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The statistical mechanics of systems whose evolution is governed by mixed quantum-classical
dynamics is investigated. The algebraic properties of the quantum-classical time evolution of
operators and of the density matrix are examined and compared to those of full quantum mechanics.
The equilibrium density matrix that appears in this formulation is stationary under the dynamics and
a method for its calculation is presented. The response of a quantum-classical system to an external
force which is applied from the distant past when the system is in equilibrium is determined. The
structure of the resulting equilibrium time correlation function is examined and the
quantum-classical limits of equivalent quantum time correlation functions are derived. The results
provide a framework for the computation of equilibrium time correlation functions for mixed
quantum-classical systems. ©2001 American Institute of Physics.@DOI: 10.1063/1.1400129#
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I. INTRODUCTION

Often situations arise where it is appropriate to stu
composite dynamical systems with interacting quantum m
chanical and classical degrees of freedom. In condensed
ter physics such situations occur when one is intereste
the dynamics of a light quantum particle or set of quant
degrees of freedom interacting with more mass
particles.1–3 Specific examples include proton transfer,4 sol-
vation dynamics of an excess electron,5 and nonradiative re-
laxation processes of molecules in a liquid-state envir
ment.6 In these circumstances it is not feasible to attemp
full quantum solution of the Schro¨dinger equation for the
entire system. Consequently one is led to consider the
namics of a quantum subsystem coupled to a bath where
environmental degrees of freedom are treated classic
Such mixed quantum-classical systems arise in other c
texts as well.7

Different formulations of the dynamics of such mixe
quantum-classical systems have appeared in the literatur
these reduced descriptions of the quantum dynamics the
vironmental degrees of freedom are accounted for by
inclusion of dissipative and decoherence terms in the eq
tions of motion,8–10 through multistate Fokker–Planc
dynamics11 or representations by quantum stochas
processes.12 Other approaches utilize a more detailed tre
ment of the classical environment. These include sim
adiabatic dynamics where the classical system evolves
potential energy surface determined from a single adiab
eigenstate, or Ehrenfest mean field models where the cla
cal evolution is governed by a mean force determined fr
the instantaneous value of the quantum wave function.13,14

These descriptions produce a definite classical evolution
do not always give physically correct results. If we relax t
continuity of the trajectory of the classical variables,15 we are
led to consider surface-hopping algorithms.16–19 Evolution
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equations for the quantum-classical density matrix where
evolution operator is expressed in terms of a quantu
classical bracket have also been studied20–26 and their solu-
tions have been formulated in terms of surface-hopp
trajectories.26–28

In this paper we develop the statistical mechanics
mixed quantum-classical systems. We take as a starting p
the evolution equation for the mixed quantum-classical d
sity matrix.21,23–26,29This equation may be derived by parti
Wigner transforming the quantum Liouville equation ov
the bath degrees of freedom corresponding to massive
ticles and expanding the resulting evolution operator to
ear order in the mass ratio (m/M )1/2, wherem andM are the
characteristic masses of the quantum subsystem and
particles, respectively.26 The resulting evolution equation ca
be recast as an integral equation in which classical trajec
segments are interspersed with environment-induced q
tum transitions and corresponding bath moment
changes.27

The canonical equilibrium density matrix for quantum
classical systems is constructed to be stationary under
quantum-classical evolution. Its form is derived and co
pared with its full quantum analog. A linear response deri
tion is carried out to determine the response function and
forms of the equilibrium time correlation functions appeari
in quantum-classical systems. Mixed quantum-classical
namics and the associated correlation functions present
ferences from their full quantum analogs: Identities amo
quantum correlation functions hold only approximately
the quantum-classical limit and properties such as time tra
lation invariance are also only approximately valid.

The paper is organized as follows: Section II presents
formal structure of mixed quantum-classical dynamics a
contrasts it with that of full quantum mechanics. In Sec.
we discuss the canonical equilibrium density matrix and
Sec. IV a linear response derivation of the response func
5 © 2001 American Institute of Physics
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is carried out and a general discussion of the propertie
mixed quantum-classical correlation functions is given. C
cluding remarks are made in Sec. V and Appendixes A
contain additional details.

II. QUANTUM-CLASSICAL DYNAMICS

Consider a quantum system which may be partition
into two interacting subsystems, a quantum subsystem
particles of massm, and a quantum bath with particles o
massM, (M@m). In order to describe the distinctive fea
tures of quantum-classical dynamics, we begin with a b
overview of the algebraic structure of quantum and class
dynamics in the Wigner representation of the quantum b

A. Quantum and classical dynamics

The von Neumann evolution equation for the quant
mechanical density matrixr̂ is

]r̂~ t !

]t
52

i

\
@Ĥ,r̂~ t !#, ~1!

whereĤ is the Hamiltonian of the system. Its formal solutio
is

r̂~ t !5e2 i L̂ tr̂~0!5e2 iĤ t/\r̂~0!eiĤ t/\, ~2!

with i L̂ 5( i /\)@Ĥ, # the quantum Liouville operator.
An alternative form of the evolution equation may b

obtained by taking the partial Wigner transform over the b
degrees of freedom. This partial Wigner transform of t
density matrix is defined by

r̂W~R,P!5~2p\!23NE dzeiP•z/\K R2
z

2 Ur̂UR1
z

2L ,

~3!

while the corresponding transform of an operatorÂ is given
by

ÂW~R,P!5E dz e2 iP•z/\K R1
z

2 UÂUR2
z

2L . ~4!

Both the density matrix and quantum operators retain th
abstract operator character in the quantum subsystem de
of freedom but are now functions in the~R, P! phase space o
the quantum bath. To proceed we use the fact that the Wig
transform of a product of operators is given by30

~ÂB̂!W~R,P!5ÂW~R,P!e\L/2i B̂W~R,P!, ~5!

where the left and right acting differential operatorL is the
negative of the Poisson bracket operator,

L5“
Q

P•“
W

R2“
Q

R•“
W

P , ~6!

and the arrows indicate the directions in which the gradi
operators act. Using this result and taking the partial Wig
transform of Eq.~1! we find
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]r̂W~R,P,t !

]t
52

i

\
~ĤWe\L/2i r̂W~ t !2 r̂W~ t !e\L/2i ĤW!

52
i

\
~HW Lr̂W~ t !2 r̂W~ t !HQ L!

[2 i L̂ Wr̂W~ t !

[2~HW ,r̂W~ t !!Q . ~7!

In these equations we have defined the right (HW L) and left
(HQ L) acting operators,

HW L5ĤW~R,P!e\L/2i ,
~8!

HQ L5e\L/2i ĤW~R,P!

where the partially Wigner transformed HamiltonianĤW is

ĤW~R,P!5
P2

2M
1

p̂2

2m
1V̂W~ q̂,R!. ~9!

Here p̂ and q̂ are the momentum and position operato
respectively, of the quantum subsystem andV̂W(q̂,R) is the
partially Wigner transformed total potential energy operat
which is the sum of the quantum subsystem, quantum b
and subsystem-bath potential energies.

The second equality in Eq.~7! defines the quantum Liou
ville operator i L̂ W in the partial Wigner representation an
the associated Lie bracket (HW , )Q . More generally the Lie
bracket of two partially Wigner transformed operators is d
fined as

~ÂW ,B̂W!Q5
i

\
~AW LB̂W2B̂WAQ L!

5
i

\
~ÂWe\L/2i B̂W2B̂We\L/2i ÂW!. ~10!

Here theAW L andAQ L operators are defined as in Eq.~8! with
the replacementĤW→ÂW .

The formal solution of Eq.~7! is

r̂W~R,P,t !5e2 iHW Lt/\r̂W~R,P,0!eiHQ Lt/\

5e2 i L̂ Wtr̂W~R,P,0!. ~11!

A similar set of equations may be written for the evol
tion of any quantum operatorÂ. In the Wigner representation
these equations and their solutions, respectively, take
form

dÂW~ t !

dt
5 i L̂ WÂW~ t !5~ĤW ,ÂW~ t !!Q ~12!

and

ÂW~ t !5eiL̂ WtÂW5eiHW Lt/\ÂWe2 iHQ Lt/\. ~13!

@We shall drop the dependence of quantities likeÂW(R,P)
on the bath phase space coordinates when confusion is
likely to arise.#

The Wigner transform of a product of operators satisfi
the associative product rule,
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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~ÂB̂Ĉ!W5~~ÂWe\L/2i B̂W!e\L/2i ĈW!

5~ÂWe\L/2i~B̂We\L/2i ĈW!!, ~14!

with an obvious generalization to products ofn operators.
Consider a quantum operatorĈ5ÂB̂ which is the product of
two operators. Since the time evolution ofĈ may be written
as Ĉ(t)5Â(t)B̂(t), its partial Wigner transform is

ĈW~ t !5ÂW~ t !e\L/2i B̂W~ t !. ~15!

We may also obtain this result by considering the action
the Liouville operator on the operator product in the par
Wigner representation:

i L̂ WĈW5
i

\
~ĤWe\L/2i~ÂWe\L/2i B̂W!!

2
i

\
~~ÂWe\L/2i B̂W!e\L/2i ĤW!

5~ i L̂ WÂW!e\L/2i B̂W1ÂWe\L/2i~ i L̂ WB̂W!. ~16!

In writing the last line of this equation we have used t
associative property in Eq.~14!. From this result we may
immediately compute the repeated action ofi L̂ W on ĈW and,
using the definition of the exponential evolution operator a
power series, find Eq.~15! by identification of the two power
series expansions. We shall make use of this lengthier r
to Eq. ~15! in the sequel where the analogous demonstra
for mixed quantum-classical systems is not so straight
ward.

The quantum mechanical Lie bracket, either in its ori
nal form as (i /\)@Â,B̂# or in its partially Wigner trans-
formed form (ÂW ,B̂W)Q , satisfies the Jacobi identity,

~ÂW ,~B̂W ,ĈW!Q!Q1~ĈW ,~ÂW ,B̂W!Q!Q

1~B̂W ,~ĈW ,ÂW!Q!Q50. ~17!

We may remark on several limiting situations of th
general formulation of quantum dynamics. If the quantu
bath is absent and the system comprises only quantum
system degrees of freedom, we simply have the usual q
tum dynamical description in terms of the von Neuma
equation~1!. If one considers the quantum bath dynam
alone without a quantum subsystem, one has the ordin
Wigner representation of quantum mechanics and all p
tially Wigner transformed operators become simple ph
space functions:ÂW(R,P)→AW(R,P). The classical limit of
the quantum bath dynamics, which consists in keeping o
terms of order\0 in the evolution operator, is obtained b
the following truncation of the power series expression of
exponential operator: exp(\L/2i )511\L/2i . In this limit
the bracket (HW , )Q reduces to the Poisson bracket$HW , %
and the Wigner representation of the quantum Liouv
equation becomes the classical Liouville equation,]rC /]t
52$HW,rC%52 iL CrC(t), whose solution may be written
as

rC~R,P,t !5e2 iL CtrC~R,P,0!

5e21/2HWLtrC~R,P,0!e1/2LHWt. ~18!
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The Poisson bracket is a Lie bracket and satisfies the Ja
identity. Of course, products of classical phase space fu
tions satisfy the associative property. Consequently, b
quantum and classical dynamics have a Lie algebraic st
ture and products of quantum operators or classical ph
space functions satisfy an associative product rule.

B. Quantum-classical dynamics

The formulation of quantum dynamics in the parti
Wigner representation allows the limit of a mixed quantu
classical system to be taken easily. In such quantum-clas
dynamics, the full quantum dynamics of the subsystem
taken into account while the bath, in isolation, evolves
cording to the classical equations of motion. This limit
taken by replacingHW L and HQ L by their expansions to firs
order in\:

HW L→HW L5ĤWS 11
\L

2i D ,

~19!

HQ L→HQ L5S 11
\L

2i D ĤW .

The full system evolution, which includes the interactio
between the quantum subsystem and classical bath
then given by the mixed quantum-classical Liouvil
equation:20–26

]r̂W~R,P,t !

]t
52

i

\
@ĤW ,r̂W~ t !#1

1

2
~$ĤW ,r̂W~ t !%

2$r̂W~ t !,ĤW%!

[2~ĤW ,r̂W~ t !![2 i L̂r̂W~ t !. ~20!

The last equalities in Eq.~20! define the mixed quantum
classical Liouville operatorL̂, and the bracket which take
the form23,24

~ÂW ,B̂W!5
i

\
~AW LB̂W2B̂WAQ L!

5
i

\ S ÂWS 11
\L

2i D B̂W2B̂WS 11
\L

2i D ÂWD
5

i

\
@ÂW ,B̂W#2

1

2
~$ÂW ,B̂W%2$B̂W ,ÂW%!, ~21!

whereAW L is defined asHW L in Eq. ~19! with ĤW→ÂW . The
bracket reduces to the quantum Lie bracket (i\)21@ÂW ,B̂W#
when the classical bath is absent and to the classical
bracket~Poisson bracket! $AW ,BW% when the quantum sub
system is absent.

Using this notation, the evolution equations forr̂W(t)
and an operatorÂW are given, respectively, by

]r̂W~ t !

]t
52~ĤW ,r̂W~ t !! ~22!

and
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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dÂW~ t !

dt
5~ĤW ,ÂW~ t !!, ~23!

in apparent complete analogy with pure quantum and cla
cal dynamics. However, a number of important differenc
exist which we now examine.

Consider the product of three operators in the mix
quantum-classical limit. From Eq.~14! we have

~ÂB̂Ĉ!W→S S ÂWS 11
\L

2i D B̂WD S 11
\L

2i D ĈWD
5S ÂWS 11

\L

2i D S B̂WS 11
\L

2i D ĈWD D
2

\2

4
~~~ÂWLB̂W!LĈW!

2~ÂWL~B̂WLĈW!!!, ~24!

where the last term isO(\2). Thus, the associative produ
rule is no longer exact but is valid only to termsO(\2). This
has important implications for the dynamics. In particular,
this limit, consider the action of the mixed quantum-classi
Liouville operator on the product of two operators,ĈW

5ÂW(11\L/2i )B̂W :

i L̂ĈW5
i

\ S HW LS ÂWS 11
\L

2i D B̂WD D
2

i

\ S S ÂWS 11
\L

2i D B̂WDHQ LD
5~ i L̂ÂW!S 11

\L

2i D B̂W

1ÂWS 11
\L

2i D ~ i L̂B̂W!1O~\!. ~25!

Thus, while Eq.~16! is exact, the corresponding quantum
classical equation is valid only to termsO(\). From this
result it follows that

ĈW~ t !5ei L̂tĈW5~ei L̂tÂW!S 11
\L

2i D ~ei L̂tB̂W!1O~\!

5ÂW~ t !S 11
\L

2i D B̂W~ t !1O~\!. ~26!

Consequently, the evolution of a composite operator
quantum-classical dynamics cannot be determined exact
terms of the quantum-classical evolution of its constitu
operators, but only to termsO(\), in contrast both to quan
tum and classical dynamics. This result has implications
the computation of time correlation functions discussed
Sec. V.

The Jacobi identity involving the quantum-classic
bracket is valid only to termsO(\):

~ÂW ,~B̂W ,ĈW!!1~ĈW ,~ÂW ,B̂W!!1~B̂W,~ĈW ,ÂW!!

5O~\!; ~27!
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thus, the quantum-classical bracket is not strictly a L
bracket. As a consequence, Poisson’s theorem, which s
that the Poisson bracket~or the quantum Lie bracket! of any
two constants of the motion is also a constant of the moti
fails. More generally, from this result we conclude that pro
ucts or powers of the constants of the motion are constan
the motion only toO(\).

The formal solutions of the equations of motion that p
allel those of full quantum mechanics also require some
cussion. For example, the formal solution of Eq.~23! can be
written as

ÂW~ t !5ei L̂tÂW5S~eiHW Lt/\ÂWe2 iHQ Lt/\!. ~28!

Here the operatorS specifies the rule that must be used
evaluate the exponential operators in the second equalit
Eq. ~28!. Appendix A gives the details of the rules that mu
be followed in order for the formal solution involving th
exponentials of the leftHQ L and right HW L operators to be
equivalent to that obtained using the quantum-classical Li
ville operator.

Given this compact formulation of mixed quantum
classical dynamics that exploits the formal similarity wi
full quantum mechanics, we turn to a description of the s
tistical mechanics of such systems. In the next section
consider the determination of the equilibrium density mat
for a mixed quantum-classical system and then turn in
following section to a more general study of the properties
equilibrium time correlation functions.

III. EQUILIBRIUM DENSITY MATRIX

The quantum mechanical equilibrium canonical dens
matrix has the familiar form

r̂e
Q5Z21e2bĤ, ~29!

whereZ is the partition function,Z5Tr exp(2bĤ). Its partial
Wigner transform is given by

r̂We
Q ~R,P!5E dz eiP•z/\K R2

z

2 Ur̂e
QUR1

z

2L . ~30!

We denote the corresponding canonical equilibrium d
sity matrix in the quantum-classical limit byr̂We(R,P)
which is defined to be the approximation tor̂We

Q (R,P) that is
stationary under quantum-classical dynamics:

i L̂r̂We5
i

\
~HW Lr̂We2 r̂WeHQ L!50. ~31!

The solution of Eq.~31! can be found in the following
way: we first writer̂We as a power series in\ @or in the mass
ratio (m/M )1/2 if scaled variables are used#

r̂We5 (
n50

`

\nr̂We
~n! . ~32!

Substituting this expression in Eq.~31! and grouping by
powers of\, we obtain the following recursion relations: fo
n50:

i @ĤW ,r̂We
~0!#50 ~33!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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and forn>0,

i @ĤW ,r̂We
~n11!#5 1

2$ĤW ,r̂We
~n!%2 1

2$r̂We
~n! ,ĤW%. ~34!

An analogous set of recursion relations may be writ
for the partial Wigner transform of the full quantum m
chanical canonical equilibrium density matrix. These rec
sion relations are given in Appendix B where it is shown th
r̂We

Q (R,P) and r̂We(R,P) are identical toO(\). We shall
exploit this feature below where the solutions of the mix
quantum-classical recursion relations are presented.

It is convenient to analyze the structure of the recurs
relations and obtain their solutions in an adiabatic basis.
adiabatic states are defined to be the eigenstates of the q
tum subsystem with fixed classical coordinates,

ĥW~R!ua;R&5Ea~R!ua;R&, ~35!

where

ĥW~R!5
P̂2

2m
1V̂W~ q̂,R!. ~36!

Taking matrix elements of Eqs.~33! and ~34!, respec-
tively, we find,

iEaa8rWe
~0!aa850, ~37!

iEaa8rWe
~n11!aa852 iL aa8rWe

~n!aa81(
nn8

Jaa8,nn8rWe
~n!nn8 .

~38!

This set of equations is equivalent to(nn8iLaa8,nn8rWe
nn850

with rWe
nn8 written as a power series in\. In these equations

using the definitions in Ref. 26, we have the classical Lio
ville operator,

iL aa85
P

M
•

]

]R
1

1

2
~FW

a 1FW
a8!•

]

]P
, ~39!

where FW
a 52^a;Ru]V̂W(q̂,R)/]Rua;R& is the Hellmann–

Feynman force for statea, the energy differenceEaa8(R)
5Ea(R)2Ea8(R), and the term responsible for nonadi
batic transitions,

Jaa8,nn852
P

M
•danS 11

1

2
San•

]

]PD da8n8

2
P

M
•da8n8

* S 11
1

2
Sa8n8
* •

]

]PD dan . ~40!

In this equation the nonadiabatic coupling matrix elemen

daa85^a;Ru
]

]R
ua8;R&, ~41!

while the quantitySan is defined as

San5~FW
an2FW

a dan!S P

M
•danD 21

5EandanS P

M
•danD 21

, ~42!

and specifies the momentum transfer to and from the cla
cal subsystem arising from quantum transitions.
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Equation~37! provides no information about the diago
nal elementsrWe

(0)aa[rWe
(0)a but requires that the off-diagona

elementsrWe
(0)aa8 be zero. Similarly, Eq.~38! for n50 pro-

vides no information about the diagonal elementsrWe
(1)aa

[rWe
(1)a but relates the off-diagonal elementsrWe

(1)aa8 to the
diagonal elementsrWe

(0)a . For n>1 Eq. ~38! determines the
diagonal elementsrWe

(n)a in terms of the off-diagonal element

of the same order, and the off-diagonal elementsrWe
(n11)aa8 in

terms of the diagonal and off-diagonal elements ofrWe
(n)aa8 .

Thus, provided we know the diagonal elementsrWe
(0)a there is

sufficient information to determine the complete solution

rWe
aa8 .

The method used to solve Eq.~38! for the diagonal ele-
mentsrWe

(n)a requires some discussion. Writing this equati
explicitly for the diagonal elements we have

iL arWe
~n!a5 (

n.n8
2R~Jaa,nn8rWe

~n!nn8!, ~43!

where we have usedrWe
aa85rWe

a8a* andJaa,nn85Jaa,n8n
* and

the fact thatJaa,nn50 when a real adiabatic basis is chose
The left-hand side of Eq.~43! consists of a linear self-adjoin
differential operatoriL a acting on the diagonal elements o
the density matrix,iL arWe

(n)a5$HW
a ,rW

(n)a% and, due to the
Poisson bracket form of this operator, one can determ
rW

(n)a only up to a constant of the motion under the adiaba
HamiltonianHW

a . To insure that a solution can be found w
must invoke the theorem of the Fredholm alternative wh
requires that the right-hand side of Eq.~43! be orthogonal to
the null-space ofiL a .31 This null-space consists of the con
stants of the motion under the adiabatic HamiltonianHW

a —at
least any functionF(HW

a (R,P)) of this Hamiltonian. Hence
we must verify that the following condition is satisfied:

E dR dP(
n.n8

2R~Jaa,nn8rWe
~n!nn8!F~HW

a !50. ~44!

We show in Appendix C thatR(Jaa,nn8rWe
(n)nn8) is an odd

function of P. This, along with the fact thatF(HW
a ) is an

even function ofP since it is a function of the Hamiltonian
guarantees the validity of Eq.~44!.

Thus, we may write the formal solution of Eq.~43! as

rWe
~n!a5~ iL a!21 (

n.n8
2R~Jaa,nn8rWe

~n!nn8!, ~45!

and the formal solution of Eq.~38! for aÞa8 as

rWe
~n11!aa85

i

Eaa8
S iL aa8rWe

~n!aa82(
nn8

Jaa8,nn8rWe
~n!nn8D .

~46!

Using the formal results outlined above, we may co
struct the form of the mixed quantum-classical canoni
equilibrium density matrix. In Appendix B we show that

rWe
~0!a5Z0

21e2bHW
a
, Z05(

a
E dR dPe2bHW

a
, ~47!

and thatrWe
(1)a50. Then, takingn50 in Eq. ~46! we obtain,

after some algebra,
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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rWe
~1!aa852 i

P

M
•daa8rWe

~0!aS b

2
~11e2bEa8a!

1
12e2bEa8a

Eaa8
D ~12daa8!. ~48!

We may then use these results in the recursion relation
obtain all higher order terms in the expansion. The hig
order terms are more difficult to evaluate and, as we s
show in the following section, the explicit solutions toO(\)
will suffice since all results we can obtain are reliable only
this order.

IV. TIME CORRELATION FUNCTIONS

To derive expressions for transport properties in terms
equilibrium time correlation functions, one may consider t
response of a system to an external force using linear
sponse theory or monitor the equilibrium fluctuations in
system. In this section we examine linear response theory
mixed quantum-classical systems.

A. Response function

Standard descriptions of linear response theory32 assume
that a system which is in thermal equilibrium in the dista
past is subjected to a time dependent external force.
response of the system to this external force is determine
computing the average value of some property at timet using
the density matrix determined to linear order in the force.
adopt a similar point of view here except that we suppose
system follows quantum-classical dynamics instead of
quantum mechanics.

The mixed quantum-classical system is subjected t
time dependent external forceF(t) which couples to the ob
servableÂW

† ~† is the adjoint! and is applied from the distan
past. The partially Wigner transformed Hamiltonian of t
system in the presence of the external force is

ĤW~ t !5ĤW2ÂW
† F~ t !. ~49!

The evolution equation for the density matrix is obtain
from Eq.~22! by replacingHW L andHQ L by H¢ L(t) andHª L(t),
respectively, to yield

]r̂W~ t !

]t
5~ i\!21~H¢ L~ t !r̂W~ t !2 r̂W~ t !Hª L~ t !!

52~ i L̂2 i L̂AF~ t !!r̂W~ t !, ~50!

whereH¢ L(t)5HW L2AW LF(t) and i L̂A has a form analogou
to i L̂ with ÂW

† replacing ĤW , i L̂A5(ÂW
† , ). The formal

solution of this equation is found by integrating fromt0 to t,

r̂W~ t !5e2 i L̂~ t2t0!r̂W~ t0!

1E
t0

t

dt8 e2 i L̂~ t2t8!i L̂Ar̂W~ t8!F~ t8!. ~51!

Choosingr̂W(t0) to be the equilibrium density matrix
r̂We, defined to be invariant under quantum-classical dyna
ics, i L̂r̂We50, the first term on the right-hand side of E
~51! coincides withr̂We and is independent oft0 . We can
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now assume that the system with HamiltonianĤW is in ther-
mal equilibrium fromt52` up to t0 . With this boundary
condition, to first order in the external force Eq.~51! yields

r̂W~ t !5 r̂We1E
2`

t

dt8 e2 i L̂~ t2t8!i L̂Ar̂WeF~ t8!. ~52!

The nonequilibrium average value of any operatorB̂W

over the density matrixr̂W(t), B(t)5Tr8*dR dP B̂Wr̂W(t)
may be computed to determine the response of the syste
the external force. Using Eq.~52! we may write this as

DBW~ t !5E
2`

t

dt8 Tr8E dR dP B̂We2 i L̂~ t2t8!i L̂Ar̂WeF~ t8!

52E
2`

t

dt8^~ÂW
† ,B̂W~ t2t8!!&F~ t8!

[E
2`

t

dt8 fBA~ t2t8!F~ t8!, ~53!

where DBW(t)5BW(t)2^B̂W&. In this equation we made
use of integration by parts and cyclic permutations under
trace to move the evolution operator ontoB̂W and i L̂A onto
B̂W(t2t8). Then using the definition ofi L̂A as the quantum-
classical bracket and the definition of the average^ f̂ W&
5Tr8*dR dP fˆWr̂We for any operatorf̂ W , we arrive at the
form in the second line. The prime on the trace denotes
fact that the trace is over the quantum subsystem states.
last line defines the response functionfBA which is given by

fBA~ t !52^~ÂW
† ,B̂W~ t !!&. ~54!

The response function in Eq.~54! was derived by consider
ing a system following quantum-classical dynamics, in eq
librium in the past, subject to a time dependent exter
force. This quantum-classical response function should n
be compared with the reduction of the response function
a fully quantum mechanical system to its quantum-class
form.

The quantum expression for the response function is32

fBA
Q ~ t !52

i

\
Tr@Â†,r̂e

Q#B̂~ t !5
i

\
Tr@Â†,B̂~ t !#r̂e

Q , ~55!

which, taking the partial Wigner transform of the seco
equality in Eq.~55!, may be written as

fBA
Q ~ t !52Tr8E dR dP

i

\
~ÂW

† e\L/2i B̂W~ t !

2B̂W~ t !e\L/2i ÂW
† !r̂We

Q

52Tr8E dR dP
i

\
~AW LB̂W~ t !2B̂W~ t !AQ L!r̂We

Q

52^~ÂW
† ,B̂W~ t !!Q&. ~56!

To obtain the first equality we have used the fact that
partial Wigner transform of TrÂB̂5Tr8*dR dP ÂWB̂W .

We wish to take the mixed quantum-classical limit
this expression but this cannot be done by a simple exp
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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sion in \. Mixed quantum-classical dynamics is defined
the evolution equation~20! where the evolution operator i
obtained by an expansion to first order in\ ~or the mass
ratio!; however, the time-evolved density matrix contains
orders in\ since it involves the exponential of the evolutio
operator. The same arguments apply to operators at timt
and the equilibrium density matrix.

As an ansatz one may replace the time dependent op
tor B̂W(t) and the quantum equilibrium density matrixr̂We

Q

by their quantum-classical forms. In addition, we may
place the quantum Lie bracket ( , )Q by its quantum classica
analog, ( , )Q→( , ) which is equivalent to replacing the ex
ponential operator exp(\L/2i ) by its expansion to linear or
der in \, exp(\L/2i )→11\L/2i . After these replacement
the response function takes the form

fBA~ t !52Tr8E dR dP
i

\
~ÂW

† ~11\L/2i !B̂W~ t !

2B̂W~ t !~11\L/2i !ÂW
† !r̂We

5^~ÂW
† ,B̂W~ t !!&, ~57!

which is exactly the result in Eq.~54! obtained by perform-
ing a linear response derivation directly on the mix
quantum-classical equations of motion. This entitles one
use the above intuitive correspondence rule to conve
quantum mechanical correlation function to its mix
quantum-classical analog.

In the linear response approach to dynamical phenom
there are various useful equivalent ways to represent the
sponse function. Moreover, since the response functio
essentially an equilibrium correlation function, its compu
tion is generally simplified by using the symmetry propert
of the equilibrium system. As we shall see in the next s
tions the situation is much less favorable in the quantu
classical case since many of the rigorous equivalences e
lished in quantum or classical response theory are o
approximately true in the quantum-classical limit. The fi
and most important equivalence is obtained through
Kubo identity; therefore, we begin our discussion with th
case.

B. Kubo transformed correlation functions

In quantum mechanics, correlation functions often a
pear in Kubo transformed form. Making use of the quant
mechanical identity,

i

\
@Â†,r̂e

Q#5E
0

b

dl r̂e
QȦ̂†~2 i\l!, ~58!

in the first equality of Eq.~55! we may write the respons
function as

fBA
Q ~ t !52E

0

b

dl Tr Ȧ̂†~2 i\l!B̂~ t !r̂e
Q

52E
0

b

dl Tr8E dR dP~ Ȧ̂†
W~2 i\l!

3e\L/2i B̂W~ t !!r̂We
Q , ~59!
Downloaded 06 Nov 2003 to 130.91.67.156. Redistribution subject to A
l

ra-

-

to
a

na
e-
is
-
s
-
-

ab-
ly
t
e

-

where we have again written the second line in partia
Wigner transformed form. Using the correspondence rule
take the quantum-classical limit of this expression, we obt

fBA~ t !52E
0

b

dl Tr8E dR dP~ Ȧ̂W
† ~2 i\l!

3~11\L/2i !B̂W~ t !!r̂We. ~60!

We shall show now that Eqs.~57! and~60! are not equal
and agree only toO~\!. The quantum mechanical identit
@Eq. ~58!# used to obtain the Kubo transformed correlati
function uses the explicit form for the thermal density mat

of r̂e
Q5Z21e2bĤ. In the quantum-classical case the structu

of r̂We is complicated~see Sec. III! and we do not have a
closed form expression for it. Consequently, it is necessar
obtain an expression forr̂We that is analogous tor̂e

Q so that
manipulations parallel to those in the quantum derivat
may be performed. We shall see that this is possible only
termsO(\2).

The unnormalized equilibrium quantum density matr
V̂e

Q , satisfies the Bloch equation,

]V̂e
Q

]b
52ĤV̂e

Q52V̂e
QĤ. ~61!

Taking its partial Wigner transform we may write it in th
form

]V̂We
Q

]b
52HW LV̂We

Q 52V̂We
Q HQ L , ~62!

with the boundary conditionV̂We
Q (b50)51.

The normalized formal solution~taking into account the
boundary condition! is

r̂We
Q 5Z21~e2bHW L1!5Z21~1e2bHQ L!. ~63!

By the usual rule the quantum-classical limit should
obtained by the replacementHL→HL . However, by direct
calculation one may show that (exp(2bHW L)1) and
(1 exp(2bHQ L)) agree only to first order in\.33 Moreover, to
first order in\ they also agree withr̂We whose explicit form
to this order is given in Eqs.~47! and~48!. Thus, to this order
these expressions may be used interchangeably.

The Kubo identity~58! in the partial Wigner representa
tion is

~ r̂We
Q ,ÂW

† !Q5E
0

b

dl r̂We
Q e\L/2i Ȧ̂W

† ~2 i\l!, ~64!

and its quantum-classical analog, which holds only appro
mately, is

~ r̂We,ÂW
† !5E

0

b

dl r̂WeS 11
\L

2i D Ȧ̂W
† ~2 i\l!1O~\!

[K1O~\!. ~65!

This result is derived as follows: performing the integral ov
l we obtain
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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i\K52 r̂WeS 11
\L

2i DS~ebHW LÂW
† e2bHQ L!

1 r̂WeS 11
\L

2i D ÂW
†

52Z21~1e2bHQ L!S 11
\L

2i DS~ebHW LÂW
† e2bHQ L!

1 r̂WeS 11
\L

2i D ÂW
† 1O~\2!, ~66!

where we have used one of the ‘‘equivalent’’ expressions
r̂We, and we remind the reader that the interpretation ofS( )
is given in Appendix A. Next, expanding the exponent
operator and using the quantum-classical associative pro
rule @valid to termsO(\2)# we may show that

~1e2bHQ L!S 11
\L

2i D5e2bHW L1O~\2!, ~67!

S 11
\L

2i D ~e2bHW L1!5e2bHQ L1O~\2!, ~68!

and use these results to manipulate Eq.~66!. We have

i\K52Z21e2bHW LS~ebHW LÂW
† e2bHQ L!

1 r̂WeS 11
\L

2i D ÂW
† 1O~\2!. ~69!

To further simplify the right-hand side of this equation w
use the relation

e2bHW LS~ebHW LÂW
† e2bHQ L!5ÂW

† e2bHQ L1O~\2!, ~70!

which may be proved by direct expansion of the exponen
operators. Then using Eq.~68! we have

i\K52Z21ÂW
† S 11

\L

2i D ~e2bHW L1!1 r̂WeS 11
\L

2i D ÂW
†

1O~\2!

52ÂW
† S 11

\L

2i D r̂We1 r̂WeS 11
\L

2i D ÂW
† 1O~\2!

5 i\~r̂We,ÂW
† !1O~\2!. ~71!

Starting with Eq.~54! and using Eq.~65! gives

fBA~ t !52Tr8E dR dP~ÂW
† ,B̂W~ t !!r̂We

52Tr8E dR dP~ r̂We,ÂW
† !B̂W~ t !

52E
0

b

dl Tr8E dR dPS Ȧ̂W
† ~2 i\l!

3S 11
\L

2i D B̂W~ t ! D r̂We1O~\!. ~72!
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The last equality has been obtained by substituting Eq.~65!
and then using cyclic permutation of the trace and integra
by parts.

Following Kubo, we may define a new correlation fun
tion, also in the mixed quantum-classical limit, by

^ÂW ;B̂W~ t !&5
1

b E
0

b

dl Tr8E dR dPS ÂW
† ~2 i\l!

3S 11
\L

2i D B̂W~ t ! D r̂We. ~73!

Using this notation, the response function may be writ
simply as

fBA~ t !52b^ Ȧ̂W ;B̂W~ t !&1O~\!. ~74!

Equation~74! may be useful in practical calculations. How
ever, since the equivalence between the two forms of
response function@Eqs.~57! and~74!# cannot be establishe
to all orders in\, the magnitude of their numerical differenc
must be evaluated in specific applications in order to de
mine the applicability of Eq.~74!.

C. Time translation invariance

For both quantum and classical systems in equilibri
the time evolution of an observable generates a station
random process. In particular, ensemble averages of obs
ables are independent of time and time correlation functi
do not depend on the time origin but only on time diffe
ences. For quantum-classical dynamics the ensemble ave
of an observable is independent of time,

Tr8E dR dP ÂW~ t !r̂We5Tr8E dR dP~eiLtÂW!r̂We

5Tr8E dR dPÂW~e2 iLtr̂We!

5Tr8E dR dPÂWr̂We, ~75!

where we have used the stationarity ofr̂We, while for the
time correlation function in Eq.~57! we only have

^~ÂW ,B̂W~ t !!&5^~ÂW~t!,B̂W~ t1t!!&1O~\!. ~76!

Indeed, for the exact equality to hold one needs

ÂW
† ~t!S 11

\L

2i D B̂W~ t1t!5S ÂW
† S 11

\L

2i D B̂W~ t ! D ~t!.

~77!

A special case of this is, for any operatorsĈW and D̂W ,
ĈW(t)@11(\L/2i )#D̂W(t)5(ĈW@11(\L/2i )#D̂W)(t). A
necessary and sufficient condition for this to be true is

i L̂S ĈWS 11
\L

2i D D̂WD
5~ i L̂ĈW!S 11

\L

2i D D̂W1ĈWS 11
\L

2i D ~ i L̂D̂W!. ~78!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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However, we have shown in Eq.~25! that this is true only to
O~\!. Thus, time translation invariance is valid only appro
mately in quantum-classical dynamics.

V. CONCLUSION

The results obtained in this paper provide the basis
the computation of equilibrium time correlation functions
many-body quantum-classical systems. The numerical c
putation of time correlation functions entails both the sim
lation of the evolution of dynamical variables or operato
that enter in the correlation function of interest and sampl
over a convenient weight function (exp(2bĤW)) which is
part of the quantum-classical canonical equilibrium dens
matrix. Algorithms have been developed for the simulat
of quantum-classical evolution and their further developm
is a topic of continuing research. Sampling methods for
calculation of quantum-classical time correlations require
ditional considerations. Typically, in simulations of classic
equilibrium time correlation functions the ensemble avera
is replaced by a time average and the information neede
sample from the equilibrium distribution is obtained from
long molecular dynamics trajectory. The validity of such
procedure hinges on the assumed ergodicity and station
of the system and replaces direct sampling from the equ
rium distribution using Monte Carlo methods by a time a
erage. This ensemble average method has been used
sionally but since it is not necessary and is algorithmica
more complex, requiring both Monte Carlo and molecu
dynamics programs, its practical importance has been m
For quantum-classical systems neither the assumption o
godicity nor stationarity can be made and sampling from
equilibrium distribution or another suitable weight functio
must be carried out to evaluate the correlation functions.

The analysis presented in this paper gives all of the
formation needed to compute equilibrium time correlatio
in the quantum-classical limit in a consistent fashion a
thus, provides a useful way to treat a large class of ma
body systems where the environmental degrees of free
have a classical character.
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APPENDIX A

The meaning of the formal solution in the second equ
ity in Eq. ~28! will be established here by comparing the tw
forms in this equation

ÂW~ t !5S~eiHW Lt/\ÂWe2 iHQ Lt/\!, ~A1!

and

ÂW~ t !5ei L̂tÂW . ~A2!
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The first few terms~thought of as a power series expa
sion in i t /\! are, from Eq.~A2!,

ei L̂tÂW5ÂW1
i t

\
~HW LÂW2ÂWHQ L!2

t2

2\2 ~HW LHW LÂW

2HW L~ÂWHQ L!2~HW LÂW!HQ L1ÂWHQ LHQ L!

2
i t 3

6\3 ~HW LHW LHW LÂW2HW LHW L~ÂWHQ L!

2HW L~~HW LÂW!HQ L!1HW L~ÂWHQ LHQ L!

2~HW LHW LÂW!HQ L1~HW L~ÂWHQ L!!HQ L

1~HW LÂW!HQ LHQ L2ÂWHQ LHQ LHQ L!1¯ , ~A3!

and, from Eq.~A1!,

SeiHW Lt/\ÂWe2 iHQ Lt/\

5ÂW1
i t

\
S~HW LÂW2ÂWHQ L!2

t2

2\2 S~HW LHW LÂW

22HW LÂWHQ L1ÂWHQ LHQ L!2
i t 3

6\3 S~HW LHW LHW LÂW

23HW LHW LÂWHQ L13HW LÂWHQ LHQ L

2ÂWHQ LHQ LHQ L!1¯ . ~A4!

For these expressions to agree we must make assignm
like

S~HW LÂWHQ LHQ L!

[ 1
3~~HW LÂW!HQ LHQ L1~HW L~ÂWHQ L!!HQ L

1HW L~ÂWHQ LHQ L!!. ~A5!

In general the termS((HW L) j ÂW(HQ L)k) is composed of (j
1k)!/ j !k! separate terms each with a prefactor ofj !k!/( j
1k)!. Each of these separate terms corresponds to a un
association of terms indicating the order in which theHL

operators act.

APPENDIX B

This appendix concerns the relationship between
quantumr̂We

Q (R,P) and quantum-classicalr̂We(R,P) equi-
librium density matrices in the canonical ensemble. We be
by deriving the recursion relations for the quantum mecha
cal equilibrium density matrix.

The thermal density matrixr̂We
Q is stationary under the

quantum dynamics in Eq.~7!,

05~ĤW ,r̂We
Q !Q

5
i

\
~ĤWe\L/2i r̂We

Q 2 r̂We
Q e\L/2i ĤW!. ~B1!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



ix

ca
y

tu
-
e

e

es

b

e

re-
d
ce

e

at

t

for

ect

-

u-

5814 J. Chem. Phys., Vol. 115, No. 13, 1 October 2001 Nielsen, Kapral, and Ciccotti
If we substitute the expansion,

r̂We
Q 5 (

n50

`

r̂We
Q~n!\n, ~B2!

into Eq.~B1! and group by powers of\ we obtain~using the
fact that theP dependence ofH is of the formP2/2M !

05~ i\!21@ĤW ,r̂We
Q~0!#, ~B3!

05\0~ i @ĤW ,r̂We
Q~1!#2 1

2r̂We
Q~0!LĤW1 1

2ĤWLr̂We
Q~0!!, ~B4!

05\1S 2 i @ĤW ,r̂We
Q~2!#1

1

2
r̂We

Q~1!LĤW2
1

2
ĤWLr̂We

Q~1!

1
1

8i
r̂We

Q~0!L2ĤW2
1

8i
ĤWL2r̂We

Q~0!D , ~B5!

05\2S 2 i @ĤW ,r̂We
Q~3!#1

1

2
r̂We

Q~2!LĤW2
1

2
ĤWLr̂We

Q~2!

1
1

8i
r̂We

Q~1!L2ĤW2
1

8i
ĤWL2r̂We

Q~1!2
1

48
r̂We

Q~0!L3ĤW

1
1

48
ĤWL3r̂We

Q~0!D , ~B6!

and so on. These results should be compared with the m
quantum-classical recursion relations given in Eqs.~33! and
~34!.

Notice that the first two recursion relations are identi
in the quantum-classical and fully quantum mechanical s
tems @see Eqs.~33! and ~34! for n50, ~B3!, and ~B4!#.
Hence, we can calculate the first two terms for the quan
mechanical system~in the partially Wigner transformed rep
resentation! and the results will also be valid for th
quantum-classical system.

In quantum mechanics we have for the unnormaliz
canonical equilibrium density matrix,V̂We

Q

V̂We
Q 5~e2bĤ!W

512bĤW1
b2

2
ĤWe\L/2i ĤW2¯ . ~B7!

This power series inb must be converted into a power seri
with respect to\. Extracting the first two terms in this new
power series gives

V̂We
Q 5e2bĤW1

\

2i

]ĤW

]P (
n50

`
~2b!n12

~n12!!

3 (
j 50

n

~n22 j !ĤW
n2 j ]ĤW

]R
ĤW

j 1O~\2!, ~B8!

after isolating the zeroth and first order terms and proving
induction to first order in\ that

~Ĥn12!W
~1st!5

\

2i

]ĤW

]P (
j 50

n

~n22 j !ĤW
n2 j ]ĤW

]R
ĤW

j . ~B9!

The operatorsĤW and]ĤW /]R do not commute and so th
order must be preserved as shown.
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It is possible to show that in the adiabatic basis rep
sentation~properly normalized! these are the results quote
in Eqs. ~47! and ~48!. We have established the equivalen
between the second term on the right-hand side of Eq.~B8!
and Eq.~48! by a direct calculation which shows that th
matrix representation of this term in Eq.~B8! is the same as
the Taylor expansion of Eq.~48! in powers ofb.

APPENDIX C

Here we establish thatR(Jaa,nn8rWe
(n)nn8) is an odd

function of P. Using the definitions in Sec. III, this is
equivalent to the condition thatR((2(P/M )•daa8

*

2 1
2Eaa8daa8

* (]/]P))rWe
(n)aa8) be an odd function ofP or,

choosing to work with a real adiabatic basis so thatdaa8 is

real, this simplifies to the conditions thatPR(rWe
(n)aa8) and

]/]PR(rWe
(n)aa8) be odd functions ofP. The effect of multi-

plication by P or differentiation with respect toP is to

change the parity of the factorR(rWe
(n)aa8), if indeed this

factor has a definite parity; thus, we must show th

R(rWe
(n)aa8) is an even function ofP. For technical reasons i

will also be useful to show thatJ(rWe
(n)aa8) is an odd function

of P.
We use an inductive proof. The statements are true

n51. From Eq.~48! we see thatrWe
(1)aa50 and thatrWe

(1)aa8

is pure imaginary and odd inP for aÞa8. Assuming

R~rWe
~n!aa8! even function of P;a,a8,n, ~C1!

I~rWe
~n!aa8! odd function of P;a,a8,n, ~C2!

we show that these conditions are true forn11. From Eq.
~46! we have

R~rWe
~n11!aa8!5

1

Eaa8
H 2

P

M
•

]

]R
J~rWe

~n!aa8!

2
1

2
~Fa1Fa8!

]

]P
J~rWe

~n!aa8!

2(
a9

S daa9S 1

2
Eaa9

]

]P
1

P

M DJ~rWe
~n!a9a8!

1da8a9S 1

2
Ea8a9

]

]P
1

P

M DJ~rWe
~n!aa9! D J .

~C3!

Each of the terms on the right-hand side is even with resp

to P so R(rWe
(n11)aa8) is even in P. The analysis of

J(rWe
(n11)aa8) is similar and will be omitted. Thus, the state

ment is true forn11 completing the inductive proof.
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