CHAPTER 13
STOCHASTIC OPTIMAL CONTROL
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STOCHASTIC OPTIMAL CONTROL

The state of the system is represented by a controlled

stochastic process

* A decision maker is faced with the problem of making
good estimates of these state variables from noisy

measurements on functions of them.

* The process of estimating the values of the state
variables is calledptimal filtering
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13.1 THE KALMAN FILTER

ere are two types of random disturbances present.

Measurement noisd his type of disturbances arise
because of Imprecise measurement instruments,
Inaccurate recording systems, etc. In many cases the
measurement technigue involves observations of
functions of state variables, from which the values of
some or all of the state variables are inferred.

System noisel he system itself is subjected to random
disturbances. For instance, sales may follow a
stochastic process, which affects the system equation
(6.1) relating inventory, production, and sales. In the
cash balance example, the demand for cash as well as
the interest rates in (5.1) and (5.2) can be represented
by stochastic processes.




ESTIMATION OF THE STATE

In analyzing systems, in which one or both of these kinds o
oises are present, it is important to be able to make good
stimate®f the values of the state variables. In particular,
any optimal control problems require such estimates in
order to determine the optimal controls; see Appendix
D.1.1. The process of estimating the current values of the
state variables given the past measurements is called
filtering; see Kalman (1960a, 1960b), Sorenson (1966), anc
Bryson and Ho (1969).
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A DYNAMIC STOCHASTIC SYSTEM
nsider a dynamic stochastic system in discrete time
escribed by the difference equation

e gt = At + Gt (1)

e = gt + Gt = (A + ])ZCt + Gyt (2)

wherez! is then-component state vectar! is an
m-component system noise vectds,is ann x n matrix,
andG; Is ann x m matrix. The initial state;; Is assumed to
be a Gaussian (normal) random variable with mean and
variance given by

Elz"] =z and E[(z" — 2% (2" -z = My. (1)
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A DYNAMIC STOCHASTIC SYSTEM CONT.

rew’ is a Gaussian purely random sequence (Joseph an
, 1961) with

%{Of”#ﬂ )

Thus,Q; represents the covariance matrix of the random
vectoruw?, andw’ andw™ are independent random variables
for t £ 7. We also assume that the sequentés
independent of the initial conditiat?, i.e.,

El(w' - a')(a” - 2°)] = 0. (6)
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A DYNAMIC STOCHASTIC SYSTEM CONT.

e process of measurement of the state variablgelds
k-dimensional vectoy’ which is related ta:? by the
ansformation , .

y = Hyx” + v, (7)
hereH, Is the state-to-measurement transformation matrix
of dimensiont x n, andv® is a Gaussian purely random
sequence of measurement noise vectors having the
following properties:

E['] =0, ERt- ()] = Ridyr, (8)
El(w' —w) - ()] =0, E[(zg—2z")- ()] =0. (9

In (8) the matrixR; is the covariance matrix for the random
variableuv?.
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A DYNAMIC STOCHASTIC SYSTEM CONT.

lven a sequence of observatiofisy?, ...,y up to timet,
we would like to obtain the maximum likelihood estimate of
e stater!, or equivalently, to find the minimum weighted
ast squares estimate. In order to derive the estiniabé
, we require the use of the Bayes theorem and an appl
cation of calculus to find the unconstrained minimum of the
weighted least squares function. It yields the following re
cursive procedure for finding the estimate

¢t = '+ (PH/ R)(y' — Ha")
= 7'+ Ki(y' — Hy2") (10)

with
K;=PH'R . (11)
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ans of

The procedure In expressior

1S (1

0)

THE KALMAN FILTER

e mearr’ and the matrix?; are calculated recursively by

= (A4 + D+ a0t 2¥ given,  (12)
P = (M7'4+ HR;7'H),

(13)

M, = (At_1—|—[)Pt_1(At_1—|—])_1—|—Gt_1Qt_1Gt_1, My given

(14)
(14) i1s known as the

Kalman filterfor linear discrete-time processes.
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THE KALMAN GAIN

he interpretation of (10) is that the estimateis equal to
the mean value plus a correction term which is proportional
the difference between the actual measurenfeand the
redicted measurementzt. It should be noted that

P, = E([2" - 2")(a" — 2")"],

whereP, is the variance ofz! — it). It therefore is a measure
of the risk of (zx — #!). Thus, the proportionality matrix;
can be interpreted as the ratio between the transformed ris
(P H;) and the riskR; in the measurement. Because of this
property of Ky, it is called theKalman gainin the engineer-
Ing literature.
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HE CONTINUOUS-TIME CASE: A WHITE NOISE PROCESS

nsider a Gaussian random process with
Jlw(t)] = w(t) and the autocorrelation matrix

El(w(t) — (1) (w(r) = @(7))"] = q(t)e” "7V, (15)

here the paramet@ris small and;(¢) Is the covariance
matrix

a(t) = E[(w(t) — o (t))(w(t) — @ (t))"]. (16)

SinceT is small, it is obvious from (15) that the correlation
betweenw(t) andw(7) decreases rapidly as- r increases.
The autocorrelation function is sketched in Figure 13.1afor
scalar process.
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FIGURE 13.1: AUTOCORRELATION FUNCTION FOR A

SCALAR PROCESS

» —T
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A WHITE NOISE PROCESS

rder to obtain the white noise process, wellet
roachy, and define

Q) =__ m 2T q(t). (17)

sing the function(¢) we can approximate (15) by the
expression

E[(w(t) —w(t))(w(r) —w(n)'] = Qt)s(t — 1),  (18)

whereo(t — 7), which is called théirac delta functionis
the limit ass — 0 of

5.(t — 7) — 0 whenl|t—r7| > e, (19)
) | £ whenjt—r|<e.

. Chapter 13 — p. 13/65



A DIFFUSION PROCESS

e above discussion permits us to write formally the
continuous analogue of (1) as

dr(t) = A(H)x(t)dt + G(t)w(t)dt. (20)

qguation (20) can be restated as the linéastochastic
differential equation

dz(t) = A(t)z(t)dt + G(t)dz(b), (21)

wherez(t) denotes &Viener processsee Wiener (1949).
Comparison of (20) and (21) suggests that) could be
considered a “generalized derivative" of the Wiener preces
A solutionz(¢) of an It0 equation is a stochastic process,
known as aiffusion process
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THE MEASUREMENT PROCESS

also define the measurement proggssin continuous

me as
y(t) = H(t)z(t) + o), (22)

whereu(t) Is a white noise process with

Elu(t)] =0 and Ep@)o(r)T] = RE)s(t — 7). (23)
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THE KALMAN-BUCY FILTER

Ing the theory of stochastic differential equations and
culus of maxima and minima, we can obtain a filter
hich provides the estimat&t) given the observations
s), s € [0,t], as follows:

z = Ai+Guw+ Kly— Hi], #(0) = E[z(0)], (24)
K = PH'R™! (25)
P = AP+ PAT — KHP + GQG?T, (26)
P(0) = Elxz(0)z"(0)] (27)

This is called th&kalman-Bucy filte(Kalman and Bucy,
1961) for linear systems in continuous time.
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13.2 STOCHASTIC OPTIMAL CONTROL

For stochastic linear-quadratic optimal control problems

(see Appenc
to solve the

IX D.1.1), the separation principle allows us
oroblem in two steps: to obtain the optimal

estimate of the state and to use it in the optimal feedbac
control formula for deterministic linear-quadratic prob-

lems.

In general stochastic optimal control problems, the sepa
ration principle does not hold. To simplify the treatment,
It Is often assumed that the state variables are observabl
In the sense that they can be directly measured. Fut

thermore, m

ost of the literature on these problems us:

dynamic programming or the Hamilton-Jacobi-Bellman
framework rather than stochastic maximum principles.
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PROBLEM FORMULATION

Let us consider the problem of maximizing
T
E[/ F(XtaUtat)dt_l_ S(XTaT)]7 (28)
0

hereX, is the state variabld/; is the closed-loop control
variable,z; is a standard Wiener process, and together they

are required to satisfy the It0 stochastic differentialagopn

dXt = f(Xt, Ut,t)dt + G(Xt, Ut, t)dzt, X() — X(. (29)
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ASSUMPTIONS AND NOTATION

Or convenience in exposition we assume FE! x Bl x
Ft - Bl S E'xFE' - E' f: ElxE'xFEl -
landG : E' x E' x E! — E', so that (29) is a scalar
guation. We also assume that the functiehand S are
ontinuous In their arguments and the functigrendG are
continuously differentiable in their arguments.

Since (29) Is a scalar equation, the subscripere means
only timet. Thus, writing X, in place of writingX (¢), will

not cause any confusion and, at the same time, will eliminat
the need of writing many parentheses. Thilisin (29) is the
same agz(t) in (21), except that in (29)iz; is a scalar.
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THE VALUE FUNCTION

solve the problem defined by (28) and (29) Wét, t),
nown as thevalue functionbe the expected value of the
bjective function (28) from to 7', when an optimal policy
followed from¢ to 7', givenX; = x. Then, by the
principle of optimality,

V(z,t) =max E|F(x,u,t)dt + V(x + dXz, t +dt)]. (30)

u

By Taylor’'s expansion, we have

V(x+ dXy,t +dt) = V(z,t) + Vidt + Ved Xy + Vi (dX;)?
+3Viu(dt)* + 3Vyd X, dt + higher-order terms
(31)
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THE VALUE FUNCTION CONT.

m (29), we can formally write
(dXe)? = f2(dt)* + G*(dz)* + 2fGdzdt,  (32)
dXedt = f(dt)* + Gdzdt. (33)

Or our purposes, it is sufficient to know the multiplication
les of the stochastic calculus:

(dz)? = dt, dz.dt =0, dt* = 0. (34)

Substitute (31) into (30) and use (32), (33), (34), and the
property thatt|z;] = 0 to obtain

1
V =max FE |Fdt +V + Vidt + V, fdt + §VmG2dt + o(dt) | .

35
Note that we have suppressed the arguments of the(
functions involved in (35).
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THE HJB EQUATION

ncelling the the terir on both sides of (35), dividing the
mainder byit, and lettingdt — 0, we obtain the

amilton-Jacobi-Bellman equation
1
0 =max[F 4+ V, + Vo f + §va2] (36)
for the value functiorV/ (¢, ) with the boundary condition

Vx, T)=S(x,T). (37)
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13.3 A STOCHASTIC PRODUCTION PLANNING MODEL

ne inventory level at time (state variable),
ne production rate at time(control variable),
ne constant demand rate at time > 0,

ne length of planning period,

ne factory-optimal inventory level,

ne factory-optimal production level,

ne initial inventory level,

ne inventory holding cost coefficient,

ne production cost coefficient,

ne salvage value per unit of inventory at timie
ne standard Wiener process,

ne constant diffusion coefficient.
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THE STATE EQUATION

e stock-flow equation is
dXt — (Ut — S)dt + O'dZt, X() — X0, (38)

here xy denotes the initial inventory level. As in (20)
and (21), we note that the process can be formally ex-
pressed asu(t)dt, wherew(t) Is considered to be a white
noise process; see Arnold (1974). It can be interpreted &

“sales returns,” “inventory spoilage,” etc., which aredam

IN nature.
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THE OBJECTIVE FUNCTION

e objective function is

T
min E {/ (U — @) + h(X; — Z)%)dt + BXT} . (39)
0

ote that we do not restrict the production rate to be non:

negative as required in Chapter 6. In other words, we permi
disposal (i.e.[/; < 0). While this is done for mathematical

expedience, we will state conditions under which a disposa
IS not required. Note further that the inventory level is al-

lowed to be negative, i.e., we permit backlogging of demand
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THE OBJECTIVE FUNCTION CONT.

e solution of the above model will be carried out via the
revious development of the Hamilton-Jacobi equation
atisfied by a certaimalue function To simplify the
athematics, we assume that

=0 and h=c=1. (40)

T

This assumption results in no loss of generality as the
following analysis can be extended in a parallel manner for
the case without (40). With (40), we restate (39) as

T
max F {/ —(U2 4+ X2)dt + BXT} . (41)
0
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THE HJB EQUATION

Let V (x,t) denote the expected value of the objective
Inction from timet to the horizonl” with X; = x and using
e optimal policy from to 7. The functionV(z,t) Is
ferred to as the value function, and it satisfies the

amilton-Jacobi-Bellman (HJB) equation

1
0= mgx[—(uZ + 28+ Vi 4+ Vi(u—S) + 502‘/%] (42)

with the boundary condition
V(x,T) = Bx. (43)

Note that these are applications of (36) and (37) to the
production planning problem.
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THE HJB EQUATION CONT.

IS now possible to maximize the expression inside the
pracket of (28) with respect by taking its derivative with
spect ta: and setting it to zero. This procedure yields

u(z,t) = Vx(;j’t). (44)
Substituting (44) into (42) yields the equation
2
0= ‘% —x2+%—SVx+%O2Vm, (45)

known as the Hamilton-Jacobi equation. This is a partial
differential equation which must be satisfied by the value
functionV (x, t) with the boundary condition (43). The
solution of (45) is considered in the next section.
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REMARK 13.1

Important to remark that if production rate were

stricted to be nonnegative, then (44) would be changed tc
Va(x, t)]

(46)

u(x,t) = max [O, :

Substituting (46) into (43) would give us a partial

differential equation which must be solved numerically. We

shall not consider (46) further in this chapter.
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13.3.1 SOLUTION FOR THE PRODUCTION PLANNING

PROBLEM
solve equation (45) we let
V(z,t) = Q(t)x* + R(t)x + M(t). (47)
hen,
Vi = Q:E2+Rx—|—M, (48)
Ve = 2Qz+ R, (49)
v:m: — 2@7 (50)

whereY denotesiY/dt. Substituting (48) in (45) and
collecting terms gives

2
:132[Q+Q2—1]—I—:E[R—I—RQ—ZSQ]—I—M—I—%—RS—I—02Q — 0.

(51)
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Q = 1-0Q* Q(T)=0,

simultaneous differential equations (52

(53), &

SOLUTION FOR THE PRODUCTION PLANNING PROBLEM

CONT.

ce (51) must hold for any value of we must have

(52)
(53)

(54)

where the boundary conditions for the system of
),

nd (54) a

obtained by comparing (47) with the boundary condition

V(x,T) = Bx of (43).
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SOLUTION FOR THE PRODUCTION PLANNING PROBLEM

CONT.

y— 1
L 55
where
Yy = e2(t=T), (56)
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SOLUTION FOR THE PRODUCTION PLANNING PROBLEM

CONT.

cesS Is assumed to be a constant, we can reduce (53) to

R+ R'Q=0, R(T)=B-2S

y the change of variable defined By = R — 2S. Clearly
the solution is given by

T
log RY(T) — log RO(1) = — / Q(r)dr,
t
which can be simplified further to obtain

2(B — 25)/y
y + 1 '

. Chapter 13 — p. 33/65

R =25+ (57)



SOLUTION FOR THE PRODUCTION PLANNING PROBLEM

CONT.

ving obtained solutions fat and@, we can easily

Xpress (54) as

T
M(t) = / R(1)S — (R(1)?/4 — o?Q(r)]dr.  (58)

The optimal control is defined by (44), and the use of (55)
and (57) yields

(y — 1)z + (B —25)/y
y+1

w=V,/2=Qr+R/2=5+ . (59)
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REMARK 13.2

e optimal production rate in (59) equals the demand rate
lus a correction term which depends on the level of

ventory and the distance from the horizon tifmeSince

— 1) < 0fort < T, 1tis clear that for lower values af,

the optimal production rate is likely to be positive.

However, ifx IS very high, the correction term will become
smaller than-S, and the optimal control will be negative.

In other words, if inventory level is too high, the factorynca
save money by disposing a part of the inventory resulting in
lower holding costs.
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REMARK 13.3

e demand rat& were time-dependent, it would have

hanged the solution of (53). Having computed this new

olution in place of (57), we can once again obtain the

optimal control as* = Qx + R/2.

. Chapter 13 — p. 36/65



REMARK 13.4

te that whert” — oo, we havey — 0 and

ut — S —x, (60)

ut the undiscounted objective function value (41) in this
case becomescco. Clearly, any other policy will render the
objective function value to be~o. In a sense, the optimal
control problem becomes ill-posed. One way to get out of
this difficulty is to Impose a nonzero discount rate. This is
carried out in Sethi and Thompson (1980).
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REMARK 13.5
Itwould help our intuition if we could draw a picture of the
path of the inventory level over time. Since the inventory
vel Is a stochastic process, we can only draw a typical
ample path. Such a sample path is shown in Figure 13.2. |

the horizon timér" is long enough, the optimal control will

oring the inventory level to the goal level= 0. It will then

nover around this level untilis sufficiently close to the

norizonT'. During the ending phase, the optimal control
will try to build up the inventory level in response to a

positive valuationB for ending inventory.
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FIGURE 13.2: A SAMPLE PATH OF X}

WITH Xg =29 > 0AND B > (

Y
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subject to

kUzo

13.4 A STOCHASTIC ADVERTISING PROBLEM

e stochastic advertising model due to Sethi (1983b) is :

(max E [, e (X — UZ)dt]

Xy = (TUt\/ 1 — 5Xt)dt + U(Xt)dzt, Xo = 2o,

(61)

whereX; Is the market share aridg is the rate of advertising
at timet, and where the other parameters are as specified |

Section 7.2.1. Note that the term In the integrand represen
the discounted profit rate at time Thus, the term in the
square bracket represents the total discounted profits on

sample path. The objective in

(61) IS, therefore, to maxamiz

the expected value of the total discounted profits.
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CHOICE oF o(x)

Important consideration in choosing the functigi)
should be that the solutiok; to the It0 equation in (61)
mains inside the intervdl, 1]. In addition tozy € (0,1), It
assume that

o(x) >0, x € (0,1) ando(0) = o(1) = 0. (62)
It Is possible to show that for any feedback contr@t)
satisfying

u(z) >0, z € (0,1], andu(0) > 0, (63)

the Ito equation in (61) will have a solutioxy such that

0 < X; < 1, almost surely(i.e., with probabillity 1). Since
our solutlon for the optimal advertlsmg( ) would turn

out to satisfy (63), we will have the optimal market share
X/ lie in the interval(0, 1).
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THE VALUE FUNCTION

Let V' (x) denote the value function for the problem, i.e.,

(x) Is the expected value of the discounted profits from
met to infinity. WhenX; = x and an optimal policy/; Is
followed from timet onwards. Note that SincCe = oo, the
future looks the same from any timeand therefore the
value function does not depend arlt is for this reason we
have defined the value function €sx), rather thar/(z, t)

as in the previous section.
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THE HJB EQUATION

Ing now the principle of optimality as in Section 13.2, we
an write the HIB equation as

(z) = max |mz — u? + Vp(ruv/1 —z — ox) + Vm02(aj)/2} .

! (64)
aximization of the RHS of (64) can be accomplished by
taking its derivative with respect toand setting it to zero.

This gives
J rVov/1l—2x
5 .

u(zr) = (65)

Substituting of (65) in (64) and simplifying the resulting
expression yields the HIB equation

2,.2 1 — 1
! (4 ) _ Vior + 502(37)‘/3333- (66)

. Chapter 13 — p. 43/65

pV(x) = mx +




SOLUTION OF THE HJB EQUATION

shown in Sethi (1983b), a solution of (66) Is

B )\272

: (67)

. )2+ 121 — (p+6
s Vp+9) :27/“; (p+9) 68)

as derived in Exercise 7.40. In Exercise 13.4, you are aske

verify that (67) and (68) solve the HIB equation (66).
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THE OPTIMAL FEEDBACK CONTROL

can now obtain the optimal feedback control as

. rA\/1 — o
u(x) = 5 .

ote thatu*(x) satisfies the conditions in (63). It is easy to
haracterize (69) as

(69)

>a If X; <z,

U'=u"(Xy) =< =u If X; =1, (70)
<u If X; >z,
where _
~ 7“2)\/2
e r2\/2 + 5 (1)
and _ _
fa:MV;_x. (72)
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THE OPTIMAL MARKET SHARE TRAJECTORY

e market share trajectory faf; iIs no longer monotone
ecause of the random variations caused by the diffusion
rmo(X;)dz In the It0 equation in (61). Eventually,
however, the market share process hovers around the
equilibrium levelz. It is, in this sense and as in the previous

section, also a turnpike result in a stochastic environment
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13.5 AN OPTIMAL CONSUMPTION-INVESTMENT

PROBLEM

In Example 1.3, we had formulated a problem faced by Ricl
Rentier who wants to consume his wealth in a way that will
aximize his total utility of consumption and bequest. In
at example, Rich Rentier kept his money in a savings plal
arning interest at a fixed rate of> 0.

We now offer Rich a possiblility of investing a part of his
wealth in a risky security or stock that earns an expected rat
of return that equals: > r. The problem of Rich is to op-
timally allocate his wealth between the risk-free savings a
count and the risky stock over time and consume over tim¢
So as to maximize his total utility of consumption. We as-
sume an infinite horizon problem in lieu of the bequest, for

convenience in exposition.
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THE INVESTMENT

o IS Initial price of a unit of investment in the savings
ccount earning an interest at the rate 0, then we can

rite the accumulated amougt at timet as
St — S()Grt.

This can be expressed as a differential equation,
dSt/dt = rS¢, which we shall rewrite as

dS; = rSdt, Sy given (73)
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THE STOCK

rton (1971) and Black and Scholes (1973) have propose
at the stock pricé, can be modelled by an It6 equation,
amely,

dP .
?’5 = adt + odz, Py given (74)
t
or simply,
dP; = aPdt + o Pidz, Py given (75)

whereq Is the average rate of return on stogks the
standard deviation associated with the return, ansla
standard Wiener process.

. Chapter 13 — p. 49/65



REMARK 13.6

e LHS in (74) can be written also @ ~;. Another name

I the process; Is Brownian Motion Because of these, the

N

rice proces$’; given by (74) is often referred to as a

logarithmic Brownian Motion
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additional

t
t
t
t

NOTATION

rder to complete the formulation, we need the following

notation:

e wealth at time,
ne consumption rate at tinie
ne fraction of the wealth invested in stock at time

ne fraction of the wealth kept in the savings accou

at timet,
= the utility of consumption when consumption IS &

the ratec; the functionlU (¢) Is assumed to be increas
Ing and concave,

p = the rate of discount applied to consumption utility,
B = the bankruptcy parameter to be explained later.
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THE WEALTH PROCESS

write the wealth equation informally as

t — QtWtdet -+ QtWtO'dZt -+ (1 — Qt)TWtdt — Otdt (76)
= (a0 —1)QiWydt + (rWy — Cy)dt + cQWydz, Wy given

he termQ,;W;adt represents the expected return from the
risky investment of);1V; dollars during the period fromto

t + dt. The termQ:W;odz represents the risk involved In
iInvestingQ;WW; dollars in stock. The termil — Q;)rW;dt IS
the amount of interest earned on the balancél ef Q;)1V;
dollars in the savings account. Finally,dt represent the
amount of consumption during the interval freno ¢ + dz.

. Chapter 13 — p. 52/65



THE WEALTH PROCESS CONT.

Inderiving (76), we have assumed that Rich can trade contin
uously in time without incurring any broker’'s commission.
hus, the change in wealthV; from timet to timet¢ + dt IS

ue only to capital gains from change in share price and f«
onsumption. For a rigorous development of (/76) from (73)
and (74), see Harrison and Pliska (1981).

Since Rich can borrow an unlimited account and invest it in
stock, his wealth could fall to zero at some tifieWe shall
say that Rich goes bankrupt at tirfiewhen his wealth falls
zero at that time. Itis clear thdtis a random variable. Itis,
however, a special type of random variable, callstobgping
time, since It Is observed exactly at the instant of time wher

wealth falls to zero.
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THE OBJECTIVE FUNCTION

can now specify Rich’s objective function. It is:

- _
max {J =L / e_th(C't)dt +e PP } : (77)
0

where we have assumed that Rich experiences a payoff of
B, In the units of utility, at the time of bankruptcyg can be
positive If there Is a social welfare system in placeBaran

be negative If there is remorse associated with bankruptcy.
See Sethi (1997a) for a detailed discussion of the
bankruptcy parametés.
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THE OPTIMAL CONTROL PROBLEM

us recapitulate the optimal control problem of Rich

estor:

max {J =F UOT e PLU(Cy)dt + e_pTB} }

subject to

dW; = (a0 — r)QiWidt + (rWy — Cy)dt + oQ:Widt, (78)
Wy given

Cy > 0.
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THE HJB EQUATION

S In the Iinfinite horizon problem of Section 13.3, here also
the value function is stationary with respect to timerhis

IS becausé’ is a stopping time of bankruptcy, and the future
olution of wealth, investment, and consumption processe
om any starting time depends only on the wealth at time
andnot on timet itself. Therefore, let/(x) be the value
function associated with an optimal policy beginning with
wealthW; = x at time¢. Using the principle of optimality
as in Section 13.2, the HJB equation satisfied by the valu
functionV (x) for problem (78) can be written as

pV(x) = maxe>04 [(a—1)qxVy+ (rx —c)V;
+(1/2)¢* 0?2V + U(c)], (79)
V(0) =B.
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ADDITIONAL ASSUMPTIONS

r the purpose of this section, we shall simplify the
roblem by making further assumptions. Let

U(c) = Inc. (80)
This utility has an important simplifying property, namely
U'(0) = 1/c|e=0 = oo. (81)

We also assumB8 = —co. See Sethi (1997a, Chapter 2) for
solutions whemB > —cc.
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ADDITIONAL ASSUMPTIONS CONT.

der these assumptions, Rich would be sufficiently conset

tive In his investments so that he does not go bankrup

his is because bankruptcy at timeneansi?; = 0, imply-

g “zero consumption” thereafter, and a small amount of
wealth would allow Rich to have nonzero consumption re-
sulting in a proportionally large amount of utility on acecau

of (13.81). While we have provided an intuitive explanation
It IS possible to show rigorously that condition (81) togeth
with B = —oo Implies a strictly positive consumption level

at all times and no bankruptcy.
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SOLUTION OF THE HBJ EQUATION

ce( Is already unconstrained, having no bankruptcy anc
y positive (i.e., interior) consumption level allowstas
btain the form of the optimal consumption and investment
olicy simply by differentiating the RHS of (79) with

spect tg; andc and equating the resulting expressions to
zero. Thus,

(o0 — )V + qoa* Ve = 0,

l.e.,
(0 — 1)V
Q(x) - xgzva;a: (82)
and
(z) = - (83)
C Vx .
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SOLUTION OF THE HBJ EQUATION CONT.

bstituting (82) and (83) in (79) allows us to remove the
max operator from (79), and provides us with the equation

pV(x) = — + (re — 1/V,)V, — InV,, (84)

where
a—7T

202
This i1s a nonlinear ordinary differential equation that
appears to be quite difficult to solve. However, Karatzas,
Lehoczky, Sethi, and Shreve (1986) used a change of
variable that transforms (84) into a second-order, linear,
ordinary differential equation.
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SOLUTION OF THE HBJ EQUATION CONT.

sume that the value function is strictly concave and,
erefore, Is monotonically decreasing inh This means
at the function:(-) defined in (83) has an inversg(-)

uch that (84) can be rewritten as

o (x0) = -2 x(0)-u)+0(0). @9

Differentiation with respect te yields the intended
second-order, linear ordinary differential equation

1X"(e) = [ = p— 20 % + | X(e)
99 rx(e) - o
U’(C) Tr C C).
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SOLUTION OF THE HBJ EQUATION CONT.

IS equation has an explicit solution with three paranseter

be determined; see Appendix A. After some calculations,
ne can determine these parameters, and obtain the solutic

84) as

TTPEY s (88)

Viz) = —In(pr) + =07 >

p p

In Exercise 13.3, you are asked by a direct substitution in
(84) to verify that (88) is indeed a solution of (84).
Moreover,V (z) defined in (88) Is strictly concave, so that

our concavity assumption made earlier is justified.
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THE OPTIMAL FEEDBACK CONTROL

m (88), it is easy to show that (82) and (83) yield the
owing feedback policies:

¢ (x) = —5—, (89)

c'(x) = puz. (90)

The investment policy (89) says that the optimal fraction of
the wealth invested in the risky stock(is — r)/d?, i.e.,

o —Tr

Qt=q (W)= —35—, 120, (91)

which is a constant over time. The optimal consumption
policy Is to consume a constant fractipiof the current

wealth, I.e.,
Cr=c" (W) =pWy, t > 0. (92)
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13.6 CONCLUDING REMARKS

Impulse stochastic control:

Bensoussan and Lions (1984).

 Stochastic control problems with jump Markov
processes or martingale problems:

Fleming and Soner (1992), Davis (1993), and Karatzas
and Shreve (1998).

* Applications to manufacturing problems:
Sethi and Zhang (1994a) and Yin and Zhang (1997).
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CONCLUDING REMARKS CONT.

Applications to finance:
Sethi (1997a) and Karatzas and Shreve (1998).

* Applications to marketing:

Tapiero (1988), Raman (1990), and Sethi and Zhang
(1995).

* Applications to economics:

Pindyck (1978a, 1978b), Rausser and Hochman
(1979), Arrow and Chang (1980), Derzko and Sethi
(1981a), Bensoussan and Lesourne (1980, 1981),
Malliaris and Brock (1982), and Brekke and @ksendal

(1994).
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