
Chapter 2

Estimation for Directly Observed Data

This chapter presents pivotal results for the classical case of directly observed data. It
is explicitly assumed that observations are neither modified nor missing. All presented
results will serve as a foundation for more complicated cases considered in other chapters.
The chapter is intended to: (i) overview basics of orthonormal series approximation; (ii)
present a universal method of orthonormal series estimation of nonparametric curves which
is used throughout the book; and (iii) explain adaptive estimation of the probability density
and regression function for the case of complete data. Section 2.1 considers a cosine series
approximation which is used throughout the book. It also reminds the reader how to use the
book’s R package and how to repeat and modify graphics. Section 2.2 explains the problem
of nonparametric density estimation. Here the nonparametric E-estimator, which will be
used for all considered in the book problems, is introduced and explained. Section 2.3 is
devoted to the classical problem of nonparametric regression estimation. It is explained how
the E-estimator, proposed for the density model, can be used for the regression model. As
a result, even if the reader is familiar with regression problems, it is worthwhile to read this
section and understand the underlying idea of E-estimation methodology.

In many applied settings with modified and/or missing data, a special type of a non-
parametric regression, called a Bernoulli (binary) regression, plays a key role. This is why
Section 2.4 is devoted to this important topic. E-estimator, used for estimation of multivari-
ate functions, is defined and discussed in Section 2.5. Nonparametric estimation of functions,
similarly to the classical parametric inference, may be complemented by confidence bands.
This topic is discussed in Section 2.6.

2.1 Series Approximation

In this section the cosine orthonormal basis on the unit interval [0, 1], introduced in Section
1.3 and which will be our main mathematical tool, is discussed via visualization of its ap-
proximations and via its theoretical properties. For the performance assessment, we choose
a set of corner (test) functions. Corner functions should represent di↵erent functions of in-
terest that are expected to occur in practice. In this book four specific corner functions with
some pronounced characteristics are used. The set is shown in Figure 2.1, and additionally,
as explained in the caption of Figure 2.3, it is possible to consider any custom-made corner
function.

To make the discussion of all topics simpler, the corner functions are some specific
probability densities supported on [0, 1]. Let us define and discuss each corner function in
turn.
1. Uniform. This is a uniform density on [0, 1], that is, f

1

(x) := I(0  x  1). Note that
f
1

(x) is a very simple and smooth on its support density, and we will see that despite its
triviality, statistical estimation of the Uniform is challenging. Moreover, this function plays
a central role in asymptotic theory, and it is an excellent tool for debugging di↵erent types
of errors.
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Figure 2.1 The corner functions. {This set may be seen on the monitor by calling (after the R
prompt) > ch2(f=1). A corner function may be substituted by a custom-made one, see explanation
in the caption of Figure 2.3.}

2. Normal. This is a normal density with mean 0.5 and standard deviation 0.15, that is,
f
2

(x) := d
0.5,0.15(x) defined in (1.3.8). The normal (bell-shaped) curve is the most widely

recognized curve. Recall the rule of three standard deviations, which states that a normal
density dµ,�(x) practically vanishes whenever |x�µ| > 3�. This rule helps us to understand
the curve. It also explains why we do not divide f

2

by its integral over the unit interval,
because this integral is very close to 1.
3. Bimodal. This is a mixture of two normal densities, f

3

(x) := 0.5d
0.4,0.12(x)

+0.5d
0.7,0.08(x). The curve has two closely located modes. As we will see throughout the

book, this is one of the more challenging corner functions.
4. Strata. This is a function supported over two separated subintervals. In the case of a
density, this corresponds to two distinct strata in the population. This is what di↵erentiates
the Strata from the Bimodal. The curve is obtained by a mixture of two normal densi-
ties, namely, f

4

(x) := 0.5d
0.2,0.06(x) + 0.5d

0.7,0.08(x). (Note how the rule of three standard
deviations was used to choose the parameters of the normal densities in the mixture.)

Now, let us recall that a function f(x) defined on an interval (the domain) is a rule that
assigns to each point x from the domain exactly one element from the range of the function.
Three traditional methods to define a function are a table, a formula, and a graph. For
instance, we used both formulae and graphs to define the corner functions.

The fourth (unconventional) method of describing a function f(x) is via a series expan-
sion. Here and in what follows we always assume that the domain is [0, 1] and a function is

square integrable on the unit interval, that is
R

1

0

[f(x)]2dx < 1. The latter is a mild restric-
tion because in statistical applications we are primarily dealing with bounded functions.
Then

f(x) =
1
X

j=0

✓j'j(x), x 2 [0, 1] where ✓j :=

Z

1

0

f(x)'j(x)dx . (2.1.1)

Here the functions 'j(x) are known, fixed, and referred to as the orthonormal functions or
elements of the orthonormal basis (or simply basis) {'

0

,'
1

, . . .}, and the ✓j are called the
Fourier coe�cients of f(x), x 2 [0, 1]. A system of functions is called orthonormal if the

integral
R

1

0

's(x)'j(x)dx = 0 for s 6= j and
R

1

0

('j(x))2dx = 1 for all j.
Note that to describe a function via an infinite orthogonal series expansion (2.1.1) one

needs to know the infinite number of Fourier coe�cients. No one can store or deal with an
infinite number of coe�cients. Instead, a truncated (finite) orthonormal series (or so-called
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Figure 2.2 The first eight elements of the cosine system.

partial sum)

fJ(x) :=
J
X

j=0

✓j'j(x) (2.1.2)

is used to approximate f , namely the integrated squared error (ISE)
R

1

0

[fJ(x)�f(x)]2dx !
0 as J ! 1. The integer parameter J is called the cuto↵. Also, here and in what follows the
mathematical symbol := means “equal by definition”; in other words (2.1.2) is the definition
of the partial sum fJ(x).

The advantage of this approach is the possibility to compress the data and describe a
function using just several Fourier coe�cients. In statistical applications this also leads to
the estimation of a relatively small number of Fourier coe�cients. Roughly speaking, the
main statistical issue will be how to choose a cuto↵ J and estimate Fourier coe�cients ✓j .
Correspondingly, the rest of this section is devoted to the issue of how a choice of J a↵ects
visualization of series approximations and what are the known mathematical results which
shed light on the choice. This will give us a necessary understanding and experience in
choosing reasonable cuto↵s.

In what follows, the cosine orthonormal basis on [0, 1]

'
0

(x) := 1 and 'j(x) :=
p
2 cos(⇡jx) for j = 1, 2, . . . . (2.1.3)

is used. The first eight elements are shown in Figure 2.2. It is not easy to believe that such
elements may be good building blocks for approximating di↵erent functions, and this is
where our corner functions become so handy.

Series approximations (2.1.2) for J = 0, 1, 2, 3, 4, 5, 6, 7, 8 are shown in Figure 2.3. In
this and all other figures an underlying corner function is always shown by the solid line.
As a result, some other curves may be “hidden” behind a solid line whenever they coincide.
Further, it is always better to visualize figures using the R software because of colored
curves.
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We do not show approximation of the Uniform function because it is the element '
0

(x) of
the basis, so it is perfectly approximated by any partial sum. Indeed, the Uniform is clearly
described by the single Fourier coe�cient ✓

0

= 1, all other ✓j being equal to zero because
R

1

0

'j(x)dx = 0 whenever j > 0 (recall that the antiderivative of cos(⇡jx) is (1/⇡j) sin(⇡jx);

thus
R

1

0

p
2 cos(⇡jx)dx =

p
2(⇡j)�1[sin(⇡j1) � sin(⇡j0)] = 0 for any positive integer j).

Thus, there is no surprise that the Uniform is perfectly fitted by the cosine system; this is
why we can skip the study of its approximations. At the same time, surprisingly enough, as
we shall see shortly in the next chapters, this function is a di�cult one for reliable statistical
estimation. The reason for this is that if any estimated Fourier coe�cient ✓j , j > 0 is not
zero, it is easy to realize that the corresponding estimate is wrong because it is not a flat
curve.

In Figure 2.3 the Uniform is replaced by the custom-made function, and the caption ex-
plains how any custom-made function can be created and then analyzed using the software.
The function has a pronounced shape (look at the solid line), it is aperiodic, not di↵eren-
tiable, and its right tail is flat. Beginning with J = 3 we get a clear understanding of the
underlying shape, and J = 4 gives us a very satisfactory visualization. This corner function
also allows us to discuss the approximation of a function near the boundary points. As we
see in the left bottom diagram, the partial sums are flattened out near the edges. This is
because derivatives of any partial sum (2.1.2) are zeros at the boundary points (derivatives
of cos(⇡jx) are equal to �⇡j sin(⇡jx) and therefore they are zeros for x = 0 and x = 1).
In other words, the visualization of a cosine partial sum always reveals small flat plateaus
near the edges (you may notice them in all approximations). Increasing the cuto↵ helps
to decrease the length of the plateaus and improve the visualization. This is the boundary
e↵ect which exists, in this or that form, for all bases. A number of methods have been
proposed on how to improve visualization of approximations near boundaries, see Chapters
2 and 3 in Efromovich (1999a); at the same time if we are aware about boundary e↵ects and
know how to recognize them, it is better to simply ignore them. Overall, here and in what
follows we are going to use often the famous Voltaire’s aphorism “...better is the enemy of
the good...” as a guide in finding reasonable solutions.

Returning to Figure 2.3, approximation of the Normal is a great success story for the
cosine system. Even the approximation based on the cuto↵ J = 3, where only 4 Fourier
coe�cients are used, gives us a fair visualization of the underlying function, and the cuto↵
J = 5 gives us an almost perfect fit. Just think about a possible compression of the data in
a familiar table for a normal density into only several Fourier coe�cients.

Now let us consider the approximations of the Bimodal and the Strata. Note that here
partial sums with small cuto↵s “hide” the modes. This is especially true for the Bimodal,
whose modes are less pronounced and separated. In other words, approximations with small
cuto↵s oversmooth an underlying curve. Overall, about ten Fourier coe�cients are necessary
to get a fair approximation. On the other hand, even the cuto↵ J = 5 gives us a correct
impression about a possibility of two modes for the Bimodal and clearly indicates two
strata for the Strata. Note that you can clearly see the dynamic in approximations as J
increases. Further, if we know that an underlying function is nonnegative, then by truncating
negative values of approximations (just imagine that you replace negative values by zero) the
approximations are dramatically improved. We will always use this and other opportunities
to improve estimates.

Note that while cosine approximations are not perfect for some corner functions, under-
standing how these partial sums perform may help us to “read” messages of these approxi-
mations and guess about underlying functions. Overall, for the given set of corner functions,
the cosine system does an impressive job in both representing the functions and the data
compression.
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Figure 2.3 Approximations of the custom-made and three corner functions by cosine series with
di↵erent cuto↵s J . The solid lines are the underlying functions. Short-dashed, dotted, dot-dashed
and long-dashed lines correspond to cuto↵s J = 1 through J = 4 in the top diagrams and J = 5
through J = 8 in the bottom diagrams, respectively. The first function is custom-made, and the
explanation of how to construct it follows in the curly brackets. {The optional argument CFUN
allows one to substitute a corner function by a custom-made corner function. For instance, the
choice CFUN = list(3, 002 ⇤ x � 3 ⇤ cos(x) 00) would imply that the third corner function (the
Bimodal) is substituted by the positive part of 2x � 3 cos(x) divided by its integral over [0,1], i.e.,
the third corner function will be (2x � 3 cos(x))+/

R 1

0
(2u � 3 cos(u))+du. Any valid R formula in

x (use only the lowercase x) may be used to define a custom-made corner function. This option is
available for all figures where corner functions are used. Figure 2.4 allows one to check the sequence
of curves and their color when the R software is used, and the curves are well recognizable on a
color monitor. Try > ch2(f=4) to test colors and repeat Figure 2.4. Here and in what follows,
arguments of a corresponding function can be found at the end of the caption in square brackets.}
[CFUN = list(1, 002� 2 ⇤ x� sin(8 ⇤ x) 00)]

Now let us add some theoretical results to shed light on Fourier coe�cients. The beauty
of a theoretical approach is that it allows us to analyze simultaneously large classes of
functions; in particular recall that we are interested in functions f that are square integrable
on [0, 1], i.e.,

R

1

0

f2(x)dx < 1. For square-integrable functions the famous Parseval identity
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Figure 2.4 Sequence of curves (lines) used in the book. Five horizontal lines with y-intercepts equal
to k where k is the kth curve in the sequence used in all other figures. In a majority of diagrams
we are using only the first four curves, and then, to make references simple and short, we refer
to them as solid, dashed, dotted and dot-dashed curves (note that the dotted curve may look like
short-dashed curve and the dot-dashed curve may look like short-dashed-intermediate-long-dashed
curve). If all five curves are used, then we refer to them as solid, short-dashed, dotted, dot-dashed
and long-dashed. Depending on your computer and software, the curves may look di↵erent and using
this figure helps to realize this. {To repeat this figure, call after the R prompt > ch2(f=4)}

states that
Z

1

0

f2(x)dx =
1
X

j=0

✓2j and ISE(f, fJ) :=

Z

1

0

(f(x)� fJ(x))
2dx =

X

j>J

✓2j , (2.1.4)

where fJ is the partial sum (2.1.2) and the ISE stands for the integrated squared error (of
the approximation fJ(x)).

Thus, the faster Fourier coe�cients decrease, the smaller cuto↵ J is needed to get a
good approximation of f by a partial sum fJ(x) in terms of the ISE.

Let us explain the main characteristics of a function f that influence the rate at which
its Fourier coe�cients decrease. Namely, we would like to understand what determines the
rate at which Fourier coe�cients of an integrable function f decrease as j ! 1.

To analyze ✓j , let us recall the technique of integration by parts. If u(x) and v(x) are
both continuously di↵erentiable functions, then the following equality, called integration by
parts, holds:

Z

1

0

u(x)dv(x) = [u(1)v(1)� u(0)v(0)]�
Z

1

0

v(x)du(x). (2.1.5)

Here du(x) := u(1)(x)dx is the di↵erential of u(x), and u(k)(x) denotes the kth derivative
of u(x).

Assume that f(x) is di↵erentiable. Using integration by parts and the relations

d cos(⇡jx) = �⇡j sin(⇡jx)dx, d sin(⇡jx) = ⇡j cos(⇡jx)dx, (2.1.6)

we may find ✓j for j � 1,

✓j =
p
2

Z

1

0

cos(⇡jx)f(x)dx =
p
2(⇡j)�1

Z

1

0

f(x)d sin(⇡jx)

=

p
2

(⇡j)
[f(1) sin(⇡j)� f(0) sin(0)]�

p
2

(⇡j)

Z

1

0

sin(⇡jx)f (1)(x)dx.

Recall that sin(⇡j) = 0 for all integers j, so we obtain

✓j = �
p
2(⇡j)�1

Z

1

0

sin(⇡jx)f (1)(x)dx. (2.1.7)
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Note that |
R

1

0

sin(⇡jx)f (1)(x)dx| 
R

1

0

|f (1)(x)|dx, and thus we may conclude the fol-
lowing. If a function f(x) is di↵erentiable, then for the cosine system,

|✓j | 
p
2(⇡j)�1

Z

1

0

|f (1)(x)|dx, j � 1. (2.1.8)

We established the first rule (regardless of a particular f) about the rate at which the

Fourier coe�cients decrease. Namely, if f is di↵erentiable and
R

1

0

|f (1)(x)|dx < 1, then |✓j |
decrease with rate at least j�1.

Let us continue the calculation. Assume that f is twice di↵erentiable. Then using the
method of integration by parts on the right-hand side of (2.1.7), we get

✓j = �
p
2

⇡j

Z

1

0

sin(⇡jx)f (1)(x)dx =

p
2

(⇡j)2

Z

1

0

f (1)(x)d cos(⇡jx)

=

p
2

(⇡j)2
[f (1)(1) cos(⇡j)� f (1)(0) cos(0)]�

p
2

(⇡j)2

Z

1

0

cos(⇡jx)f (2)(x)dx. (2.1.9)

We conclude that if f(x) is twice di↵erentiable, then

|✓j |  j�2

h

|f (1)(1)(�1)j � f (1)(0)|+
Z

1

0

|f (2)(x)|dx
i

, j � 1 . (2.1.10)

Thus, the Fourier coe�cients ✓j of smooth (twice di↵erentiable) functions decrease with
a rate not slower than j�2.

So far, boundary conditions (i.e., values of f(x) near boundaries of the unit interval [0, 1])
have not a↵ected the rate. The situation changes if f is smoother, for instance, it has three
derivatives. In this case, integration by parts can be used again. However, now the decrease
of ✓j may be defined by boundary conditions, namely by the term [f (1)(1)(�1)j � f (1)(0)]
on the right-hand side of (2.1.9). These terms are equal to zero if f (1)(1) = f (1)(0) = 0.
This is the boundary condition that allows ✓j to decrease faster than j�2. Otherwise, if the
boundary condition does not hold, then ✓j cannot decrease faster than j�2 regardless of how
smooth the underlying function f is.

Now we know two main factors that define the decay of Fourier coe�cients of the cosine
system and therefore the performance of an orthonormal approximation: smoothness and
boundary conditions. These are the fundamentals that we need to know about the series
approximation.

The topic of how the decay of Fourier coe�cients depends on various properties of an
underlying function is a well-developed branch of mathematics, see the Notes. Here we
introduce two classical functional classes that we will refer to later. The Sobolev function
class (ellipsoid) S↵,Q, 0  ↵, 0 < Q < 1 is

S↵,Q :=
n

f :
1
X

j=0

(1 + (⇡j)2↵)✓2j  Q
o

. (2.1.11)

For integer ↵ the class is motivated by ↵-fold di↵erentiable functions. Another important
example is the class of analytic functions,

Ar,Q := {f : |✓j |  Qe�rj , j = 0, 1, . . .} . (2.1.12)

Analytic functions have the derivatives of any order; this class is the subclass of Sobolev’s
functions and it is used to describe functions that are smoother than Sobolev’s functions. In
particular, the class nicely fits mixtures of normal densities and describes spectral densities
of ARMA processes discussed in Chapter 8.
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Let us present an example which explains why it is convenient to work with the above-
introduced classes. The relation (2.1.4) explains that the partial sum fJ(x) :=

PJ
j=0

✓j'j(x)
always approximates a square-integrable function f(x), x 2 [0, 1] in terms of the ISE.

Indeed, (2.1.4) shows that the ISE(f, fJ) :=
R

1

0

(f(x) � fJ(x))2dx =
P

j>J ✓2j vanishes as
J increases. At the same time, we cannot quantify decrease of the ISE without additional
information about the function f . The theoretical importance of the two function classes is
that they allow us to quantify the decrease of the ISE uniformly over all functions from the
classes. Namely, for any J � 1 and f from the Sobolev class S↵,Q we have

ISE(f, fJ) < QJ�2↵, (2.1.13)

that is the ISE decreases as a power in J , while for any function from the analytic class
Ar,Q the ISE decreases exponentially in J ,

ISE(f, fJ) < Q2(2r)�1e�2rJ . (2.1.14)

Further, the function classes allow us to establish that the partial sum fJ(x) approx-
imates f(x) uniformly at all points x 2 [0, 1]. Let us explain this assertion. Using the
Cauchy-Schwatz inequality (1.3.43) we can write for functions from the Sobolev class S↵,Q

with ↵ > 1/2,

|f(x)� fJ(x)| = |
X

j>J

✓j'j(x)|  21/2
X

j>J

|✓j |

 21/2[
X

j>J

j�2↵
X

j>J

j2↵✓2j ]
1/2 < [Q/(2↵� 1)]1/2J�↵+1/2. (2.1.15)

In particular, (2.1.15) explains how to verify consistency of an estimator based on mimicking
a partial sum fJ(x). A similar inequality holds for an analytic function class.

2.2 Density Estimation for Complete Data

Density estimation is one of the most fundamental and practically important problems in
statistics. In this section the classical model of probability density estimation is consid-
ered when all n independent and identically distributed observations X

1

, X
2

, . . . , Xn (the
sample of size n) of a continuous random variable X are available. It is supposed that X
is distributed according to an unknown probability density fX(x) supported on [0, 1]; the
latter means that X takes on values within this unit interval. More general settings will be
considered later.

The problem is to estimate density fX(x), x 2 [0, 1] using a sample from X. Because
no assumption about shape of the estimand is made (we do not assume that the density
is linear, or unimodal, or has a particular parametric distribution, etc.), the estimation
procedure and the corresponding estimate are called nonparametric.

A note on notation. In what follows we use diacritics (e.g., “hat,” “tilde,” or “bar”) above
a parameter or a function to indicate that this is an estimator (statistic) of the corresponding
parameter or function, for instance f̃ is an estimator of f . I(A) is the indicator function of
the event A, that is, the indicator is equal to 1 if A occurs and is 0 otherwise, E{·} denotes
the expectation (population mean). The used criterion for the quality of nonparametric
estimation of a function f(x), x 2 [0, 1] by an estimator f̃ is the Mean Integrated Squared
Error (MISE) defined as

MISE(f̃ , f) := E
n

Z

1

0

[f̃(x)� f(x)]2dx
o

. (2.2.1)

In (2.2.1) and in what follows it is understood that E{·} := Ef{·}.
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Further, let us briefly recall the method of moments estimator of a parameter which
equates a theoretical moment to a sample moment and then solves the equation with respect
to the parameter. In what follows we are primarily interested in the first moment when the
theoretical mean is equated to the sample mean. For instance, let the parameter of interest
be  := E{g(X)}, then the method of moments estimator is ̂ := n�1

Pn
l=1

g(Xl). Note that
this estimator may be also referred to as the sample mean estimator and this terminology
will be used in what follows. Further, if the function g(x) is unknown but can be estimated
by an estimator ĝ(x) then ̃ := n�1

Pn
l=1

ĝ(Xl) is referred to as the plug-in sample mean
estimator (in what follows we may skip the “plug-in” and simply say the sample mean
estimator). Let us present one more example of construction of a sample mean estimator.
Suppose that we want to estimate the parameter � := P(X > c) where c is a given constant.
Because we can write � = E{I(X > c)} (recall that I(·) is the indicator function) then the
sample mean estimator of � is �̂ = n�1

Pn
l=1

I(Xl > c)).
A nice property of a sample mean estimator n�1

Pn
j=1

g(Xl) is that it is unbiased esti-
mator of E{g(X)} and its variance may be calculated via the following simple formula,

V
�

n�1

n
X

l=1

g(Xl)
�

= n�1V(g(X)). (2.2.2)

Also, the variance V(g(X)) may be estimated by the familiar sample variance estimator
(n�1)�1

Pn
l=1

[g(Xl)�n�1

Pn
r=1

g(Xr)]2. Then, according to (2.2.2), multiply this estimator
by n�1 and get the sample variance estimator of the variance of n�1

Pn
l=1

g(Xl).
Now let us return to the nonparametric estimation. For all statistical problems consid-

ered in the book (density estimation, regression, spectral density, etc.) the same three-step
approach is used for construction of a nonparametric data-driven series estimator. The
corresponding estimator will be referred to as the E-estimator.

E-estimator of a function f(x), x 2 [0, 1]:
1. Consider a series expansion f(x) =

P1
j=0

✓j'j(x) explained in Section 2.1. Suggest a

sample mean estimator ✓̂j of Fourier coe�cients ✓j :=
R

1

0

f(x)'j(x)dx. Then calculate a

corresponding sample variance estimator v̂jn of the variance vjn := V(✓̂j) of the sample
mean estimator.
2. The E-estimator is defined as

f̂(x) :=

ˆJ
X

j=0

✓̂jI(✓̂
2

j > cTH v̂jn)'j(x). (2.2.3)

Here the empirical cuto↵ is

Ĵ := argmin
0Jc

J0

+c
J1

ln(n){
J
X

j=0

[2v̂jn � ✓̂2j ]}, (2.2.4)

and cJ0, cJ1 and cTH are parameters (nonnegative constants).
3. If there are bona fide restrictions on f(x) (for instance, the probability density is nonneg-
ative and integrated to one, or it is known that the function is monotonic) then a projection

of f̂(x) on the bona fide function class is performed.

Let us recall that the function argmin
0sS{as}, used in (2.2.4), returns the value s⇤

that is the index of the smallest element among {a
0

, a
1

, . . . , aS}.

Remark 2.2.1 Steps 2 and 3 in construction of the E-estimator are the same for all non-
parametric statistical problems. As a result, as soon as a sample mean estimator of Fourier



40 ESTIMATION FOR DIRECTLY OBSERVED DATA

coe�cients is proposed, this Fourier estimator yields the corresponding nonparametric E-
estimator. Further, the choice of parameters of E-estimator may depend on a priori infor-
mation about smoothness of f(x). In this chapter the default values for the parameters are
cJ0 = 3, cJ1 = 0.8 and cTH = 4. It will be left as an exercise to propose better values for
each considered problem.

Let us explain how the universal estimator is constructed for the case of estimation of the
density fX(x) supported on [0, 1] and what is the motivation of the E-estimation method-
ology. We know from Section 2.1 that a square-integrable density may be approximated by
a partial sum

fX
J (x) :=

J
X

j=0

✓j'j(x), 0  x  1, where ✓j :=

Z

1

0

'j(x)f
X(x)dx. (2.2.5)

Here {'j(x), j = 0, 1, . . .} is the cosine basis {'
0

(x) := 1,'j(x) :=
p
2 cos(⇡jx), j =

1, 2, . . .}. Recall that J is called the cuto↵ and ✓j is called the jth Fourier coe�cient of
fX(x) corresponding to the jth element 'j(x) of the used basis.

Step 1 of the E-estimation methodology is to estimate ✓j using a sample mean estimator.
To find such an estimator, we express the Fourier coe�cient as an expectation. Write

✓j :=

Z

1

0

'j(x)f
X(x)dx = E{'j(X)}. (2.2.6)

We can conclude that the parameter of interest ✓j is the expectation (population mean) of
the random variable 'j(X). This yields the sample mean estimator

✓̂j := n�1

n
X

l=1

'j(Xl). (2.2.7)

Note that ✓
0

= 1 and there is no need to estimate it, but regardless ✓̂
0

= 1. This is the
recommended, according to Step 1, method of moments estimator of Fourier coe�cients.
(Do you see that ✓

0

= 1 for any underlying density?) Let us also stress that all known
series density estimators, proposed in the literature, use the recommended Fourier estimator
(2.2.7). As soon as the Fourier estimator is chosen, its variance can be estimated. According
to (2.2.7), we can use the classical sample variance estimator and set

v̂jn := n�1

h

(n� 1)�1

n
X

l=1

['j(Xl)� ✓̂j ]
2

i

. (2.2.8)

This completes Step 1.
Now let us explain Step 2. The step performs adaptation to unknown smoothness of an

underlying density. We begin with its justification. Consider the projection estimator

f̃X
J (x) :=

J
X

j=0

✓̂j'j(x) (2.2.9)

and calculate its MISE. The Parseval identity and unbiasedness of ✓̂j allow us to write,

MISE(f̃X
J , fX) =

J
X

j=0

E{(✓̂j � ✓j)
2}+

X

j>J

✓2j =
J
X

j=0

vjn +
X

j>J

✓2j . (2.2.10)
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Consider the two sums on the right-hand side of (2.2.10). The first sum is the integrated
variance of f̃X

J (x) which is equal to the sum of J + 1 variances V(✓̂j). The second sum in
(2.2.10) is the integrated squared bias

ISBJ(f
X) :=

X

j>J

✓2j . (2.2.11)

It is impossible to estimate the integrated squared bias directly because it contains infinitely
many terms. Instead, let us note that the Parseval identity allows us to rewrite this infinite
sum via a finite sum,

ISBJ(f) =

Z

1

0

[fX(x)]2dx�
J
X

j=0

✓2j . (2.2.12)

The term
R

1

0

[fX(x)]2dx is a constant. Thus, the problem of finding a cuto↵ J that minimizes

(2.2.10) is equivalent to finding a cuto↵ that minimizes
PJ

j=0

(vjn � ✓2j ). Hence, we can
rewrite (2.2.10) as

MISE(f̃X
J , fX) =

J
X

j=0

[vjn � ✓2j ] +

Z

1

0

[fX(x)]2dx, (2.2.13)

and we need to choose J which minimizes the sum in the right-hand side of (2.2.13). Esti-
mation of ✓2j is based on the relation which is valid for any ✓̌j (recall (1.3.4)),

[E{✓̌j}]2 = E{✓̌2j}� V(✓̌j). (2.2.14)

The Fourier estimator ✓̂j is unbiased, and this together with (2.2.14) yield

✓2j = E{✓̂2j}� V(✓̂j). (2.2.15)

This implies that we can propose the unbiased estimator ✓̂2j � v̂jn of ✓2j .
Using this result in (2.2.13) we conclude that the search for the cuto↵ which minimizes

the MISE is converted into finding a cuto↵ J which minimizes
PJ

j=0

[2v̂jn � ✓̂2j ]. This is
exactly the sum on the right side of (2.2.4). Further, it was explained in Section 2.1 that
we do not need to use very large cuto↵s J to get a good approximation of a function by its
partial sum, and this leads us to the search of the cuto↵s over the set defined in (2.2.4).

Now let us explain why the indicator function is used in (2.2.3). For practically all
functions some Fourier coe�cients are very small or even zero. For instance, the Uniform
corner function has all Fourier coe�cients, apart of ✓

0

= 1, equal to zero. Due to symmetry,
the Normal has all even Fourier coe�cients equal to zero. As a result, the indicator performs
the so-called thresholding which allows us to remove small ✓̂j from the estimator. The default
value of the coe�cient of thresholding cTH = 4, and the R software allows us to change it,
as well as parameters cJ0 and cJ1, in each figure.

Finally, step 3 is the projection on a class of bona fide functions. For the density this is
the class of nonnegative and integrated to 1 functions. The projection is

f̄X(x) := max(0, f̂X(x)� u), where the constant u implies

Z

1

0

f̄X(x)dx = 1. (2.2.16)

This procedure cuts o↵ values of f̂X(x) that are smaller than u, and this may create
unpleasant bumps in f̄X(x). There is a procedure, described in Section 3.1 of Efromovich
(1999a), which removes the bumps, and it is used by the R software.
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Let us make one more remark about the following property of the variance vjn,

nvjn = 1 + oj(1). (2.2.17)

Here and in what follows os(1) is the little-o notation for generic sequences which tend to
zero as s ! 1. To prove (2.2.17), we use the trigonometric equality

cos2(↵) = [1 + cos(2↵)]/2, (2.2.18)

and write for j > 0

V('j(X)) = E{['j(X)]2}� ✓2j = 1 + [✓
2j2

�1/2 � ✓2j ]. (2.2.19)

As we know from the previous section, Fourier coe�cients ✓j decay as j increases and this,
together with (2.2.2), proves (2.2.17). The conclusion is that while we do not know values
of individual vjn, we have n limj!1 vjn = 1; actually for many densities only several first
nvjn may be far from 1.

This finishes our explanation of the E-estimation methodology and how to construct
a density E-estimator. Several questions immediately arise. First, how does E-estimator
perform for small sample sizes? Second, is it possible to suggest a better estimator? We are
considering these questions in turn.

To evaluate performance of the E-estimator for small samples, we use Monte Carlo
simulations where samples are generated according to the corner densities shown in Figure
2.1. E-estimates for sample sizes 100, 200, and 300 are shown in Figure 2.5 whose caption
explains the diagrams. This figure exhibits results of 4 times 3 (that is, 24) independent
Monte Carlo simulations. Note that the estimates are based on simulations, hence another
simulation will yield di↵erent estimates. A particular outcome, shown in Figure 2.5 (as well
as in all other figures), is chosen primarily with the objective of the discussion of a variety
of possible E-estimates.

We begin with the estimates for the Uniform density shown in Diagram 1. As we see,
while for n = 100 and n = 200 the estimates are perfect, the estimate for n = 300 is
bad. On one hand, this outcome is counterintuitive; on the other, it is a great teachable
moment with two issues to discuss. The former is that for a particular simulation a larger
sample size may lead to a worse estimate. To understand this phenomenon, let us consider
a simple example. Suppose an urn contains 5 chips and we know that 3 of them have one
color (the “main” color) and that the other two chips have another color. We know that
the colors are red and blue but do not know which one is the main color. We draw a chip
from the urn and then want to make a decision about the main color. The natural bet
is that the color of the drawn chip is the main color (after all, the chances are 3

5

that the
answer is correct). Now let us draw two more chips. Clearly, a decision based on three drawn
chips should only be better. However, there is a possible practical caveat. Assume that the
main color is blue and the first chip drawn is also blue. Then the conclusion is correct. On
the other hand, if the two next chips are red (and this happens with probability 1

6

), the
conclusion will be wrong despite the increased “sample size.” Of course, if we repeat this
experiment many times, then on average our bet will prevail, but in a particular experiment
the proposed “reasonable” solution may imply a wrong answer. The latter issue is that we
can realize what is the underlying series estimate for n = 300. Please return to Figure 2.2,
where the basis functions are exhibited, and think about a formula for the series estimate
shown by the dot-dashed line. This estimate is f̂(x) = 1 + ✓̂

2

'
2

(x) with ✓̂
2

⇡ 0.14. We
know that ✓

2

= 0 for the Uniform density, so why was ✓̂
2

included? The answer is because
✓̂2
2

⇡ 0.02 > cTH v̂
2n ⇡ 4/300 ⇡ 0.013. Hence, we would need to use cTH ⇡ 6 to threshold

this large Fourier estimate, and while this may be good for the Uniform (actually, any
larger threshold coe�cient cTH will benefit estimation of the Uniform), that can damage



DENSITY ESTIMATION FOR COMPLETE DATA 43

0.0 0.4 0.8

0.8
0.9

1.0
1.1

1.2

1.  Uniform
 0, 0, 0.02

x

 

0.0 0.4 0.8

0.0
0.5

1.0
1.5

2.0
2.5

3.0

2.  Normal
 0.014, 0.0051, 0.031

x

 

0.0 0.4 0.8
0.0

0.5
1.0

1.5
2.0

2.5

3.  Bimodal
 0.17, 0.024, 0.0079

x

 
0.0 0.4 0.8

0.0
0.5

1.0
1.5

2.0
2.5

3.0

4.  Strata
 0.26, 0.14, 0.075

x

 

Figure 2.5 Probability density E-estimates for sample sizes 100, 200 and 300 and 4 underlying
corner densities. The corresponding ISEs (integrated squared errors) of the estimates are shown
in the title. In a diagram the solid line is an underlying density while dashed, dotted and dot-
dashed lines correspond to E-estimates based on samples of sizes n = 100, n = 200, and n = 300,
respectively. (Note that the sequence of lines is the same as in Figure 2.4 which may be used to
check curves on your computer.) Note that a solid line may “hide” other lines, and this implies
a perfect estimation. For instance, in the first diagram the Uniform density (the solid line) hides
the dashed and dotted lines and makes them invisible. {Recall that this figure may be repeated (with
other simulated datasets) by calling after the R-prompt > the R-function > ch2(f=5). Also, see
the caption of Figure 2.3 about a custom-made density. All the arguments, shown below in square
brackets, may be changed. Let us review these arguments. The argument set.n allows one to choose
three (or fewer) sample sizes. The arguments cJ0, cJ1, and cTH control the parameters cJ0, cJ1,
and cTH used by the E-estimator. Note that R does not recognize subscripts, so we use cJ0 instead
of cJ0, etc. Also recall that below in the square brackets the default values for these arguments are
given. Thus, after the call > ch2(f=5) the estimates will be calculated with these values of the
coe�cients. If one would like to change them, for instance to use a di↵erent threshold level, say
cTH = 3, make the call > ch2(f=5, cTH=3).} [set.n = c(100,200,300), cJ0 = 3, cJ1 = 0.8, cTH
= 4]

estimation of other densities. Another comment is as follows. The specific of the Uniform
is that any deviation of an estimate from the Uniform looks like a “tragic” mistake despite
the fact the deviation may be very small in terms of the ISE. It is worthwhile to compare
the ISE = 0.02 for the case n = 300 with ISEs for other corner functions to appreciate this
comment.

In the Diagram 2 for the underlying Normal density, the estimates nicely exhibit the
symmetric and unimodal shape of the Normal. Curiously, here again the worst estimate is for
the largest sample size n = 300. Now, let us compare the visual appeal of the estimates with
the corresponding ISEs and ask ourselves the following question. Does the ISE reflect the
quality of nonparametric estimation? This is an important question because the expected
ISE, which we call the MISE, is our main criterion in finding a good estimator. Overall, if you
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Figure 2.6 Performance of density E-estimator for simulated samples of size n = 100. A sample is
shown by the histogram overlaid by the underlying density (solid line) and its E-estimate (dashed
line). [n = 100, cJ0 = 3, cJ1 = 0.8, cTH = 4]

repeat Figure 2.5 several times, it becomes clear that the MISE is a reasonable criterion.
Returning to Diagram 2, note that the dashed curve has funny tails. It is impossible to
explain them without knowing the underlying sample, and this is what our next Figure 2.6
will allow us to do.

Estimates for the Bimodal, exhibited in Diagram 3, are of a special interest. For the
case n = 100 the E-estimate (the dashed line) oversmooths the Bimodal and shows a single
mode. This is a typical outcome and it indicates that this sample size is too small to
indicate the closely located modes of the Bimodal. The larger sample sizes have allowed
the E-estimator to exhibit the bimodal shape of the density. Also note how ISEs reflect
the quality of estimation. The E-estimates for the Strata exhibit two pronounced strata.
This clearly shows the flexibility of the proposed E-estimator because in the Strata we have
two high spikes, a pronounced flat valley, and rapidly vanishing tails. The E-estimator is
clearly capable to show us these characteristics of the density. Please keep in mind that the
E-estimator does not know an underlying density, it has only data, and the densities change
from the flat Uniform to the rough Strata. Also, note how well the projection on the class
of bona fide densities performs here (compare with the ideal Fourier approximations of the
Strata in Figure 2.2).

Figure 2.6 is another tool to understand how the E-estimator performs. Here in each
diagram we can see the E-estimate which overlays the frequency histogram of an underlying
sample from the density (the solid line) indicated in the title. A frequency histogram (or
simply histogram) is a special nonparametric density estimator that uses vertical columns
above bins to show frequencies of observations falling within bins. The histogram is a popular
statistical method to visualize data; more about the histogram can be found in Section 8.1
of Efromovich (1999a).
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For the Uniform we observe the monotonic E-estimate (the dashed line). This is a bad
estimate of the flat Uniform density, and also look at the huge deviation of the estimate from
the Uniform. But is this the fault of the proposed estimation procedure? The histogram helps
us to answer the question because it shows us the data. The answer is “no.” Recall that
the density estimate describes the underlying sample, and the sample is heavily skewed
to the left. Hence the E-estimate is consistent with the data. Two comments are due.
First, the studied nonparametric estimation may be viewed upon as a correct smoothing
of the histogram; this explains why statisticians working on topics of nonparametric curve
estimation are often called the “smoothers.” The second comment is that similarly to our
analysis of Diagram 1 in Figure 2.5, we can figure out the functional form of the shown
series estimate, and here it is 1 + ✓̂

1

'
1

(x). Repeated simulations show that such a skewed
sample is a rare appearance but it is a real possibility to be ready for.

An interesting simulation is shown in the Normal diagram. The symmetric bell-shaped
density created a sample with curious and asymmetric tails. This is what we also see in the
otherwise very good E-estimate.

For the Bimodal density the E-estimate shows two pronounced modes and this fact
should be appreciated. On the other hand, the magnitudes of modes are shown incorrectly.
Is this the fault of the E-estimator? To answer the question, try to smooth the histogram
using your imagination (and forget about the underlying density shown by the solid line);
most likely you will end up with a curve resembling the E-estimate. Indeed, there is nothing
in the data that may tell us about larger left mode or smaller right mode. Further, let
us look at the left tail of the estimate. Here we see how the projection on the bona fide
class performs. Indeed, recall that the E-estimator f̂X(x), defined in (2.2.3), is an extremely
smooth function in x. Hence, the left tail shows us that the underlying E-estimate f̂X(x)
takes on negative values to reflect the smallest values in the sample that are separated from
the main part of the sample, and then the negative values are cut o↵.

Finally, consider the Strata in Figure 2.6. The E-estimate is good but not as sharp as
one would like it to be. Here again it is worthwhile to put yourself in the shoes of the
E-estimator. Look at this particular dataset, compare it with the underlying density (the
solid line), and then try to answer the following question: How can the E-estimator perform
better for this sample? One possibility here is to consider a larger cuto↵ (by increasing
parameters cJ0 and cJ1) and decreasing the thresholding coe�cient cTH . This and other
figures allow one to make these changes and then test performance of the E-estimator via
repeated simulations. Of course, a change that benefits one density may hurt another one,
and this is when simultaneous analysis of di↵erent underlying densities becomes beneficial.

Two practical conclusions may be drawn from the analysis of these particular simu-
lations. First, the visualization of a particular estimate is useful and sheds light on the
estimator. Second, a conclusion may not be robust if it is based only on the analysis of
just several simulations. The reason is that for any estimator one can find a dataset where
an estimate is perfect or, conversely, very bad; this is why it is important to complement
your reading of the book by repeating figures using the R software and analyzing the re-
sults. Every experiment (every figure) should be repeated many times; the rule of thumb,
based on the author’s experience, is that the results of at least 20 simulations should be
analyzed before making a conclusion. Also, try to understand the parameters of each figure
and change them to understand their role.

Remark 2.2.2. In the case where the density is estimated over a given support [a, b] (or data
are given only for this interval), to convert the problem to the case of the [0, 1] support one
first should rescale the data and compute Yl := (Xl�a)/(b�a). The rescaled observations are
distributed according to a density fY (y), which is then estimated over the unit interval [0, 1].
Let f̃Y (y), y 2 [0, 1] be the obtained estimate of the density fY (y). Then the corresponding
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estimate of fX(x) over the interval [a, b] is defined by f̃X(x) := (b�a)�1f̃Y ((x�a)/(b�a)),
x 2 [a, b].

Remark 2.2.3. Consider the setting where one would like to estimate an underlying density
over its finite support [a, b], which is unknown. In other words, both the density and its
support are of interest. The simplest and a reliable solution is to set ã := X

(1)

, b̃ := X
(n)

and then use the method proposed in the previous remark. Here X
(1)

 X
(2)

 · · ·  X
(n)

are the ordered observations. Let us also explain a more sophisticated solution. It is known
that P(a < X < X

(1)

) = P(X
(n) < X < b) = 1/(n + 1), Thus, a =: X

(1)

� d
1

and
b =: X

(n) + d
2

, where both d
1

> 0 and d
2

> 0 should be estimated. Let us use the
following approach. If an underlying density is flat near the boundaries of its support, then
for a su�ciently small positive integer s we have (X

(1+s) � X
(1)

)/s ⇡ X
(1)

� a = d
1

, and
similarly (X

(n) �X
(n�s))/s ⇡ b�X

(n) = d
2

. The default value of s is 1. Thus, we may set

d̂
1

:= (X
(1+s) �X

(1)

)/s and d̂
2

:= (X
(n) �X

(n�s))/s. More precise estimation of d
1

and d
2

requires estimation of both the density and its derivatives near X
(1)

and X
(n), and this is

a complicated problem for the case of small sample sizes.

Remark 2.2.4. We shall see that for di↵erent settings, including regression, missing and
modified data, the parameter d := limj,n!1 nE{(✓̂j � ✓j)2}, where ✓̂j is an appropriate
sample mean estimator of ✓j , defines the factor in changing a sample size that makes es-
timation of an underlying curve comparable, in terms of the same precision of estimation,
with the density estimation model over the known support [0, 1] when d = 1. In other words,
the problem of density estimation may be considered as a benchmark for analyzing other
models. Thus we shall refer to the coe�cient d as the coe�cient of di�culty. We shall see
that it is a valuable tool, which allows us to appreciate the complexity of a problem based
on our experience with the density estimation.

We are finishing this section with the asymptotic analysis of the MISE of the recom-
mended projection estimator f̃X

J (x) =
PJ

j=0

✓̂j'j(x), and then comment on its consistency.
The MISE is calculated in (2.2.10) and we would like to evaluate it for the case of Sobolev
and analytic function classes defined in (2.1.11) and (2.1.12), respectively. We begin with
the Sobolev’s densities. Using (2.1.11) and (2.2.17) we can write that

MISE(f̃X
J , fX)  c⇤[Jn�1 + J�2↵], fX 2 S↵,Q. (2.2.20)

Here c⇤ is a finite positive constant which depends on (↵, Q). Then the cuto↵ J⇤, which
minimizes the right-hand side of (2.2.20), is proportional to n1/(2↵+1). Further, the optimal
cuto↵ yields the classical result for Sobolev densities: the MISE vanishes with the rate
n�2↵/(2↵+1). This rate is also optimal meaning that no other estimator can improve it
for the Sobolev densities. This result is intuitively clear because a single parameter can
be estimated with the variance not smaller in the order than n�1, and this together with
(2.1.11) gives us a lower bound for the MISE which is, up to a constant, the same as the
right-hand side of (2.2.20). We conclude that the proposed E-estimation methodology is
rate optimal for Sobolev’s functions. Further, it is explained in Efromovich (1999a) that the
used thresholding decreases the MISE of E-estimator.

For analytic densities the projection estimator is not only rate but also sharp optimal
meaning that its MISE converges with the optimal rate and constant (see more in Efro-
movich 1999a). Let us shed light on this assertion. Using (2.1.12) and (2.2.17) we can write
for any Jn ! 1 as n ! 1,

MISE(f̃X
J
n

, fX) =
J
n

X

j=0

vjn +
X

j>J
n

✓2j

= n�1Jn(1 + on(1)) +
X

j>J
n

✓2j
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 [n�1Jn + (Q2/2r)e�2rJ
n ] + on(1)Jnn

�1, fX 2 Ar,Q. (2.2.21)

The cuto↵ which minimizes the right-hand side of (2.2.21) is J⇤
n = (1/2r) ln(n)(1 + on(1)).

Note that only a logarithmic in n number of Fourier coe�cients is necessary to estimate
the density, and the latter is the theoretical justification for the set of cuto↵s used by the
procedure (2.2.4). Using this optimal cuto↵ we can continue (2.2.21) and get

MISE(f̃X
J⇤
n

, fX)  (1/2r) ln(n)n�1[1 + on(1)], fX 2 Ar,Q. (2.2.22)

Further, this upper bound is sharp, that is there is no other estimator for which the right-
hand side of (2.2.22) may be smaller for the analytic functions.

Now let us comment on consistency of the projection estimator (2.2.9) for functions
from a Sobolev class S↵,Q, ↵ > 1/2. (Recall that for the density ✓̂

0

= ✓
0

= 1, but, whenever
possible, we are presenting general formulas that may be used for the analysis of any problem
like regression or spectral density estimation.) Write,

|f̃X
J (x)� fX(x)| = |

J
X

j=0

(✓̂j � ✓j)'j(x) +
X

j>J

✓j'j(x)|

 21/2
J
X

j=0

|✓̂j � ✓j |+ |
X

j>J

✓j'j(x)|. (2.2.23)

Using (2.1.15), (2.2.19) and E{|✓̂j � ✓j |}  [E{(✓̂j � ✓j)2}]1/2 we conclude that for some
constant c↵,Q < 1

E{|f̃X
J (x)� fX(x)|}  c↵,Q[Jn

�1/2 + J�↵+1/2]. (2.2.24)

Inequality (2.2.24), together with the Markov inequality (1.3.26), yields that for any t > 0

P(|f̃X
J (x)� fX(x)| > t)  c↵,Q[Jn

�1/2 + J�↵+1/2]/t. (2.2.25)

This inequality allows us to establish consistency of the projection estimator for a wide class
of increasing to infinity cuto↵s J = Jn ! 1 as n ! 1. A similar calculation can be made
for analytic densities.

The presented asymptotical results give theoretical justification of the E-estimation
methodology. Another useful conclusion of the asymptotic theory is that the MISE con-
verges slower than the traditional rate n�1 known for parametric problems like estimation
of the mean or the variance of a random variable. This is what makes nonparametric prob-
lems so special and more challenging than classical parametric problems.

2.3 Nonparametric Regression

Nonparametric regression is another classical nonparametric curve estimation problem. Here
we are dealing with a pair (X,Y ) of random variables with X called the predictor (or
covariate) and Y called the response. A sample (X

1

, Y
1

), . . . , (Xn, Yn) from (X,Y ) is given,
and the aim is to find a relationship between variables X and Y that allows one to quantify
the impact of X on Y or to predict Y given X. The joint distribution of the pair gives us
a complete description of the relationship, but this is not a simple problem to estimate a
corresponding bivariate function. Instead, it may be reasonable to formulate the following
univariate problem. Suppose that we would like to find a function m(x) which yields the
best prediction of Y in terms of minimization of the conditional mean squared error

MSE(m,x) := E{(Y �m(X))2|X = x}. (2.3.1)
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The function m(x), which minimizes the conditional MSE, is

m(x) := E{Y |X = x}. (2.3.2)

The last assertion follows from the fact that for any random variable Z with finite second
moment and any constant c we have

E{(Z � c)2} = E{([Z � E{Z}] + [E{Z}� c])2}

= E{(Z � E{Z})2}+ [E{Z}� c]2 � E{(Z � E{Z})2}. (2.3.3)

Furthermore, the random variable m(X) minimizes the MSE, that is it minimizes E{(Y �
µ(X))2} over all possible µ(x). The latter follows from expressing the expectation via the
expectation of a conditional expectation, namely we can write E{(Y �µ(X))2} = E{E{(Y �
µ(X))2|X}}.

The univariate function (2.3.2) is called the regression function, and it represents the
best prediction of Y given X = x in terms of the MSE criterion. The problem is to estimate
m(x) based on a sample from the pair (X,Y ). In what follows, it is always assumed that X
is supported on [0,1], otherwise X should be rescaled on [0, 1] as explained in the previous
section.

A simpler (than the above-discussed) regression model is also often considered where
the response is written as

Y := m(X) + �(X)". (2.3.4)

Here " is the zero mean and unit variance random variable which is independent of X,
and the function �(x) defines the standard deviation (scale or spread) of the additive error
�(X)" given X = x. Note that (2.3.4) is a particular case of (2.3.2). Predictor X can be
either deterministic (equidistant regression with Xl = l/n, l = 1, 2, . . . , n is a particular
example) or random (in this case X

1

, . . . , Xn is a sample from a random variable X), and
then the regression is referred to as fixed- or random-design regression. The regression model
is called homoscedastic if �(x) is constant (does not depend on the predictor), otherwise it
is heteroscedastic.

According to Section 2.2, to construct a regression E-estimator we need to propose
a sample mean estimator of Fourier coe�cients ✓j :=

R

1

0

m(x)'j(x)dx. We are going to
consider the case of the predictor X being a continuous random variable supported on [0, 1]
and with the marginal density bounded below from zero, that is fX(x) � c⇤ > 0, x 2 [0, 1].
The latter excludes cases when there are no observations of X over some subsets of [0, 1]
and hence a consistent regression estimation is impossible. Also note that fX(x) may be
referred to as the design density of the predictor. We can write,

✓j = E
nY 'j(X)

fX(X)

o

. (2.3.5)

It is easy to see why (2.3.5) holds for the model (2.3.4), and here we are proving this formula
for the general model (2.3.2). Write,

E
nY 'j(X)

fX(X)

o

= E{'j(X)[fX(X)]�1E{Y |X}}

=

Z

1

0

'j(x)[f
X(x)]�1m(x)fX(x)dx = ✓j . (2.3.6)

Here in the first equality we used the standard formula E{g(X,Y )} = E{E{g(X,Y )|X}} of
writing the expectation of a bivariate function g(x, y) via the expectation of the conditional
expectation.
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If the design density fX(x) is known, then the sample mean Fourier estimator of ✓j is

✓̃j := n�1

n
X

l=1

Yl'j(Xl)

fX(Xl)
. (2.3.7)

If the design density is unknown then its E-estimator f̂(x) of Section 2.2, based on the
sample X

1

, . . . , Xn, may be used. This yields a plug-in sample mean Fourier estimator

✓̂j := n�1

n
X

l=1

Yl'j(Xl)

max(f̂X(Xl), c/ ln(n))
. (2.3.8)

In (2.3.8) f̂X(x) is truncated from below because it is used in the denominator, c is the
additional parameter of the regression E-estimator with the default value c = 1, and all
corresponding figures allow the user to choose any c > 0.

The variance of ✓̂j can be estimated by the sample variance based on statistics

{Yl'j(Xl)/max(f̂X(Xl), c/ ln(n)), l = 1, . . . , n}. This yields the regression E-estimator
m̂(x). Further, if some bona fide restrictions are known (for instance, it is known that the
corner functions are nonnegative), then a projection on the bona fide functions is performed.

Remark 2.3.1. Let ✓k be the kth Fourier coe�cient of the regression function m(x), and
k 6= j. Then it is possible to show that

✓j = E{[Y � ✓k'k(X)]'j(X)/fX(X)}. (2.3.9)

This observation points upon a more accurate procedure of estimation which, theoretically,
yields asymptotically e�cient estimation. The simplest and most valuable step in imple-
mentation of the idea is to calculate ✓̂

0

and then subtract it from Yl, l = 1, 2, . . . , n and
use the di↵erences for estimating Fourier coe�cients ✓j , j � 1. We are utilizing this step
in the regression E-estimator. There is also another idea of estimation of the Fourier coef-
ficients based on using formula ✓j =

R

1

0

m(x)'j(x)dx. Namely, it is possible to replace an
unknown m(Xl) by its observation Yl and then use responses in a numerical integration.
This approach is convenient for the case of fixed-design predictors. More about these and
other methods can be found in Chapter 4 of Efromovich (1999a).

Figure 2.7 allows us to look at regression data and check how the regression E-estimator
performs for small sample sizes. A plot of the pairs (Xl, Yl) in the xy-plane (so-called
scattergram or scatter plot) is a useful tool to get a first impression about a dataset at
hand. Consider Monte Carlo simulations of observations according to (2.3.4) with n = 100;
underlying experiments are explained in the caption. Four scattergrams are shown by circles.
For now let us ignore the lines and concentrate on the data. An appealing nature of the
regression problem is that one can easily appreciate its di�culty. To do this, try to use your
imagination and draw a line m(x) through the middle of the cloud of circle in a scattergram
that, according to your understanding of the regression problem, gives a good fit according to
model (2.3.4). Or even simpler, because in the diagrams the underlying regression functions
are shown by the solid line, try to recognize them in the cloud of circles. If you are not
successful in this imagination and are confused, do not be upset because these particular
scattergrams are di�cult to read due to a large scale function (just look at the range of
responses).

Let us examine the four diagrams in turn where the dashed line shows E-estimates. For
the Uniform case (here the regression function is the Uniform) the estimate is good. Can you
see that there are more observations near the right tail than the left one? This is because the
design density is increasing. The scattergram for larger predictors may also suggest that an
underlying regression should have a decreasing right tail, but this is just an illusion created
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Figure 2.7 Heteroscedastic nonparametric regression. Observations (the scattergram) are shown by
circles overlaid by the underlying regression (the solid line) and its regression E-estimate (the dashed
line). The underlying model is Y = m(X) + �s(x)" where m(x) is a corner function indicated in
the title, " is standard normal and independent of X and �s(x) is the scale function. ISE is the
integrated squared error

R 1

0
(m(x)�m̂(x))2dx. The E-estimator knows that an underlying regression

function is nonnegative. {The arguments are: n controls the sample size, sigma controls �, the string
scalefun defines the shape of a custom function s(x) which is truncated from below by the value dscale
and then rescaled into the bona fide density supported on [0, 1], the string desden controls the shape
of the design density which is then truncated from below by the value dden and then rescaled into a
bona fide density. Argument c controls parameter c in (2.3.8). Arguments cJ0, cJ1 and cTH are
explained in Figure 2.6.} [n = 100, desden = 001 + 0.5 ⇤ x00, scalefun = 003 � (x � 0.5)ˆ2 00, sigma
= 1, dscale = 0, dden = 0.2, c = 1, cJ0 = 3, cJ1 = 0.8, cTH = 4]

by the regression errors. Actually, here one can imagine a number of interesting shapes of
the regression. For the Normal regression the estimate is not perfect but it correctly shows
the unimodal shape. Because the Normal regression has a pronounced shape and its range is
comparable with the regression noise, we can see the correct shape in the scatter plot. The
reason why the magnitude of the estimate is smaller than it should be is due to the large
noise which does not allow the E-estimator use larger frequency corresponding to smaller
Fourier coe�cients (recall Figure 2.3). Also note how the E-estimator uses the fact that
the underlying regression function is nonnegative by truncating negative values of m̂(x).
The E-estimate for the Bimodal regression is respectful keeping in mind the relatively small
sample size. Note that it would be tempting to oversmooth the scattergram and indicate
just one mode. The Strata case is interesting. The E-estimator does a superb job here. To
realize this, just try to draw a regression line through the scattergram; it would be a di�cult
task to ignore the outliers.

It is a good exercise to repeat this figure with di↵erent parameters and get used to the
nonparametric regression and the E-estimator.
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2.4 Bernoulli Regression

Suppose that we are interested in a relationship between a continuous random variable X
(the predictor) and a Bernoulli random variable A. Bernoulli regression (often referred to
as binary, probit, and also recall a parametric logistic regression) is an important statistical
model that is used in various fields, including actuarial science, machine learning, engineer-
ing, most medical fields, and social sciences. For example, the likelihood of an insurable
event, as a function of a covariate, is the key topic for insurance industry. The likelihood of
admission to a university, as a function of the SAT score, is another example. Clinical trials,
whose aim is to understand e↵ectiveness of a new drug, as a function of known covariates,
is another classical example. Bernoulli regression is widely used in engineering, especially
for predicting the probability of failure of a given process, system or product. Prediction of
a customer’s propensity to purchase a product or halt a subscription is important for mar-
keting. Furthermore, as we will see shortly, Bernoulli regression often occurs in statistical
problems with modified and missing data.

We begin with reviewing the notion of a classical Bernoulli random variable. Suppose
that a trial, or an experiment, whose outcome can be classified as either a “success” or
as a “failure,” is performed. Introduce a random variable A which is equal to 1 when the
outcome is the success and A = 0 otherwise. Set P(A = 1) = w and correspondingly
P(A = 0) = 1�w for some constant w 2 [0, 1]; note that w is the probability of the success.
A direct calculation shows that E{A} = w and V(A) = w(1 � w). If the probability w of
success is unknown and a sample A

1

, . . . , An from A is available, then the sample mean
estimator ŵ := n�1

Pn
l=1

Al may be used for estimation of the parameter w. This estimator
is unbiased and enjoys an array of optimal properties. These are the basic facts that we
need to know about a Bernoulli random variable.

Now let us translate the classical parametric Bernoulli setting into a nonparametric one.
Assume that the probability of the success w is the function of a predictor X which is a
continuous random variable supported on the unit interval [0, 1] with the design density
fX(x) � c⇤ > 0, x 2 [0, 1]. In other words, we assume that for x 2 [0, 1] and a 2 {0, 1}

P(A = 1|X = x) = w(x), fA,X(a, x) = fX(x)[w(x)]a[1� w(x)]1�a. (2.4.1)

Note that here w(x) may be considered as either the probability of success given the pre-
dictor equal to x or as the conditional expectation of A given the predictor equal to x, that
is

w(x) := P(A = 1|X = x) = E{A|X = x}. (2.4.2)

This explains why the problem of estimation of the conditional probability of success w(x)
may be solved using nonparametric regression.

The Bernoulli regression problem is to estimate the function w(x) using a sample of size
n from the pair (X,A).

To solve the problem using the E-estimation methodology, we begin with writing down
Fourier coe�cients ✓j of w(x) as an expectation. Write,

✓j :=

Z

1

0

w(x)'j(x)dx = E
nA'j(X)

fX(x)

o

. (2.4.3)

If the design density is known, (2.4.3) yields the sample mean estimator

✓̃j := n�1

n
X

l=1

Al'j(Xl)

fX(Xl)
. (2.4.4)

Design density may be known in controlled regressions and some other situations, but in
general it is unknown. In the latter case we may estimate the design density using the
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Figure 2.8 Bernoulli regression. In each diagram a scattergram is overlaid by the underlying re-
gression w(x) (the solid line) and its E-estimate (the dashed line). {n controls the sample size, the
string desden defines the shape of the design density which is then truncated from below by dden
and then rescaled into a bona fide density.} [n = 100, desden = 001 + 0.5 ⇤ x00, dden = 0.2, c = 1,
cJ0 = 3, cJ1 = 0.8, cTH = 4]

E-estimator f̂X(x) of Section 2.2 and plug it in (2.4.4). Because the density E-estimate is
used in the denominator, it is prudent to truncate it below from zero. This yields

✓̂j := n�1

n
X

l=1

Al'j(Xl)

max(f̂X(Xl), c/ ln(n))
. (2.4.5)

Recall that c is the parameter of E-estimator with the default value c = 1.
The Fourier estimator yields the Bernoulli regression E-estimator ŵ(x), x 2 [0, 1]. Fur-

ther, because the function w(x) 2 [0, 1] (it is the conditional probability), we project the
estimator onto the unit interval by replacing all negative values by zero and replacing all
values larger than one by one.

Let us check, using Figure 2.8, how the Bernoulli regression E-estimator performs for
the case of the corner functions being the probability of success. Here all corner functions,
shown in Figure 2.1, with the exception of the Uniform, are divided by their maximal value,
and in place of the Uniform the function w(x) = 2/3 is used (in what follows we still refer to
it as the Uniform). For the Uniform, the estimate wrongly shows a positive slope implying
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that the probability of a success w(x) increases with x. Is this a mistake? Of course, if one
knows the underlying Uniform regression function, the answer is “yes.” On the other hand,
let us look at the simulated observations. It is clear from the scattergram that the number
of successes, with respect to the corresponding number of failures, increases as x increases.
This is what the data tell us and this is what the E-estimator shows us. In other words, the
E-estimator knows only data and it performs correspondingly. The solid line, showing the
underlying regression function, serves as a reference, and allows us to understand that the
sample size n = 100 may not yield a scattergram corresponding to an underlying regression
function. In other words, it is always important to keep in mind that we are dealing with
n random pairs of realizations of (X,A) that may create a pattern di↵erent from the one
that can be expected from an underlying regression function.

For the Normal regression the estimate is also far from the underlying regression func-
tion, but again it correctly describes the data at hand. Namely, please note that there are no
failures within interval [0.3, 0.7], and this is why the E-estimate is larger than the underlying
regression. A similar outcome we see for the Bimodal regression, and again there is nothing
in the data that may tell us (and the E-estimator) about the two modes of the underlying
regression. E-estimate for the Strata is also poor, but again it correctly describes the data
at hand. For instance, look at observations corresponding to the right stratum. There is
not a single failure for responses from the interval [0.65, 0.85], and this explains why the
E-estimate indicates larger ŵ(x) than the underlying w(x).

The particular simulations, shown in Figure 2.8, allow us to understand that the sample
size n = 100 is relatively small for the considered nonparametric problem and it may create
a scattergram which does not reflect an underlying regression function. The reader is advised
to repeat Figure 2.8 and get used to the model and possible outcomes.

Finally, have you noticed that the presentation of diagrams in Figure 2.8 is di↵erent
from those in Figure 2.7? Which one do you prefer?

2.5 Multivariate Series Estimation

Suppose that we would like to estimate a joint density of several random variables or a
regression on several covariates. As we shall see shortly, both the series approach and the E-
estimation are e↵ortlessly extended to multivariate models. At the same time, the outcome
of estimation becomes worse or, to state this di↵erently, to get an accuracy of estimation
similar to a univariate case, larger sample sizes are needed. This fact is often referred to as
the curse of dimensionality, and it will be explained shortly.

We begin with discussion of the bivariate series approach and the coresponding E-
estimation; general case will follow shortly. Consider a square integrable on [0, 1]2 bivariate
function f(x

1

, x
2

) (such that
R

[0,1]2
f2(x

1

, x
2

)dx
1

dx
2

< 1) and any two univariate bases

{�j(x), j = 0, 1, . . .} and {⌘j(x), j = 0, 1, . . .} on the unit interval [0, 1]. Then products of
elements from these two bases,

{'j
1

j
2

(x
1

, x
2

) := �j
1

(x
1

)⌘j
2

(x
2

), j
1

, j
2

= 0, 1, . . .}, (2.5.1)

create a basis on [0, 1]2 which is called a tensor-product basis. This useful mathematical fact
implies a great flexibility in creating convenient bivariate bases. In the previous section,
the cosine basis on [0, 1] was used; for bivariate functions we will use the cosine tensor-
product basis with elements 'j

1

j
2

(x
1

, x
2

) := 'j
1

(x
1

)'j
2

(x
2

). Recall that '
0

(x) := 1 and
'j(x) := 21/2 cos(⇡jx), j = 1, 2, . . .

If a function f(x
1

, x
2

) is square integrable on [0, 1], then its partial sum approximation
with cuto↵s J

1

and J
2

is

fJ
1

J
2

(x
1

, x
2

) =
J
1

X

j
1

=0

J
2

X

j
2

=0

✓j
1

j
2

'j
1

j
2

(x
1

, x
2

), (2.5.2)
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and the Fourier coe�cients ✓j
1

j
2

are defined by the formula

✓j
1

j
2

:=

Z

[0,1]2
f(x

1

, x
2

)'j
1

j
2

(x
1

, x
2

)dx
1

dx
2

. (2.5.3)

This formula immediately yields the sample mean estimator of Fourier coe�cients
for the case of a bivariate density fX

1

X
2(x

1

, x
2

) supported on [0, 1]2. Denote by
(X

11

, X
21

), . . . , (X
1n, X2n) a sample of size n from (X

1

, X
2

) and define the sample mean
Fourier estimator

✓̂j
1

j
2

:= n�1

n
X

l=1

'j
1

j
2

(X
1l, X2l). (2.5.4)

The Fourier estimator allows us to use the E-estimation methodology of construction
of the bivariate density E-estimator of Section 2.2; the only necessary comment to make
is that now a pair of cuto↵s (Ĵ

1

, Ĵ
2

), which minimizes the empirical risk of the projection
estimator, is calculated.

Figure 2.9 illustrates performance of the bivariate density E-estimator. This figure allows
one to choose two bivariate densities that are the products of any two corner densities. The
sample size n = 100 is considered small for bivariate functions but it allows us to visualize
data in the top diagrams. These diagrams are classical scattergrams only now the estimand
is the bivariate density and not the univariate regression. Let us look at the data. We know
that the joint density is the product of two corner densities. Hence, the random variables
X

1

and X
2

are independent. Do we see this in the scattergrams? This is not a simple
question due to a very small number of observations in some areas; for instance, in the
right scattergram we have just one observation with X

2

smaller than 0.25. A training in
reading the scattergrams is needed, the interested reader may repeat this figure a number
of times to get a correct “feeling” of data. For instance, to realize the independence, you
may move a horizontal or vertical line along the range of a corresponding variable and then
convince yourself that the univariate shape of the density along the moving line remains the
same. Then compare your “feeling” with an underlying density shown in a middle diagram.
Or even simpler, check that the regressions of X

1

on X
2

and vice versa are constant (this
approach, of course, can tell you only about dependence but cannot prove independence).

The middle diagrams show underlying bivariate densities, and they allow us to evaluate
the simulations. Note that in an ideal simulation the larger the crowdedness of points in a
scattergram, the larger the underlying bivariate density. The bottom diagrams show us E-
estimates. The left estimate is very good. It correctly shows the independence and the overall
shape. The right estimate is also good for such a small sample size and the complicated
shape of the bivariate density. In particular, note that, relative to each other, magnitudes
of the two peaks are shown correctly.

Now let us comment on the asymptotic theory of the bivariate projection estimation.
If a function f(x

1

, x
2

) has � bounded partial derivatives in x
1

and x
2

, then, under a mild
additional assumption, it is known that the integrated squared biased can be bounded from
above as follows,

ISB(J
1

, J
2

) :=

Z

[0,1]2
[f(x

1

, x
2

)�
J
1

X

j
1

=0

J
2

X

j
2

=0

✓j
1

j
2

'j
1

j
2

(x
1

, x
2

)]2dx
1

dx
2

=
X

j
1

>J
1

X

j
2

>J
2

✓2j
1

j
2

 c⇤[J�2�
1

+ J�2�
2

], c⇤ < 1. (2.5.5)

Note that the equality in the bottom line of (2.5.5) is due to the Parseval identity. The de-
crease in the ISB is similar to what we have in the case of univariate di↵erentiable functions,
and this is the good news. The bad news is that now (J

1

+ 1)(J
2

+ 1) Fourier coe�cients
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Figure 2.9 E-estimation of the bivariate density. Two samples of size n = 100 are generated and
the corresponding estimation is exhibited in the two columns of diagrams. The first row of diagrams
shows the data (scattergrams). The second row shows the underlying bivariate densities. The third
row shows corresponding bivariate density E-estimates. {n controls the sample size. An underlying
bivariate density is the product of two corner densities defined by parameters c11 and c12 for the
left column of diagrams and c21 and c22 for the right column.} [n = 100, c11 = 1, c12 = 2, c21
= 2, c22 = 3, cJ0 = 3, cJ1 = 0.8, cTH = 4]

must be estimated, and this yields the variance of the projection bivariate estimator to be
of order n�1J

1

J
2

. If we optimize the MISE with respect to J
1

and J
2

, then we get that
optimal cuto↵s and the corresponding MISE are

J⇤
1

= J⇤
2

= On(1)n
1/(2�+2), MISE = On(1)n

�2�/(2�+2). (2.5.6)

Here On(1) are generic sequences in n such that 0 < c⇤ < On(1) < c⇤ < 1.
Recall that in a univariate case the MISE decreases faster with the rate n�2�/(2�+1). In

a case of a d-variate density, the MISE slows down to n�2�/(2�+d).
What is the conclusion for the case of multivariate functions? We have seen that using

tensor-product bases makes the problem of series approximation of multivariate functions
similar to the univariate case. Nonetheless, several technical di�culties arise. First, apart
from bivariate functions (surfaces), there is no simple tool to visualize a multidimensional
curve. Second, we have seen in Section 2.1 that to approximate fairly well a smooth univari-
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ate function, about 5 to 10 Fourier coe�cients are needed. For the case of a d-dimensional
curve this translates into 5d to 10d Fourier coe�cients. Since all these coe�cients must be
estimated, the rate of the MISE convergence slows down as d increases. Third, suppose that
n = 100 points are uniformly distributed over the five-dimensional unit cube [0, 1]5. What
is the probability of having some points in a neighborhood of reasonable size, say a cube
with side 0.2? Since the volume of such a cube is 0.25 = 0.00032, the expected number of
points in this neighborhood is n times 0.25, i.e., 0.032. As a result, no averaging over that
neighborhood can be performed. For this example, to get on average of 5 points in a cube,
its side should be 0.55, that is, more than a half of the range along each coordinate. This
shows how sparse multivariate observations are. Fourth, the notion of a small sample for
multivariate problems mutates. Suppose that for a univariate regression a grid of 50 points
is considered su�cient. Then this translates into 50 points along each axis, i.e., into 50d data
points. These complications present a challenging problem, which is customarily referred to
as the curse of dimensionality. However, in no way the curse implies that the situation is
always hopeless as we have seen for the case of bivariate functions.

2.6 Confidence Bands

Consider the problem of estimation of the probability density fX(x) supported on [0, 1].
Based on a direct sample X

1

, X
2

, . . . , Xn from X, a data-driven E-estimator has been sug-
gested in Section 2.2. A corresponding E-estimate is a curve which allows us to visualize an
underlying density. It would be nice to complement this curve by showing intervals/bands
around it which would point upon variance of the E-estimator.

In parametric statistics, confidence intervals are traditionally used to complement a
point estimator. Suppose that we are interested in estimation of the mean of a random
variable X supported on [0, 1]. Then the parameter µ :=

R

1

0

xfX(x)dx = E{X} is the mean,
and we would like to evaluate variability of the sample mean estimator µ̂ = n�1

Pn
l=1

Xl.
The variance of the estimator is V(µ̂) = n�1V(X) (recall that variance of the sum of
independent random variables is the sum of their variances), and the unknown variance
V(X) can be estimated by the sample variance estimator �̂2 := (n � 1)�1

Pn
l=1

(Xl � µ̂)2.
Then, if the sample size is su�ciently large to use the central limit theorem (n � 30 is often
recommended), then the classical 1� ↵ confidence interval is

[µ̂� z↵/2�̂n
�1/2, µ̂+ z↵/2�̂n

�1/2]. (2.6.1)

Here ↵ 2 (0, 1) and its typical values are 0.01, 0.02, 0.05 and 0.1, z↵/2 is a function in ↵

such that
R1
z
↵/2

(2⇡)�1/2e�x2/2dx = ↵/2 and �̂ :=
p
�̂2. Note that the confidence interval is

random (it is a statistic of observations) and its main property is the following relation

P
⇣

[µ̂� z↵/2�̂n
�1/2  µ  µ̂+ z↵/2�̂n

�1/2]
�

�

�

µ
⌘

= 1� ↵+ on(1). (2.6.2)

Recall that on(1) denotes a vanishing sequence in n, and P(D|µ) or P(D|f) denote the prob-
abilities of event D given an estimated parameter µ or an estimated function f , respectively.

Relation (2.6.2) sheds light on the notion of the 1�↵ confidence interval (2.6.1), namely,
this confidence interval covers an underlying parameter µ with the probability 1� ↵. Note
how the half-length of the confidence interval, called the margin of error, sheds light on the
used sample mean estimator µ̂, namely, it tells us how far the estimator can be from the
underlying parameter of interest. Finally, let us stress that while a confidence interval is
based on the estimated variance, its length is proportional to the standard deviation �̂.

Now let us return to our problem of nonparametric estimation of the density. Suppose
that for a particular sample of size n we get an E-estimate f̂X(x) = 1+ ✓̂j'j(x); recall that
✓
0

= 1 for any density supported on [0, 1]. This estimate allows us to conjecture that an
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underlying density is fX
j (x) := 1 + ✓j'j(x). Assume that the conjecture is correct. Then

(2.6.1) and (2.6.2) yield that (we use notation '2

j (x) := ['j(x)]2)

P
⇣

|fX
j (x)� f̂X(x)|  z↵/2[n

�1V('j(X))'2

j (x)]
1/2

�

�

�

fX
j

⌘

= 1�↵+on(1), x 2 [0, 1], (2.6.3)

and

P
⇣

max
x2[0,1]

|fX
j (x)� f̂X(x)|[n�1V('j(X))'2

j (x)]
�1/2  z↵/2

�

�

�

fX
j

⌘

= 1� ↵+ on(1). (2.6.4)

In what follows we are referring to (2.6.3) as a pointwise confidence variance-band (or
simply pointwise band) and to (2.6.4) as a simultaneous confidence variance-band (or simply
simultaneous band). The reason for this terminology is as follows. In (2.6.3) the estimand
is the value of the density at point x, and this is a parameter. This is why the band is
called pointwise, that is the band is for a point x 2 [0, 1]. In (2.6.2) the largest deviation of
the density estimator from the density over all x 2 [0, 1] is under control, and this explains
the terminology of simultaneous band. The notion of the variance-band is motivated by the
following consideration. In (2.6.3) and (2.6.4) it is assumed that an underlying density is of
a special parametric type fX

j (x) = 1 + ✓j'j(x). In general, an underlying density is

fX(x) = fX
j (x) +

X

k2{1,2,...}\j

✓k'k(x). (2.6.5)

Then, using the Parseval identity, the MISE (the mean integrated squared error) of the
estimator f̂X(x) = 1+ ✓̂j'j(x) can be written as the sum of the variance and the integrated
squared bias (ISB) of the estimator, namely

E{
Z

1

0

(f̂X(x)� fX(x))2dx} = V(✓̂j) +
X

k2{1,2,...}\j

✓2k. (2.6.6)

In (2.6.3)-(2.6.4) the term ISB is ignored, and this explains the variance-band terminology.
There are several traditional justifications for using the variance-band approach. The first
one is that in nonparametric inference it is di�cult (even theoretically) to take into account
the bias term because it involves an infinite number of unknown Fourier coe�cients. Un-
fortunately, any approach that takes into account the bias may lessen e↵ect of the bias but
cannot eliminate it. The second justification is that for many densities and cases of small
to moderate sample sizes, the bias of the E-estimate is relatively small, and simulations
show that the variance-band approach implies reliable confidence bands. Finally, as we will
see in the following chapters, in a number of applications the variance-band is of interest
on its own. This is why the variance-band approach is recommended for nonparametric
estimation. Furthermore, knowing flaws of the variance-band approach allows us to make
reasonable inferences about E-estimates.

Now let us expand the considered example of a single Fourier coe�cient in an E-
estimate of the density to a general case. Suppose that an E-estimate is f̂X(x) =
1 +

P

j2N ✓̂j'j(x). The estimate allows us to conjecture that an underlying density is

fX
N (x) = 1+

P

j2N ✓j'j(x). Then we can write that f̂X(x)�fX
N (x) =

P

j2N (✓̂j �✓j)'j(x).
The expectation of this di↵erence is zero and the variance is (below a general formula for
calculation of the variance of a sum of random variables is used)

�2

N (x) := V
⇣

X

j2N
(✓̂j � ✓j)'j(x)

⌘

=
X

i,j2N
'i(x)'j(x)Cov(✓̂i, ✓̂j), (2.6.7)

where the covariance Cov(✓̂i, ✓̂j) := E{(✓̂i � E{✓̂i})(✓̂j � E{✓̂j})} := �ij(n) =: �ij . This
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Figure 2.10 Pointwise and simultaneous confidence bands for the density E-estimator. Four di-
agrams correspond to the four underlying corner densities. The solid and dashed lines show the
underlying density and its E-estimate, respectively. Two dotted lines show a pointwise band and
two dot-dashed lines show a simultaneous band. Each title shows the integrated squared error of the
E-estimate which is

R 1

0
(f̂X(x)� fX(x))2dx. {Argument alpha controls ↵.} [n = 200, alpha = 0.05,

cJ0 = 3, cJ1 = 0.8, cTH = 4]

formula allows us to calculate sample mean estimates �̂ij of �ij and then plug them in
(2.6.7) and get an estimate �̂N (x) for �N (x). This, together with the central limit theorem,
implies the following pointwise variance-band (or in short pointwise band)

P
⇣

|fX
N (x)� f̂X(x)|  z↵/2�̂N (x)

�

�

�

fX
N

⌘

= 1� ↵+ on(1), x 2 [0, 1]. (2.6.8)

Developing a simultaneous confidence band is a more challenging problem, and here a
simple (but not necessarily optimal) solution is proposed. Consider a set of positive numbers
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{cj,↵/2,n, j 2 N} such that a vector {Zj , j 2 N} of normal random variables with the zero

mean and covariance function of the vector {(✓̂j � ✓j), j 2 N} satisfies

P
⇣

[j2N {|Zj |  cj,↵/2,n}
⌘

= 1� ↵+ on(1). (2.6.9)

This allows us to conclude that

P
⇣

sup
x2[0,1]

|fX
N (x)� f̂X(x)|

P

j2N cj,↵/2,n|'j(x)|
 1

�

�

�

fX
N

⌘

= 1� ↵+ on(1). (2.6.10)

Formula (2.6.10) defines the 1� ↵ simultaneous confidence band.
Figure 2.10 helps us to understand how the bands perform. Each diagram corresponds to

one of our corner densities. Here we are suppressing the projection of both the E-estimator
and the bands on the class of densities; we do this to highlight the proposed bands (and
the same will be done throughout the book). The top diagram shows an outcome for the
Uniform. This is a very interesting case where the underlying density is fX(x) = 1 and the
E-estimate is the perfect f̂X(x) = ✓̂

0

= 1, x 2 [0, 1]. Note that P(✓̂
0

= 1) = 1 and V(✓̂
0

) = 0.
This is why we see that the widths of the pointwise and simultaneous bands are zero, and
this is why we see just one line. This is a nice example which sheds light on the notion of
a variance-band. For the Normal density we can observe a typical relationship between the
more narrow pointwise band and the wider simultaneous band. Note that the bands are
wider near boundaries. Now let us look at the Bimodal. As we already know, this density is
more complicated for estimation than the Normal, and the bands clearly exhibit this. For
the Strata, the interesting outcome is the relatively wide bands for the flat valley between
the strata.

Overall, repeated simulations indicate that the proposed bands are a feasible and useful
inference tool.

2.7 Exercises

2.1.1 Describe the four corner functions. What are their special characteristics and di↵er-
ences?
2.1.2 How can a sample from the Bimodal density be generated?
2.1.3 Prove that if function f(x) is square integrable on [0, 1] and {'j(x), j = 0, 1, . . .} is

the basis on this interval, then
R

1

0

f2(x)dx =
P1

j=0

✓2j .
2.1.4 Use Figures 2.1 and 2.2 and suggest a reasonable Fourier approximation of the Normal
corner function using a minimal number of elements of the cosine basis.
2.1.5 Use Figure 2.3 to choose minimal cuto↵s that imply a reasonable approximation of
corner functions. Explain why the cuto↵s are di↵erent.
2.1.6 Check tails of approximations in Figure 2.3 and explain why they are poor for some
functions and good for others.
2.1.7 Explain how the integration by parts formula (2.1.5) can be verified.
2.1.8 Verify (2.1.7).
2.1.9⇤ Assume that a function f(x), x 2 [0, 1] has k bounded derivatives on [0, 1]. Explain
how its Fourier coe�cients ✓j decrease. Do they decrease with the rate j�k or faster?
2.1.10⇤ How do boundary conditions a↵ect the decrease of Fourier coe�cients?
2.1.11 Define Sobolev and Analytic function classes.
2.1.12 Do Fourier coe�cients from a Sobolev class decrease faster than from an Analytic
class?
2.1.13 Verify (2.1.13). Can a sharper inequality be proposed?
2.1.14 Verify (2.1.14). Explain how it may be used for the analysis of the MISE.
2.1.15 Prove validity of (2.1.5) or correct it.
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2.1.16 Consider an analytic class Ar,Q and evaluate |f(x)� fJ(x)|. Hint: Follow (2.1.15).
2.1.17⇤ Let r := r(↵) denote the largest integer strictly less than a positive number ↵,
and L > 0 be another positive number. Introduce a Hölder class H↵,L of functions f(x),
x 2 [0, 1] whose rth derivative f (r)(x) satisfies

|f (r)(x)� f (r)(y)|  L|x� y|↵�r, (x, y) 2 [0, 1]2. (2.7.1)

Further, for a positive integer k introduce a (Sobolev) class Dk,L of functions f(x), x 2 [0, 1]
such that f (k�1)(x) is absolutely continuous and

Z

1

0

[f (k)(x)]2dx  L2. (2.7.2)

Prove that the function class Dk,L contains the Hölder function class Hk,L.
2.1.18⇤ Using notation of Exercise 2.1.17⇤, introduce a periodic function class

D⇤
k,L := {f : f 2 Dk,L, f (r)(0) = f (r)(1), r = 0, 1, . . . , k � 1}. (2.7.3)

Further, introduce a classical trigonometric basis {⌘
0

(x) = 1, ⌘
2j�1

(x) = 21/2 sin(2⇡jx),
⌘
2j(x) = 21/2 cos(2⇡jx), j = 1, 2, . . .} on [0, 1]. Show that if f 2 D⇤

k,L then

f(x) =
1
X

j=0

⌫j⌘j(x), (2.7.4)

where ⌫j :=
R

1

0

f(x)⌘j(x) are Fourier coe�cients and

1
X

j=1

(2⇡j)2k[⌫2
2j�1

+ ⌫2
2j ]  L2. (2.7.5)

2.1.19⇤ Using notation of Exercise 2.1.18⇤, prove that if (2.7.4)-(2.7.5) holds, then f 2 D⇤
k,L.

2.1.20 Combine assertions of the previous three exercises and make a conclusion about the
introduced function classes.
2.1.21⇤ Let a function f(x), x 2 [0, 1] be r-times di↵erentiable on [0, 1],

R

1

0

[f (r)(x)]2dx < 1,
and for all positive and odd integers k < r

f (k)(0) = f (k)(1) = 0. (2.7.6)

Further, let 'j(x), j = 0, 1, . . . be elements of the cosine basis (2.1.3) on [0, 1]. Prove that

Fourier coe�cients ✓j :=
R

1

0

f(x)'j(x)dx of the function f(x) satisfy the Parseval-type
identity

1
X

j=1

(⇡j)2r✓2j =

Z

1

0

[f (r)(x)]2dx. (2.7.7)

Hint: Use integration by parts.
2.1.22⇤ Consider a positive integer r and set

r0 =

⇢

r if r is even,
r � 1 if r is odd.

(2.7.8)

Let a function f(x) be r-times di↵erentiable on [0, 1] and
R

1

0

[f (r)(x)]2dx < 1. Then there
exists a unique polynomial–cosine expansion

f(x) =
r0
X

i=1

cix
i +

1
X

j=0

vj'j(x), x 2 [0, 1], (2.7.9)
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where the coe�cients ci are defined from the following relations for the polynomial term

p(x) :=
Pr0

i=1

cixi,

p(k)(0) = f (k)(0), p(k)(1) = f (k)(1), (2.7.10)

that hold for all positive and odd k < r, and 'j(x) are elements of the cosine basis (2.1.3). In

(2.7.9) it is understood that for r = 1 (and correspondingly r0 = 0) the term
P

0

i=1

cixi = 0.
Moreover,

1
X

j=1

⇡2rv2j =

Z

1

0

[f (r)(x)]2dx� (1� r + r0)[r0!cr0 ]
2. (2.7.11)

2.1.23⇤ Explain how the result of the previous exercise may help to accelerate convergence
of the cosine Fourier series, or in other words may help to avoid the boundary problem
discussed in Section 2.1.
2.1.24⇤ Consider the cosine basis {'j(x), j = 0, 1, . . .} on [0, 1], and introduce an analytic
(exponential) ellipsoid

E↵,Q := {f(x) :
1
X

j=0

e2↵j✓2j  Q, ✓j :=

Z

1

0

f(u)'j(u)du, x 2 [0, 1]}. (2.7.12)

Consider a series approximation fJ(x) :=
PJ

l=0

✓j'j(x) for functions f from the ellipsoid,
and then explore its ISB and |fJ(x)� f(x)|.

2.2.1 Give definitions of a discrete, continuous and mixed random variables.
2.2.2 For a continuous random variable, what is the relationship between the cumulative
distribution function, the survivor function and the probability density?
2.2.3 Suppose that the density of a random variable X is known. Define the expectation
and variance of a function g(X).
2.2.4 What is the relationship between the variance, first and second moments of a random
variable?
2.2.5 Is the variance of a random variable less, equal or larger than the second moment?
2.2.6 Consider a sample X

1

, . . . , Xn from a random variable X. Is the sample mean
n�1

Pn
l=1

g(Xl) unbiased estimator of E{g(X)}? Do you need any assumption to support
your conclusion?
2.2.7 Consider a sample X

1

, . . . , Xn from a random variable X. What is the variance of
statistic n�1

Pn
l=1

g(Xl)? Do you need any assumption to support your conclusion?

2.2.8 Propose a sample mean estimator of a Fourier coe�cient ✓j :=
R

1

0

fX(x)'j(x)dx
based on a sample of size n from the random variable X supported on [0, 1].
2.2.9⇤ Consider the problem of Exercise 2.2.8 where now it is no longer assumed that [0, 1]
is the support of X. Suggest the sample mean estimate for ✓j . Hint: Write down ✓j as the
expectation and recall the use of the indicator function I(·), for instance, we can write
R

1

0

g(x)dx =
R1
�1 I(x 2 [0, 1])g(x)dx.

2.2.10 Explain the first step of the E-estimator.
2.2.11⇤ Explain the second step of the E-estimator.
2.2.12 Explain the third step of the E-estimator.
2.2.13 What is the reason for having the indicator function in (2.2.3)?
2.2.14⇤ Why do we have a factor 2 in the right side of (2.2.4)?
2.2.15 Is the Fourier estimator (2.2.7) unbiased?
2.2.16⇤ Why is the sum in (2.2.8) divided by (n�1) despite the fact that there are n terms
in the sum?
2.2.17⇤ Verify formula (2.2.10).
2.2.18 What is the definition of the integrated squared bias of a density estimate?
2.2.19 What is the definition of the MISE? Comment on this criterion.
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2.2.20 Verify relation (2.2.13).
2.2.21⇤ Prove that (2.2.16) is the projection on the class of densities under the ISE criterion.
2.2.22 Formula (2.2.16) defines the projection of a function on a class of densities. Draw
a graphic of a continuous density estimate that takes on both positive and negative values
and is integrated to one. Then explain how projection (2.2.16) will look like. Hint: Think
about a horizontal line such that the curve above it is the projection.
2.2.23 Verify formula (2.2.19). What can one conclude from the formula?
2.2.24 Explain all parameters of the E-estimator used in Figure 2.5.
2.2.25⇤ Use Figure 2.5 and choose an optimal argument cJ0 for each combination of sample
sizes 100, 200, 300 and four corner functions. Comment on your recommendations.
2.2.26⇤ Use Figure 2.5 and choose an optimal argument cJ1 for each combination of sample
sizes 100, 200, 300 and all four corner functions. Comment on your recommendations.
2.2.27⇤ Use Figure 2.5 and choose an optimal argument cTH for each combination of sample
sizes 100, 200, 300 and all four corner functions. Comment on your recommendations.
2.2.28⇤ Use Figure 2.6 and repeat Exercises 2.2.25-27.
2.2.29 Suppose that a random variable of interest Y is supported on a given interval [a, b].
How can the software, developed for the unit interval [0, 1], be used for estimation of the
density fY (y)?
2.2.30⇤ Consider the question of Exercise (2.2.29) only now the support is unknown.
2.2.31⇤ Explain and prove formulas (2.2.20), (2.2.21) and (2.2.22).
2.2.32 What is the definition of a consistent density estimator?
2.2.33⇤ Prove (2.2.25) for the case of Sobolev densities. Is it possible to establish the
consistency of a projection estimator for densities from a Sobolev class of order ↵  1/2?
2.2.34⇤ For a class of analytic densities, establish an inequality similar to (2.2.25).
2.2.35⇤ Prove consistency of the E-estimator for a Sobolev class of order ↵ > 1/2.

2.3.1 Explain the problem of a nonparametric regression. What is the di↵erence between
the classical linear regression and nonparametric one?
2.3.2 Why is the regression function E{Y |X = x} a reasonable predictor of Y given X = x?
2.3.3 Verify (2.3.3). What does the inequality tell us about the variance? Does this inequal-
ity shed light on the MSE in (2.3.1)?
2.3.4⇤ Is (2.3.4) a more general regression model than (2.3.2)? Justify your answer. Can
these two models be equivalent?
2.3.5 Define homoscedastic and heteroscedastic regressions. Which one, in your opinion, is
more challenging?
2.3.6 Explain every step in establishing (2.3.6).
2.3.7 Is (2.3.7) a sample mean estimator? Explain your answer.
2.3.8⇤ What is the variance of the estimator (2.3.7)? What is the coe�cient of di�culty?
2.3.9 Explain the motivation of the estimator (2.3.8) and why it uses truncation from the
zero of the design density estimator.
2.3.10⇤ Evaluate the mean, variance and the coe�cient of di�culty of Fourier estimator
(2.3.8). Hint: Begin with the case of known design density.
2.3.11⇤ Explain the modification of the E-estimate proposed in Remark 2.3.1. Then suggest
a procedure which uses not only ✓̂

0

but also other Fourier estimates.
2.3.12⇤ Propose a procedure for estimation of ✓j using the idea of numerical integration.
Then explore its mean and variance. Hint: Use (2.3.6) and then replace m(Xl) by Yl.
2.3.13 Explain arguments of Figure 2.7.
2.3.14⇤ For each corner function and each sample size, find optimal parameters of the
E-estimator used in Figure 2.7. Explain the results.
2.3.15 Repeat Figure 2.7 with di↵erent design densities that make estimation of the Bimodal
more and less complicated.
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2.3.16 Using Figure 2.7, explain how the scale function a↵ects estimation of each corner
function.

2.4.1 What is the definition of a Bernoulli random variable?
2.4.2 What is the mean and variance of a Bernoulli random variable?
2.4.3 Consider the sum of n identically distributed and independent Bernoulli random
variables. What is the mean and variance of the sum?
2.4.4 Present several examples of the Bernoulli regression.
2.4.5 Why is the Bernoulli regression problem equivalent to estimation of the conditional
probability of the success given the predictor?
2.4.6 Describe the E-estimator for Bernoulli regression.
2.4.7⇤ Explain the motivation behind the Fourier estimator (2.4.5). Then find its mean,
variance and the coe�cient of di�culty.
2.4.8 Estimates in Figure 2.8 are not satisfactory. Can they be improved by some innova-
tions or there is nothing that can be done better for the data at hand?
2.4.9⇤ Repeat Figure 2.8 for di↵erent sample sizes and for each corner function choose a
minimal sample size that implies a reliable regression estimation.
2.4.10 If our main concern is the shape of curves, which of the corner functions is more
di�cult and simpler for estimation?
2.4.11 Find better values for parameters of the E-estimator used in Figure 2.8.
2.4.12 Compare presentation of diagrams in Figures 2.7 and Figure 2.8. Which one do you
prefer? Explain your choice.

2.5.1 How to construct a tensor-product basis?
2.5.2Write down Fourier approximation of a three-dimensional density, supported on [0, 1]3,
using a tensor-product cosine basis.
2.5.3⇤ Explain the sample mean Fourier estimator (2.5.4). Find the mean, variance, and
the coe�cient of di�culty.
2.5.4 Consider the problem of estimation of a bivariate density supported on [0, 1]2. Explain
constriction of the E-estimator.
2.5.5 Repeat Figure 2.9 several times, and for each simulation compare your understanding
of the underlying density, exhibited by data, with the E-estimate.
2.5.6 Using Figure 2.9, suggest optimal parameters for the E-estimator.
2.5.7 Repeat Figure 2.9 with underlying densities generated by di↵erent densities for the
variables X

1

and X
2

. Does this make estimation of the bivariate density more complicated
or simpler?
2.5.8 For the setting of Exercise 2.5.7, would you recommend to use the same or di↵erent
parameters of the E-estimator?
2.5.9 Verify relations (2.5.5).
2.5.10⇤ Verify expressions for the optimal cuto↵s and the MISE presented in (2.5.6).
2.5.11 What is the curse of multidimensionality?
2.5.12 How can the curse of multidimensionality be overcome?
2.5.13⇤ Figure 2.9 allows us to estimate a density supported on [0, 1]2. How can a density
with unknown support be estimated using the software? Will this change the coe�cient of
di�culty of the E-estimator?
2.5.14⇤ Consider a bivariate regression function m(x

1

, x
2

) := E{Y |X
1

= x
1

, X
2

= x
2

}.
A sample of size n from a triplet (X

1

, X
2

, Y ) is available. Suggest a bivariate regression
E-estimate. Hint: Propose convenient assumptions.

2.6.1 Consider estimation of the mean of a bounded function g(X) based on a sample of
size n from X. Propose an estimator and its (1� ↵) confidence interval.
2.6.2⇤ Suppose that we have a sample of size n from a normal random variable X with
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unknown mean ✓. Let g(x) be a bounded and di↵erentiable function. Propose an estimator
of g(✓) and its 1� ↵ confidence interval.
2.6.3 How is the Central Limit Theorem used in construction of confidence intervals?
2.6.4 Explain the approach leading to (2.6.3).
2.6.5 Prove (2.6.4).
2.6.6 What is the definition of a nonparametric pointwise confidence band?
2.6.7 What is the definition of a nonparametric simultaneous confidence band?
2.6.8 Explain how the relation (2.6.6) is obtained.
2.6.9 Define the variance and the ISB (integrated squared bias) of a nonparametric esti-
mator.
2.6.10 Why an unknown ISB may prevent us from construction of a reliable confidence
band for small samples?
2.6.11 Using Figure 2.3 explain why a variance-band, which ignores the ISB, may be a
reasonable approach for the corner densities.
2.6.12⇤ An analytic class of densities was introduced in (2.1.12). Consider an analytic
density, write down the MISE of a projection estimate, and then evaluate the ISB using
(2.1.12). Using the obtained expression and the Central Limit Theorem, suggest a reasonable
confidence band. Hint: Note that the inference for analytic functions justifies the variance-
band approach.
2.6.13⇤ Verify (2.6.7). Hint: Recall the rule of calculating the variance of a sum of dependent
random variables
2.6.14⇤ Write down a reasonable estimator for the covariance �ij defined below line (2.6.7).
Then explore its statistical properties like the mean and variance.
2.6.15⇤ Verify (2.6.8). Hint: Use the Central Limit Theorem. Further, note that the set N
is random, so first consider the conditional expectation given the set.
2.6.16 Explain the underlying idea of the proposed simultaneous confidence band defined
in (2.6.10).
2.6.17⇤ Propose an algorithm for calculating the simultaneous confidence band introduced
in (2.6.10). In other words, think about a program that will do this. Hint: You need to find
coe�cients cj,↵/2,n satisfying (2.6.9). Note that Zj in (2.6.9) are components of a specific
normal random vector defined above line (2.6.9).
2.6.18 Repeat Figure 2.10. Find a simulation when the E-estimate for the Normal is not
perfect, and explain the shape of the bands.
2.6.19 If the parameter ↵ is decreased, then will a corresponding band be wider or narrower?
Check your answer using Figure 2.10.
2.6.20⇤ If you look at a band in Figure 2.10, then it is plain to notice that its width is not
constant. Why?
2.6.21 Titles of diagrams in Figure 2.10 show values of the ISE. What is the definition of
the ISE and why is it used to quantify quality of a nonparametric estimate?
2.6.22 How the ISE of an E-estimate is related to a band? Answer this question heuristically
and using mathematical analysis, and then check your answers using Figure 2.10.
2.6.23⇤ Fourier estimators ✓̂j , j = 1, 2, . . . of the density E-estimator are dependent random
variables. In particular, verify the following formula or find a correct expression,

Cov(✓̂j , ✓̂i) = n�1[2E{cos(j⇡X) cos(i⇡X)}� ✓j✓i] = n�1[✓j�i + ✓j+i � ✓j✓i]. (2.7.13)

Hint: Trigonometric formula

cos(�) cos(�) = [cos(� + �) + cos(� � �)]/2 (2.7.14)

may be useful.
2.6.24⇤ Explore the problem of Exercise 2.6.23 for a regression model.
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2.8 Notes

In what follows the subsections correspond to sections in the chapter.
2.1 Fourier series approximation is one of the cornerstones of the mathematical science.
The presented material is based on Chapter 2 in Efromovich (1999a). The basic idea of
Fourier series is that a periodic function may be expressed as a sum of sines and cosines.
This idea was known to the Babylonians, who used it for the prediction of celestial events.
The history of the subject in more recent times begins with d’Alembert, who in the eigh-
teenth century studied the vibrations of a violin string. Fourier’s contributions began in
1807 with his studies of the problem of heat flow. He made a serious attempt to prove
that any function may be expanded into a trigonometric sum. A satisfactory proof was
found later by Dirichlet. These and other historical remarks may be found in the book by
Dym and McKean (1972). Also, Section 1.1 of that book gives an excellent explanation
of the Lebesgue integral, which should be used by readers with advanced mathematical
background. The mathematical books by Krylov (1955), Bary (1964) and Kolmogorov and
Fomin (1957) give a relatively simple discussion (with rigorous proofs) of Fourier series.
There are many good books on approximation theory. Butzer and Nessel (1971) and Nikol-
skii (1975) are the classical references, and DeVore and Lorentz (1993), Temlyakov (1993),
and Lorentz, Golitschek and Makovoz (1996) may be recommended as solid mathematical
references. An interesting topic of wavelet bases and series wavelet estimators are discussed
in Walter (1994), Donoho and Johnstone (1995), Efromovich (1997c; 1999a; 2000a,c; 2004e;
2007a,b; 2009b), Härdle et al. (1998), Mallat (1998), Vidakovic (1999), Efromovich et al.
(2004), Efromovich et al. (2008), Nason (2008), Efromovich and Valdez-Jasso (2010), and
Efromovich and Smirnova (2014a,b).
2.2 This section is based on Chapter 3 of Efromovich (1999a). The first result about op-
timality of Fourier series estimation of nonparametric densities is due to Chentsov (1962).
Professor Chentsov was not satisfied with the fact that this estimate could take on negative
values, and later proposed to estimate g(x) := log(f(x)) by a series estimator ĝ(x) and then
set f̂(x) := eĝ(x); see Chentsov (1980) and also Efron and Tibshirani (1996). Clearly, the
last estimator is nonnegative. Recall that we dealt with this issue by using the projection
(2.2.17), see also a discussion in Efromovich (1999a) and Glad, Hjort and Ushakov (2003).
An interesting discussion of the influence of Kolmogorov’s results and ideas in approxi-
mation theory on density estimation may be found in Chentsov (1980) and Ibragimov and
Khasminskii (1981). Series density estimators are discussed in the books by Devroye and
Györfi (1985), Devroye (1987), Thompson and Tapia (1990), Tarter and Lock (1993), Hart
(1997), Wasserman (2006), Tsybakov (2009), Hollander, Wolfe and Chicken (2013). Asymp-
totic justification of using adaptive Fourier series density estimators is given in Efromovich
(1985; 1989; 1996b; 1998a; 1999d; 2000b; 2008b; 2009a; 2010a,c; 2011c) and Efromovich
and Pinsker (1982). A discussion of plug-in estimation may be found in Bickel and Dok-
sum (2007). Projection procedures are discussed in Birgé and Massart (1997), Efromovich
(1999a, 2010c), and Tsybakov (2009). There is also a rich literature on other approaches to
density estimation, see a discussion in the classical book by Silverman (1986) as well as in
Efromovich (1999a), Scott (2015), and more recent results in Sakhanenko (2015, 2017). See
also an interesting practical application in Efromovich and Salter-Kubatko (2008).

Let us specifically stress that the used default values of parameters of the E-estimator
are not necessarily “optimal,” and even using the word optimal is questionable because
there is no feasible risk for the analysis of E-estimator for small samples. It is up to the
reader to choose parameters that imply better fit for the reader’s favorite corner densities
and sample sizes. And this is where the R package becomes so handy because it allows one
to find custom-chosen parameters for every considered setting.

For the more recent development in the sharp minimax estimation theory, including the
supere�ciency, see Efromovich (2014a, 2016a, 2017).
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2.3 The discussed nonparametric regression is based on Chapter 4 of Efromovich (1999a).
There are also many good books where di↵erent applied and theoretical aspects of non-
parametric regression are discussed. These books include Carroll and Ruppert (1988),
Eubank (1988), Müller (1988), Härdle (1990), Wahba (1990), Green and Silverman (1994),
Wand and Jones (1995), Simono↵ (1996), Nemirovskii (1999), Györfi et al. (2002), Takezawa
(2005), Li and Racine (2009), Berk (2016), Faraway (2016), Matlo↵ (2017) and Yang (2017)
among others. A chapter-length treatment of orthogonal series estimates may be found in
Eubank (1988, Chapter 3). Asymptotic justification of orthogonal series estimation for the
regression model is given in Efromovich (1986; 1992; 1994b; 1996a; 2001c; 2002; 2005a;
2007d,e), where it is established that for smooth functions a data-driven series estima-
tor outperforms all other possible data-driven estimators. Practical applications are also
discussed. The heteroscedastic regression was studied in Efromovich (1992, 2013a) and
Efromovich and Pinsker (1996), where it is established that asymptotically a data-driven
orthogonal series estimator outperforms any other possible data-driven estimators whenever
an underlying regression function is smooth. Also, Efromovich and Pinsker (1996) present
results of numerical comparison between series and local linear kernel estimators. In some
applications it is known that an underlying regression function satisfies some restrictions
on its shape, like monotonicity or unimodality. Nonparametric estimation under the shape
restrictions is discussed in Efromovich (1999a, 2001a), Horowitz and Lee (2017), and in
the book Groeneboom and Jongbloed (2014) solely devoted to the estimation under shape
restrictions.
2.4 Bernoulli regression is considered in Chapter 4 of Efromovich (1999a), see also a dis-
cussion and further references in Mukherjee and Sen (2018). It also may be referred to as
binary regression. The asymptotic justification of the E-estimator is given in Efromovich
(1996a) and Efromovich and Thomas (1996) where also an interesting application to the
analysis of the sensitivity can be found. As we will see shortly, this regression is a pivot in
solving a number of statistical problems with missing data.
2.5 This section is based on Chapter 6 of Efromovich (1999a) which contains discussion of
a number of multivariate problems arising in nonparametric estimation. Asymptotic theory
can be found in Efromovich (2000b; 2002; 20010c,d). Although generalization of most of the
univariate series estimators to multivariate series estimators appears to be feasible, we have
seen that serious problems arise due to the curse of multidimensionality, as it was termed
by Bellman (1961). The curse is discussed in the books by Silverman (1986) and Hastie
and Tibshirani (1990). Many approaches have been suggested aimed at a simplification and
overcoming the curse: additive and partially linear modeling, principal components analysis,
projection pursuit regression, classification and regression trees (CART), multivariate adap-
tive regression splines, etc. A discussion may be found in the book Izenman (2008). Many
of these methods are supported by a number of specialized R packages, see also Everitt
and Hothorn (2011). Approximation theory is discussed in the books by Nikolskii (1975),
Temlyakov (1993), and Lorentz, Golitschek, and Makovoz (1996). A book-length discussion
of multivariate density estimators (with a particular emphasis on kernel estimators) is given
in Scott (2015).
2.6 Inference about nonparametric estimators, based on the analysis of the MISE and
its decomposition into variance and integrated squared bias, can be found in the books
Efromovich (1999a) and Wasserman (2006). The latter contains an interesting overview of
di↵erent approaches to construction of confidence bands as well as a justification of the
variance-band approach. Theoretical analysis of nonparametric confidence bands, including
proofs of impossibility of constructing e�cient data-driven bands, can be found in (mathe-
matically involved) papers Cai and Low (2004), Genovese and Wasserman (2008), Giné and
Nickl (2010), Ho↵mann and Nickl (2011), Cai and Guo (2017), and Efromovich and Chu
(2018a,b). Nonparametric hypotheses testing is explored in the book by Ingster and Suslina
(2003). Bayesian approach is discussed in Yoo and Ghosal (2016).


