CHAPTER 10
APPLICATIONS TO NATURAL RESOURCES
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APPLICATIONS TO NATURAL RESOURCES

nid increase of world population is causing a
corresponding increase In the demand for consumption of
atural resources. As a consequence the optimal
anagement and utilization of natural resources is
ecoming increasingly important. There are two main Kinds
of natural resource models:

* Renewable resources such as fish, food, timber, etc.
Section 10.1: a fishery resource model.
Section 10.2: an optimal forest thinning model.

* Nonrenewable or exhaustible resources such as
petroleum, minerals, etc.
Section 10.3: an exhaustible resource model.
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10.1.1 THE SOLE OWNER FISHERY RESOURCE

MODEL

Introduce the following notation and terminology:

ne discount rate,

ne biomass of fish population at time

ne natural growth function,

ne rate of fishing effortattime 0 <« < U,
ne catchability coefficient,

ne unit price of landed fish,

ne unit cost of effort.

Assume that the growth functignis differentiable and
concave, and it satisfies

g(0)=0, g(X)=0, glx) >0 for 0 <z < X, (1

whereX denotes thearrying capacityi.e., the maximum
sustainable fish biomass.
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THE GORDON-SCHAEFER MODEL

e model equation due to Gordon (1954) and Schaefer
57)1s
z = g(z) — quz, x(0) =19 (2)

and the instantaneous profit rate Is

m(z,u) = (pgr — c)u. (3)

From (1) and (2), it follows that will stay in the closed

interval0 < z < X providedz Is in the same interval.
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howed that the fishing effort tends to reac

calledbionomic equilibriumat the level at w

THE GORDON-SCHAEFER MODEL CONT.

open access fishery one in which exploitation is
mpletely uncontrolled. Gordon (1954) analyzed this

odel, also known as the Gordon-Schaefer model, and

N an equilibrium,

nich total

revenue eqguals total cost. In other words, t

ne so-called

economic rent is completely dissipated. From (3) and (2),

this level is simply

Ty = < and v, = g(xb)p.

pq ¢

(4)
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THE GORDON-SCHAEFER MODEL CONT.

e assumey, < U. The economic basis for this result Is as
follows: If the fishing effortu > «; IS made, then total costs
Xceed total revenues so that at least some fishermen will
se money, and eventually some will drop out, thus
ducing the level of fishing effort. On the other hand, if
fishing effortu < u; IS made, then total revenues exceed
total costs, thereby attracting additional fishermen, and
Increasing the fishing effort.

The Gordon-Schaefer model is a static model which does
not (in general) maximize the present value of the total
profits which can be obtained from the fish resources.
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10.1.2 THE SOoLE OWNER MODEL

e bionomic equilibrium solution obtained from the open
access fishery model usually implies severe biological
verfishing. Suppose a fishing regulatory agency is
stablished to improve the operation of the fishing industry
determining the objective of the agency, it is convenient
to think of it as a sole owner who has complete rights to
exploit the fishing resource. It Is reasonable to assume that
the agency attempts to

maximize{] = / e P (pgx — c)udt} (5)
0

subject to (2).
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10.1.3 SOLUTION BY GREEN’S THEOREM

e solution method presented in this section generalizes
one based on Green’s theorem used Iin Section 7.2.2.
olving (2) foru we obtain

u:ﬂ@—i’ 6)
qx
hich we substitute into (3) to get
J = / e P (pqx — c)gu) — j;dt. (7)
0 qr

Rewriting, we have
J = / e P IM (z) + N(z)&)dt, (8)

where !

C C

N(z)=—p+ - and M(z) = (p — q—m)g(:v)- (9)
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SOLUTION BY GREEN’S THEOREM CONT.

Ve note that we can writedt = dx so that (8) becomes the
following line integral

Jp = / [e P M (z)dt + e P* N (z)dw], (10)
B
whereB Is a state trajectory in the, ¢t) spacet € [0, ).

In this section we are only interested in the infinite horizon
solution. The Green’s theorem method achieves such a
solution by first solving a finite horizon problem as in
Section 7.2.2, and then determining the infinite horizon
solution for which you are asked to verify that the maximum
principle holds in Exercise 10.1. See also Sethi (1977Db).
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SOLUTION BY GREEN’'S THEOREM CONT.

rder to apply Green’s Theorem to (10), Ietlenote a
ple closed curve in thi;, t) space surrounding a region

In the space. Then,

Jr

7{ e PN (2)dt + e LN (2)da]

_ // {(% e PN (2 —(%[ M ( )]}dtda:

//R —e PpN(z) + M'(x)|dtdx. (11)
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SOLUTION BY GREEN’'S THEOREM CONT.

e can rewrite (11) as

Jr :// e P I(z)dtdx.
R

We can now conclude, as we did in Sections 7.2.2 and 7.2.
that the turnpike levet Is given by setting the integrand of
(11) to O. That s,

= 0. (12)
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SOLUTION BY GREEN’S THEOREM CONT.

\Second-order condition (see comparison Lemma 7.1)
must be satisfied for the solutianof (12) to be a turnpike
olution:

I(x) <0 for x <z and I(x) >0 for = > z.

Let z be the unique solution to (12) satisfying the
second-order condition. The procedure can be extended to
the case of nonunique solutions as in Sethi (1977b).

The corresponding valueof the control which would

maintain the fish stock level atis ¢(z)/qz. In Exercise

10.2 you are asked to show that (x;, X) and also that

u < U. In Figure 10.1 optimal trajectories are shown for two
- different initial valuesxy < x andzy > z.



FIGURE 9.1: OPTIMAL POLICY FOR THE SOLE

OWNER FISHERY MODEL

> !
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THE SUSTAINABLE ECONOMIC RENT

() 9(x)(pgr —c)

qx

hen, equation (12) can be expressed as the condition
d _

7;(95) _, (pqa? c) | 13
x qxr

The interpretation of- () is that it is thesustainable
economic renét fish stock levet. This can be seen by
substitutingu = g(x)/qx Into (3), whereu = g(x)/qx,
obtained using (2), Is the fishing effort required to mamtai
the fish stock at levet. Suppose we have attained the
equilibrium levelz given by (12), and suppose we reduce
this level toz — ¢ by using fishing effort ot /¢z.
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THE SUSTAINABLE ECONOMIC RENT CONT.
e immediate marginal revenudR, from this action is
MR = (pqx — ¢)—.

owever, this causes a decrease In the sustainable econon

nt which equals
7' (Z)e.

Over the infinite future, the present value of this streae, 1.
the marginal costMC, is
' (T)e

MC = / Pl (3)edt =
0 P
EquatingMR andMC, we obtain (13), which is also (12).

. Chapter 10 — p. 15/50




THE GOLDEN RULE

en the discount rate is zero, equation (13) reduces to

o that it will give the equilibrium fish stock levelfor

= 0, which maximizes the instantaneous profit rate).
This is called in economics tigolden rule level

Whenp = oo, we can assume that(z) is bounded. From
13) we havengx — ¢ = 0, which gives

T |p=co = Tp = C/DQq.

The latter Is the bionomic equilibrium attained in the open
access fishery solution; see (4).
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THE GOLDEN RULE CONT.

e sole owner solution satisfiest > x, = ¢/pq. If we

gard a government regulatory agency as the sole owner

sponsible for operating the fishery at levethen it can
Impose restrictions, such as gear regulations, catch
limitations, etc., which increase the fishing caslf ¢ Is
Increased to the levelz, then the fishery can be turned

INto an open access fishery subject to those regulations, an

it will attain the bionomic equilibrium at leval.
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10.2 AN OPTIMAL FOREST THINNING MODEL

Introduce the following notation:

to = the initial age of the forest,
p = the discount rate,
z(t) = the volume of usable timber in the forest at
timet,
u(t) = the rate of thinning at time
p = the constant price per unit volume of timber,
¢ = the constant cost per unit volume of thinning,
f(z) = the growth function, which is positive, con-

cave, and has a unigue maximunuat, we
assumef(0) = 0,

g(t) = the growth coefficient which is positive, de-
creasing function of time.
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THE STATE EQUATION

e specific function form for the forest growth used in
ki and Vaisanen (1969) is as follows:

2
flx)=2e " 0< 2 < —,
Q

herex IS a positive constant. Note thatls concave in the
relevant range and that, = 1/a. They use the growth
coefficient of the form

g(t) = at™",
wherea andb are positive constants.
The forest growth equation is
T = g(t)f(z) — u(t), x(to) = o (14)
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PROBLEM FORMULATION

e objective function is to

maximize{] = / e P(p — c)udt} (15)

to

ubject to (14) and the state and control constraints

x(t) >0 and u(t) > 0. (16)

The control constraint in (16) implies that there is no
replanting in the forest. In Section 10.2.3 we extend this
model to incorporate the successive replantings of thesfore
each time it is clear cut.
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10.2.2 DETERMINATION OF OPTIMAL THINNING

solve the forest thinning model by using the maximum
rinciple. The Hamiltonian is

H=(p—cu+Agf(z)—ul (17)
Ith the adjoint equation
A= Ap—gf'(z)]. (18)
The optimal control is
u* = bang0, co; p—c — Al (19)

We do not use the Lagrangian form of the maximum
principle to include constraints (16) because, as we shall
see, the forestry problem has a natural ending at aTime
for which z(T") = 0.
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THE SINGULAR CONTROL

get the singular control solution triple, A, @}, we must
erve that due to the time dependencegof z andu will
e functions of time. From (19), we have

A=Dp—c, (20)

which is a constant so that= 0. From (18),
flam) = or w0 =" p/g®)- @

Then from (13),

u(t) = g(t) f(z(t)) — 2(t) (22)
gives the singular control.
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FIGURE 10.2: SINGULAR USABLE TIMBER

VOLUME Z(t)

> X
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COMPUTING 1’

ceq(t) Is a decreasing function of time, it is clear from
igure 10.2 that(¢) Is a decreasing function of time, and
en by (22)z(t) > 0. We see from (21) that(7") = 0 at
me T, whereT is given by
P /

— = f'(0).
g(T)

This, in view of f/(0) = 1, gives

T — o—(1/b)In(p/a) (23)
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FIGURE 10.3: OPTIMAL POLICY FOR THE

FOREST THINNING MODEL WHEN X < Z(tp)
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DIFFERENT INITIAL STATES

igure 10.3 we plok(t) as a function of time. The

flgure also contains an optimal control trajectory for the

ase in whichyg < z(ty). To determine the switching time
e first solve (13) withu = 0. Let z(¢) be the solution.
hen,t is the time at which the(t) trajectory intersects the
z(t) curve; see Figure 10.3.

Forxg > z(ty), the optimal control aty will be theimpulse
cutting to bring the level from to z(ty) Instantaneously.
To complete the infinite horizon solution, sé{t) = 0 for

t > T. In Exercise 10.10 you are asked to obtair) for

t €10, 00).
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10.2.3 A CHAIN OF FORESTS MODEL

IS extension is similar to the chain of machines model of
Section 9.3. We shall assume that successive plantings
orest rotations) take place at equal intervals.

et T be the rotation period, I.e., the time from planting to
lear-cutting which is to be determined. During tth
rotation, the dynamics of the forest is given by (13) with
t€l[(n—1T,nT|] andx[(n — 1)T] = 0. The objective
function to be maximized is given by

00 T
J(T) = Z e_ka/O e P (p — c)udt
k=1

1 T
= T /0 e Pt (p — c)udt. (24)
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FIGURE 10.4: OPTIMAL PoLICY FOR THE CHAIN

OF FORESTS MODEL WHEN 1" > ¢

Thinning at
rate ut) = u(r)

Impulse
Clear—cutting

~Ne
~>
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Case1: T >t

h the solution in Figure 10.4, we can write thigT") of

) for a givenl” as

T— T
(T) = = ;le—PT /t e P (p — c)udt + /_ e Pt (p — c)u*(t)dt

T
1o i—pT /t e (p — c)u(t)dt + e~ (p — c)a(T)

Note thatu*(T) = imp|z, 0; T| In the second integral is an
Impulse control bringing the forest from valaé) to 0 by a
clearcutting operation; see Exercise 10.11.
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case1: T >1 CONT.

find the optimal value of for this case, we differentiate
25) with respect ta@, equate the result to zero, and
Implify, obtaining (see Exercise 10.12)

T
(1= e M)g(T)f1a(T)) = pa(T) — p [ e Palt)dt 0. (29
t
If the solutionT lies in (¢,77], keep it; otherwise sdt = 7.

Note that (25) can also be derived by using the
transversality condition (3.14); see Exercise 3.5.
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FIGURE 10.5: OPTIMAL PoLICY FOR THE CHAIN

OF FORESTS MODEL WHEN 1" < ¢

Impulse
Clear—cutting

~N>
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Case 2: T’ gf

e solution forz(7") Is obtained by integrating (14) with
u = 0 andzy = 0. Let this solution be denoted as(t). Here
4) becomes
—pT

JNT) = =7 (p — )™ (T). (26)
o find the optimal value of for this case, we differentiate
(26) with respect td” and equatd.J*(7T")/dT to zero. We
obtain (see Exercise 10.12)
(1= e T)g(T) fla*(T)] — pa*(T) = 0. (27)

If the solution lies in the intervdD, ¢] keep it; otherwise set
T =t.

The optimal valug™ can be obtained by computing (T)
from both cases and selecting whichever is larger.
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10.3 AN EXHAUSTIBLE RESOURCE MODEL

this section we discuss a simple model taken from Sethi
979a). This paper analyzes optimal depletion rates by
aximizing a social welfare function which involves
consumers’ surplus and producers’ surplus with various
weights. Here we select a model having the equally

weighted criterion function.
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10.3.1 FORMULATION OF THE MODEL

assume that at a high enough price, saysubstitute,

referably renewable, will become available. We introduce

e following notation:

p(t) = the price of the resource at timge

g = f(p)listhe demand function, i.e., the quantity
demanded at price; [/ < 0, f(p) > 0 for
p < p,and f(p) = 0 for p > p, wherep Is
the price at which the substitute completely
replaces the resource. A typical graph of the
demand function is shown in Figure 10.6,
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NOTATION CONT.

G(q) Is the cost function¢Z(0) = 0, G(q) > 0
forg >0, G’ > 0andG” > 0 for ¢ > 0,
andG’(0) < p. The latter assumption makes
It possible for the producers to make positive
profit at a pricep belowp,

the available stock or reserve of the resource
at timet; Q(0) = Qo > 0,

the social discount rate;> 0,

the horizon time, which is the latest time at
which the substitute will become available re-
gardless of the price of the natural resource;
T > 0.
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THE PRODUCERS’ SURPLUS

c=G[f(p)] = g9(p). (28)

r which it Is obvious thay(p) > 0 for p < p andg(p) =0
rp > p. Let

m(p) = pf(p) — 9(p) (29)

denote the profit function of the producers, i.e., the
producers’ surplusLetp be the smallest price at which
7(p) IS honnegative. Assume further thdp) is a concave
function in the rangép, p] as shown in Figure 10.7. In the
figure the poinp™ indicates the price which maximizes

m(p).
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FIGURE 10.6: THE DEMAND FUNTION
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THE CONSUMERS’ SURPLUS

also define .

V(p) = / pf (y)dy (30)

s theconsumers’ surplusrl his quantity represents the total

xcess amount consumers would be willing to pay. In other

words, consumers pay (p), while they would be willing to

pay p

| ot @iy = pr) + 0(o)
p

The instantaneous rate of consumers’ surplus and
producers’ surplus is the suimp) + = (p). Letp denote the
maximum of this sum, I.ep solves

Y'(p) +7'() = pf'(p) — ¢'(p) = 0. (31)
. Chapter 10 — p. 38/50



FIGURE 10.7: THE PROFIT FUNCTION

> D
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PROBLEM FORMULATION

e optimal control problem is:

T
max {J = / [(p) + W(p)]eptdt} (32)
0
subject to
Q=—f(p), Q0)=Qu, (33)
Q(T) > 0, (34)

andp € Q = [p, p|. Recall that the sumi(p) + = (p) IS

concave Im.



10.3.2 SOLUTION BY THE MAXIMUM PRINCIPLE

rm the current-value Hamiltonian
H(Q,p, A) = ¥(p) + m(p) + Al=f(p)]; (35)
here) satisfies the relation

A=p\, NT) >0, NT)Q(T) =0, (36)
which implies

A(E) — { 0 If Q(T) > 01s not binding (37)

MT)er®=T) if Q(T) > 0is binding



DETERMINATION OF THE OPTIMAL CONTROL

obtain the optimal control, the Hamiltonian maximizing
ndition, which is both necessary and sufficient in thigcas
ee Theorem 2.1), Is

o= AT =A== N —g =0 (38

To show that the solutiog(\) for p of (38) actually
maximizes the Hamiltonian, it is enough to show that the
second derivative of the Hamiltonian is negative(a.
Differentiating (38) gives

0°H

oz =1 9 =N
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DETERMINATION OF THE OPTIMAL CONTROL

CONT.
Ing (38) we have
= 0°H
5,—192 _ f/ // 4 L 7 f// (39)
rom the definition of7 in (28), we can obtain
f/g// . g/f//
G// — f,3 ’
which, when substituted into (39), gives
2
%Tél — f/ . G”f/2- (40)

The right-hand side of (40) is strictly negative because
' <0, andG"” > 0 by assumption. We remark that= s(0)
using (31) and (38), and hence the second-order condition
for p of (31) to give the maximum off is verified.
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Case 1: Q(T") > 0 1s NOT BINDING.

),\(t) = 0 so that from (38) and (31),

pT =D (41)

ith this value, the total consumption of the resource is
T f(p), which must be< @y so that the constraid@(7") > 0
IS not binding. Hence,

Tf(p) < Qo (42)

characterizes Case 1 and its solution is given in (41).
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Tf(p) > QpsoTHAT Q(T') > 0 Is BINDING

obtain the solution requires finding a valuex¢t’) such

/ F(SIMT)e! DN dt = Qy, (43)
here
t* = min {T, T + % In [p _)\(C;)(O)] } . (44)

The timet* | If it is less than’, is the time at which
sIAN(T)ePt 1)1 = p. From Exercise 10.15,

ANT)e!™ =) = 5 — G'(0) (45)

which, when solved fot*, gives the second argument of
(44).
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Tf(p) > QpsoTHAT Q(T') > 0 Is BINDING

CONT

e method to obtain the optimal solution is to defihas
e longest time horizon during which the resource can be
ptimally used. Such @ must satisfy

ANT) =p—G'(0),

and therefore,

/ r(s[- Gt a = Qo e

which is a transcendental equation farWe now have two
subcases.
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Tf(p) > QpsoTHAT Q(T') > 0 Is BINDING

CONT
Subcase2a: T >T.
The optimal control is
5— G(0)}ert=T)) fort<T
b t) — { s(P-GO)ertD) fore<t,
D fort > T.

Clearly in this subcase: = T and

NT) = [p— G'(0)]e "1,

A sketch of (47) is shown in Figure 10.8.
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FoRT > T

FIGURE 10.8: OPTIMAL PRICE TRAJECTORY

Chapter 10 — p. 48/50



Tf(p) > QpsoTHAT Q(T') > 0 Is BINDING

CONT
Subcase2b: T < T.
Here the optimal price trajectory is

pi(H) = s [ A(D)eT)] (48)

where)(T) Is to be obtained from the transcendental
equation

[ 1 pmeea-a @

A sketch of (48) is shown in Figure 10.9.
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FIGURE 10.9: OPTIMAL PRICE TRAJECTORY
ForRT < T
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