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Abstract

In this paper, we introduce a new surface defor-
mation algorithm by combining the spectral method
with the dual Laplacian editing algorithm. The dual
Laplacian editing algorithm tries to maintain the
Laplacian coordinates of all the vertices before and
after deformation in dual space as much as possible.
By using an iteration process, the local rotational
effects can be achieved to get very natural results. In
our new algorithm, we exploit manifold harmonics
to perform the dual Laplacian editing in frequency
domain. By using a small number of frequencies, the
size of the linear system in each iteration is greatly
decreased, and thus the speed is increased accordingly.
Our experiments shows that our algorithm is particu-
larly suitable for large meshes, and the speed of our
algorithm is much faster than the spatial counterpart.
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1 Introduction

Deformation of geometric meshes is a very basic topic
in computer graphics, especially in areas such as com-
puter animation and computer aided design. Usually,
the user select some vertices (constraints) on a mesh
and explicitly specify their final positions. The posi-
tions of the other vertices are calculated to achieve a
“natural” result which satisfies these constraints. Gen-
erally speaking, a physically correct result often re-
quires solving a complex non-linear system, and thus
costs enormous computation time. However, for many
real-world applications, a merely physical “plausible”
result is good enough.

Previous work tries to approximate the physical de-
formation procedure with a linear system [1]. A com-
mon way to attain such a linear approximation is to
maintain certain geometry properties, e.g. Laplacian
coordinates [2, 3]. The Laplacian coordinate of every
vertex can be represented by a linear combination of
its one-ring neighbors and itself. So it is easy to build
a linear system equalizing the Laplacian coordinates
of all the vertices before and after deformation. Solv-
ing this linear system (in a least-square sense) gives
the final positions of all the vertices after deformation.
However, the local rotational effects cannot be well
captured by a simple linear system. So the results tend
to be unnaturally sheared for the parts with large dis-
placement. The reason is that this method solves the fi-
nal mesh using the final Laplacian coordinates. But the
final Laplacian coordinates are determined by the final
mesh, which is unknown. So this is a chicken-and-egg
problem. To bypass this problem, Au et al. [4] use an
iteration process to gradually correct Laplacian coor-
dinates, and thus get a more natural final mesh. Later,
they introduce the dual mesh of the original mesh to
obtain a more robust algorithm and guarantee the con-
vergency of the algorithm [5].

Besides the Laplacian-based algorithms, there are
also some other approaches for the linear approxi-
mation of the physical deformation procedure, such
as gradient-based algorithms [6], energy-based algo-
rithms [7], local-frame-based algorithms [8], etc. For
all these algorithms, the size of the linear system is
O(n), where n is the number of vertices in the mesh
to be deformed. This prohibits them to be applied
on large meshes. Subdivision surfaces can be used to
build a hierarchy of coarser and coarser meshes to re-
duce the size of the linear system [9, 10]. However,
the lack of automatic methods to build subdivision sur-
faces for arbitrary irregular meshes limits the usage of
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Figure 1: Pipeline of our algorithm. From left to right: the original mesh, the manifold harmonics bases, the
smoothed mesh and the iteration process, the final mesh with details added back.

such approach. Another way to reduce the size of the
linear system is to convert the problem into frequency
domain, and use a small number of spectral bases to
represent the deformation space [11]. But this method
cannot handle rotational effects in large deformation
due to the linear approximation.

In this paper, we introduce a new algorithm combin-
ing the spectral method with the dual Laplacian edit-
ing algorithm. This new algorithm inherits the advan-
tages of both: It greatly reduces the size of the lin-
ear system and thus increase the speed, while is still
able to generate very natural results with large rota-
tional effects. The manifold harmonics bases can be
automatically built for arbitrary irregular meshes. Us-
ing these manifold harmonics bases, the mesh can be
converted into frequency domain, and the size of the
linear system in the dual Laplacian editing is greatly
reduced from O(n) to O(m), where m is the num-
ber of frequencies used in the algorithm. According to
our experiments, a small number of frequencies (say
m = 100) are enough to generate very natural results.
So the size of the linear system in every iteration step
becomes very small, and thus the system can be very
efficiently solved.

Figure 1 illustrates the pipeline of our algorithm.
Starting from the original mesh, we first compute the
manifold harmonics bases (MHB). Next, we convert
the deformation problem into frequency domain using
the first 100 spectral bases. We use the dual Laplacian
editing with several iterations to gradually refine the
solutions. In every iteration, a smoothed mesh is re-
built from the solutions in frequency domain. Finally,
the details are added back to get the final result.

The rest of this paper is organized as follows: Sec-
tion 2 briefly reviews some previous researches. Sec-

tion 3 explains the details of the dual Laplacian editing
algorithm. Our new algorithm is introduced in Sec-
tion 4, and some experimental results are given in Sec-
tion 5. Finally, Section 6 concludes the paper with
some possible directions of future work.

2 Previous Work

The study of surface deformation has a long history
in computer graphics. It is impossible and unneces-
sary to review all the previous work here. Even for
the researches using linear approximation, there are
numerous related papers. Most recently, Botsch and
Sorkine [1] give a detailed review of the linear algo-
rithms. In this section, we only briefly review some
previous work closely related to our algorithm.

Alexa [12] first introduces the Laplacian coordinates
into mesh deformation. He uses the Laplacian coordi-
nates as the representation of the local geometry prop-
erties of the mesh, and tries to maintain these proper-
ties before and after deformation. This method only
needs to solve a simple linear system, but it fails to
deal with local rotations of the details on the mesh.

Later, Lipman et al. [3] extend the definition of the
Laplacian coordinates by expanding the neighborhood
of every vertices from its one-ring neighbors to a larger
set. By doing so, they can achieve more natural results,
but still cannot handle large rotation very well.

In a more recent paper, Au et al. [4] further im-
prove this idea to handle large rotational effects. They
use the Laplacian coordinates of the initial mesh as a
guess of the final Laplacian coordinates, and then use
an iteration process to refine the Laplacian coordinates
gradually. The iteration process is later performed in
dual space to make the algorithm more robust and to



guarantee the convergency of the algorithm [5].
Another approach using linear system to handle

large rotation is multi-resolution editing introduced by
Botsch et al. [7]. They generate a smoothed mesh,
perform the deformation on it, and apply deforma-
tion transfer using the smoothed mesh as a reference
to get the final deformed mesh. Note that the multi-
resolution here means a hierarchy of meshes with dif-
ferent smoothness but the same connectivities. This
is different to the multi-resolution in level of details,
where it means a hierarchy of meshes with different
number of vertices. The quality of this approach is de-
termined by the way to deform the smoothed mesh. In
[7], they use an energy-based method, which may gen-
erate unnatural shearing effects for large rotations.

Compared to the more complicated non-linear ap-
proaches, all the linear approaches above are very
computationally efficient. However, for a mesh with n
vertices, the sizes of the linear systems are O(n) for all
the algorithms. So they are still not suitable for large
meshes. People usually address this problem by pre-
factorize the matrix in the linear system and only per-
form the back-substitution in the running time. Thus
the real-time speed can be achieved. However, the ma-
trix of the linear system is fixed only after the con-
strained vertices are selected by the user. There are
many cases where such time-costing pre-factorization
is not tolerated. The user would like to select the con-
strained vertices, specify their final positions, and see
the result quickly. There are also some applications
where the constrained vertices change frequently, such
as collision handling. All of these require to find a
more efficient way to solve the linear system for large
meshes.

Shi et al. [13] introduce a multigrid linear solver
specially designed for Poisson systems. They use a
graph coarser to build a multigrid of meshes with fewer
and fewer vertices, and then recursively solve the lin-
ear system on different levels. This can greatly in-
crease the speed of solving the linear system.

Another approach introduced by Rong et al. [11]
uses spectral method to directly reduce the size of the
linear system. They use manifold harmonics transform
to build a smoothed mesh with a very small number
(m) of frequencies. The linear system is converted into
frequency domain, and the size of the system becomes
O(m), which is usually much smaller than the the orig-
inal size O(n) in spatial domain. After the deforma-
tion of the smoothed mesh, the details are added back
using deformation transfer as in [7]. Since this method
is a linear approximation to the non-linear thin-shell

energy, it cannot generate natural results for large ro-
tational deformation.

Our new algorithm also uses the spectral method,
particularly manifold harmonics, as a powerful tool to
reduce the size of the linear system. Different to the al-
gorithm in [11], we use dual Laplacian editing for the
deformation of the smoothed mesh. So we can han-
dle large rotational effects and get more natural results
while keep the high speed of the algorithm. To make
this paper self-contained, we first introduce the dual
Laplacian editing algorithm in the next section.

3 Dual Laplacian Editing

In this section, we briefly review the framework of the
dual Laplacian editing algorithm. More details can be
found in [4, 5].

Assume the mesh to be deformed is a triangle mesh
with n vertices, and let V = {v0,v1, . . . ,vn−1}T be
the set of the vertices. For a vertex vi, its Laplacian
coordinate is a linear combination of itself and its one-
ring neighbors, defined as follows [2, 3]:

li =
∑

vj∈N (i)

wij(vj − vi)

where wij is the weight associated with the edge vivj ,
and N (i) is the set of the one-ring neighbors of vi.
Different choices of the weights wij lead to different
Laplacian coordinates. The computation of Laplacian
coordinates for all the vertices can be formulated in a
matrix mode as l = LV, where l = {l0, l1, . . . , ln−1}T

and L is an n × n sparse matrix composed of all the
weights wij . Note that both V and l are n × 3 matri-
ces, where the three columns correspond to x-, y- and
z-coordinates. For simplicity, from now on, we only
consider x-coordinates, and thus assume both V and l
are vectors with lengths of n. The other two coordi-
nates can be computed in the same way.

The main idea of the Laplacian-based deformation
is to maintain the Laplacian coordinates before and af-
ter deformation as much as possible. Denote the final
positions by V′. They can be computed by solving
the equation LV′ = l in least-square sense, or in an-
other word, minimizing the value ||LV′ − l||2. In the
same time, the algorithm also wants to satisfy the user-
specified constraints, which can also be written in a
matrix mode as CV′ = c, where C is a k × n ma-
trix with every row having only one non-zero element
(with value 1) corresponding to a certain constrained
vertex, c is a vector contains the final positions of all



the constrained vertices, and k is the number of con-
straints. Combining these two conditions, the final po-
sitions can be computed by solving the following equa-
tion in least-square sense:

(
L
C

)
V′ =

(
l
c

)
(1)

In the dual Laplacian editing algorithm, the Lapla-
cian coordinates are computed on the dual mesh of the
original mesh. Every vertex in the dual mesh corre-
sponds to a face in the original (primal) mesh. Suppose
there are f faces in the primal mesh, the positions in
dual space V̂ = {v̂0, v̂1, . . . , v̂f−1} can be computed
using an f ×n matrix D as V̂ = DV, where each row
of D has values of 1 at the positions corresponding to
the vertices of a certain face, and values of 0 at other
positions [14]. In the dual mesh, the one-ring neigh-
bors of every vertex v̂i comprise exactly three vertices
v̂i0, v̂i1 and v̂i2. These three neighbors decide a plane
πi. Denote by q̂i the projection of v̂i on the plane
πi. If we chose the barycentric coordinates of q̂i in
4v̂i0v̂i1v̂i2 as the weights, the dual Laplacian coor-
dinate of v̂i is exactly along the normal (n̂i) of πi:

l̂i =
∑

j∈{1,2,3}
ŵij(v̂ij − v̂i) = −hin̂i

where hi is the norm of l̂i. This good property makes
the later iteration process more robust, and the conver-
gency of the iteration guaranteed.

In dual space, eq. (1) becomes:

(
L̂D
C

)
V′ =

(
l̂
c

)
(2)

Solving eq. (2) is equivalent to solving the following
linear system:

AV′ = b (3)

where A = DT L̂T L̂D + CTC and b = DT L̂T l̂ +
CTc.

Until now, the solution of the final positions cannot
reflect the local rotational effects because of the lin-
ear approximation. Several steps of iterations need to
be performed to get a more natural result. In every it-
eration step, we compute the normal direction (in dual
space) using the newly computed positions, and set the
new Laplacian coordinates having the same directions
to these normals and the same lengths as the original
Laplacian coordinates. Then, we substitute the new

Laplacian coordinates into eq. (2) to compute the po-
sitions again. This process is repeated until the dif-
ference between the results of two iterations is small
enough.

The size of the matrix A in eq. (3) is n × n. Ev-
ery time the user changes the constraints, this matrix
as well as b need to be updated. And the new ma-
trix needs to be factorized for the using in later itera-
tions. If the original mesh is too large, i.e. n is too big,
this process would require too much computation time.
Next, we use manifold harmonics to convert the prob-
lem into frequency domain, and apply the dual Lapla-
cian editing algorithm. By doing so, we can greatly
decrease the size of the linear system.

4 Spectral Surface Deformation

4.1 Manifold Harmonics

Manifold harmonics is a spectral tool converting a
function from spatial domain into frequency domain.
The Laplacian operator over a manifold M (a.k.a.
Laplacian-Beltrami operator) is defined using the ex-
terior calculus (EC) as follows:

∆ = div grad =
∑

i

1√|g|
∂

∂xi




√
|g|

∑

j

gij ∂

∂xj


.

The eigenfunctions and eigenvalues of the Laplacian
operator on M are thus a set of pairs (Hk, λk) that
satisfy the equation −∆Hk = λkH

k. This equation
can be discretized using the Finite Element Method
[15, 16]. Using a piecewise linear “hat” function
φi defined on all the vertices as φi(vj) = δij , the
above eigenfunctions Hk can be discretized as Hk =∑n−1

i=0 Hk
i φi. So the eigenproblem can be written in a

matrix form as: −D−1Qhk = λkhk. For the detailed
derivation of this equation, please refer to [16].

The solution of this eigenproblem is called the Man-
ifold Harmonics Bases (MHB). The Manifold Har-
monics Transform (MHT) is defined using the MHB
to convert the original coordinates into frequency do-
main. Again, for simplicity, we only consider the
x-coordinates of the vertices in the following discus-
sion. Using the hat function mentioned above, the x-
coordinates over the whole manifold M can be dis-
cretized as: x =

∑n−1
i=0 xiφi. The MHT projects x-

coordinates onto the orthonormal MHB leading to m
x̃-coordinates in frequency domain x̃0, x̃1, . . . , x̃m−1,
where m is the number of the frequencies used in
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Figure 2: Results of the inverse MHT. (a) is the orig-
inal mesh, and (b)-(f) are the results of the
inverse MHT using 100, 200, 400, 700 and
1000 frequencies respectively.

MHT. More specifically, the x̃-coordinate correspond-
ing to the frequency basis Hk is defined as:

x̃k =< x, Hk >=
n∑

i=1

xiDiiH
k
i . (4)

where < ·, · > denotes the inner product of functions.
Similarly, the inverse MHT rebuilds the x-coordinates
using the m frequencies as follows:

xi =
m∑

k=1

x̃kH
k
i . (5)

Figure 2 shows some results of the inverse MHT of the
Dinosaur mesh using different number of frequencies.
Figure 2(a) is the original mesh, and Figure 2(b)-2(f)
are the results of the inverse MHT using 100, 200, 400,
700 and 1000 frequencies respectively.

4.2 Spectral Deformation

With the help of Manifold harmonics, we can greatly
reduce the size of the linear system in Section 3 by
only use the first m frequencies to build a smoothed
mesh. Substituting eq. (5) into eq. (2), we can get a
new equation in frequency domain:

(
L̂DH

C̃

)
Ṽ′ =

(
l̂
c

)
(6)
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Figure 3: Displacements of coordinates in frequency
domain for Armadillo. (a) and (b) are the
original and deformed Armadillo mesh. (c)-
(e) are the displacements of x̃-, ỹ- and z̃-
coordinates in frequency domain.

where H is a matrix composed by MHB: Hij = Hj
i ,

and C̃ is composed by the MHB corresponding to the
constrained vertices. Solving this equation in lease-
square sense leads to a linear system:

ÃṼ
′
= b̃ (7)

where Ã = HTDT L̂T L̂DH + C̃T C̃ and b̃ =
HTDT L̂T l̂ + C̃Tc.

The size of the matrix Ã in eq. (6) is only m ×m,
which is usually much smaller than the matrix A in
eq. (3). As the result, the factorization process can be
performed much faster than that of eq. (3). Although
the computation of Ã seems to be more complicated,
it can also be performed fast. This is because all the
matrices except C̃ are determined only by the origi-
nal mesh, and thus can be pre-computed. Every time
the user changes the constraints, only the later part,
i.e. C̃T C̃ needs to be updated. Usually, the number
of constraints k is relatively small, so this update does
not cost much computation time.

At the end of every iteration step, we get a new set
of Ṽ, with coordinates in frequency domain. To vi-
sually present the displacements in frequency domain,
we plot them in Figure 3 for the deformation of the
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Figure 4: Comparison of the results of Neptune. (a) is
the original mesh; (b) is the smoothed mesh
using 100 frequencies; (c) is the deformed
mesh using the algorithm in [11]; (d) is the
deformed mesh using our algorithm.

Armadillo mesh from Figure 3(a) to Figure 3(b). Fig-
ure 3(c) is for the x̃-coordinates in frequency domain:
dx̃ = x̃′ − x̃, where x̃′ and x̃ are x̃-coordinates after
and before deformation. Figure 3(d) and 3(e) are for
the other two coordinates respectively.

The coordinates in frequency domain can be easily
converted back into spatial domain using eq. (5). Then
a new set of Laplacian coordinates of the dual mesh
can be calculated as explained in Section 3 for the use
of the next iteration step. This iteration process stops
when the solutions converge.

After the iteration stops, we use deformation trans-
fer, as in [11], to add the details back to get the fi-
nal deformed mesh. We use the smoothed mesh as the
source and transfer the deformation of it to the target
mesh (the one with details). Following Botsch et al’s
idea [7], for every triangle of the smoothed mesh, we
use its normal to build a deformation gradient matrix.
These deformation gradient matrices are then applied
on the triangles of the original mesh to get a deformed
mesh with details.

5 Experimental Results

Our experimental environment is Intel Core2 Duo
2.93GHz CPU and 2GB DDR2 RAM. We use Mi-
crosoft Visual C++.NET 2005 to develop our algo-
rithm. The solver of the linear system is the CSpares
library [17].

The solving of the linear system is divided into two
parts: updating and factorizing the left matrix of the
linear system (i.e. the matrix Ã in eq. (7)) and back-
substitution for solving the linear system. Note that
updating Ã only requires to update the later part, i.e.
C̃T C̃, because the former part can be pre-computed.
Table 1 lists the time required by these two parts for
all the examples in this paper. We list the time for our
algorithm as well as for Au et al.’s algorithm [5] for
comparison reason. It is evident that the time of up-
dating and factorizing the matrix is much faster for our
algorithm than Au et al.’s algorithm, due to the big dif-
ference in the size of the matrix (m ¿ n).

The conversion from frequency domain back into
spatial domain in every iteration step leads to a slight
overhead in the solving time. But in total, we can
achieve in our current experiments about 3-7 times
faster speed over the original algorithm. This factor
will increase further with the increase of the number
of vertices of the mesh.

Figure 4 compares the results of our algorithm with
the algorithm in [11] using the Neptune mesh. In this
simple example, we only use three point constraints.
The two yellow points are fixed at their original posi-
tions, while the red one on the left arm is lifted. Fig-
ure 4(c) is generated using the algorithm in [11], and
Figure 4(d) our algorithm. It is evident that the algo-
rithm in [11] cannot handle such a large rotation very
well. The left arm in this result becomes a twisted thin
plate. On the contrary, our algorithm generates a very
natural result. The torso of Neptune and the Trident
also rotate accordingly in our result.

The number of frequencies (m) used to build the
smoothed mesh is an important factor in our algorithm.
With the increase of m, the time required by both
the factorization and the back-substitution increase ac-
cordingly. Figure 5 shows such relationship between
the time and the number of frequencies for the defor-
mation of the same Dinosaur mesh using the same con-
straints. According to our experiments, a very small m
(say m = 100) is good enough for most applications,
since increasing m would barely affect the final result.
Figure 6 demonstrates two results of deformation of
Dragon mesh using the same constraints, but with 100



Number of Our algorithm (Sec.) Au et al.’s algorithm (Sec.)
Model Vertex Factorization Back-Substitution Factorization Back-Substitution

Dinosaur 28098 0.061465 0.124726 1.731504 0.062399
Elephant 42321 0.101218 0.180489 4.123936 0.112704
Dragon 50000 0.131981 0.214095 3.943385 0.111215

Armadillo 75002 0.158395 0.369953 11.355873 0.208035
Neptune 99996 0.208901 0.506052 23.263234 0.310035

Table 1: Time for pre-factorization and back-substitution.

 

Figure 5: Time with different number of frequencies.

(Figure 6(c) and 6(e)) and 500 (Figure 6(d) and 6(f))
frequencies respectively. It is clear that the difference
between these results is indistinguishable. Figure 6(b)
also shows the result using the algorithm in [11] as a
comparison. Again, our algorithm can generate much
better results for such large deformation.

6 Conclusion and Future Work

In this paper, we introduce a new spectral algorithm for
surface deformation. With the help of the dual Lapla-
cian editing, our algorithm can handle large rotational
effects very well. We use manifold harmonics trans-
form to convert the linear system into frequency do-
main, so that the size of the linear system is greatly
reduced and the speed is thus accordingly increased.
Our experiments shows several times speedup over the
original dual Laplacian editing algorithm.

Manifold harmonics is a very powerful spectral tool
to reduce the size of linear system used in mesh de-
formation. Since mesh morphing is a closely related
topic to mesh deformation, this method could be natu-
rally applied on mesh morphing. One possible future
work is to combine the spectral method with the dual
Laplacian morphing [18].

Currently, the linear system in our algorithm is
solved totally by the CPU. Graphics processing unit
(GPU) has seen fast development in recent years.
More and more researchers have tried to use the GPU
to solve general-purpose problems. Some GPU-based
mesh deformation algorithms have already been pro-
posed [10, 19]. Using the parallel computing ability
of the GPU to further accelerate mesh deformation is
another interesting direction for the future work.

Acknowledgements

This research is supported by the National Science
Foundation under Grant No. CCF-0727098.

References

[1] Mario Botsch and Olga Sorkine. On linear varia-
tional surface deformation methods. IEEE Trans-
actions on Visualization and Computer Graphics,
14(1):213–230, 2008.

[2] Olga Sorkine, Daniel Cohen-Or, Yaron Lipman,
Marc Alexa, Christian Rössl, and Hans-Peter
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