CHAPTER 2
THE MAXIMUM PRINCIPLE: CONTINUOUS TIME
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THE MAXIMUM PRINCIPLE: CONTINUOUS TIME

Main Purpose: Introduce the maximum principle as a
necessary condition to be satis ed by any optimal control.

Necessary conditions for optimization of dynamic systems.
General derivation by Pontryagin et al. in 1956-60.

A simple (but not completely rigorous) proof using dynamic
programming.

Examples.
Statement of suf ciency conditions.

Computational method.
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2.1 STATEMENT OF THE PROBLEM

Optimal control theory deals with the problem of
optimization of dynamic systems.
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2.1.1 THE MATHEMATICAL MODEL

ate equation

x(t) = f(x(t);u(t);t); x(0) = Xo; (1)

here the vector oftate variablesx(t) 2 E", the vector of
control variablesu(t) 2 E™, and the function

f:E" E™ E!1 E™

The functionf Is assumed to be continuously differentiable.
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2.1.1 THE MATHEMATICAL MODEL CONT.

e pathx(t);t 2 [O; T], is called astate trajectoryandu(t),
2 [O; T]; is called acontrol trajectory Admissible control(t),
2 [O; T]; is piecewise continuous and satis es, in addition,

ut)2 (t) E™; t2 ][0TI (2)
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2.1.3 THE OBJECTIVE FUNCTION

bjective function is de ned as follows

Lt

J = F(x(t);u(t); t)dt + S[x(T); T]; (3)
0

where the function& :E™ E™ E!! E?'and
S:E" E?!! E!areassumed to be continuously
differentiable.
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2.1.4 THE OPTIMAL CONTROL PROBLEM

The problem is to nd an admissible contnol, which

aximizes the objective function (3) subject to the statgaéign
1) and the control constraints (2). We now restate the agtim
ontrol problem as:

8 Z ;

max J= F(x;u;t)dt + S[x(T); T]
u(t)2 ( t) 0

E subject to (4)

x = f(x;u;t); x(0) = Xo:

The controlu is called aroptimal controlandx is called the
correspondingptimal trajectory The optimal value of the
objective function will be denoted aqu ) orJ .
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THREE CASES

Case 1. The optimal control problem (4) is said to be in
Bolza form

Case 2. Whes 0, itis said to be inLagrange form

Case 3. Whelr 0O, itis said to be irMayer form If

F Oand Sislinear, it is ininear Mayer form i.e.,

3

fJ = T
u({;12a(><t) J =cx(T)g

3 subject to ()

X = f(x;u;t); xX(0) = Xo;

wherec = ( ¢;; C; ,C,) 2 E".
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FORMS

e Bolza form can be reduced to the linear Mayer form:

omponents de ned as followy; = x; fori =1;:::;n;and

Yo+1 = F(Xju;t) + @g;t)f(x;u;th @g;tt);
Yn+1(0) = S(Xo; 0); (6)

so that the objective function 5= &Y(T) = Ys+1 (T); Where
€= ((f ; O;{:Z: : ;?; 1): If we now Iintegrate (6) from O td , we have
n

Z ¢

J=2Y(T) = Yy (T) = F(x;u;t)dt+ S[x(T);T]; (@)
0

= which is the same as the objective functibim (4).



PRINCIPLE OF OPTIMALITY

Statement of Bellman's Optimality Principle

"An optimal policy has the property that whatever the
Initial state and initial decision are, the remaining
decisions must constitute an optimal policy with regarad
to the state resulting from the rst decision.”
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PRINCIPLE OF OPTIMALITY CONT.

JBCE
C

sserTIoN: If ABE (shown in blugis an optimal path froma to
, thenBE (In blue) is an optimal path frons to E

ProoF. Suppose it is not. Then there is another path (existence
assumed here) BCH(red), which is optimal from B to E, I.e.,

Jece > JBE:
But then

Jage = Jag + Jege <Jag + Jece = JascE:

This contradicts the hypothesis that ABE is an optimal pedmf
Ato E.
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A DYNAMIC PROGRAMMING EXAMPLE

agecoach Problem

Stages 1 2 3 4
Costs(ci;j ):
56 7 8 9
217416 5(1]4
3(3[2]4 6/6(3
4141115 713(3
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A DYNAMIC PROGRAMMING EXAMPLE CONT.

agecoach Problem

Stages 1 2 3 4

Note thatl-2-6-9-10is a greedy (or myopic) path that minimizes
cost at each stage. However, this may not be the minimal cost
solution. For examplel-4-6yields a cheaper cost thdn2-6.
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SOLUTION TO THE DP EXAMPLE

etl u; U, uz 10be the optimal path. Ldt,(s;u,) be
he minimal cost at stage given that the current statessand
he decision taken ig,,. Letf  (s) be the minimal cost at stage
f the current state is. Then

f (s)=min f(s;uy) =min  Cs.y, + .1 (Un)
Un

Un

This is the Recursion Equation of DP. It can be solved by a
backward procedure, which starts at the terminal stagetapd s
at the initial stage.
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fa(s;uz)= Csug + f (uz) | f5(s) | ug
8 9

1+3=4 4+4=8 4 8

6+3=9 3+4=7 9

3+3=6 3+4=7 6 8

SOLUTION TO THE DP EXAMPLE CONT.

(@))]
WO o
WlwWwl~ |
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SOLUTION TO THE DP EXAMPLE CONT.

fa(s;u2) = Csu, + f5(Uz) fo(s) | u,
5 6 7
2| 7+4=11 | 4+7=11 |6+6=12 11 | 5;6
3| 3+4=7 | 2+7=9 |4+6=10 7 5
4| 4+4=8 1+7=8 5+6=11 8 5:6
Stage 1.
S fi(s;ur) = Csu, + 5 (Up) fo(s) | uy
2 3 4
1[2+11=13 |4+7=11 |3+8=11 11 | 3;4
The optimal paths:
1 3 5 8 10
1 4 5 8 10 JotalCost=11.
1 4 6 9 10

w

AlwWlIN|O0n
RIN|P o
O B Ko iy
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2.2 DYNAMIC PROGRAMMING AND THE

MAXIMUM PRINCIPLE

2.1 The Hamilton-Jacobi-Bellman Equation

Z 1
V(x;t) = {T}gvg) F(x(s);u(s);s)ds + S(x(T);T) ;
u(s S t
(8)
where fors t,

dx _ N _ ..
e f (X(s);u(s);s); x(t) = x:
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FIGURE 2.1 AN OPTIMAL PATH IN THE

STATE-TIME SPACE

Optimal
%

V(x +8x,t+8t)

0 t t + 0t
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TWO CHANGES IN THE OBJECTIVE FUNCTION

) The incremental change thfromttot + t is given by the
integral ofF (x;u;t) fromttot+ t.

(i) The value functionv(x+ x;t + t) attimet+ t.
In equation form thisis 7 -

V(x;t) = max F[x( );u(); 1d
oltt+ t]
HV[X(t+ t);t+ t] ] 9)

SinceF is a continuous function, the integral in (9) is
approximatelyF (x; u; t) t so that we can rewrite (9) as

V(X;t) = rr;e}xt)fF(x;u;t)t + V[x(t+ t);t+ t]g+to(t):

(10)
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TWO CHANGES IN THE OBJECTIVE FUNCTION

CONT.

sume that the value functioh is continuously differentiable.
e the Taylor series expansion\biwith respect tot and
btain

X(t+ t);t+ t]=VXt)+[V(xt)x+ Vi(xt)] t +o(t);

ubstituting forx from (1), we obtain (11)

V(x;t) = max F((Xx;u;t)t + V(x;t)
u2 ( t)

+VL(xDfGut) t+ Vi(xt)t +o(t): (12
CancellingV (x;t) on both sides and then dividing by we get
of )
t
(13)
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TWO CHANGES IN THE OBJECTIVE FUNCTION

CONT.
tting t ! 0in (10) gives the equation

0= rgf(:\f)fl:(x;u;t) + VLG Of (G ust) + M(x;t)g;  (14)
u

or which the boundary condition is
V(X;T)= S(x;T): (15)

Vi (X;t) can be interpreted as the marginal contribution vector o
the state variablg to the maximized objective function. Denote
it by theadjoint (row) vector (t) 2 E", I.e.,

(t) = Vx(x (t);t) = VX(X;t) jx:x () - (16)
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HAMILTON-JACOBI-BELLMAN EQUATION

e Introduce the so-callddamiltonian

H[X; u; Vi t] = FOG U t) + Ve (G0 (X u;t) (17)
r, simply,

H(x;u; ;t)=F(Xxut)+ f (X;u;t): (18)
We can rewrite equation (14) as the following equation,

0 = max [H(X;u; Vy;t) + V] (19)
u2 ( t)

called theHamilton-Jacobi-Bellman equatiaor, simply, the
HJB equation.

. Chapter2 — p. 22/67



HAMILTONIAN MAXIMIZING CONDITION

om (19), we can get the Hamiltonian maximizing conditidn o
e maximum principle,

HIx (t);u (t); (t);t]+ Vi(x (t);1) HIx (t);u; (t);t]
+Vi(x (t);1):  (20)

Cancelling the tern¥; on both sides, we obtain

H[x (t);u (t); (1);t]  H[x (t);u; (1);t] (21)
forallu2 ( t).

Remark: H decouples the problem over time by means (@,
which is analogous to dual variables or shadow prices indnine
Programming.
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2.2.2 DERIVATION OF THE ADJOINT EQUATION

x(t) = x (1) + x(t); (22)

herek x (t) k<" for a small positive'.
IX t and use the HJB equation in (19) as

H[x (t);u (1); Vi(x (1);1);t] + Vi(x (1); 1)

HX(t);u (1); Vu(x(1); t); t] + Vi(x(1);1):  (23)
LHS= 0 from (19) sincau (t) maximizesH + V;. RHS will be
zero ifu (t) also maximizes$d + V; with x(t) as the state. In

generalk(t) 6 x (t), and thus RHS 0. But then
RHSy=x 1) =0 ) RHSIs maximized ax(t) = x (t).
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2.2.2 DERIVATION OF THE ADJOINT EQUATION

CONT.

Ince x(t) Is unconstrained, we ha\@@if’jx(t)zx 1) =0, 0r

Hx[x ();u (1); Wx(x (1);1);t]+ Vi (X (1);1) =01 (24)
By de nition of H,

P+ Ve x+ f TVox + Vie = Fxt Ve y+ (Vi F ) T+ Vix = 01 (25)

Note: (25) assumeg to be twice continuously
differentiable. See (1.16) or Exercise 1.9 for detalls.
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2.2.2 DERIVATION OF THE ADJOINT EQUATION

CONT.
de nition (1.16) of (t), the row vector(t) Is
dVXl . dVX2 . . dVXI"I
dt * dt ° r dt
= (\Iéqxx_"' Vxlt;VinX_"' Vit ;V>1DXX_+ Vi, t)
— n . n . . n
= =1 Yo X =1 Vo Xt 5 gz Yxexi Xt (W)t
- (VXX)QT + Vi
= ( Vixf )T + Vix:
(26)
N
ngte: (Vxix1iVxoxoi i Vxgxn ) a-nd
Vx1x1 Vi 1x5 Vx1xn X1
Viox:  Vxox, i Vxox, X2
Vix X = | _ ~ .a column vector.
Vinx:  Vxnxo Vi xn Xn
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2.2.2 DERIVATION OF THE ADJOINT EQUATION

CONT.
Ing (25) and (26) we have
dV, _

T Fo Vify: (27)

Using (16) we have

—= |:x f X

From (18) we have

—=  Hy: (28)
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TERMINAL BOUNDARY OR TRANSVERSALITY

CONDITION:

jx:x(T): SX[X(T); T]: (29)
28) and (29) can determine the adjoint variables.
rom (18), we can rewrite the state equation as

Xx=f=H: (30)

From (28), (29), (30) and (1), we get
8
S x=H; x(0)= xo;

—= Hyx; (T)= SIX(T);T];

(31)

called acanonical system of equationscanonical adjoints
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FREE AND FIXED END POINT PROBLEMS

In our problemx(T) is free. In this case,
S O(nosalvagevalug) (T)=0

However, ifx(T) is not free, that Is,
X(T) xed (given)) (T) = aconstant to be determined.
In other words, (T) Is free.
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2.2.3 THE MAXIMUM PRINCIPLE

e necessary conditions for to be an optimal control are:

8

3 x = f(x;u;t);x (0) = Xo;

—= Hy[x;u;;t]; (T)= SI[x (T);T] (32)
Hx (t);u (t); (t);t]  Hx (t);u; (t);t];

forallu2 (t); t2[0;T].
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2.2.4 ECONOMIC INTERPRETATION OF THE

MAXIMUM PRINCIPLES

F(x;u;t)dt + S[x(T); TJ;
0

hereF is the instantaneous pro t rate per unit of time, and
[X; T]is the salvage value. Multiplying (18) formally lait and
using the state equation (1) gives

Hdt = Fdt+ fdt = Fdt+ xdt= Fdt+ dx:

F (X; u; t)dt: direct contribution taJ fromttot + dt
dx : indirect contribution taJ due to added capitalx

Hdt: total contributionto J from timet tot + dt, whenx(t) = x
andu(t) = uinthe intervallt;t + dt].
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2.2.4 ECONOMIC INTERPRETATION OF THE

MAXIMUM PRINCIPLES CONT.

(28) and (29), we have

@H_ @F @f . _ .
o Gx  ox (D= SXTNTI

ewrite the rst equation as

d = H.dt= Fdt+ f dt:

d : marginal cost of holding capital fromt tot + dt
H,dt: marginal revenue of investing the capital
F.dt: direct marginal contribution

f «dt: indirect marginal contribution

Thus, the adjoint equation impligs MC = MR.
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nsider the problem:

max J = xdt

ubject to the state equation
X=u; x(0)=1
and the control constraint

u2 =[ 1;1]

EXAMPLE 2.1

(33)

(34)

(35)

Note thatT =1,F = x,S=0,andf = u. Becausd- = X,
we can interpret the problem as one of minimizing the (signed

area under the curedt) forO t 1
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SOLUTION OF EXAMPLE 2.1

e form the Hamiltonian

H= X+ u: (36)

ecause the Hamiltonian is linearunthe form of the optimal
ontrol, 1.e., the one that would maximize the Hamiltonigan,

8
3 1 if (t) > O;
u (t) = > unde ned if (t) =0; (37)

1 If (t) < O:
It Is called Bang-Bang Control. In the notation of Sectiof, 1.

u(t)= bang 1;1; (t)]: (38)
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SOLUTION OF EXAMPLE 2.1 CONT.

0 nd , we write the adjoint equation
—= Hyx=1; (1)= &I[x(T);T]=0: (39)

ecause this equation does not invakvandu, we can easily
solve it as

(H=1t 1L (40)

It follows that (t)=t 1 Oforallt?2[0;1] Sou (t)= 1,
t 2 [0;1). Since (1) =0,wecanalsoset (1) = 1;which
de nesu at the single point = 1. We thus have the optimal
control

u()= 1 fort2]0;1]
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SOLUTION OF EXAMPLE 2.1 CONT.

bstituting this into the state equation (34) we have

x= 1 x(0)=1; (41)
hose solution Is
X(t)=1 tfort 2 [O; 1] (42)

The graphs of the optimal state and adjoint trajectoriegapm
Figure 2.2. Note that the optimal value of the objective fiorc
sJ = 1=2
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FIGURE 2.2 OPTIMAL STATE AND ADJOINT

TRAJECTORIES FOR EXAMPLE 2.1
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EXAMPLE 2.2

t us solve the same problem as in Example 2.1 over the
nterval[O; 2] so that the objective is to
VA 2

maximize J = xdt (43)
0

As before, the dynamics and constraints are (33) and (34),
respectively. Here we want to minimize tegnedarea between
the horizontal axis and the trajectoryxaft) forO t 2.
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SOLUTION OF EXAMPLE 2.2

As before the Hamiltonian is de ned by (36) and the optimal
control is as in (38). The adjoint equation

—=1; (2)=0 (44)

s the same as (39), except that ndve 2 instead oflT = 1. The
solution of (44) is easily found to be

(=t 2 t2]02] (45)

Hence the state equation (41) and its solution (42) are gxaet
same. The graph of(t) is shown in Figure 2.3. The optimal
value of the objective function i = 0.
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FIGURE 2.3 OPTIMAL STATE AND ADJOINT

TRAJECTORIES FOR EXAMPLE 2.2

» 1
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EXAMPLE 2.3

e next example is:

Z 4 1
max J = —x2dt (46)
0 2

ubject to the same constraints as in Example 2.1, namely,
X=u;x(0=1;u2 =[ L1 (47)

HereF = (1=2)x? so that the interpretation of the objective
function (46) is that we are trying to nd the trajectoxyt) in
order that the area under the cu(ie2)x? is minimized.
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SOLUTION OF EXAMPLE 2.3

e Hamiltonian is

1
H = §X2+ U, (48)

hich is linear inu so that the optimal policy Is

u(t)= bang[ 1;1; [ (49)
The adjoint equation is
—= Hy=x; (1)=0: (50)

Here the adjoint equation involvesso that we cannot solve it
directly. Because the state equation (47) involwgahich
depends on, we also cannot integrate it independently without
knowing .
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SOLUTION OF EXAMPLE 2.3 CONT.

way out of this dilemma is to use some intuition. Since we
ant to minimize the area undé&r=2)x? and sincex(0) = 1, itis
lear that we wart to decrease as quickly as possible. Let us
herefore temporarilpssumedhat s nonpositive in the interval
[0; 1] so that from (49) we have = 1 throughout the interval.
(In Exercise 2.5, you will be asked to show that this assuompti
IS correct.) With this assumption, we can solve (47) as

() =1 t: (51)
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SOLUTION OF EXAMPLE 2.3 CONT.

bstituting this into (50) gives

ntegrating both sides of this equation frdrto 1 gives
VA 1 VA 1
()d = (@Q )d;

t t
or

M ®=( ;I
which, using (1) = O, yields

(t) = %tz + t %: (52)
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SOLUTION OF EXAMPLE 2.3 CONT.

e reader may now verify tha(t) is nonpositive in the interval

0; 1], justifying our original assumption. Hence, (51) and (52)

atisfy the necessary conditions. In Exercise 2.6, youbeill
asked to show that they satisfy suf cient conditions dedive
Section 2.4 as well, so that they are indeed optimal. Figute 2
shows the graphs of the optimal trajectories.
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FIGURE 2.4 OPTIMAL TRAJECTORIES FOR

EXAMPLE 2.3 AND EXAMPLE 2.4

>

N m

1

N

A()=-t@/2+t-1/2
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EXAMPLE 2.4

t us rework Example 2.3 with = 2, I.e., solve the problem:

Z, 1
max J = —x?4dt (53)
g 2
subject to the constraints
X=Uu; xX(0)=1,u2 =[ 11]

It would be clearly optimal if we could keep (t) =0,t 2 [1; 2]
This is possible by setting (t) =0; t 2 [1;2]: Noteu (t) =0,

t 2 [1; 2], iIs a singular control, since it givegt) = 0,1t 2 [1, 2].

See Fig. 2.4.
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EXAMPLE 2.5

e problem is:
yA 2

max J= (2x 3u u?)dt (54)
0

subject to
X=x+uU; x(0)=5 (55)

and the control constraint

u2 =[0 ;2] (56)
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SOLUTION OF EXAMPLE 2.5

e Hamiltonian is

H = 2x 3u ud)+ (X+u)
= 2+ )x (uU*+3u u): (57)

he optimal control is

u(t) = (t)2 3: (58)
The adjoint equation is
@H _ . _n.
= ax 2 ; (2)=0: (59)
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SOLUTION OF EXAMPLE 2.5 CONT.

Ing the integrating factor as shown in Appendix A.6, its
lution Is

t)=2(ef' 1)
he optimal control is
8
3 2 if et 25> 2
u(t)= > et 25 if 0 et 25 2 (60)
' 0 if et' 25<0:

It can be written as

u (t)= sat[0;2;e* ' 2:5]
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FIGURE 2.5 OPTIMAL CONTROL FOR

EXAMPLE 2.5
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2.4 SUFFICIENT CONDITIONS

HO(x; ;t )= max H(x;u; ;t): (61)
u2 ( t)

HO(x; ;t) = H(xu% ;t): (62)
heEnvelope Theorem QIves

HY(x; it )= Hy(x;u® ;t): (63)
Here is why?
HOO6 1) = Hy(xu® t)+ Hy(xu®; ,t)%e‘x (64)
But "
@ .
Huo(x;u?% i t)— ax =0; (65)

. since eitheH u — O or @EI:@JX— O or both. Chapter2 - p. 52/67



THEOREM 2.1

uf ciency ConditionsLetu (t), and the
orresponding (t) and (t) satisfy the maximum
rinciple necessary conditioa2) for all t 2 [O; T].
Then,u is an optimal control itH °(x; (t);t) is
concave irx for eacht andS(x; T) is concave irx.



PROOF OF THEOREM 2.1

de nition of HY,

HIx(®);u(t); (©;t]  HOX(); (1)t (66)
inceH ° is differentiable and concave,
HOIx(t); (t);t]  HOx (t); (t);t] (67)
+HX (1); (O;tx@®)  x (O]
Using the Envelope Theorem, we can write

Hx(t);u(t); (t);t]  H[x (t);u (t); (t);t] (68)
+Hy[x (t);u (t); (t);t]x(t) x (B)]:



PROOF OF THEOREM 2.1 CONT.

the de nition of H and the adjoint equation,

Fx(t);u(t);t] + (OF [x(t);u(t); ] (69)
FIx (t);u (t);t]+ () [x (t);u (t);t]
(O[x(t) x (1))

Using the state equation,

FIx (t);u (t);t]  F[x(t);u(t);t]
(Ox(t) x O]+ (Ox(t) x (1)]: (70)



PROOF OF THEOREM 2.1 CONT.

nces is differentiable and concave
SIX(T); T]  S[x (T); T]+ S[x (T); T]X(T) x (T)] (71)
I,

SIx (T);TI  SIX(T); T]+ SIx (T); TIIx(T) x (T)] O
(72)

Integrating (70) and adding (72),

J(u) I+ SIx (T); TX(T)  x (T)]
(D) x (M  OxO) x @O (@3

Ju)  J(u): (74)



EXAMPLE 2.6

Let us show that the problems in Examples 2.1 and 2.2
satisfy the suf cient conditions. We have from (36) and (61)

H°= x+ u?

whereu® is given by (37). Since® is a function of only,
HO(x; ;t ) is certainly concave ix for anyt and . Since
S(x; T) =0, the suf cient conditions hold.
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FIXED-END-POINT PROBLEM

I'he terminal values of the state variables are completely
pecied, .e.x(T) = k 2 E, wherek Is a vector of constants.
ecall that the proof of the suf cient conditions requir@8) to

old, i.e.,
Ju) J(u)+ SIx (T);T][x(T) x (T)]
(MX(™) x(T)]  (O)x(@©O) x (0):

Sincex(T) x (T) =0, the RHS vanishes regardless of the
value of (T) in this case. This means that the suf ciency result
would go through for any value of(T). Not surprisingly,
therefore, the transversality condition is

(T)=: (75)
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SOLVING A TPBVP BY USING SPREADSHEET

SOFTWARE
Example 2.7. Consider the problem:
yA 1
max J = ~(x%+ u?)dt
b 2
subject to
X= x>+ u; x(0)=5: (76)
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SOLVING A TPBVP BY USING SPREADSHEET

SOFTWARE CONT.

Solution:
_=x+3x%; (1)=0: (77)

X= x>+ ;x(0)=5: (78)
X(t+41t)= x()+[ x(t)*+ ()4 t x(0)=5; (79

(t+4t)= ()+[x(t)+3x(t)*> (4t (1)=0: (80)

l Chapter2 — p. 60/67



SOLVING A TPBVP BY USING SPREADSHEET

SOFTWARE CONT.

t4t=0:0, (0)= 0:2andx(0)=5.
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