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The statistical mechanics of systems whose evolution is governed by mixed quantum-classical
dynamics is investigated. The algebraic properties of the quantum-classical time evolution of
operators and of the density matrix are examined and compared to those of full quantum mechanics.
The equilibrium density matrix that appears in this formulation is stationary under the dynamics and
a method for its calculation is presented. The response of a quantum-classical system to an external
force which is applied from the distant past when the system is in equilibrium is determined. The
structure of the resulting equilibrium time correlation function is examined and the
quantum-classical limits of equivalent quantum time correlation functions are derived. The results
provide a framework for the computation of equilibrium time correlation functions for mixed
guantum-classical systems. 2001 American Institute of Physic§DOI: 10.1063/1.1400129

I. INTRODUCTION equations for the quantum-classical density matrix where the
evolution operator is expressed in terms of a quantum-
Often situations arise where it is appropriate to studyclassical bracket have also been stutfietf and their solu-
composite dynamical systems with interacting quantum metions have been formulated in terms of surface-hopping
chanical and classical degrees of freedom. In condensed matajectorie® 28
ter physics such situations occur when one is interested in In this paper we develop the statistical mechanics of
the dynamics of a light quantum particle or set of quantummixed quantum-classical systems. We take as a starting point
degrees of freedom interacting with more massivethe evolution equation for the mixed quantum-classical den-
particles' Specific examples include proton transfemml-  sity matrix?%23-262%Thjs equation may be derived by partial
vation dynamics of an excess electfoand nonradiative re- Wigner transforming the quantum Liouville equation over
laxation processes of molecules in a liquid-state environthe bath degrees of freedom corresponding to massive par-
ment® In these circumstances it is not feasible to attempt dicles and expanding the resulting evolution operator to lin-
full quantum solution of the Schdinger equation for the ear order in the mass ratio M)*2, wherem andM are the
entire system. Consequently one is led to consider the dycharacteristic masses of the quantum subsystem and bath
namics of a quantum subsystem coupled to a bath where thgarticles, respectiveR? The resulting evolution equation can
environmental degrees of freedom are treated classicallype recast as an integral equation in which classical trajectory
Such mixed quantum-classical systems arise in other corsegments are interspersed with environment-induced quan-
texts as well. tum transitions and corresponding bath momentum
Different formulations of the dynamics of such mixed changeg’
guantum-classical systems have appeared in the literature. I The canonical equilibrium density matrix for quantum-
these reduced descriptions of the quantum dynamics the eglassical systems is constructed to be stationary under the
vironmental degrees of freedom are accounted for by thguantum-classical evolution. Its form is derived and com-
inclusion of dissipative and decoherence terms in the equgeared with its full quantum analog. A linear response deriva-
tions of motion®™1° through multistate Fokker—Planck tion is carried out to determine the response function and the
dynamic$® or representations by quantum stochasticforms of the equilibrium time correlation functions appearing
processe$? Other approaches utilize a more detailed treatin quantum-classical systems. Mixed quantum-classical dy-
ment of the classical environment. These include simpleamics and the associated correlation functions present dif-
adiabatic dynamics where the classical system evolves onfarences from their full quantum analogs: Identities among
potential energy surface determined from a single adiabatiquantum correlation functions hold only approximately in
eigenstate, or Ehrenfest mean field models where the classhe quantum-classical limit and properties such as time trans-
cal evolution is governed by a mean force determined fronation invariance are also only approximately valid.
the instantaneous value of the quantum wave funcfidf. The paper is organized as follows: Section Il presents the
These descriptions produce a definite classical evolution bubrmal structure of mixed quantum-classical dynamics and
do not always give physically correct results. If we relax thecontrasts it with that of full quantum mechanics. In Sec. llI
continuity of the trajectory of the classical variablésye are  we discuss the canonical equilibrium density matrix and in
led to consider surface-hopping algorithfis® Evolution  Sec. IV a linear response derivation of the response function
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is carried out and a general discussion of the properties of p,,(R,P,t) i .

. ) N . . . . ] v H hA/ZI (t) ( ) ﬁA/ZIH )
mixed quantum-classical correlation functions is given. Con B 7 ( Pw Pw w
cluding remarks are made in Sec. V and Appendixes A—C

contain additional details. [ R -
~ 7 (Hapw(D) —Ppw(DH,)

=—ilwpw(t)

Consider a quantum system which may be partitioned =~ (Hw.pu(V)e- @)
into two interacting subsystems, a quantum subsystem withm these equations we have defined the rigﬁgx and left
particles of massn, and a quantum bath with particles of (|f| A) acting operators,
massM, (M>m). In order to describe the distinctive fea- . !
tures of quantum-classical dynamics, we begin with a brief  Ha=Hw(R,P)e"*?,

II. QUANTUM-CLASSICAL DYNAMICS

overview of the algebraic structure of quantum and classical - AN (8)
dynamics in the Wigner representation of the quantum bath. Hy=e Hw(R,P)
A. Quantum and classical dynamics where the partially Wigner transformed Hamiltoniﬁlm\, is
The von Neumann evolution equation for the quantum R.P 2 p? Vo(aR 9
mechanical density matrig is Hw(R,P)= o om TVWER). €)
ap(t) P Here p and § are the momentum and position operators,
a ﬁ[H’p(t)]' oy respectively, of the quantum subsystem ahg(d,R) is the

partially Wigner transformed total potential energy operator,
whereH is the Hamiltonian of the system. Its formal solution Which is the sum of the quantum subsystem, quantum bath,

is and subsystem-bath potential energies.
The second equality in E¢7) defines the quantum Liou-
p(t)= e—'Lt”(o) e—'Ht/ﬁ”(o)e'Ht/ﬁ 2) ville operatoriI:W in the partial Wigner representation and
the associated Lie brackeiti(y, )o. More generally the Lie
with il = (i/#)[H, ] the quantum Liouville operator. bracket of two partially Wigner transformed operators is de-

An alternative form of the evolution equation may be fined as
obtained by taking the partial Wigner transform over the bath i
degrees of freedom. This partial Wigner transform of the (AW,BW)Q:g(,&AéW— BwAL)
density matrix is defined by

R+ = h

PIRT S

: z z = _(A.e"M2B B, e MAA ) 10
FA)W(R,P):(Zﬂ'ﬁ)*aNJ dZéP‘zm<R—§ >, (Awe w— Bw€ w) (10)
(3)  Here theA, andA, operators are defined as in H§) with

the replacemeritly,— Ay .

while the corresponding transform of an operakois given The formal solution of Eq(7) is

by
PW(R P t) e IHAt/h (R P O)eIHAt/ﬁ

A

Aw(R, P)—f dze '™ Z”‘<R+ 5 |AR= 2>. (4) —e tWp(R,P0). (11)

Both the density matrix and quantum operators retain their A similar set of equations may be written for the evolu-
abstract operator character in the quantum subsystem degreli@ of any quantum operatdx. In the Wigner representation

of freedom but are now functions in tig, P) phase space of these equations and their solutions, respectively, take the
the quantum bath. To proceed we use the fact that the Wignd@rm

transform of a product of operators is givern’by

dAw(t) .. . N
AR A RAJIG gt~ LwAw(D)=(Hw.Aw(t))q (12)
(AB)w(R,P)=Aw(R,P)e"*By(R,P), (5)
and
where the left and right acting differential operatbris the i ) .
negative of the Poisson bracket operator, Aw(t):eiLWtAW: eiHAt/hAWe—iHAt/h. (13)
A=Vp-Vg—Vg Vp, (6)  [We shall drop the dependence of quantities Ikg(R,P)

on the bath phase space coordinates when confusion is un-
and the arrows indicate the directions in which the gradientikely to arise]
operators act. Using this result and taking the partial Wigner  The Wigner transform of a product of operators satisfies
transform of Eq.(1) we find the associative product rule,
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(ABC)y=((Ane"2B,)e"2E,,) The Poisson bracket is a Lie bracket and satisfies the Jacobi
identity. Of course, products of classical phase space func-
= (Aye"M (B2 Cy)), (14)  tions satisfy the associative property. Consequently, both

with an obvious generalization to products mioperators quantum and classical dynamics have a Lie algebraic struc-
. A T " ture and products of quantum operators or classical phase

Consider a quantum operai@r=AB which is the product of - gn4ce functions satisfy an associative product rule.

two operators. Since the time evolution©@fmay be written

asC(t)=A(t)B(t), its partial Wigner transform is
Cul(t)=Ay()e" 2B (1). (150  B. Quantum-classical dynamics

We may also obtain this result by considering the action of  The formulation of quantum dynamics in the partial
the Liouville operator on the operator product in the partialVigner representation allows the limit of a mixed quantum-

Wigner representation: classical system to be taken easily. In such quantum-classical
, dynamics, the full quantum dynamics of the subsystem is
s i . . : ; . . )
ILWCW:g(HweﬁA/2|(AWehA/2'BW)) take_n into account Whl|e the path, in |solqt|on, e\_/olyes_ ac
cording to the classical equations of motion. This limit is

taken by repIacing—TA andH, by their expansions to first

i . .
- g((AWeﬁA’Z'BW)eﬁA’Z'HW) order in#:
.. . e . - .. hA
=(iLywAy)e" 2B+ Ane" M3 (iLBy). (16) Ha—Hy=Hw| 1+ 2],

In writing the last line of this equation we have used the (19
associative property in Eq14). From this result we may < e AN
- - o . Hy—Ha=|1+ = |Hw.
immediately compute the repeated actiorlof, on Cyy and, 2i

using the definition of the exponential evolution operator as a

) ' ; e The full syst lution, which includes the int ti
power series, find Eq15) by identification of the two power © U system evollfion, Which Includes the Interaction

. . We shall mak £ this lenathi between the quantum subsystem and classical bath, is
SEeries expansions. We shall make use of this ienginier roulg, , given by the mixed quantum-classical Liouville
to Eq. (15) in the sequel where the analogous demonStrat'oréquationzo‘%

for mixed quantum-classical systems is not so straightfor-

ward. Ipw(R,P,t) i 1 .
The quantum mechanical Lie bracket, either in its origi- ~ — 51—~ 7 LHw:Aw(D]+ 5 ({Hw.pw(b)}

nal form as {/%)[A,B] or in its partially Wigner trans- R )

formed form @ ,By)o, satisfies the Jacobi identity, —{pw(t),Hw})

(Aw,(Bw.Cwo)o+ (Cw.(Aw.Bw)o)g =~ (Hw,pw(t)=—iLpw(t). (20
+(BW1(6W1AW)Q)Q:O- 17) The last equalities in Eq20) define the mixed quantum-

o o _ classical Liouville operatol, and the bracket which takes
We may remark on several limiting situations of this {a fornf324
general formulation of quantum dynamics. If the quantum
bath is absent and the system comprises only quantum sub~ . [ Lo
system degrees of freedom, we simply have the usual quaﬁAW’BW): %(AABW_ BwA,)
tum dynamical description in terms of the von Neumann

equation(1). If one considers the quantum bath dynamics =I—<A (1+_A B.—B (1+ﬁ_A A )

alone without a quantum subsystem, one has the ordinary AW 2i | W Pw 2i |"W
Wigner representation of quantum mechanics and all par- i 1

tially Wigner transformed operators become simple phase :g[Aw,Bw]—z({AW,Bw}—{BW,Aw}), (21)

space functions@\W(R, P)—Aw(R,P). The classical limit of
the quantum bath dynamics, which consists in keeping °n|¥vhere]l,\ is defined ag%A in Eq. (19) with QW‘)AW- The

0 ; i ; ; we
terms of Qrderh in _the evolution operator, is obta!ned by bracket reduces to the quantum Lie bracké®)( [ Ay .Buy]
the following truncation of the power series expression of thewhen the classical bath is absent and to the classical Lie
exponential operator: exp(/2i)=1+#AA/2i. In this limit

the bracket Hy, ), reduces to the Poisson bracKéty, } bracket(Poisson brackef Ay ,By} when the quantum sub-

and the Wigner representation of the quantum LiouvilIeSyStLeJrsnmIS ?r?isseggtation the evolution equations R(t)
equation becomes the classical Liouville equatiépg /dt 9 n " , q il
= —{Hw.pc}= —iLcpe(t), whose solution may be written and an operatoA, are given, respectively, by
as | ot _ g

pc(R,Pt)=e Lctp(R,P,0) gt wePw

=e VWA, (R,P,0)el/AHwt, (18  and

(22)

Downloaded 06 Nov 2003 to 130.91.67.156. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



5808 J. Chem. Phys., Vol. 115, No. 13, 1 October 2001 Nielsen, Kapral, and Ciccotti

dAW(t) o thus, the quantum-classical bracket is not strictly a Lie
T =(Hw,Apw(1)), (23 bracket. As a consequence, Poisson’s theorem, which states
that the Poisson brackétr the quantum Lie brackeof any

in apparent complete analogy with pure quantum and C|aSSM0 constants of the motion ?s also a constant of the motion,
cal dynamics. However, a number of important differencedails. More generally, from this result we conclude that prod-

exist which we now examine. ucts or powers of the constants of the motion are constants of
Consider the product of three operators in the mixedhe motion only t0O(:). _ _
quantum-classical limit. From E¢14) we have The formal solutions of the equations of motion that par-

allel those of full quantum mechanics also require some dis-

aaa R hA) L hA L cussion. For example, the formal solution of E2@) can be
) A\ fiA\ An(t) = £tA = S(e AV A, g~ Iatity 28
=(AW 1+—.)(BW 1+—.)CW)) lt) W=l v : 29
2i 2i Here the operato6 specifies the rule that must be used to
B2 A evaluate the exponential operators in the second equality in
- Z(((AWABW)ACW) Eq. (28). Appendix A gives the details of the rules that must
be followed in order for the formal solution involving the
—(AwA(ByACW)), (24)  exponentials of the leff{, and right7{, operators to be

equivalent to that obtained using the quantum-classical Liou-
where the last term i€)(%?). Thus, the associative product ville operator.
rule is no longer exact but is valid only to.terrﬁ&hz).'This _ Given this compact formulation of mixed quantum-
has important implications for the dynamics. In particular, inclassical dynamics that exploits the formal similarity with
this limit, consider the action of the mixed quantum-classicakull quantum mechanics, we turn to a description of the sta-
Liouville operator on the product of two operator§,, tistical mechanics of such systems. In the next section we

=Aw(1+7A/21)By: consider the determination of the equilibrium density matrix
for a mixed quantum-classical system and then turn in the
O Y e A\ L following section to a more general study of the properties of
'ﬁCW:%(HA<AW( 50 BW)) equilibrium time correlation functions.
i/ .| -
- g( Aw| 1+ 7) Bw) HA) ll. EQUILIBRIUM DENSITY MATRIX
. AA\ The quantum mechanical equilibrium canonical density
=(i/:AW)( 1+ o Bw matrix has the familiar form
A AAL pR=2"te PH, (29)
+AWl 1+ | (i LBy) +O(h). 2 . . . ~ .
W( 2i (1£Bw)+O(#) @9 whereZ is the partition functionZ=Tr exp(— BH). Its partial

. . , Wigner transform is given by
Thus, while Eq.(16) is exact, the corresponding quantum-

classical equation is valid only to tern@(#). From this - _J P2l o 2la0 z

result it follows that pwdR.P)= | dz€ R 2|Pe Rt 2/ (30
R . . AN - We denote the corresponding canonical equilibrium den-
Cw(t)ZG'Lth=(e'aAw)(1+7 (e'"'Bw) +O(h) sity matrix in the quantum-classical limit bpyd(R,P)

which is defined to be the approximationﬁa,e(R,P) that is

N stationary under quantum-classical dynamics:
> Bw(t)+O(h). (26)

R hA
A I - A ~ -
, . , i Lowe= 7 (Hapwe= PweHa)=0. (32)
Consequently, the evolution of a composite operator in
quantum-classical dynamics cannot be determined exactly in - The solution of Eq(31) can be found in the following

terms of the quantum-classical evolution of its constituentyay: we first writep,y, as a power series i [or in the mass
operators, but only to term9(#), in contrast both to quan-  ratio (m/M)¥2 if scaled variables are uskd

tum and classical dynamics. This result has implications for .

the computation of time correlation functions discussed in

Sec. V. Pwe= 2
-V n=0
The Jacobi identity involving the quantum-classical

bracket is valid only to termé&(%):

A (32)

Substituting this expression in Eg31) and grouping by
powers off, we obtain the following recursion relations: for

(Aw,(Bw,Cw) + (Cw.(Aw,Bw) + (Bw,(Cw.Aw)) n=0:
=O(R); (27) i[Hw,piyel=0 (33
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and forn=0, Equation(37) provides no information about the diago-
P . JURN nal elementg{9*@=p) put requires that the off-diagonal
i[Hw.p\We V1= 3{Hw.pWwa — 3{pWe. Hw}- (34) (O)a\ziv’e e

elementspy,** be zero. Similarly, Eq(38) for n=0 pro-
An analogous set of recursion relations may be writternvides no information about the diagonal eIemepf,%,)e”‘“
for the partial Wigner transform of the full quantum me- =p{1 but relates the off-diagonal elemerﬁﬁé‘m’ to the

chanical canonical equilibrium density matrix. These recur-y; (0)a = ;

sion relations are given in Appendix B where it is shown thatg:zgggz: :Ilsmsr?t?%% in [t::rrr’:s Olf tﬁg.éﬁiigeﬁ?gifnghnis
ﬁ\?Ve(R,P) and pw«R,P) are identical toO(%). We shall g we . g aa’ ;
exploit this feature below where the solutions of the mixedOf the same orQer, and the off-dl_agonal elemedfs n
quantum-classical recursion relations are presented. terms of the diagonal and off-diagonal elementp@l** .

It is convenient to analyze the structure of the recursiontNUs, provided we know the diagonal elemesi” there is
relations and obtain their solutions in an adiabatic basis. Thgufficient information to determine the complete solution of
adiabatic states are defined to be the eigenstates of the quaryy -
tum subsystem with fixed classical coordinates, The method used to solve E8) for the diagonal ele-

mentsp{/.* requires some discussion. Writing this equation

hw(R)|@;R)=E.(R)|:R), (39 explicitly for the diagonal elements we have

where
) B2 ILaplle'= 2 2R(Japife” ), (43)
hw(R)= 5~ +Vw(@.R). (36) e

’
where we have usegiy, =pys andJ,,,, =J%, ,,, and

Taking matrix elements of Eq¢33) and (34), respec- the fact thatl,, ,,=0 when a real adiabatic basis is chosen.

tively, we find, The left-hand side of Eq43) consists of a linear self-adjoint
) (O)aa’ _ differential operatoiL , acting on the diagonal elements of
IBaarpwe” =0, B the density matrixjL o\ ={Hg,p{M*} and, due to the
, , , Poisson bracket form of this operator, one can determine
iEparpWe V" = =il arpiws’™ + 2 Jaar wrPWe” p{M only up to a constant of the motion under the adiabatic

(39) HamiltonianHy, . To insure that a solution can be found we
) must invoke the theorem of the Fredholm alternative which
This set of equations is equivalent ®,,/i L,/ .’ pwe =0 requires that the right-hand side of Eg3) be orthogonal to
with pi. written as a power series # In these equations, the null-space ofl,.* This null-space consists of the con-
using the definitions in Ref. 26, we have the classical Liou-stants of the motion under the adiabatic Hamiltortit—at
ville operator, least any functiorF(Hy,(R,P)) of this Hamiltonian. Hence
P s 1 P we must verify that the following condition is satisfied:
il = —+ = (F&+F). —, 39
SEUICAERL A 9 dRAPY, 2R(J,0.,, ol IF(HG)=0. (49
where F& = —(a;R|dV(8,R)/dR|a;R) is the Hellmann— v
Feynman force for state, the energy differenc&,,/ (R) We show in Appendix C tham(Jm,W,pSC’e””') is an odd
=E,(R)—E. (R), and the term responsible for nonadia- function of P. This, along with the fact thaE(Hy) is an

batic transitions, even function ofP since it is a function of the Hamiltonian,
p 1 P guarantees the validity of E@44).
Joa vy =— i .d,,| 1+ §Sav' a_P) Syt Thus, we may write the formal solution of EG3) as
L B A It 0 Plie=(La) 1 X 2Raurplie”), (45
M ° a' ! 2 ! ! : (9P av - >

. . . . . . . and the formal solution of Eq38) for a# a’ as
In this equation the nonadiabatic coupling matrix element is

J (n+l)aa': H , (Naa’ _ , , (nvv'
dwr=<a;R|ﬁ|a’;R>, (41) pWe Eaa' (ILaa pWe VEV’ ‘Jaa VY pWe )
(46)

while the quantityS,, is defined as . .
a ¥ Using the formal results outlined above, we may con-

s —(F_pes = g - struct the form of the mixed quantum-classical canonical
wr=(Fw = Fiwda)| 1y - dar equilibrium density matrix. In Appendix B we show that
P -1 o o1 g o
:Eavda"<m.dav) ! (42) p%/\%a =ZO le 'BHWI ZO=E dedPe BHW! (47)

and specifies the momentum transfer to and from the classand thatp{})*=0. Then, takingh=0 in Eq. (46) we obtain,
cal subsystem arising from quantum transitions. after some algebra,
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(1)aa’ P (O)a _BE,, now assume that the system with Hamiltonfag is in ther-
pwe =iy Gaarpwe | 5 (1+e Fee) mal equilibrium fromt=—o up tot,. With this boundary

. condition, to first order in the external force E&J) yields
L O =t [ ave i aEw). 62
We may then use these results in the recursion relations to -
obtain all higher order terms in the expansion. The higher  The nonequilibrium average value of any operaBgy
order terms are more difficult to evaluate and, as we shalyyer the density matridy,(t), B(t)=Tr' fdR dP Bypw(t)
show in the following section, the explicit solutions @) may be computed to determine the response of the system to
v;/]i_ll suf(;ice since all results we can obtain are reliable only tohe external force. Using E¢52) we may write this as
this order.

e t ~ i 7 AV SN
ABW(t):j dt’ Tr’f dR dP Bye "“C Ui LapwF (1))
IV. TIME CORRELATION FUNCTIONS T

To derive expressions for transport properties in terms of _ ft dt/<(AT B (t—t"))F(t")
equilibrium time correlation functions, one may consider the — wemw

response of a system to an external force using linear re- .

sponse theory or monitor the equilibrium fluctuations in a Ef dt’ ea(t—t")F(t)), (53)
system. In this section we examine linear response theory for —o

mixed quantum-classical systems. — — A . .
g y where ABy(t) =By(t) —(By). In this equation we made

A. Response function use of integration by parts and cyclic permutations under the

Standard descriptions of linear response th&agsume trace to move the evolution operator orig, andi L, onto
that a system which is in thermal equilibrium in the distantBy(t—t"). Then using the definition ofL, as the quantum-

past is subjected to a time dependent external force. Th@assical bracket and the definition of the avera@g,)
response of the system to this external force is determined by Tr' fdR dP§pw. for any operatorf,y, we arrive at the
computing the average value of some property at i&ng  form in the second line. The prime on the trace denotes the
the density matrix determined to linear order in the force. Wegact that the trace is over the quantum subsystem states. The

adopt a similar point of view here except that we suppose thgyst jine defines the response functiég, which is given by
system follows quantum-classical dynamics instead of full

guantum mechanics. pea(t)=—((Aly,Bw(1))). (54)
The mixed quantum-classical system is subjected to a L . )

time dependent external for€gt) which couples to the ob- The resptonsef fIlImCt,'on n E(tﬁﬂ') Wlas c_ierllv(;ad by F:on.f,lder- .

servableAl, (t is the adjointand is applied from the distant 3.2 SYStem TOROWING quantum-classical dynamics, in equl-

. . e librium in th j im ndent external

past. The partially Wigner transformed Hamiltonian of the briu . the past, SUbJe.Ct to a time depe' dent externa

. : force. This quantum-classical response function should now
system in the presence of the external force is

be compared with the reduction of the response function for
Hyw(t)= |2|W_A\‘;V|:(t)_ (490  a fully quantum mechanical system to its quantum-classical
orm

The evolution equation for the density matrix is obtained 'I.'he quantum expression for the response functiZh is

from Eq.(22) by replacingH,, and™, by H,(t) andH (t),
respectively, to yield

dpw(t) R -
ot~ UA) T (HApw(t) = puw()HA(L) which, taking the partial Wigner transform of the second
equality in Eq.(55), may be written as

P30 =~ T THA KB =+ THAT BO1FS, (55)

=—(iL—iLaF(1))pw(t), (50)

i )
N I A o, - .
whereH , (t) =H,—A,F(t) andiL, has a form analogous PEAt)=—Tr f dR dpg(AwehAlz'Bw(t)
to iZ with Al, replacingHyy, iZy=(A},, ). The formal

solution of this equation is found by integrating fragto t, —Buw(t)e"2A})pRe
- _ aiL(t—ty) A i .o R -
put)=e = pulto) =—Tr’f dR dP- (A\Bu(D) ~ Bu(DAL)HRe
t .
+ | dt' e EEDIZ byt (). 51 Atoa
o APu(OF). B = (Al Bu(D)g) (56)

Choosingpw(tg) to be the equilibrium density matrix, To obtain the first equality we have used the fact that the
Pwe, defined to be invariant under quantum-classical dynampartial Wigner transform of TAB=Tr' fdR dP A,Byy .
ics, i Lpwe=0, the first term on the right-hand side of Eq. We wish to take the mixed quantum-classical limit of
(51) coincides withpy. and is independent df,. We can this expression but this cannot be done by a simple expan-
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sion in . Mixed quantum-classical dynamics is defined bywhere we have again written the second line in partially
the evolution equatiori20) where the evolution operator is Wigner transformed form. Using the correspondence rule to
obtained by an expansion to first order fin(or the mass take the quantum-classical limit of this expression, we obtain
ratio); however, the time-evolved density matrix contains all
orders inf since it involves the exponential of the evqutipn baat)=— fﬁd)\ Tr,f drR dP(fA\JEV(—ih)\)
operator. The same arguments apply to operators at time 0
and the equilibrium density matrix. A

As an ansatz one may replace the time dependent opera- X(1+7AI2)Bw(1))pwe- (60)

tor I§>w('[) and the quantum equilibrium density matpg We shall show now that Eqé57) and(60) are not equal
by their quantum—clgssmal forms. In_ addition, we may re-and agree only ta)(%). The quantum mechanical identity
place the quantum Lie bracket (q py its quantum classical [gq. (58)] used to obtain the Kubo transformed correlation

analog, (, p—(,) which is equivalent to replacing the ex- fynction uses the explicit form for the thermal density matrix
ponential operator exp(\/2i) by its expansion to linear or- - pS=7z"te A", Inthe quantum-classical case the structure
der inf, expfiA/2i)—1+hAJ2i. After these replacements of ,A;iNe is complicated(see Sec. Il and we do not have a

the response function takes the form : ; o

closed form expression for it. Consequently, it is necessary to
obtain an expression fg¥ that is analogous tﬁeQ so that
manipulations parallel to those in the quantum derivation
may be performed. We shall see that this is possible only to

quA(t):—Tr'f dR dP;L—(AJV(l%A/Zi)éW(t)

—Bu()(1+AaA2)AL) pwe termsO(%:2).
“boa The unnormalized equilibrium quantum density matrix,
={(Aw.Bw(1)), (57 02, satisfies the Bloch equation,

which is exactly the result in Eq54) obtained by perform- .
ing a linear response derivation directly on the mixed ﬁ_
quantum-classical equations of motion. This entitles one to 98
use the above intuitive correspondence rule to convert a = . ) i o
quantum mechanical correlation function to its mixed 12King its partial Wigner transform we may write it in the
quantum-classical analog. form

In the linear response approach to dynamical phenomena
there are various useful equivalent ways to represent the re-
sponse function. Moreover, since the response function is 98
essentially an equilibrium correlation function, its computa- . A0

with the boundary conditiot);,(8=0)=1.

tion is generally simplified by using the symmetry properties i ! T

of the equilibrium system. As we shall see in the next sec. Tge normzlllged. formal solutio(taking into account the
tions the situation is much less favorable in the quantum- oundary conditionis
classical case since many of the rigorous equivalences estab- .o _ __1 __gi o\ 51,4 —pH

lished in quantum or classical response theory are only Pwe=Z (e Pl =Z77(1e ). (63
approximately true in the quantum-classical limit. The firstgy the usual rule the quantum-classical limit should be
and most important equwalenge is obf[alned. throggh t.h%btained by the replacemeht, —*, . However, by direct
Kubo identity; therefore, we begin our discussion with th'scalculation one may show that (exp,GﬁA)l) and

case. (1 exp(~BH,)) agree only to first order if.>® Moreover, to

first order in7i they also agree witpy. whose explicit form

to this order is given in Eq$47) and(48). Thus, to this order
In quantum mechanics, correlation functions often apthese expressions may be used interchangeably.

pear in Kubo transformed form. Making use of the quantum  The Kubo identity(58) in the partial Wigner representa-

mechanical identity, tion is

-AO2=-QO%A. (62)

FION Lo A
— e HAOQe=— 0% A, (62)

B. Kubo transformed correlation functions

[N ~ B ~OAR . ~ B L
F[ATpd1= JO d\ pEAT(—iAN), (58) (PR Al 0= JO d\ pREMEAT (—ifiN), (64)

in the first equality of Eq(55) we may write the response

_ and its quantum-classical analog, which holds only approxi-
function as

mately, is

B X ~
Q (t)=— (=i pd '
daa(t) fo d\ TrAT(—iAN)B(t)pg 1+ @)A%(—imnom)

“ ~t B
(PweAw) = d\ pwe 2
0

=—fﬁd)\ Tr’f dR dRAT(—ikN) —K+0O(h). (65)
0

A2 ~Q This result is derived as follows: performing the integral over
X e"M2AB (1) P (59 )\ we obtain
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_ . hA ot The last equality has been obtained by substituting(E5).
== pwel 1+ S(ePTaAy e Fin) and then using cyclic permutation of the trace and integration
by parts.
. A~ Following Kubo, we may define a new correlation func-
+hwe 1+ 2 Aw tion, also in the mixed quantum-classical limit, by
- AA - - A~ A 1 (58 ~t )
= -7 Y(1e AMn)| 1+ o S(eBHAA\W;Ve*B%A) (Aw;Bw(t))= E dATr [ dRAR Ay(—i%iN)
i 0
X fA AA\ . )
+Pwel 1+j A+ O(1%), (66) X 1+7 Bw(t) | pwe- (73

where we have used one of the “equivalent” expressions folJSing this notation, the response function may be written
pwe, and we remind the reader that the interpretatio©f ~ SIMPly as

is given in Appendix A. Next, expanding the exponential A oA

operator and using the quantum-classical associative product Pea(t)=—B(Aw;Bw(t)) + Of).
rule [valid to termsO(%%)] we may show that Equation(74) may be useful in practical calculations. How-
ever, since the equivalence between the two forms of the

(74)

(18—,3721\) 1+ ﬁ :e—/zﬁ“r@(ﬁz), (67) response functiofEgs.(57) and(74)] cannot be established
2i to all orders in%, the magnitude of their numerical difference
must be evaluated in specific applications in order to deter-
14 % (e—ﬁﬁAl):e—ﬁﬁAJrO(ﬁz), (69) mine the applicability of Eq(74).

and use these results to manipulate &®). We have
C. Time translation invariance

ink=—2""e Frrs(efMaA e M) For both quantum and classical systems in equilibrium

the time evolution of an observable generates a stationary

random process. In particular, ensemble averages of observ-

ables are independent of time and time correlation functions

To further simplify the right-hand side of this equation we 40 not depend on the time origin but only on time differ-

use the relation ences. For quantum-classical dynamics the ensemble average
of an observable is independent of time,

+ Pwal Al +O(h2). (69)

1 hA
o

e FTaS(ePMaA] e Piay=Al e PHa+ O(1?),  (70) A o
Tr’f dRdP A,V(t),sWezTr'f dR dRe“'Ay) pwe

which may be proved by direct expansion of the exponential
operators. Then using E¢68) we have

ihK=—-2Z""Ay| 1+ >

- hA\ .
(eBHA1)+13We( 1+50 Aly

+0O(#?)

) A
=—Aly 1+ ——

1+ hA
20 2i

5| Pwet Pud Al+ O(h?)

=i (pwe. Al + O(h?). (72)

Starting with Eq.(54) and using Eq(65) gives
bpat)=—Tr' f dR dRA},,Bw(t))pwe
— T f dR AR pue.Aly) Bu(t)

B X
=—f d)\Tr’de dp(A{A,(—im\)
0

Bw(t) | pwet O(h). (72)

1 hA
X +7

=Tr’f dR dPAy(e “hwe

=Tr f dR dP Ay we. (75)

where we have used the stationarity @f., while for the
time correlation function in Eq(57) we only have

(Aw Bw(1)=((Aw(7),Bu(t+ 7)) +O(h). (7
Indeed, for the exact equality to hold one needs

Al(7)

1 rA B = A}l 1 iA
+ﬁ W(t+T)— w +7

Bw<t>)<r).
(7

A special case of this is, for any operatdgg, and Dy,
Cw(O[1+ (AA2)IDW(t) = (Cw[1+ (AA/2)IDW)(1). A
necessary and sufficient condition for this to be true is

hA\ L

iz(cw i

=(@iLCy) Dw+Cw (iLDy). (79

1 hA
T

1 hA
T
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However, we have shown in EQ5) that this is true only to The first few termgthought of as a power series expan-
O(h). Thus, time translation invariance is valid only approxi- sion init/#) are, from Eq.(A2),
mately in quantum-classical dynamics.

O L
e L A=Ayt — (HpAAw—AwHA) — =55 (HAHAA
V. CONCLUSION w=Awt g (FaAw= Awtn) = 532 (HaTlaAw
The results obtained in this paper provide the basis for —HA(AWHA) — (HAAW) Ha +AwHAFL)
the computation of equilibrium time correlation functions in i3
] ) ; ; ) i e . L .
many body quantum cla_55|cal systems. The numerlcal_com — (AN HAHAAW— HAH (AT
putation of time correlation functions entails both the simu- 67
lation of the evolution of dynamical variables or operators N I L. .
that enter in the correlation function of interest and sampling —HA((HAAW HA) + Ha(AwHAHA)
over a convenient weight.function (exp)GHw)) vyhich is . _(ﬁAﬁAAW)ﬁA"'(ﬁA(AWﬁA))ﬁA
part of the quantum-classical canonical equilibrium density o o _
matrix. Algorithms have been developed for the simulation +(HAAW HAHA—AWHAHAHA) + -, (A3)
of quantum-classical evolution and their further development
is a topic of continuing research. Sampling methods for thénd, from Eq.(A1),
calculation of quantum-classical time correlations require ad- A -
ditional considerations. Typically, in simulations of classical Se'"A/" A, e~ Hat/h
equilibrium time correlation functions the ensemble average
is replaced by a time average and the information needed to - it L. . . t? I
sample from the equilibrium distribution is obtained from a =AwT XS(HAAW_AW}[A)_ WS(HAHAAW

long molecular dynamics trajectory. The validity of such a

procedure hinges on the assumed ergodicity and stationarity

of the system and replaces direct sampling from the equilib-

rium distribution using Monte Carlo methods by a time av- . oo

erage. This ensemble average method has been used occa- —3HAHAAWHA +3HAAWHAHA

sionally but since it is not necessary and is algorithmically Ao o <

more complex, requiring both Monte Carlo and molecular ~AWHAHAH )+ (A4)

dynamics programs, its practical importance has been mino|'30r these expressions to agree we must make assignments

For quantum-classical systems neither the assumption of ef

godicity nor stationarity can be made and sampling from the

equilibrium distribution or another suitable weight function S(AAAWHAH L)

must be carried out to evaluate the correlation functions. ATIWIEATEA
The analysis presented in this paper gives all of the in- Lo A e 5 A . .

formation needed to compute equilibrium time correlations = 5((HAAW HAHA+ (HA(AWHA)) Ho

in the quantum-classical limit in a consistent fashion and, TNy

thus, provides a useful way to treat a large class of many- THAAWHAH)). (AS)

body systems where the environmental degrees of freedorm general the terrrS((?—?A)jAW(ﬁA)

have a classical character.

e e o its L. L
—2HAAWHA+AWHAHA)—WS(HAHAHAAW

k) is composed of j(
+k)!/jlk! separate terms each with a prefactorjok!/(]
+k)!. Each of these separate terms corresponds to a unique
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quantumf)\?\,e(R,P) and quantum-classicaly(R,P) equi-

librium density matrices in the canonical ensemble. We begin

by deriving the recursion relations for the quantum mechani-
The meaning of the formal solution in the second equal-<al equilibrium density matrix.

ity in Eq. (28) will be established here by comparing the two The thermal density matri;?o\?\,e is stationary under the

APPENDIX A

forms in this equation guantum dynamics in Eq7),
A o @ HAURR  a—iHAlR N
Ap(t)=S(eMaVi A e~ ARy (Al) 0=(Hw,p\?vQQ
and i
Aw(t) =€ “Ay,. (A2) = (A" 5] = e Hy). (B1)
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If we substitute the expansion, It is possible to show that in the adiabatic basis repre-
w sentation(properly normalizeglithese are the results quoted
ﬁQ _ 2 ﬁ)Q(n)ﬁn, (B2) in Egs.(47) and (48). We have established the equivalence
We = FWwe between the second term on the right-hand side of(B8)

and Eq.(48) by a direct calculation which shows that the
matrix representation of this term in E@®8) is the same as
the Taylor expansion of Eq48) in powers ofg.

into Eq.(B1) and group by powers df we obtain(using the
fact that theP dependence dfl is of the formP?2/2M)

0= (i) "[Hw.pwe 1. (B3)
0=£0[Aw, pRD - QL OA A+ HWARR?), (B4  APPENDIX C

0=ﬁ1(—i[l:lw 5o 1pQ(l>AHW——HWApQ(l) Here we establish tham(\]aa’yy,p\(,%””) is an odd
Pwe

function of P. Using the definitions in Sec. Ill, this is
1 equivalent to the condition thatiR((—(P/M)-dZa,
= b\?\}é’)AZHW—S—HWAzp\%? ' (BS)  —3Eaqdr,,(9/0P))p{") be an odd function of or,

choosing to work with a real adiabatic basis so tthg}: is
real, this simplifies to the conditions thRRR(p{1k**") and

alaPR(p{M**") be odd functions oP. The effect of multi-
plication by P or differentiation with respect td® is to
+— ! PRVA2A,,—~ iHWAZpWe ! —2QOA37, change the parity of the factaR(p{j,™"), if indeed this
8i 8i 48 factor has a definite parity; thus, we must show that
R(p{M*") is an even function oP. For technical reasons it
)’ (B6) will also be useful to show that(p(“)"‘“ ) is an odd function

1 1
0=% (—l[HW,pQ<3>]+ PWe ARw— 5 HWARRE

1.
— 35Q(0)
d Th Its should b d with the mi ?IP
and so on. These results should be compared wi € MIX€d \we use an inductive proof. The statements are true for
quantum-classical recursion relations given in E88) and (Daa_ (1)aa’
(34). n=1. From Eq.(48) we see thapy,.**=0 and thatpy;’

Notice that the first two recursion relations are identical'S PUre 'maginary and odd iR for ‘”& a'. Assuming

in the quantum-classical and fully quantum mechanical sys- (p(n)aa ) even function ofPVa,a’,n (C1)
tems [see Eqgs.(33) and (34) for n=0, (B3), and (B4)]. B
Hence, we can calculate the first two terms for the quantum j(pg\}éw’) odd function of PVa,a’,n, (C2)

mechanical systertin the partially Wigner transformed rep-
resentation and the results will also be valid for the
guantum-classical system.

we show that these conditions are true for 1. From Eq.
(46) we have

In quantum mechanics we have for the unnormalized (n+ Dyaa’ 1 P 4 (maa’
canonical equilibrium density matrif)Q Rlpwe )= | M 4R “RI(Pwe™)
Ofe= (e 1
e —5(F+F) o5 a<p<“>““>
=1 BHy+ 5 Hye" PRy = (B7)
& P " _r
_ (n)a a
This power series i must be converted into a power series 2 ( ( Eoa 0P M Ipw )
with respect tah. Extracting the first two terms in this new (? P
power series gives Td. 2 (n)aa
e ]
R . i oH (=B)"
Q _ o= BHwy w
we=e T o b nzo (n+2)! (3
. Each of the terms on the right-hand side is even with respect
% 2 (n—2j)An B+ O(h?), (Bg 10 P so R(pldtea’y is even in P. The analysis of

3(p§,3§1)““') is similar and will be omitted. Thus, the state-

after isolating the zeroth and first order terms and proving by"€nt is true fom+1 completing the inductive proof.
induction to first order irf that

(9H ~ 1J. C. Tully, in Modern Methods for Multidimensional Dynamics Compu-
1st w '
(Hn+2)( 0= 2i é'P 2 (n— 2J)Hcv Jﬁ HJ (B9) tations in Chemistryedited by D. L. ThompsoriWorld Scientific, New
=0 York, 1998, p. 34.
~ ~ 2M. F. Herman, Annu. Rev. Phys. Che#t, 83(1994; J. Chem. Phys37,
The operatorddy anddH,y/JR do not commute and so the 47791987,

order must be preserved as shown. 3Classical and Quantum Dynamics in Condensed Phase Simulatidnas
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