001;Kraevoy andShefer 2004;Schreineetal. 2004;
Zayeretal. 2005]canbeusedto build up theinitial boundarymap-
ping. We hopethis surface mappingcreationcan be simple and
automaticas well. On the other hand, the harmonicvolumetric
mappingdependon the initial surlacemapping. How to gener

atesucha mappingandhow the quality of this mappingaffectsthe
volumemappingareworthy of morecomprehensi researctstud-
ies for this topic. Sincethe detaileddiscussiongoesbeyond the
focusof this paper we will only brie y discusshow we geta suit-
ableinitial surfacemapping. We considemappingbetweensolid

objectswith the sametopology thatis, the objectshave pairs of

correspondindoundarysurfaces. Considerthe mappingbetween
eachsurfacepair: (1) If the boundarysurfacesare closedgenus
zerosurfaces the conformalsurfacemappingsufces. This map-



ping can be computed/combinethroughthe conformalmapping
betweenthe surfaceand a sphere[Guet al. 2004]. (2) If the sur
facesare of highergenus,we prefer a globally smoothmapping
andcomputetheir quasiconformamappingastheinitial boundary
conditionusingtechniquesntroducedn [Li etal. 2007].

Volumetric mappingsbetweentwo objectsdiffer under different
surface boundarymapping conditions. Our experimentdemon-
stratesthis in Fig 3. The harmonicvolumetric mappingsfrom

the solid Teapotmodelto the solid Cup modelhave differenthar

monicity undertwo differentboundarysurfacemappings(ashavn

in (a)). We renderthe meshconnectwity for the pointson the tar

get boundarysurfacesto bettervisualize the boundarycondition
differences((c),(e)). The secondboundarymappingcondition is

smoother(e)hanthe rst one(c);it leadsto avolumetricmapping(f)
with smallerharmonicenegy. The harmonicenegy distributions
for two volumetricmappingsarevisualizedonthe Teapoimmodelus-
ing a samecross-sectionThe color-codingschemeusedin (d),(f)

is asthebardepictsin (b).

In the nearfuture, we will examinethe technicalissueof how the
surfacemappingandthevolumetricmappingarerelatedin a quan-
titative way, andhow one mappingguidesthe computationof the
other By adjustingthe surface boundarymappingcondition ac-
cordingly we will pursuethe free boundaryvolumetric mapping
with minimumharmonicenengy.

4.5 Discussion on Source and Collocation Point

Placement

(@ &

Figure4: SourcePointsPlacementSourcepointsaresampledei-
theron a boundingsphere(a) or on an offset surfaceof the given
model(b).

Oneimportantissuethat we have to addresss how mary source
pointswe needto useandwhereto placethem. Using our elec-
tric eld model,imaginethatwe arenow trying to re ne our con-
trol of the electric eld behaior usingelectricparticles,the more
particles(i.e., sourcepoints) we have, naturally the more re ned
resultwe shouldbe ableto getwith the increasingcomputational
compleity. On the other hand, numerically their positionsalso
matter If all sourcepointsareplacedin oneposition,therewould
be no way thatwe canachiere moresatistctoryresultswith more
sourcepoints. The positionsof thesesourcepointsactuallydeter
minethebehaior of thecoefcient matrix A , which canbe highly
ill-conditioned[Kitagawa 1988]. The conditionnumberof the ma-

trix generallyincreasessthe distancefrom M1 to M, increases,
thoughtheaccurag of the MFS approximatiorincreasesinderthis
situation[Golbelg and Chen1999]. Thatis to say distantsource
points give a smootherapproximation,but unavoidably introduce
largernumericalerror Theoreticallyoptimalresultsof sourceposi-
tionsareunknaowvn at presenticurrentliteraturesusuallysuggested
placingsourcepointsuniformly on a spherewithin threetimesthe
diameterof M1 [Golberg and Chen1999][Bogomoly 1985], an-
othertype of suggestion§Tanklevich etal. ] is to placethemon a

similar offsetsurfaceof M ;1. The real-world computationsn me-
chanicakengineeringeld usuallychoosehesourceandcollocation
pointsin atrial-and-erromannetror with thehelpof humanexperi-
enceslnspiredby theabove pioneeringwork, we useexperimental
resultsto nd asuitablesettingrule for our mappingproblem,and
guidethesourceandcollocationpointsplacemenin orderto bridge
thegapbetweertheoreticakesultsandpracticalcommonsenses.

We conductexperimentsin the following threeaspectso nd a
suitablecon gurationfor our volumetricmappingproblem:

(1) the shapeof the surface {1 1(sourcepoints are sampledon an
offsetsurfaceor asphere);

(2) thedistancérom M ; to 4
(3) thenumberof the sourcepointsandcollocationpoints.

The experimentalresultsare shavn in chartsplottedin Figure5.
In this gure, Chart(a) plots the boundaryconstrainterror when
source points are placed on a sphere(see Figure 4(a)), while
Chart(b) shavsthecasenvhensourcepointsareonanoffsetsurface
(seeFigure4(b)). In Chart(a), thex-axisis theradiusof thesphere,
denotedas R-Ratio, representedby the ratio of the sphereradius
overtheobjectsize.y-axisshavstheboundasyconstrainerror, de-
notedasC-Error. C-Erroris computedising: b it Ap)i f(p)ji?
for all collocationpointsp. C-Error measureshetotal tting er
ror of our volumetric mappingto the given boundaryconstraints.
Thereforewe useits valueto measureahe quality of our mapping.
Chart(b) shavs the casethatsourcepointsareplacedon the offset
surface;thex-axisis the distancefrom @, to @ 1; its value,de-
noted as O-Distance,is the ratio of the distanceover the source
model size. Their correspondingC-Errorsare plotted in y-axis.
Chart(c) shavs the harmonicenegy values(y-axis) underthe dif-
ferentoffsetsurfacesettingg(x-axis).

Our statisticaldatademonstratethat: (1) The closerto the model
boundarysourcepointsare placed,the smallerthe boundarycon-
straint error can be achieved. (2) Placing sourcepoints on the
sphereis not asgoodason an offset surface. Becauseve require
the objectis totally insidethe interior of the sphere the radiusof
the sphereneedsto be large enoughandthe averagedistancewill
be much larger comparedwith the offset surface placement. (3)
If sourcepointsare placedon an offset surfacetoo closedto the
model, the approximationfor the fundamentakolutionis becom-
ing unstable,which is shavn from the valuesof their harmonic
enegies (Chart(c)). Therefore,in our experimentsand applica-
tions, we usuallyplacesourcepointson an offset surfacewith 0:1
O-Distance.

Chart(d) furthershavs how the numbersf sourcepointsandcon-
straintpointsaffect the boundaryconstrainterrors. We de ne two
ratios cRatio and sRatio, respectiely. The cRatio is de ned
asthe numberof collocationpoints over the numberof boundary
points. ThesRatio is de ned asthe numberof sourcepointsover
the numberof boundarypoints. The x-axisis the sRatio, andthe
y-axis shovs the boundaryconstrainterror Differentcurvesshav
thecasessingdifferentcRatio . We canclearlyseefrom thischart:
thelargertheseratiosare,thesmallerboundaryconstrainerrorwill
beachiezed. Ontheotherhand fewer sourcepointscreateanover
constraintsystemwhich will be solvedin a muchshortertime. In
our experimentswe usuallysetcRatio largerthan0:8 but sRatio
around0:6 for anefcient but well- tted resultsfor largemodels.

Unlike xing thesource/collocatiopointsasdiscusse@bove, the
positionsof sourcepointsand collocationpointscanalsobe con-
sideredasunknavnsin an optimizationprocedurejn which case
they have to be computedalongwith the unknavn weightsduring
theoptimizationprocedureThis necessarilgomplicategheentire
solver andmakesthe computatiorprocedurehighly non-linear
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Figure5: Volumetric mappingsunderdifferent source/collocatiompoint con gurations. (a) shovs the boundaryconstrainterror(C-Error)
underdifferentR-Ratiowhensourcepointsareplacedon spheres(b) and(c) plot theconstrainerror(b)andharmonicenegy(c) respectiely
underdifferentO-Distancevhensourcepointsareplacedon offsetsurfaces.In (d), constrainterrorunderdifferentnumbersof sourcepoints
andcollocationpointsarecompared.The x-axisis the sRatio. The y-axis shavs the constrainterror. Differentcurvesshav the casesinder

differentcRatio.

Neara boundaryregion whosetarget shapeis seriouslywrinkled,

the harmonicmappingmay mapinterior pointsto theoutsideof the

target objectif the source/collocatiompoints nearbyare not dense
enough. Suchsituationcan be effectively remediedby increasing
the density of source/collocatiorpoints aroundthis region adap-
tively.

4.6 Accelerating Volumetric Mappings for Time Series

We decomposehe coefcient matrix A from the MFS using Sin-
gular Value Decomposition(see Section4.2), which provides an
ef cient way to recomputethe volumetric mappingwith different
boundaryconditions. Undera new boundarycon guration B, the
corresponding#® for the new volumetric mappingcan be com-
puteddirectly from Al 1 £ B°. With the decompositiorresults,
Ail=VEWI £ UT, wherethematrix W' ! is adiagonaima-
trix, canbe computeddirectly. Thereforethe decompositiorma-
trix resultscanbereusedinderdifferentboundaryconditions.This

shavs onemoreadwantageof theboundarymethodover variational
methodswhich applyiterationson the entirevolumewheneerthe
boundaryconditionis given. Underanew boundarycondition,vari-
ationalmethodscannot avoid atime-consumingecomputationin
ourapplicationsshavn laterin Section5, we take full advantageof
ourcomputationakf ciency to computealarge numberof sequen-
tial volumetricmappingsin a temporaldeformationsequenceby
decomposing\ only once.

4.7 Comparison with Previous Work

We compareour mappingresultswith the methodintroducedin
[Wangetal. 2004b].In theirwork, thediscretizecharmonicenegy
is de ned on the tetrahedrameshto guidetheir variationalproce-
dure.Oncewe computeour mappingwe canevaluatethemapping
onary interior pointusingEquation(1). We tetrahedralizeur vol-
umedata(in our work we producethe tetrahedralizatiomsing [Si
2006]),thencompareour resultswith Wanget al.'s work in [Wang
etal. 2004b]. As shavn in Figure6, the volumetricmappingfrom
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Figure6: Comparisorwith previouswork. Theinitial tetrahedralizatioof solid Igeamodelis shavn in (a). In (b), thetetrahedrameshon
the solid sphereis transferredrom the solid Igeamodelusingour volumetricmappingalgorithm. The resultcomputedusingWangetal.s
variationaltechniques shawvn in (c). The harmonicenegy distributionsof two volumetricmappingsarecolor-codedon resultantetrahedra

usinga uniform color-codingschemeasshovn in (d).
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Figure8: Harmonicvolumetricmappingfrom the solid Sculpture
model(a)to the polycubemodel(b). (c) color-codesthe distance
eld of the solid polycubeinterior. In (d), the colorcodingof the
transferredlistanceeld is visualizedonthesolid Sculpturemodel.

thesolidlgeamodel(a) to asolid spherecanbevisualizedby trans-
ferring the tetrahedrormeshof the Igeato the solid sphere.Our
resultanttetrahedrormeshon sphere(b) appearso be smoother
thanthe meshproducedn [Wanget al. 2004b](c). This smooth-
nesscanalsobevisualizedfrom the distributionsof the discretized
harmonicenegy of volumetricmappingswhich arecolor-codedin
(b) and(c) usinga uniform schemeg(d).

Another importantadwantageis the meshlessropertyof our al-
gorithm. The discretizationaccurag andthe computationtime of
[Wangetal. 2004b]dependsieaily onthetetrahedralizatiogual-
ity of thesourceobject: denseetrahedralizatiomecessarilyesults
in high computationatomplexity; andirregulartetrahedralization
leadsto numericalerrorin approximatingdiscretizecharmonicen-
emgy. In contrastour algorithmis independenof the connectvity,
andthusis more e xible andcanbeadaptve to ary volumetricdata
setswith spatial-aryingresolution.

5 Experimental Results and Applications

Now we shav someexperimentalresultsof harmonicvolumetric
mappingsin Figure7, Figure1 andFigure8. In Figure7, a solid
Pierrotmodel(a) is mappedo a solid sphergb). Themappingre-
sult canbe visualizedusing (c) and (d). In (c), the distance eld
of the interior region of the solid sphereis color-codedusingthe
schemeshawn in Figure 2(c). Herein Figure 7(d), eachvolume
point p in solid Pierrotmodel(a) is mappedo aninterior point g
in solid spheramodel(b). We transferthe color of g to the position
of p. This color-codeddistanceeld on sourcemodeltransferred

from thetamgetmodelprovidesanintuitive way to visualizethevol-

umetricmappingresult. We call this visualizationmethodColor-

codedDistanceField Transfer Onemoremappingexamplefrom

a solid Max-Planckmodel(e) to the solid sphere(b) is computed
andvisualizedin the sameway asshawvn in (f). Anothermethod
to visualizevolumetricmapsis by the tetrahedraimesh. In (g), a
tetrahedralizatiorof solid Max-Planckmodel (e) is illustratedin

one cross-section.Underthe volumetric mapping,eachvertex of

the tetrahedrameshis mappedto a new positioninside the solid

sphere.For tetrahedrashawvn in the cross-sectiotin (g), their ver

ticesaremappedo new positionsasshavn in (h).

In Figurel, we visualizethevolumetricmappingfrom asolid poly-
cubemodel(a) to a solid Buddhamodel (b). (c) colorcodesthe
distanceeld of the interior region of Buddha;and(d) shaws the
transferedcolor-codeddistanceeld . Figure8 shavs anotherol-
umetricmappingexamplefrom a Sculpturemodel(a) to the poly-
cubemodel(b). (c) color-codesthe distanceeld of the polycube
while (d) shavs thetransfered color-codeddistanceeld .

5.1 Information Reuse

Figure9: Volumetricharmonicmappingfor informationreuse.The
materialonthesolid Moai modelis preseredwhenit deformsdur-
ing theanimation.

Oncethe correspondencbetweentwo volume modelshasbeen
establishedthe tamget object can easily reusethe informationthe
sourcevolume carries. The above Color-coded Distance Field

Transfermethodalreadydemonstratethis. Figure9 shavs another
example.Whenthe Moai modeldeforms the materialinformation
on the original modelis presered by the deformedmodelduring

the deformation. We canseefrom this examplethat the material
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Figure7: Volumetricmappingsbetweensolid objectsandthe solid sphere.The sourcePierrotmodelis depictedin (a); the tagetmodelis
a solid sphere(b).(c) shawvs the color-codeddistanceeld in the solid sphere.(d) visualizesthe volumetricmapping: eachpoint p in the
original modelof (a) is mappedo a point q insidethe solid spherethe tamget positiond's color (asshown in (c)) is transferrecanddepicted
onthe corresponding position(asshowvn in (d)). Anotherexampleon the volumetricmappingfrom the Max-Planckmodel(e) to the solid
spherg(b) is visualizedin (f) by the samecolor-codeddistance eld transfermethod.Tetrahedrameshe®on the Max-Planckmodel(g) are
mappednto the solid sphergh). Their correspondingross-sectionarevisualizedin (g) and(h).

informationcanbetransferrecandreusedwith the help of ourvol-
umetricmapping.Informationreuseandtransferhave morepoten-
tial applicationsin a larger scope,not just limited to materialor
solid texture, but applicablefor all kinds of volumetricfunctions.

The direct applicationwith the already-computedorrespondence
is registration,with which we canmeasurehe differencebetween
two objectsin a quantitatve way and performboth qualitatve and
quantitatve analysisbasedon this matching. We will discussthis
in thefollowing sub-section.

5.2 Shape Matching and Analysis

We usean exampleto demonstratehe applicationof volumetric
mappingson shapematchingandanalysis.In this experiment,we
analyzea horsegallop deformationsequence.We usethe vertex
correspondencprovided in the deformationsequenceas the ini-
tial boundarysurfacemappingto computethevolumetricharmonic
mappingdrom thereferencednitial objectto all of its sequentially
deformedobjects. Thenwe computetheir deformationenegies
basedon thesemappings.This enegy naturallymeasureshe dis-
tancebetweenthe deformedshapeandthe original model. Since
mappingsfrom objectto objecthave beencreatednot only a nu-
mericaldistancevaluebetweerobjects,but alsothe error distribu-
tion can be illustratedon the solid model shaving the stretching
andbendingof the deformation. Note that this procedurecan be
measureckfciently by reusingthe decompositiorresultsdirectly
(seeSectior4.6).

The deformationenegiesof the horsegallop sequenceare shavn
in theFigure 10. We caneasilyseefrom theenegy chartthatthere
arefour runningcyclesin thedata-sebf thedeformatiorsequence.

And with the deformationenegy, we naturally measurenow dif-

ferenteachmodelis from the referencemodel. The distributions
of thedeformatiorenegy requiredfrom thereferencanodelto the
deformedmodelcanbe color-codedandillustrated. Givena sam-
pled modelin the deformationsequencewhich regionshave high
deformatiorenegy concentratiortanbe easilyvisualizedfrom the
color-codeddistribution of the deformationenepgy, aswe depicted
ontheoriginal modelwith cross-sections.

5.3 Tetrahedral Remeshing

Thetetrahedralizationf anobjectcanbetransferredo anotherob-

jectunderthe volumetricmapping. We call it tetrahedial remesh-
ing. As shawn in Figure 1(e)-(h), we usethe regular tetrahedral
meshof asolid polycubemodelto remeshthe solid Buddhamodel.

(e) and(g) shaw the tetrahedrameshon the polycube;(f) and(h)

shav theremeshedolid Buddhamodel. Tetrahedralizatiofor reg-

ular shapedike polycubescan be easily provided. Such highly

regular connectionsoffer greatefciency for geometryprocess-
ing and computatiorfor physically-basedieformationsor simula-

tions[Bridson et al. 2005]. In addition,in orderto take advantage
of graphicshardware accelerationsuchasmodernGPUs,regular

representatiostructureis alwayshighly desirable.

5.4 Volume Texture Synthesis

Our methodcanalsobe usedfor volumetrictexture synthesis.As
shavn in Figure 11, given a 2D texture image, we get the sur
facetexture mapping,thenthe texture appliedon the surfacecan
be smoothlypropagtedto theinterior regionsof solid objects.To
synthesizahe interior texture, we only needto make a changeon



Figurel0: Enegy analysisof deformatiorsequencesThehorsemodelis sequentiallydeformed.Thedeformatiorenegiesarecalculated(red
circles). Thedistribution of the deformatiorenegy requiredfor eachsequentiamodelcanbeillustratedon thereferencemodel.

@ (b) (©

Figure11l: Solid texture synthesis.The solid Pensatorenodeland
the imagetexture are shavn in (a). The surfacetextureis rstly
mappedo the Pensatorenodelasillustratedin (b). We synthesize
theinterior solid textureandillustratea cross-sectiowiew in (c).

theboundarycondition;insteadof usingthetargetboundarypoints
positionswe usethetexture (u; v) coordinatesFigurell(a)shovs
ansolid Pensatorenodel;andwe mapa 2D imagetextureontoits
surfaceasshavn in (b). Thistextureis smoothlyextrapolatednto
theinterior region usingour method.(c) illustratesthe synthesized
solid texture thatcanbe usedfor decoratinghe solid interior.

6 Conclusion

We have presenteda simple, robust, and fully automaticmethod
to computeharmonicvolumetric mapsbasedon a true meshless
boundarymethodcalled the fundamentakolution method(MFS).
This appeardo be the rst attemptto bring this methodinto our
graphicsand modelingcommunity We conductexperimentsto
evaluatetheperformanc®f thefundamentasolutionmethodonthe
harmonicvolumetricmappingproblemin this paper;alsowe sug-
gestthe practicalrulesanddevelop the effective algorithmon the
MFS settings. Thenwe demonstrat®ur mappingresultsin several
applicationssuchasinformationreusedeformatiorsequencanal-
ysis,tetrahedratemeshingandsolid texture synthesisall of which
in turn shaw the strongpotentialof harmonicvolumetricmapping
in graphicsandsolid modeling elds.

Building correspondencebetween solid models and canoni-



cal/regular objectsprovides a naturalmechanisnto facilitate sci-
enti c computationsand graphicalsimulations. If we exploit the
regularstructureof mapped/olumetricdomains(suchspolycubes)
andutilize graphicshardwareaccelerationphysically-basedsimu-
lations(suchassimulatingvolumetricsolid deformationsor uids
in deformablebodies)canbeef ciently performed.

As discussedn Section4.4, our currentvolumetricharmonicmap
dependon theinitial boundarysurfacemapping. In Figure3, we
shav that the volumetric mappingandits boundarysurfacemap-
ping arecloselyrelatedto eachother The harmonicenegy of the
volumetric map keepsdecreasingvith boundarysuriacemapping
gettingsmootherIn thenearfuture,we will usetheharmonicvolu-
metricmappingto guidethevariationalproces®f surfacemapping
towardsthe global enegy optimization (both for boundariesand
solid interiors). Another possibleextensionis notto x the posi-
tions of sourcepointsandcollocationpoints. We cantreatthemas
unknawn variablesn the MFS procedure Althoughthisresultsin a
nonlinearoptimizationprocessit mayalsoleadto afree-boundary
volumetricmappingprocedurdor bettermappingresults.
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