


U
N

C
O

R
R

EC
TE

D
 P

R
O

O
F

SPB-150905 CHAPTER ID 2 August 22, 2009 Time: 04:45pm Proof 1

01

02

03

04

05

06

07

08

09

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

CHAPTER 2
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Abstract: Multiscale techniques are becoming increasingly important for molecular simulation as a
result of interest in increasingly complex problems involving events occurring over mul-
tiple time and length scales. Here, inspired by the success of the multiscale quantum
mechanics / molecular mechanics (QM/MM) methods, we introduce a hybrid, adaptive
resolution, multiscale molecular dynamics method that combines accurate, atomistic,
modeling of key regions of the system with a course-grained modeling of the remain-
der of the system. Hybrid multiscale methods must solve the interfacial hand-shaking
problem of coupling together different levels of description in different spatial regions of
the system; in addition, to implement an adaptive resolution algorithm to correctly model
diffusive systems, one must have a procedure in place to dynamically change the repre-
sentation of a molecule, either from a finer to a coarser level or vice versa. We propose a
solution to these problems through a detailed energy analysis and the use of a rotational
dynamics to align molecular fragments. The algorithms we propose significantly advance
the state-of-the-art and should serve to spur significant advances in our ability to model
complex chemical systems

Keywords: Multiscale, Adaptive resolution, Coarse-graining, Molecular dynamics, Reverse
mapping, Rotational dynamics

2.1. INTRODUCTION

In numerical analysis and computer simulations, multiscale techniques are used
where possible to obtain higher accuracies for lower computational cost. Weather
forecast simulations and fluid dynamics calculations, for example, often make use
of solving Navier-Stokes-like differential equations on discrete grids with a vari-
able length spacing, so-called multigrids. The choice of the length scale is arbitrary;
perhaps a particular part of the calculation is of greater interest and is therefore per-
formed at a higher resolution or accuracy than the remainder. But more often, the
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length scales used reflect those of the underlying physics of the simulated process.
In the case of weather prediction, mountainous regions with rapidly varying topog-
raphy require pressure and temperature evaluations on a denser grid than do flat
regions.

The properties of materials are governed by processes that take place over a vast
range of length and time scales. Creep in polymers and glasses is a very slow pro-
cess that can easily have relaxation constants on the order of reciprocal years. On
the other hand, the atomic motions in the same materials take place on the fem-
tosecond time scale. The electronic motions at the onset of a chemical reaction are
even faster, while the chemical reaction itself might take place only a few times
per second within a certain amount of material, resulting in a time scale ratio of
15 orders of magnitude. This inherent multiscale character of phenomena in mate-
rials is seen also in the length scales. A charge transfer or proton transfer chemical
reaction can be a very localized process, taking place within a region of radius ten
Å ngstroms. The same reaction taking place in the active site of an enzyme involves
the catalytic effect of the tens of nanometers-sized protein environment, while in
general biological processes taking place in the cell, such as signal transduction
or gene expression, are often intricately governed by long-range changes in the
environment.

For the modeling of molecular phenomena with such inherent multi scale charac-
ter, new developments have been made to extend existing simulation techniques that
could otherwise only be applied to rather limited ranges of application. Accurate
quantum mechanical ab initio methods allow for electronic structure calculations
using a large supercomputer involving tens to hundreds of atoms for tens of picosec-
onds. Neglecting electronic structure, the behavior of molecular systems of up to a
million atoms can be simulated for hundreds of nanoseconds using classical molec-
ular dynamics techniques. Modeling of even larger systems or of processes that take
place on even longer time scales requires one to relinquish an atomistic representa-
tion and simulate the motion of effective particles that each comprise several atoms;
this is the domain of coarse-grained and mesoscale methods.

However, there is another choice: one can use multiscale techniques. For example
in quantum chemistry, one can include the extended environment of an electronic
process using embedding techniques [1, 2], continuum models [3–5] or hybrid
quantum mechanics and classical forcefield (QM/MM) techniques [6]. In classical
molecular dynamics simulations implicit solvent models can be employed to reduce
the computation cost (with a concomitant loss of accuracy) of including for exam-
ple a protein environment. And more recently, so-called hybrid multiscale methods
have been developed that mix an atomistic molecular dynamics treatment of part of
a system with a lower resolution treatment of the rest [7–15].

Popularity of the term multiscale has led the word to be used in various con-
texts and with an increasing (multi-) scale of meanings. Here, we will distinguish
between two types of simulation techniques termed multiscale, namely (1) those
in which methods of different accuracy and scale are used sequentially [16, 17],
and (2) those in which methods of different accuracy and scale are used simul-
taneously [7–12, 18–21]. The first type makes use of a relatively accurate, high



U
N

C
O

R
R

EC
TE

D
 P

R
O

O
F

SPB-150905 CHAPTER ID 2 August 22, 2009 Time: 04:45pm Proof 1

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

Multiscale Molecular Dynamics and the Reverse Mapping Problem

resolution, method to parameterize the less accurate, low resolution, method which
is then used for the actual simulation. In a sense, this type of multiscale method
includes practically all semi-empirical and empirical methods, such as MD simula-
tions that employ forcefields that were first parameterized using quantum chemical
(e.g. Hartree-Fock) calculations. Instead, the latter type of multiscale techniques are
based on treating different parts of a system with different resolutions and include
for example multi-grid methods, multi-timestep techniques, certain Hamiltonian
switch or replica exchange methods and hybrid methods. The multiscale method
that is the subject of this book chapter is a hybrid method that allows key parts of
the system to be treated at a high, atomistic, level of resolution while the rest of the
system is modeled at a lower, coarse-grained, level of resolution [7].

Hybrid multiscale methods must solve the interfacial hand-shaking problem
of coupling together different levels of description in different spatial regions
of the system. If the shape or position of these spatial regions is changing in
time, or if particles are allowed to move between the spatial regions, a special
mechanism must be introduced into the multiscale method to allow particles to
dynamically adapt their representation. The “Learn On The Fly” method is an
example of such an adaptive hybrid method that has been successfully applied
to model the propagation of a crack in a brittle solid, in which only the atoms
in the advancing crack tip region are modeled at the QM tight-binding level of
theory and the rest are treated with a classical forcefield representation [22]. In
this case, a one-to-one mapping exists between the atoms in the quantum rep-
resentation and those in the classical representation (i.e. only the number of
electronic degrees of freedom differs). Bridging between an atomistic represen-
tation and a coarse-grained representation, in which each coarse-grained particle
comprises several atoms, however, raises the additional difficulty that the map-
ping between the two representations is no longer trivial. In particular, the so-called
reverse mapping of moving from the lower, coarse-grained, resolution to the higher,
atomistic, resolution is fraught with difficulty as it requires the generation of
information.

The need for adaptive boundaries within multiscale modeling methods becomes
more urgent as we move from hybrid high-level QM/low-level QM methods
and QM/MM methods, along the accessible time and length scales, to hybrid
atomistic/coarse-grained methods. Whereas often static boundary suffice on the
relatively small, tens of picoseconds, timescale accessible to QM/MM, as shown
for example by its success in modeling enzymatic chemistry, instead adaptive
boundaries become crusial on the microsecond timescale domain of coarse-grained
models, and therefore also hybrid atomistic/coarse-grained methods, which are
particularly developed to study diffusive behavior in complex fluids, such as poly-
mers, proteins, and amphiphilic assemblies. Adaptive boundaries are thus expected
to be essential in hybrid atomistic/coarse-grained studies of a wide range of
applications, such as protein folding, protein-protein interaction, permeation in
(trans-membrane) ion-channels and pores, diffusion and adsorption on surfaces and
open-framework materials, permeation through polymer electrolytes, self-assembly
of nano-materials, etcetera, etcetera.
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In the remainder of this book chapter, we describe the construction of a hybrid
multiscale molecular dynamics method that bridges regions of high (atomistic) reso-
lution and regions of low (coarse-grained) resolution, paying special attention to the
reverse mapping problem that needs be overcome in order to make the method adap-
tive. But first we give a brief introduction to atomistic and coarse-grained molecular
dynamics and on the forward and reverse mapping between these representations.

2.1.1. Atomistic and Coarse-Grained Molecular Dynamics

Atomistic and coarse-grained molecular dynamics simulations are particle-based
methods in which conservative forces, and also sometimes dissipative and random
forces, are used to evolve the particles in time; this time evolution is called a trajec-
tory. Such classical trajectories in molecular systems can be computed on present
day computers for systems containing 105 − 106 particles for as long as about 108

discrete time steps. If these particles are chosen to be the atoms, the requirement to
accurately sample the molecular vibrations will set the maximum total simulation
time to be less than a microsecond. The most cpu-intensive part of the computation
is the evaluation of the non-bonded van der Waals and electrostatic interactions,
which are typically approximated by pairwise additive 2-body potentials, yielding
in principle a quadratic scaling of the computational effort with system size.

For certain long-time or large length scale phenomena, the fastest molecular
vibrations are irrelevant, making it desirable to average out these high frequency
fluctuations a priori and model directly the representative (coarse grained) parti-
cles that move on the mesoscopic length and time scale. To model these large
scale motions in complex fluids such as polymers, colloids, surfactants and
bio-molecular assemblies, mesoscopic simulation methods have been developed:
for instance Dissipative Particle Dynamics [23], Langevin Dynamics [24], and
Brownian Dynamics [25], in which the local atomic rattling is simplified to ran-
dom noise and dissipation terms. The “potential energy surface” on which these
coarse-grained particles move can in principle be computed from the high-resolution
representation of the system by integrating over all irrelevant fast-frequency degrees
of freedom r :

U(R) = −kBT ln
∫

dr e−V(R,r)/kBT (2-1)

with kB Boltzmann’s constant, T the absolute temperature, and V the potential that
governs the fundamental interactions in the system. The resulting effective potential
felt by the coarse-grained particles, U(R), is actually a free energy surface that is
also a function of the thermodynamic variables that define the state at which U(R)
is evaluated, for example the temperature and the pressure in an isothermal, isobaric
ensemble. Free energy methods, such as the metadynamics method [26, 27], allow
for the evaluation of a free energy landscape of a (very) small set of slow variables,
which can then be used in a Langevin dynamics to explore the kinetics. However,
for the construction of a (many-) particle based coarse-grained model, calculation
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of the exact potential U(R) is not feasible in practise and people have devised other
approximate methods to build coarse-grained potentials, or forcefields.

The level of coarse-graining applied here in the context of hybrid multi-
scale molecular dynamics is in between atomistic and mesoscopic. At this level,
coarse-grained particles represent approximately the chemical functional groups
of molecules, containing in the order of ten atoms each [28]. That way, the
same machinery as used for atomistic molecular dynamics can be used for the
coarse-grained molecular dynamics, including for example harmonic bond and
bend functions and non-bonded van der Waals-like and electrostatic interactions
that make up the forcefield. Critically, this lets us use existing atomistic molecu-
lar dynamics software to carry out the coarse grained simulations, so that we do
not have to worry about writing efficient, parallelized simulation code. Moreover, at
this level the molecular shape is preserved which conceptually allows for a mapping
between the atomistic and coarse-grained representations of the system.

Motivated by Henderson’s theorem [29], which states that there exists a one-
to-one mapping between measured pair-correlation functions and the underlying
potential energy function in the case that the latter is a sum of pair-interactions,
strategies to construct coarse-grained forcefield are often based on constructing
effective pair-potentials from pair-correlation functions and potentials of mean force
obtained from atomistic simulations [30–34]. These approaches work well in cases
where 3-body and higher correlations are weak. The resulting effective potentials
that reproduce the target distributions are not unique however, which leaves room to
simultaneously match other target properties, for example experimental densities,
surface tensions, heats of vaporization, and so forth. Jain and co-workers showed
that such inclusion of thermodynamic target properties in the optimization proce-
dure has the added advantage of increased convergence [33]. A different method
to build coarse-grained potentials is by trying to match the effective forces on the
coarse-grained degrees of freedom within an atomistic simulation [35–37].

It is beyond the scope of the current multiscale topic to discuss the art of coarse-
graining in more depth. It is however important, and hopefully obviously so, to
ensure that the low-resolution and high-resolution models of the system, merged
in an hybrid multiscale method, represent the same thermodynamic state point.
The limited transferability of coarse-grained forcefields (as mentioned for U(R) in
Eq. 2-1) as compared to atomistic forcefields, might therefore require one to re-
optimize the coarse-grained potentials for new simulation conditions (e.g. a different
temperature or pressure) to ensure the same chemical potential in the different low
and high resolution regions and avoid spurious density fluctuations.

2.1.2. Mapping Between Different Representations, or the Reverse
Mapping Problem

In order to implement an adaptive resolution algorithm, one must have a proce-
dure in place to dynamically change the representation of a molecule, either from
a finer to a coarser level or vice versa. The “forward” direction, namely where one
coarsens the representation of a molecule, is straightforward because one merely
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throws away information; for example by replacing the atomic coordinates of a col-
lection of atoms with the coordinates of their center of mass (COM). On the other
hand, the “reverse” mapping, in which one resolves a molecule into finer detail,
is problematic because it requires the creation of information. Indeed, in a recent
review article on multiscale modeling, de Pablo and Curtin say that “a persistent
challenge remains that of reverse mapping, that is, of restoring some of the details
after they have been blurred away through an averaging procedure” [38].

Here we propose a solution to the reverse mapping problem. We associate a
frozen atomistic fragment with each coarse-grained site, and rigidly rotate these
fragments about their COM in accordance with an energy function designed to
maintain a low-energy atomistic-level representation of the system. In this manner
the coarse-grained system has, superimposed on it, a globally unfrustrated atomistic
configuration which is prepared for reverse mapping. Indeed, only a local relaxation
needs to be further performed on the degrees of freedom which were frozen (the
degrees of freedom within each fragment). This is accomplished, for instance, by
running a short atomistic simulation or by using a healing region as will be described
below. This method is efficient because the atomistic fragments are treated as rigid
bodies with no internal degrees of freedom. This means that there are only three
degrees of freedom per coarse-grain site to evolve, namely an element of the special
orthogonal Lie group SO(3). The mathematical details of this treatment are given
below.

2.2. ADAPTIVE MULTISCALE MOLECULAR DYNAMICS

Due to the reverse mapping problem described above, constructing a meaningful
adaptive multiscale molecular dynamics algorithm is not trivial. First of all, the
number of degrees of freedom continuously changes during such a simulation as
low-resolution (coarse-grained) particles break up into their high-resolution compo-
nents (atoms) when they enter the high-resolution region and vice versa when they
leave. During these transitions the number of pair-interactions also changes, so that
both the total potential energy and the total kinetic energy show spurious fluctuations
with the changing numbers of particles in the low-resolution and high-resolution
regions. What thermodynamic ensemble would such an adaptive multiscale sim-
ulation sample? Secondly, and this is precisely the reverse mapping problem, a
coarse-grained particle entering the high-resolution region has to be replaced by its
fine-grained counterpart, which requires the generation of information: how can one
generate suitable equilibrium positions and velocities for these atoms in harmony
with the other atoms in the high-resolution region?

In this section, a possible solution is given to the above difficulties that come
with the construction of an algorithm for adaptive multiscale molecular dynam-
ics, or hybrid MD. The algorithm that we discuss is aimed to be simple, robust,
and have certain desired properties such as conservation of linear momentum and
conservation of total energy. This algorithm is built in two stages. Starting from
an atomistic (i.e. the high resolution) representation of the entire system and a
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(forward) mapping of groups of atoms into coarse-grained beads, the atomistic pair-
interactions that span atoms belonging to different coarse grained beads are replaced
by coarse-grained pair-interactions in the coarse-grained region. The details of such
a coarse-graining of interactions is presented in the following subsection where we
discuss the treatment of the coupling between atoms in the atomistic and coarse-
grained regions. The second stage then involves “freezing” of the atoms in the
coarse-grained region inside their coarse-grained beads so that the dynamics of the
atoms can be replaced by a coarse-grained dynamics. This is presented in the subse-
quent subsection. Next, we present an illustrative case study of a hybrid molecular
dynamics (hybrid MD) simulation of liquid methane. We end with a brief discus-
sion of variations of and alternatives to this multiscale algorithm that have recently
appeared in the literature.

2.2.1. Stage 1: Coupling Atomistic and Coarse-Grained Regions

Let us consider a molecular system that we wish to separate into two regions, one of
which contains the part that we want to treat in atomistic detail and the other which
contains the rest to be treated at a lower, coarse-grained, resolution. This section
describes the first of the two stages in which such a multiscale treatment can be
constructed, leading to an adaptive algorithm that allows particles to move between
the two regions and adapt their representation on the fly.

But first, let us recall that a conventional molecular dynamics treatment of the
entire system at the atomistic level maintains the micro-canonical NVE ensemble
as governed by the conservation laws of Hamilton’s equations. In this ensemble
the number of atoms, N, the volume, V, and the total energy, E, remain constant.
The total energy is taken to be the sum of the total kinetic energy, T, and the total
potential energy, V, summed over all atoms, i:

E = T + V =
N∑

i

1
2

miv2
i + V(rN) (2-2)

in which mi and vi are the mass and velocity of atom i respectively, and the potential
depends on all the positions ri.

Other ensembles can be generated, for example the canonical NVT ensemble or
the isobaric-isothermal NPT ensemble by invoking a thermostat or a barostat plus
a thermostat. Note that now the total energy is no longer constant. However, also
in these ensembles a conserved quantity such as the total energy can be recovered
by cleverly bookkeeping the energy flows between the molecular system and the
external variables introduced to control the temperature and/or the pressure. The
Nosé-Hoover (chain) thermostat [39, 40], the Parrinello-Rahman barostat [41], and
the recently introduced stochastic velocity rescaling thermostat by Bussi [42] are all
good examples of external control mechanisms that provide the desired ensemble
and recover a conserved total energy even though the dynamics is not strictly
Hamiltonian.
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Conserved quantities play a very important role in molecular simulations.
Monitoring the conservation of total energy yields the first and foremost assessment
of the quality of the integration of the equations of motion during the simulation.
Whether the computer code contains a bug, or the simulation time step is too large,
or the initial system configuration contains overlaps between atoms, the problem is
always first seen in the (non-) conservation of the total energy. Given this impor-
tance, it seems like a good idea to focus on energy conservation while constructing
a multiscale algorithm.

The construction of a multiscale algorithm begins from the atomistic representa-
tion of the entire system and some mapping in which groups of atoms are lumped
into coarse-grained beads, which can for example be positioned at the centers of
mass of the atomic groups they represent. The first stage of coarse-graining the low-
resolution part of the system consists of replacing all atomistic interactions that span
different beads by coarse-grained interactions. The second stage consists of replac-
ing the atoms in this region by their coarse-grained bead representation, which is
dealt with in the next subsection. Specifically, for now, the atomistic bonded (and
non-bonded) interactions between atoms i and j that belong to the same coarse-
grained bead α are maintained, and only the interactions between atoms i and j that
belong to different beads α and β are replaced by coarse-grained potentials. The
energy function of such a system reads:

E =
n+m∑

i

1
2

miv2
i + VA(rn) + VCG(RM) + Vmix(RN , RM) (2-3)

VA(rn) =
n−1∑

i=1

n∑

j>i

#A(ri,rj)

VCG(RM) =
M−1∑

α=1

M∑

β>α

#CG(Rα , Rβ )

Vmix(RN ,RM) =
N∑

α=1

M∑

β=1

#CG(Rα , Rβ )

so that the n atoms in the atomistic region interact with each other through
an atomistic potential or forcefield VA(rn) while the remaining m atoms in the
coarse-grained region interact with each other through a coarse-grained potential
or forcefield VCG working on the M centers of mass, R, of the atomic fragments
corresponding to beads. Here the potential terms are expressed as sums of pair-
potentials, #. The effective force on such a center of mass is then distributed,
mass weighted, over the atoms that belong to the coarse-grained bead. The cou-
pling between atoms in different regions is governed by the last term Vmix(RN , RM),
which is also the coarse-grained potential working on the centers of mass and there-
fore not different from VCG, except that then α runs over the N beads in the atomistic
region, instead of the M − 1 beads in the coarse-grained region.
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The total energy in Eq. (2-3) is conserved, however this multiscale setup is not
yet adaptive so that after some simulation time, due to diffusion, the atoms “feeling”
fully atomistic interactions will start to mix with those atoms from the coarse-
grained region that only feel their environment through coarse-grained interactions,
which is not what we set out to do. To make the method adaptive and have the atoms
switch their interaction when they cross user-defined regions, we introduce a spa-
tial order parameter q to distinguish the two regions and we denote the boundary
between the two regions by q†. With this order parameter all atoms can be attributed
a label, s, which we shall call the (amount of) “coarse-grained character”, and which
equals zero for atoms in the (atomistic) region of q < q† and one for atoms in the
(coarse-grained) region with q > q†, as shown in the upper panel (panel A) in
Figure 2-1.

A

B

C

s = 0 s = 1s = 1/2

s = 1
N
_ 2

N
_, ,...., N–1

N
_

λ= 1

λ = 1

λ = 0

λ = 1
λ = 0.5

λ = 0

D

0.0

1.0 _

_

_

_

_

0.5

s(q)

s(q<q!) = 0 s(q>q!) = 0

q

q

s = 0 s = 1

q

q

q!

Figure 2-1. An intermediate “healing region” that smooths the coupling between the high-resolution
and low-resolution regions is introduced in three simple steps
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Next, the amount of coarse-grained character, s, is employed to make the
potential function adaptive:

VA + VCG + Vmix =
∑

αβ



λαβ#CG
αβ + (1 − λαβ )

∑

i∈α
j∈β

#A
ij



 +
∑

α

∑

i,j∈α

#A
ij

λαβ = max (sα , sβ )

(2-4)

Here, the previous potential energy terms are replaced by the two terms on the
right. The first term accounts for all interactions between different coarse-grained
beads α and β, which are either taken as the coarse-grained pair-potential #CG

when λαβ = 1 or as the sum of atomistic pair-potentials #A between atoms i
belonging to bead α and atoms j belonging to bead β when λαβ = 0. The value
of the scaling function, λαβ , being zero or one, is determined by the maximum
coarse-grained character s between the two interacting beads α and β, as illus-
trated in Figure (2-1A). Using this scaling factor, the same multiscale behavior is
obtained as before, namely, atoms in the atomistic region interact through the atom-
istic forcefield while they feel the particles in the coarse-grained region through
the coarse-grained forcefield, and the atoms in the coarse-grained region “see” all
other atoms, in both regions, as coarse-grained particles. The difference is now
that this interaction automatically adapts when atoms move from one region to the
other. The last term in Eq. (2-4) accounts for all bonded (and non-bonded) inter-
actions within each bead. Note also that this equation is trivially generalized for
interactions other than pair-interactions, such as bending (or dihedral) potentials,
by taking for lambda the maximum s-value of the now three (or four) interacting
atoms.

By making the multiscale approach adaptive, we have introduced two new prob-
lems: one, the total energy is no longer conserved, and, two, also the forces are
discontinuous when particles cross the boundary at q†. In other words, as long as
the particles stay in their initial regions the energy is conserved and the dynamics
is well-behaved, but every time a particle crosses q† the total energy and the forces
will display a jump. The jump in the energy when the atoms of bead α cross from
the atomistic region to the coarse-grained region equals the difference between the
coarse-grained potential and the atomistic potential due to all other atoms:

%UA/CG
α =

∑

β

%λαβ



#̃CG
αβ −

∑

i∈α
j∈β

#̃A
ij



 (2-5)
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where %λαβ is the change of λ for each pair-interaction, which equals zero for all β

particles in the coarse-grained region (as these λ remain unity), and for all other β

equals either +1 if α moves from the atomistic region to the coarse-grained region,
or −1 if α moves from the coarse-grained region to the atomistic region. The tilde
indicates the value of the interaction, #, at the moment of boundary crossing. By
simply adding this term, %UA/CG

α , every time a particle crosses between regions,
the total energy is recovered as a conserved quantity. Fixing the spurious jumps in
the forces, however, will require more than just this simple bookkeeping. This is
what we set out to do next.

Some improvement can be envisioned by introducing an intermediate “healing
region” between the atomistic region and the coarse-grained region, in which par-
ticles are attributed a mixed atomistic/coarse-grained character of s = 0.5. This is
illustrated in Figure 2-1, panel B. Particles in this healing region interact with other
“hybrid” particles in this region through a potential that is the sum of the atomistic
interactions and the coarse-grained interactions, both scaled by λ = 0.5, according
to Eq. (2-4). The same type of interaction is felt between these hybrid particles in the
healing region and particle in the atomistic region (as max (s1, s2) = 0.5), while the
interaction between the hybrid particles and particles in the coarse-grained region is
purely the coarse-grained #CG (i.e. max (s1, s2) = 1).

Similar to the previous dual-scale setup, the evolution of the atomistic dynam-
ics can be performed on this, now three-region, system, where the potentials are
switched accordingly every time a particle crosses the boundary between the atom-
istic region and the healing region or the boundary between the coarse-grained
region and the healing region. In other words, the bookkeeping %UA/CG

α now sup-
plements the energy function when a particle α switches between s = 0 and s = 0.5
and when a particle switches between s = 0.5 and s = 1, to correct the jumps in
the total energy. These corrections are smaller than with the previous single region
boundary because %λ (in Eq. (2-4)) now only amounts to + 1

2 or − 1
2 , and with that

also the jumps in the forces are somewhat smaller.
Further improvement can thus be made by dividing the healing region into sev-

eral, say N−1, intermediate sub-regions, as shown in panel C of Figure 2-1. Particles
in each sub-region k could then be attributed a stepwise increasing coarse-grained
character of s = k/N, starting from k = 0 in the fully atomistic region to k = N in
the fully coarse-grained region. Again, a particle in sub-region k interacts with all
particles that find themselves in the same sub-region k or in regions smaller than k
with a hybrid potential, given by Eq. (2-4), with scaling factor λ = k/N, whereas
this particle interacts with all other particles in higher regions with a hybrid potential
with a larger scaling factor that is determined by the other particle. For a fixed total
healing region width with larger and larger numbers of intermediate sub-regions, N,
the intermediate regions become narrower in spatial extent and particles are more
frequently found to cross one or another region boundary. A particle α crossing
from region k to region k + 1 requires an update of the bookkeeping term %UA/CG

α

equal to:
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%UA/CG
α =

∑

β




k + 1

N
#CG

αβ − k
N

#CG
αβ − N − k − 1

N

∑

i∈α
j∈β

#A
ij + N − k

N

∑

i∈α
j∈β

#A
ij





=
∑

β




1
N

#CG
αβ − 1

N

∑

i∈α
j∈β

#A
ij





(2-6)
which is not different from the bookkeeping term defined by Eq. (2-4) with
%λ = ±1/N. In the case of very narrow sub-regions, a particle moving in any direc-
tion that is not strickly perpendicular to q will cross several sub-region boundaries,
which requires summing over as many bookkeeping terms %UA/CG

α .
Now, taking the limit of the number of sub-regions going to infinity,

%UA/CG
α = lim

N→∞

kq′∑

kq

∑

β

%λαβ



#CG
αβ −

∑

i∈α
j∈β

#A
ij



 (2-7)

the sum over boundaries for a particle moving from sub-region k at q to sub-region
k′ at q′ can be replaced by an integral:

%UA/CG
α =

∫ q′

q
dq

∑

β

dλαβ

dq



#CG
αβ −

∑

i∈α
j∈β

#A
ij



 . (2-8)

Of course, the linear change of s and therefore of the scaling factor, λ, of 1/N
per intermediate region is not a requirement, and other smoothly varying functions
for s can be used, as long as it switches from zero to one over the healing region and
is differentiable. During a molecular dynamics simulation, it is practical to perform
the integration over the full spatial trajectory rather than its projection onto q, as
both the interaction potentials, #, and the order parameter, q, are functions of the
position, r.

%UA/CG
α =

∫
dr

∑

β

dλαβ

dq
∂q
∂r



#CG
αβ −

∑

i∈α
j∈β

#A
ij



 . (2-9)

The resulting energy function of this adaptive multiscale method is obtained from
Eq. (2-3), (2-4), and the total bookkeeping energy, %UA/CG, of all particles moving
in the healing region. Integration of the equations of motion derived from this energy
function, with a sufficiently small time step, will in principle maintain the total
energy as a conserved quantity. In reference [7] an illustrative numerical calculation
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is discussed of a simple model system containing a diatomic molecule which moves
through a healing region. Despite the deliberately mismatched potential functions
between the atomistic and coarse-grained representations, total energy conserva-
tion is recovered to remarkebly high accuracy using the numerical integration of
Eq. (2-9).

2.2.2. Equations of Motion

The Newtonian equations of motion of the adaptive multiscale molecular dynamics
are constructed in the usual way

mi
d2ri

dt2
= fi = −∂V

∂ri
(2-10)

with the force f on particle i derived from the potential,

V =
∑

αβ



λαβ#CG
αβ + (1 − λαβ )

∑

i∈α
j∈β

#A
ij



 +
∑

α

∑

i,j∈α

#A
ij + %UA/CG (2-11)

This is the adaptive multiscale, or hybrid MD, potential, which was derived in the
previous section. Summarizing, the first term sums the scaled interactions between
all pairs of coarse-grained particles α and β, with the scaling factor λαβ a number
between zero and one depending on the resolution (being atomistic, coarse-grained,
or something in between) of the interacting particles. The second term accounts
for all atomistic interactions within the coarse-grained beads. These interactions
are not scaled by λ, as they are obviously not replaced by a coarse-grained inter-
action, and which would otherwise thus lead to disintegration of the molecules
when they leave the atomistic region. The third and last term holds the bookkeep-
ing energies (Eq. 2-9) of all particles that change their resolution in the healing
region.

Derivation of the forces from the hybrid potential requires special attention to
the first and last terms which contain the position dependent switching function.
The force on atom i is

fi∈α = −∂V
∂ri

= −
∑

β

({

λαβ

∂#CG
αβ

∂ri
+ ∂λαβ

∂ri
#CG

αβ

}

+
∑

j∈β

{

(1 − λαβ )
∂#A

ij

∂ri
− ∂λαβ

∂ri
#A

ij

}



−
∑

j∈α

∂#A
ij

∂ri
− ∂%UA/CG

∂ri

(2-12)
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in which the terms in curly brackets are obtained by applying the chain rule to the
scaled coarse-grained and atomistic interactions respectively, shown in Eq. (2-11)
as the term in parenthesis. The first term in both of the pieces between the curly
brackets we recognize as the usual interaction force, but now multiplied by the scal-
ing factor λ and (1 −λ) respectively. The second terms resulting from the chain rule
contain the derivative of the scaling factor with respect to the particle position. This
derivative is non-zero in the healing region where λ changes in the direction of the
order parameter q (see also panel D in Figure 2-1). This seems strange as apparently
these two terms will cause a force, and thus a flux of particles, between the atomistic
and coarse-grained regions, unless "CG

αβ = ∑
ij "

A
ij .

However, the last term, the derivative of %UA/CG is just the integrand of
Eq. (2-9)

∂%UA/CG

∂ri
=

∑

β



∂λαβ

∂ri
"CG

αβ −
∑

j∈β

∂λαβ

∂ri
"A

ij



 (2-13)

which cancels exactly these two spurious terms leaving only the scaled interactions
plus the intra-bead interaction in the force expression:

fi∈α = −
∑

β



λαβ

∂"CG
αβ

∂ri
+

∑

j∈β

(1 − λαβ )
∂"A

ij

∂ri



 −
∑

j∈α

∂"A
ij

∂ri
(2-14)

This equation contains the usual symmetry with respect to interacting particles i
and j which ensures obedience to Newton’s third law (fi = −fj) and conservation of
momentum in the system.

2.2.3. Stage 2: Freezing the Intra-Bead Motions

In the previous two sections an adaptive multiscale dynamics approach was con-
structed by coupling an atomistic region, in which atoms interact through an
atomistic forcefield, with a coarse-grained region in which atoms interact through
a coarse-grained forcefield. Technically, however, both regions still maintain atom-
istic dynamics rather than a coarse-grained dynamics in the coarse-grained region.
That is, the integrator propagates the atomic positions and velocities also in the
coarse-grained region instead of propagating positions and velocities of the coarse-
grained particles. Here, in the second stage of the multiscale method development,
the atoms in the low-resolution region are replaced by coarse-grained beads.

Basically, the atoms grouped into a coarse-grained bead can be “frozen” with
respect to their center of mass and replaced by the coarse-grained particle as soon
as they enter the coarse-grained region from the healing region, since, from there
on, the motion of the center of mass of each atomic fragment is solely governed by
the coarse-grained interactions making the “internal” atomic motions irrelevant to
the molecular dynamics. Such one-step-freezing is exactly what we will do here,
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although alternative schemes are possible, involving for example a gradual freezing
of the atomic degrees of freedom in the healing region (see section for more details).

The advantages of replacing the evolution of the atomic degrees of freedom by
coarse-grained molecular dynamics are mainly economic; computation of atomic
intra-bead interactions is avoided, a larger time step is allowed without violat-
ing energy-conservation, and memory storage can be saved in the coarse-grained
region, which is typically the larger region. The only disadvantage of discarding
the atomistic details is that of the reverse mapping problem discussed earlier: once
the atomic inter-bead interactions are replaced by the coarse-grained forcefield the
atomic fragments are free to rotate around their center of mass, randomizing the
atomistic details with respect to their environment outside the bead. This is why
we in fact control this rotation as discussed in section , so that we can recover the
atomic details to some approximation.

The fact that, in the low-resolution region, the atoms no longer feel their envi-
ronment and adopt random orientations (ignoring for the moment the possibility of
SO(3) rotational dynamics) means that such groups, upon moving into the healing
region and toward the atomistic region, practically always do so starting relatively
high up on the atomic potential energy surface. That is, while the atomic interactions
are gradually switched on while moving toward the atomistic region, the atomic
degrees of freedom (have to) re-equilibrate with respect to their atomistic environ-
ment. This equilibration process of transforming from high potential energy random
orientations to equilibrium energy structures generates thermal motion or heat. Note
that the reverse process of switching off the atomistic interactions and allowing
atomic fragments to take random orientations as molecules move toward the coarse-
grained region does not require the absorption of heat. This asymmetry in heat
transport with respect to movement toward the high-resolution region versus move-
ment in the other direction means that heat is produced continuously in adaptive
multiscale molecular dynamics. This heat has to be removed by a thermostat.

When particles cross the boundary between the coarse-grained region and the
healing region, the atoms are replaced by a single coarse-grained particle or vice
versa depending on the crossing direction. In the coarse-grained region, the atomic
positions and velocities can simply be stored relative to their center of mass and
thus be recovered when the particle leaves the coarse-grained region. Alternatively,
atomic positions and velocities can be re-generated, for example by inserting a
relaxed structure with random (Boltzmann) velocities or by copying positions and
velocities from a molecule in the atomistic region. The instantaneous switching
between atoms and coarse-grained particles at this boundary introduces jumps in
the total energy that require two extra bookkeeping terms, namely

%UintraCG =
∑

α

' (sα − 1)
∑

i,j∈α

#̃A
ij (2-15)

%TA/CG =
∑

α

' (sα − 1)
1
2

(

mα ṽ2
α −

∑

i∈α

miṽ2
i

)

(2-16)
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The first extra bookkeeping term accounts for the atomistic intra-coarse-grained
bead interactions which are no longer computed when the atoms become “frozen”.
Here, the tilde indicates again the values of # and v at the boundary crossing
moment and the Heaviside step function, ', equals one for particles in the coarse-
grained region (s = 1) and zero otherwise. The second equation accounts for the
change in kinetic energy as the number of degrees of freedom adapts. The sum of
the two terms can be seen as the instantaneous internal energy of the atomic degrees
of freedom inside the coarse-grained bead, which is integrated out upon coarse-
graining and thus becomes a constant in the coarse-grained region, whereupon it
will be released again when switching back to the atomistic representation.

The definition of the regions (high-resolution, healing, and low-resolution) is
arbitrary and can for example be chosen to be a spherical atomistic region centered
on a particle of particular interest, so that the high-resolution part of the simulation
follows this particle. The healing region should then also be a spherical region with
the same center but with a larger radius, leaving everything outside this sphere as the
low-resolution region. Alternatively, the regions can be fixed in space. In either case,
after every (smallest) time step the amount of coarse-grained character, s, needs to
be computed by calculating the distance between each particle and the center of
the spherical regions. The coarse-grained character is used for the scaling factor in
the force calculations involving all particles in the healing region. A computational
saving can be made by computing s only for a list of particles that find themselves
in this healing region or just outside of it (skin-regions). By taking the width of the
skin-regions on either side of the healing region equal to the skin length applied in
the usual neighbor list for the non-bonded interactions, the small list of particles for
which s is computed needs to be rebuild only as often as the neighbor list is updated.

Summarizing, we have constructed an adaptive multicale molecular dynamics
by first introducing an intermediate healing region and subsequently replacing
the groups of atoms in the low-resolution region by coarse-grained beads. The
total energy is recovered as a conserved quantity by adding the proper auxiliary
bookkeeping terms to the energy function. Next, we will examine the behavior of
this hybrid MD approach with an illustrative example.

2.2.4. Case Study 1: Liquid Methane

As an illustrative application of the adaptive multiscale dynamics method, we have
performed a simulation of liquid methane at T = 111.5 K and atmospheric pressure.
In the high resolution region, methane is treated as a fully flexible atomistic CH4
molecule (using the CHARMM forcefield [43]) and in the low resolution region
each methane molecule is modeled as a single bead using Jorgensen’s united atom
model [44]. A similar simulation of 8000 methane molecules has been published
in reference [7], in which case the atomistic region was defined by a sphere with
a radius of RA = 8 Å fixed in space. Different surrounding healing regions were
tried with widths varying between RHR = 1 and 4 Å, and, not surprisingly, the
largest, 4 Å wide, healing region resulted in the best performance as seen from the
conservation of energy.
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Here, we take instead a rectangular box with edges L = 38.0,38.0,75.5 Å, con-
taining 1900 methane molecules subdivided into rectangular regions of different
resolution. That is, the atomistic region is a slab, flanked by healing regions on both
sides with a total thickness of dA + 2 × dHR = 44 Å, which leaves the rest as the
system as a coarse grained slab of width dCGR = 31.5 Å. See Figure 2-2 for an
illustration of the system. We will compare six hybrid MD simulations in which we
again vary the width of the healing regions from dHR = 1 to 6 Å (thus leaving an
atomistic region of varying width between dA = 42 and 32 Å). The average number
of methane molecules in the coarse-grained region was close to 790 with a standard
deviation of about 17. The number of molecules in the atomistic region varied from
1063 in the RHR = 1 Å simulation to 812 in the RHR = 6 Å simulation, leaving
50–294 molecules respectively in the healing regions (see also top-right panel in
Figure 2-3).

The interesting observables that illustrate the behavior of the hybrid MD method
are plotted in the other three panels of Figure 2-3. Starting at the top-left panel, we
see the total energy (shifted for comparisson) is very well conserved for the RHR = 6
Å healing region, and showing an unstable drift in the hybrid MD simulations with
healing region smaller than RHR = 3 Å. The graph at the bottom left shows the
%UA/CG bookkeeping term (Eq. 2-9), which in the simulations is computed on the
fly by multiplying the integrand (Eq. 2-13) by the displacement dq of the interacting
particle in the healing region. Molecules moving from the coarse-grained region to
the atomistic region fall quickly down from high potential energy configurations as
they equilibrate into their atomistic environment, whereas molecules moving in the
other direction are not pushed up to such high potential energy configurations. This
asymmetry with respect to the direction that particles move (i.e. positive or negative

Figure 2-2. Hybrid MD snapshot of the periodic unit cell of 1900 methane molecules. In the center is
the atomistic region flanked by the two halves of the coarse-grained slab, in which each CH4 molecule
is treated as a single blob (pictured in blue). These two regions are coupled through 6 Å wide heal-
ing regions in which the molecules smoothly change their resolution, here indicated by the varying
transparency of the molecules



U
N

C
O

R
R

EC
TE

D
 P

R
O

O
F

SPB-150905 CHAPTER ID 2 August 22, 2009 Time: 04:45pm Proof 1

766

767

768

769

770

771

772

773

774

775

776

777

778

779

780

781

782

783

784

785

786

787

788

789

790

791

792

793

794

795

796

797

798

799

800

801

802

803

804

805

806

807

808

809

810

B. Ensing and S.O. Nielsen

dq in Eq. 2-9) means that on average the fluctuations in %UA/CG do not cancel, as
reflected by the negative slopes in the plot.

The atomistic equilibration process in the healing region, driven by a gradual
switching on of the atomistic interactions, forces the atoms to move and reorient.
This increase in kinetic energy is counteracted by a Nosé-Hoover thermostat cou-
pled to each particle. The bottom-right panel in Figure 2-3 shows the flow of energy
from the system to the thermostat, which is larger for small healing region widths.

This case study of a hybrid MD simulation of liquid methane illustrates that the
adaptive multiscale algorithm is a robust and very promising method. It also shows
the importance of recovering the total energy as a conserved quantity in assessing the
stability and accuracy of the simulation. Without this total energy observable, one
is left with guessing, based on secondary information such as density fluctuations
or other measured properties, whether the choices made for the healing region size
and the time step were adequate.

2.2.5. Other Adaptive Multiscale Implementations

At this stage, we briefly outline two other approaches to (particle-based) adap-
tive multiscale dynamics methods, paying special attention to the differences and
similarities to the hybrid MD method constructed in the previous sections.

Figure 2-3. Hybrid MD simulation data for liquid methane with varying healing region widths. Top left:
the conservation of the total energy is excellent for the 6 Å healing region and becomes unacceptable
for healing regions smaller than 3 Å. Top right: Continuously fluctuating numbers of molecules in the
atomistic region (upper part of the graph) and in the healing region (lower part). Bottom left: bookkeep-
ing term %UA/CG from Eq. 2-9. Bottom right: continuous energy flow into the Nosé-Hoover thermostats
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Multiscale Molecular Dynamics and the Reverse Mapping Problem

Praprotnik et al. [8] were the first to present an adaptive resolution dynamics
scheme, only preceded by the similar adaptive Monte-Carlo approach of Abrams
[45]. Instead of starting from an energy function with scaled potentials (as we did
in Eq. 2-4), Praprotnik uses force scaling:

fαβ = w(Rα)w(Rβ )
∑

iα,jβ

f A
iαjβ + [1 − w(Rα)w(Rβ )] f CG

αβ (2-17)

Here, w are the scaling functions of the interacting beads α and β. This scheme
also obeys Newton’s third law and is constructed not to cause any flux of par-
ticles over the intermediate healing region. Unfortunately, the energy function is
not known in this approach. Another difference is the use of fractional degrees
of freedom. The temperature is then calculated using the fractional analog of the
equipartition theorem

< Kα >= w(Rα)kBT
2

(2-18)

where < Kα> is the average kinetic energy per fractional degree of freedom
[46, 47]. In this approach, all interactions, including the atomistic intra-bead inter-
actions are scaled, and simultaneously the kinetic energy of the atomic degrees of
freedom is scaled to zero when a particle switches from atomistic to coarse-grained
resolution. Control of the kinetic energy is established through a position depen-
dent dissipative particle dynamics thermostat coupled to each (fractional) degree of
freedom.

The other approach worth mentioning is to derive a mixed-resolution Hami-
ltonian, starting from a linear combination of all possible Lagrangians that can be
constructed by treating all particles in the atomistic region plus a subset of those in
the healing region at the high-resolution level of theory, and treating all other parti-
cles at the low resolution [9]. Also in this case, the internal, high-resolution, degrees
of freedom gradually “freeze” when particles leave the atomistic region, through
a coordinate dependent kinetic energy. Although this approach is somewhat more
involved, requiring the implementation of a special generalized integrator and the
definition of a special mixed-resolution potential energy function, one advantage is
that it is not limited to pair-potential forcefields but can also be used in combination
with many-body forcefields, such as is common in a quantum mechanical treatment
[48]. Also, the total momentum and total energy are strictly conserved.

2.3. REVERSE MAPPING THROUGH RIGID BODY ROTATION

From the viewpoint of the reverse mapping problem, the example of liquid methane
shown in the previous section represents the simplest possible case. The atomistic
methane molecule, CH4, is symmetrical: it has four hydrogen atoms in a tetrahedral
arrangement around a central carbon atom, and hence to a first approximation is
well-described by the united atom sphere which is used to represent it in the coarse
grained region. When such a united atom sphere enters the healing region, one may
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B. Ensing and S.O. Nielsen

conceivably insert the missing hydrogen atoms in a randomly oriented tetrahedron
without paying too steep a price in potential energy. The tetrahedron will need to
rotate to avoid steric clashes with nearby methane molecules, and this motion is
the source of the energy flow to the thermostat seen in the previous section. These
steric clashes are non-bonded in nature, and non-bonded forces are the softest forces
which exist in the forcefield. Soft forces are easily “healed” in the healing region.
Once one moves from methane to more complex molecules, the reverse mapping
problem can become serious, and one needs a more sophisticated strategy to solve it.

Recall that our solution to the reverse mapping problem is to associate a frozen
atomistic fragment with each coarse-grain site, and to rigidly rotate these fragments
about their COM in accordance with an energy function designed to maintain a
low-energy atomistic-level representation of the system. The atomistic fragments
are treated as rigid bodies with no internal degrees of freedom. This means that
there are only three degrees of freedom per coarse-grain site to evolve, namely an
element of the special orthogonal Lie group SO(3). In the remainder of this section
we present several strategies for implementing this SO(3) rotational motion. First
we present an energy minimization approach using conjugate gradient optimization.
Next, we describe a dynamics approach using the direct analog of the velocity Verlet
algorithm for the SO(3) setting. We then discuss the coupling between the SO(3)
dynamics and the coarse-grained molecular dynamics, and finish this section with a
case study of a polyethylene chain.

2.3.1. Rigid Body Rotational Optimization

Here we present an algorithm that uses SO(3) optimization to align molecular frag-
ments corresponding to coarse-grained sites. The output from this algorithm consists
of rigid fragments centered at the coarse grained sites, rotated to minimize an
energy function consisting of both intra- and inter-molecular terms. The approach
is based on an algorithm due to Taylor and Kriegman [49] in which a sequence
of local parameterizations of the manifold SO(3) is used, rather than relying on a
single global parameterization such as the Euler angles. The problems caused by
singularities in a global parameterization are thus avoided.

One can object to an energy-minimized structure on the grounds that it is not
compatible with the ensembles typically used in molecular dynamics simulations
(e.g. NVT or NPT). In this sense, one can ask the question “In what sense is this
configuration a representation of the underlying molecular system?” Rather than
attempting to provide a mapping algorithm that generates an equilibrated atomistic
configuration, in this section we take a more pragmatic approach. The mapping
algorithm described here quickly generates a globally stable atomistic configuration
that further requires very localized relaxation and equilibration.

The algorithm minimizes a real-valued objective function E:SO(3) → R defined
on the set of rotation matrices

R ∈ SO(3) ≡
{
∈ R3×3 : RtR = I, det (R) = 1

}
. (2-19)
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Multiscale Molecular Dynamics and the Reverse Mapping Problem

At every point R0 on the manifold SO(3) we construct a continuous, differentiable
mapping between a neighborhood of R0 on the manifold and an open set in R3,

R(ω) = R0 exp J(ω), ω ∈ R3, |ω| < π (2-20)

where the skew symmetric operator J:R3 → SO(3) is defined as

J(ω) =




0 −ωz ωy
ωz 0 −ωx

−ωy ωx 0



 . (2-21)

R(ω) can be computed using the Rodrigues formula, although we will not need
to do so. The objective (energy) function can be expanded to quadratic order about
R0 as

E(R(ω)) = E(R0) + gtω + ωtHω (2-22)

where g and H are the gradient and the Hessian of the function, respectively, evalu-
ated at the point ω = 0 which corresponds to the rotation matrix R0. The conjugate
gradient incremental step is

ωs = −H−1g . (2-23)

This incremental step determines the new rotation matrix as follows:

R = R0 exp J(ωs) . (2-24)

The incremental step must lie within the range of the local parameterization,
namely |ωs| < π . The updating step can be made computationally efficient by rep-
resenting the rotations by unit quaternions. The relationship between SO(3) and the
group of unit quaternions Sp(1) is

q = ( cos θ ,ω̂ sin θ ), θ = |w|/2 . (2-25)

The incremental step corresponds to the quaternion

qs =
(

cos
θ

2
, ω

sin (θ/2)
θ

)
where θ = |w| . (2-26)

With the rotation R0 expressed as the unit quaternion q0, the product of the
two rotations, which gives the new rotation matrix, is given by the quaternion
multiplication q0qs. It has been shown that this algorithm exhibits quadratic conver-
gence provided that the starting point is sufficiently close to a minimum. According
Eq. (2-22), we are supposed to evaluate the Hessian as well as the gradient to com-
pute the update step. However, by employing the Fletcher-Reeves-Polak-Ribiere
version of the conjugate gradient algorithm, only the gradient is needed [50]).
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To apply this algorithm to molecular systems, two things are needed. Firstly, an
objective function must be chosen which imbues the algorithm with chemical mean-
ing. This function should provide a measure of the potential energy of the molecular
configuration associated with a given rotation matrix. Secondly, the algorithm must
be extended to many coupled SO(3) optimizations so that the molecular system is
simultaneously and concertedly optimized over all the coarse-grain centers. This
multi-body extension is in fact trivial and does not incur any additional computa-
tional cost aside from the necessary linear scaling with the number of centers. The
nature of the multi-body aspect of the algorithm will become clear in what follows.

Let us now address the choice of an energy function. Only interactions between
atoms belonging to different coarse-grain units need be considered. This is because
the intra-unit degrees of freedom are frozen. The SO(3) algorithm is designed to
find the optimal rotational orientation of each of these fragments, where the center
of mass of each fragment is constrained to lie at the location of the coarse-grained
site representing it, and where no internal relaxation of the intra-fragment degrees
of freedom is allowed. Ideally, we would like to take the functional form and the
parameters of all of the terms contributing to the energy function from an under-
lying atomistic force field. There is no need to invent new potential energy terms
when we have well-parameterized ones at our disposal. The most important contri-
bution to the energy function is a bonded term arising from the “dangling” bonds
in the molecular fragments which would connect the fragments to one another in an
atomistic representation of the system. This function is harmonic in the interatom
distance and is expressed as (see Figure 2-4)

E(R1, R2) = k/2 (|r + R2v − R1u| − d0)
2 (2-27)

Figure 2-4. Schematic of the SO(3) optimization algorithm for a hexane molecule. Atomistic fragments
are rotated about the centers of mass of the coarse-grain units representing them to align the unconnected
atomistic bond between fragments (shown in dashed line)
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where R1 and R2 are the rotation matrices corresponding to coarse grain units
1 and 2, located at positions COM1 and COM2, respectively. The vector from
COM1 to COM2 is denoted r. u represents the vector from COM1 to the atom
in coarse-grain unit 1 involved in the bond. v represents the vector from COM2 to
the atom in coarse-grain unit 2 at the other end of the bond. The bond has an equilib-
rium distance of d0 and a force constant of k. In order to perform optimization, the
gradient must be evaluated. There are six gradient terms associated with this energy
function, three for rotation matrix R1 and three for R2. For the ωx component of R1,
the gradient is

∂

∂ωx1
E = −k

(|r + R2v − R1u| − d0)
|r + R2v − R1u| (r + R2v − R1u) · ∂

∂ωx1
R1u (2-28)

with

∂

∂ωx1
R1u = R1

0J(x̂)u (2-29)

where R1
0 denotes the initial rotation matrix for coarse-grained center 1. This last

result is computationally important because it means that the J operator only ever
acts on three elements, x̂, ŷ, and ẑ, where,

J(x̂) =




0 0 0
0 0 −1
0 1 0



 , J(ŷ) =




0 0 1
0 0 0

−1 0 0



 , J(ẑ) =




0 −1 0
1 0 0
0 0 0



 (2-30)

The multi-body nature of the minimization procedure proceeds as follows: the
potential energy function is written as a sum over all the coarse-grain sites, with
separate terms arising from bonds, bends, torsions, one-fours, and Lennard-Jones
interactions. The gradient of this function is evaluated with respect to each degree
of freedom, namely the three numbers ωx, ωy, and ωz for each coarse-grain site.
This gradient is used to decide upon a global incremental update step in which
all the rotation matrices are simultaneously changed. For further details on how to
implement bend, torsional, and non-bonded energy terms, we refer the interested
reader to our previous work [51].

2.3.2. Rigid Body Rotational Dynamics

In the interest of energy conservation, we now turn to rigid body rotational dynamics
algorithms, namely how to adapt the velocity Verlet algorithm for the setting of
the SO(3) Lie group. This is a challenging problem because the dynamics occurs
on a curved manifold, not a vector space. There are no known algorithms which
possess all the desired properties expected of such an integrator, namely that it be
symplectic, time-reversible, and energy and momentum conserving. We have chosen
to implement the best-performing currently known explicit algorithm for rigid body
dynamics, which is due to Krysl and Endres [52]. This algorithm is the direct analog
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of the velocity Verlet algorithm for the rotation dynamics setting. The fundamental
law of motion for rotational dynamics is t = L̇ where t is the torque, L = Iω
is the angular momentum, I is the moment of inertia tensor, and ω is the angular
velocity. The initialization and subsequent dynamics components of the algorithm
are as follows.

We initialize the angular velocity from the coordinates and (linear) velocities of
the atoms via

ω0 = I−1
0 L0 = I−1

0 (
∑

i

ri × mivi) , (2-31)

where I is computed relative to the COM, ri is the vector from the COM to atom i;
mi is the mass of atom i, vi is the (linear) velocity of particle i, and × is the cross
product. The angular acceleration is initialized from

α0 = I−1
0 (t0 − ω0 × I0ω0) , (2-32)

where t is the torque.
Following initialization, the dynamics occurs in a 4-step algorithm as follows,

where the time step is τ .

Step 1: ω′
n = ωn−1 + τ

2 αn−1
Step 2: Rn = exp [τJ(ω′

n)]
Step 3: Solve Inαn − tn +

(
ω′

n + τ
2 αn

)
× In(ω′

n + τ
2 αn) = 0 for αn

Step 4: ωn = ω′
n + τ

2 αn

Steps 1 and 4 are the velocity half-steps. In Step 2 the rotation matrix Rn is used
to update the atomic positions relative to their COM. Hence, unlike the original
algorithm, we do not apply incremental updates to the rotation matrix, but instead
directly rotate the atoms at each time step. We remind the reader that J(ω) is defined
by Eq. (2-21). In between Steps 2 and 3, the torque and the moment of inertia tensor
are updated. In Step 3 we need to solve a non-linear vector equation for the angular
acceleration αn using Newton′s method since it is coupled with the angular veloc-
ity due to the velocity update. The Jacobian (the matrix of first partial derivatives)
required for Newton′s method is straightforward to evaluate [52].

The multi-body nature of the algorithm, as was the case for the optimization
algorithm presented above, is trivial: the net torque on each coarse-grained center is
computed due to the effect of all other fragments one wishes to consider.

2.3.3. Coupling Between the Rotational Dynamics and Coarse-Grained
Molecular Dynamics

To allow for reverse mapping on the fly during a coarse-grained molecular dynamics
simulation, we wish to couple the velocity Verlet algorithm introduced above for
the rigid body rotational dynamics to the dynamics of the coarse-grained centers
of mass. That is, we wish to perform the rotational dynamics of the atoms within
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the coarse-grained beads simultaneously with the (Cartesian) molecular dynamics
of the beads in a fashion reminiscent of Car-Parrinello MD. In the latter method,
the classical dynamics of the nuclei are in principle coupled to a second, artificial,
dynamics of electronic wave function degrees of freedom, although in that case
an adiabatic separation exists due to the large difference in particle masses, and
therefore in temperatures, between the two sub-systems. Here, such a separation
does not exist.

The orientation of the rigid body and its rotational motion are governed
through atomistic interactions that span different beads as illustrated by the dashed
C–C bond in Figure 2-4. These atomistic interactions are affected if we allow
the beads to move with respect to each other. Imagine for example that the
two beads in Figure 2-4 are moving away from each other, than clearly also the
(dashed) C–C bond elongates, leading to an increased torque on the atomistic body
and thus a speedup of the rotational motion. That means in practise that the rota-
tional dynamics continuously heats up if we allow the beads to move, unless a
corresponding back-coupling of the rigid body rotation is added to the dynamics
of the beads or, alternatively, a friction is added to the rotational dynamics to avoid
heating up. The latter damped dynamics is most easily implemented and results
in an alternative on-the-fly rotational optimization scheme (see also Section ); this
solution is an example of a general technique known as simulated annealing. Here
instead, we will discuss the (back-) coupling between the (undamped) dynamics
subsystems, as it will play a role in the hybrid multiscale method (see Section 2.1).

Adding the correct back-coupling of the rotational dynamics to the dynamics of
the beads entails adding the atomistic interactions that govern the rotational motions
to the coarse-grained dynamics. However, we do not wish to disrupt the coarse-
grained molecular dynamics more than necessary, not in the least because adding
stiff atomistic interactions to the coarse-grained dynamics would require a smaller
time step for its evolution. We therefore distinguish between translational and rota-
tional motion of the beads with respect to each other, where we define translation as
the motion that alters the distance between two beads and rotation as the motion in
which the bead-bead distance remains constant.

For the translational motion of beads (imagine the coarse-grained stretch vibra-
tion between the two beads in Figure 2-4), instead of adding the back-coupling
of the atomistic interaction to the coarse-grained dynamics, we remove the cou-
pling of the coarse-grained translational motion to the rotational dynamics. This is
done by re-normalizing the atomistic configurations to the equilibrium bead-bead
distance, instead of using the actual bead-bead distance. That is, the instantaneous
bead-bead distance r in Eq. (2-27) for the rotational potential energy is replaced by
the equilibrium bond distance r0, as follows

E(R1, R2) = k/2 (|r0 + R2v − R1u| − d0)
2 (2-33)

and likewise in the force expression of Eq. (2-28). This way, the rotation dynamics
is computed as if the beads are always placed at their equilibrium distance, thus
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removing any effect of translational motion on the rotational dynamics and the need
to add back-coupling.

For the rotational motion of the beads, we cannot remove the coupling because it
would defeat the purpose of keeping the atomistic configuration while the (coarse-
grained) molecule rotates. That is, when the coarse-grained molecule rotates, we
want the atomistic rigid bodies to adapt their orientation simultaneously. The fluctu-
ations on the interactions due to the rotation of the molecule are expected to be
much smaller than that due to the coarse-grained stretching modes. The proper
back-coupling is added to the coarse-grained dynamics using

f1 × r = T1 = fi × u (2-34)

That is, a back-coupling force f1 on bead 1 is computed from the torque T1 on the
atomistic rigid body of this bead that is due to the atomistic interaction between one
of its atoms i and another atom j belonging to neighboring bead 2 (see Figure 2-4) .
In other words, the torque from the force fi on atom i that drives the rotation results
in addition to a force on the bead that is normal to the plane of the torque and the
bond, r, between the beads.

Having added the proper coupling between the rotational rigid atom dynamics
and the rotational motions of the coarse-grained molecules (and removed the cou-
pling with the translational bead motions) we obtain a stable energy conserving
dynamics scheme which tends to thermal equilibrium between the two subsystems.
In the following section, we will compare the two methods of on-the-fly reverse
mapping through rigid rotation, and show that both the optimization scheme (or
simulated annealing scheme) as well as the coupled dynamics scheme succeed
in recovering good approximations of the atomistic structure in a coarse-grained
simulation.

2.3.4. Case Study 2: Polyethylene Chain

In this case study, we compare the reverse mapping schemes, introduced in the pre-
vious section, for coarse-grained simulations of a (C75H152) polyethylene chain in
vacuum. The chain is represented by 25 coarse-grained beads, interacting through
harmonic bond and bending potentials and Lennard–Jones type van der Waals inter-
actions [53]. Each bead is mapped on 3 carbon atoms and its associated hydrogens
as shown in Figure 2-5. We performed four NVT coarse-grained dynamics simula-
tions of 500 ps in length at T = 303 K, each with a different variant of the reverse
mapping scheme to recover atomistic configurations on the fly. The first 100 ps are
regarded as equilibration; the remaining 400 ps of the trajectory was analyzed and
compared with that of a fully atomistic simulation of the system. The four reverse
mapping schemes are:

1. At each timestep the relaxed atomistic C3H6 structure is inserted into each bead
with a random orientation (i.e. random mapping).
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Figure 2-5. Illustrative snapshot from a coarse-grained simulation of a polyethylene chain (C75H152),
using the reverse mapping through rigid body rotation to recover atomistic configurations. Rotation
dynamics of the atomistic C3H6 functions is governed by a simplified energy function containing only a
harmonic C–C bond plus two repulsive H–H bonds (shown in white) between neighboring beads

2. The C3H6 structures are inserted at the beginning after which their orientations
are optimized during the coarse-grained simulation through the damped SO(3)
rotational dynamics (i.e. damped rigid rotation).

3. Same as 2. but instead of annealing, the rotational dynamics is used, coupled to
the coarse-grained dynamics (i.e. coupled rigid rotation).

4. atomistic flexible rotation

Here, the first scheme of random orientations is used for reference, the second
and third schemes are the two rigid body rotation schemes introduced in the previous
section, and the fourth scheme is another rotational scheme that acts on flexible
atomistic structures, rather than rigid bodies.

This last flexible scheme is added here because we will use it later in the hybrid
multiscale method (see Section 2.1). That is, until now we have talked about reverse
mapping to recover atomistic configurations from a coarse-grained trajectory, but
hereafter, these reverse mapping schemes will be combined with the hybrid MD
algorithm to pre-condition coarse-grained molecules before they enter the healing
region. In order to gradually switch off this rotational dynamics while the atomistic
interactions are being switched on, we require a variant of the rotational dynamics
that will work on flexible, atomistically propagated, bodies as is the case in the
healing region. This is the fourth scheme of which the details follow in Section 2.1.

For the purpose of illustration, we used a very simple energy function in all of
the three rotational dynamics schemes. That is, in principle we can use the full set
of atomistic interactions of bonds, bends, torsions and even non-bonded potentials
spanning neighboring beads, to govern the rotational dynamics, but it makes sense to
choose an economic reduced subset instead. For our polyethylene chain, an intuitive
good choice would include (at least) the carbon-carbon bond interaction spanning
each pair of neighboring beads supplemented with the dihedral angles centered at
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this C–C bond. Here, in fact, we replace the dihedral angles with two repulsive
harmonic interactions between two hydrogens per pair of neighboring beads. These
repulsive “bonds” between hydrogens are shown in Figure 2-5 as white sticks.

How do the reverse mapping schemes based on rotational dynamics of rigid or
flexible atomistic bodies perform with respect to the randomly oriented bodies and
with respect to a fully atomistic molecular dynamics simulation? To answer this
question, we compared atomistic distribution functions, two of which are shown
in Figure 2-6. On the left-hand side are the histograms of the pair-correlation of
each carbon in the chain with the carbon three positions away. This 1–4 correlation
is the shortest correlation that always spans two different beads. In the atomistic
simulation, the 1–4 correlation shows two peaks reflecting the staggered trans con-
figuration (larger peak) and the two, less favorable, staggered cis configurations
(smaller peak) of each quartet of carbons. In the coarse-grained simulations, the
repulsive hydrogen interactions (namely the white sticks in Figure 2-5) make the cis
configuration very improbable, so that the 1–4 correlations all show a single peak
positioned at the larger peak from the atomistic simulation. The broadening of the
peak from the reverse mapping schemes is due to the stretch vibration between the
beads, which is much softer than that between two carbons. The right-hand panel
in Figure 2-6 shows the histograms of dihedral angles between each sequence of
4 sequential carbon atoms centered at the bond between two beads (i.e. the first
two carbons belong to one bead and the second two carbons belong to the next
bead). Again, the repulsive terms in our simplified energy function used for the
rotational dynamics represses completely the secondary peaks seen in the his-
tograms from the atomistic simulation; however all three reverse mapping schemes
recover a good approximation to the average structure, which is the trans config-
uration. As a side remark, we note that the coupled dynamics scheme performs
slightly better, showing narrower distributions, than the damped dynamics scheme,
which is somewhat surprising as the damped dynamics would be expected to

0 1 2 3 4 5 6

d(Ci-Ci+3)/Å

0

1

2

3

4
random mapping
atomistic simulation
damped rigid rotation
coupled rigid rotation
flexible rotation

–180 –90 0 90 180
/deg

0

0.01

0.02

Figure 2-6. Comparison of the reverse mapping schemes to recover the atomistic structure in coarse-
grained simulation of a polyethylene chain. Left panel: histograms of the distance between each carbon at
position i with that at position i + 3 in the chain. Right panel: histograms of dihedral angles of sequential
carbon atoms of which the first two carbons and the second two carbons belong to different beads,
respectively
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tend closer to the lowest energy conformation. Further study to optimize the
damping factor might improve this.

All three reverse mapping schemes, based on rotational dynamics of rigid and
flexible atomistic bodies, manage very well in maintaining good atomistic config-
urations on the fly during a coarse-grained simulation. The overhead of the rigid
body schemes is minimal due to the local nature of the energy function, relative
to the demanding evaluation of the non-bonded interactions in the coarse-grained
dynamics. The reverse mapping scheme was initially designed to allow for easy
back-and-forth switching between atomistic and coarse-grained simulations of a
system, reducing the requirement of re-equilibration in between. The reverse map-
ping is therefore also expected to be helpful in replica exchange simulations, in
which simultaneously several replicas of the system at different resolution are sim-
ulated that can exchange based on a Metropolis criterion [18–21]. In the context of
this chapter however, we will now return to the hybrid multiscale method and show
how the rotational reverse mapping algorithm, applied to the coarse-grained region,
is essential to simulate more complex structures.

2.4. COMBINING ROTATIONAL REVERSE MAPPING
WITH HYBRID MD

In this last methodological section, we merge the reverse mapping algorithm with
the adaptive multiscale method. The recent literature until now only shows applica-
tions of adaptive hybrid atomistic/coarse-grained methods that consist of simple
spherical beads in the low-resolution representation, for example, methane [7],
water [54, 55], and even simpler toy models [8, 56]. The reason for this is that
these spherical, or united, atoms require minor re-orientation when switching to the
atomistic resolution compared to larger molecules spanning more than one coarse
grained bead. In other words, all previous studies have explicitly avoided the reverse
mapping problem. Indeed, it is clear from figure 4 that the dashed C–C bond imposes
severe constraints on the relative orientation of the two beads representing a hexane
molecule. If the atomic fragments in these two beads are randomly oriented with
respect to one another when the hexane molecule enters the healing region, a very
large healing region will be needed to bring the atomic representation down from an
almost infinitely high potential energy value.

Applying the reverse mapping algorithm in the coarse-grained region of the mul-
tiscale setup allows, for the first time, hybrid MD simulations of realistic systems
with multi-bead molecules in the low-resolution representation. The rigid body
rotational dynamics (introduced in Section) maintains rigid atomistic structures
superimposed on the coarse-grained molecular dynamics. These rigid structures are
rotated about their centers of mass in accordance with an energy function which
includes a subset of the local atomistic interactions, such as bond and bending
potentials between atoms belong to sequential beads. This pre-conditioning of atom-
istic configurations in the coarse-grained region therefore requires a much smaller
healing region to equilibrate coarse-grained molecules that switch to the atomistic
resolution.
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Note, however, that applying this reverse mapping scheme only to the coarse-
grained region is not enough. Also at the coarse-grained end of the healing region,
the orientation of atomistic structures within the beads becomes randomized when
the molecules spend sufficient time at healing region positions of, say, around ninety
percent coarse-grained character. Only a very wide healing region would then be
able to restore the atomistic structure in a smooth manner, when such a molecule is
pushed toward the atomistic region and the highly unfavorable atomistic interactions
are switched on. This is the reason that a scheme in which atomistic structures are
locally equilibrated (constrained to keep the centers of mass at the coarse-grained
bead positions), for molecules that leave the coarse-grained region, does not suffice.
Instead, we will also apply the rotational reverse mapping scheme in the heal-
ing region, which is then gradually switched off, together with the coarse-grained
interactions, as the atomistic forcefield takes over.

In the healing region, in contrast to the coarse grained region, the atomistic bod-
ies are not rigid. Flexible bodies break the SO(3) rotational dynamics integrator
because the moment of inertia tensor changes due to non-rotational forces. To never-
theless allow for a rotational dynamics in conjunction with the atomistic dynamics,
we employ a modified approach that adds the same reduced energy function that
governs the rigid body rotational dynamics in the coarse-grained region. However,
instead of computing a torque on the body from the atomistic interactions, we let
the interaction act directly on the atoms with the additional constraint that the frag-
ment should not feel an effective force. This constraint is satisfied if we apply a
counter interaction on the fragment that cancels any translational acceleration and
only keeps the rotational acceleration. In the example of Figure 2-4, this would
mean that the atomistic bond interaction (dashed line) causes a force on the inter-
acting carbon atoms and simultaneously a constraint force of the same amplitude but
with opposite sign on the centers of mass. In the healing region, the coarse-grained
forces acting on the centers of mass are distributed, mass-weighted, over the atoms.
The coupling of this rotational dynamics with the normal atomistic dynamics in the
healing region is implemented on the same footing as the coupling between those
terms in the coarse-grained region (see Section 2.3.3). In Section , this atomistic
flexible rotation variant of the reverse mapping technique was shown to behave well,
compared to the rigid body rotational algorithms and to a fully atomistic molecular
dynamics simulation.

2.4.1. Case Study 3: Hybrid Simulation of a Polyethylene Chain

In the third case study, we examine the application of the final combined adaptive
multiscale molecular dynamics, i.e. including the reverse mapping algorithm, to the
folding of a polyethylene chain in vacuum. The C150H302 chain is twice as long
as in the previous case study and is represented by 50 beads at the coarse-grained
level [53]. The initially stretched configuration is taken from a equilibration run,
subject to an end-to-end distance constraint. As an illustration of the method, we
show 2 short, 150 ps, hybrid MD simulations of the folding process, once using
the reverse mapping algorithm and once without. Two atomistic regions are defined
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with a radius of RA = 6 Å centered on beads 15 and 30 in the coarse-grained
representation of the chains. The surrounding healing region skin is RHR = 5 Å. Two
representative snapshots of the hybrid MD simulation (using the reverse mapping
algorithm) are shown in Figure 2-7.

Comparing the total energies of the two simulations, with and without reverse
mapping, displays a dramatic difference, as shown in Figure 2-8, top panel. Using
the reverse mapping algorithm, which maintains a good pre-conditioned atomistic
structure in the coarse-grained region, the simulation shows very good energy con-
servation. Without the reverse mapping algorithm the total energy shows erratic
behavior (note the difference in scales in these plots), indicating problems and poor
accuracy in the simulation. Visual inspection of the trajectory shows that groups of
atoms move suspiciously fast in the healing region and eventually, after about 95 ps
of simulation, the system explodes. Because of the relatively large number of atoms
in the healing region, the increasing temperature (despite the thermostat) is an indi-
cation of problems (data not shown). Note that for example in a simulation of the
chain in a solvent, such local temperature changes may not be apparent in the total
system temperature.

The bottom panel in Figure 2-8 shows the decreasing radius of gyration
and the end-to-end distance of the polymer chain as it collapses from the ini-
tial stretched configuration to its random coil state. Note that, in this case, the
unstable hybrid simulation displays reasonable behavior for these observables,
not indicating any obvious problems, at least until the system explodes after
95 ps.

In conclusion, we have seen that incorporating the reverse mapping algorithm
into our hybrid MD method to pre-condition the atomistic structure results in a
robust adaptive multiscale molecular dynamics method. Close observation of the

Figure 2-7. Two snapshots from the adaptive multiscale simulation of a polyethylene chain (C150H302)
in vacuum, using two spherical atomistic regions (red spheres). The atomistic regions have a diameter of
6 Å and are centered on beads 15 and 30 of the 50 bead coarse-grained representation (blue spheres)
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Figure 2-8. Top panel: Using the reverse mapping algorithm within the hybrid MD simulation of a
polyethylene chain leads to good conservation of the total energy; instead without reverse mapping the
hybrid method is unstable. Middle panel: the continuously fluctuating numbers of beads in the low, high,
and hybrid resolution regions. Bottom panel: the folding of the chain shown by the radius of gyration
(black lines; left axis) and the end-to-end distance (red lines; right axis). Despite the spurious dynamics
of the simulation without reverse mapping, these observables show fortuitous similar physical behavior,
that is, until the system explodes after about 95 ps

conservation of the total energy is required to assess the accuracy and physical rel-
evance of the hybrid simulation. Without the reverse mapping algorithm, the hybrid
method only works for small structureless molecules that can be represented by a
single spherical bead in the coarse-grained region.

This case study of the collapse of a polymer chain illustrates the promising poten-
tial of the adaptive atomistic/coarse-grained method for the study of much more
complicated and demanding phenomena of self-assembly, for example protein-
protein interaction, multimeric protein assembly, and protein-DNA interaction. We
foresee that such investigations, which now require either enormous computer
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resources or rather simplified models, will take full advantage of the speedup from
this multiscale method. Compared to a million atom sized MD simulation, such a
speedup could easily reach two or three orders of magnitude when the demanding
atomistic description can be limited to interacting regions of several hundreds to
thousands of atoms.

2.5. SUMMARY

Adaptive multiscale molecular dynamics is a promising new simulation technique
aimed at bridging the gap between the large spatial and temporal scales exhibited
by the phenomena that we wish to predict and the fast and short-ranged molecular
fluctuations that limit current high-resolution methods. This technique allows one
to focus the available computational resources on those special regions of the sys-
tem where the key events are occurring by modeling the system in these regions at a
higher, more accurate, resolution than the rest of the system. Here, we used an atom-
istic description in the high-resolution regions, and coarse-grained models, in which
atoms are grouped into single interaction sites, to describe the other, low-resolution,
regions.

The level of description of molecules that move between the high and low resolu-
tion regions adapts on the fly. This transformation from a coarse-grained description
to an atomistic one, or vice versa, proceeds in a smooth manner through a thin inter-
mediate healing region that bridges between the high and low resolution regions.
In particular, the transformation from coarse-grained to atomistic, the so-called
reverse mapping, is otherwise cumbersome as it requires the introduction of inter-
nal degrees of freedom that should be equilibrated together with their surrounding
molecules. The continuous introduction (and removal) of degrees of freedom in
the healing region is therefore a non-equilibrium process that produces heat, which
can be removed with a thermostat. An important feature of the current multiscale
algorithm is that it recovers, nevertheless, the total energy as a conserved quantity.
Energy conservation provides a crucial handle to assess the accuracy of the integra-
tion of the equations of motion (i.e. the quality of the simulation) and is for example
necessary to be able to choose an appropriate size for the healing region as well as
for the time step.

We also discussed a special reverse mapping technique that allows one to obtain
the atomistic conformations from a coarse-grained molecular dynamics simula-
tion at low computational overhead. The algorithm consists of a dynamics on the
Lie group SO(3) of rotations for every coarse-grained site. Combining this tech-
nique with the adaptive multiscale approach to pre-condition molecules in the
low-resolution region, before they enter the healing region, helps to limit the size
of the healing region.
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