
CHAPTER 8

THE MAXIMUM PRINCIPLE: DISCRETE TIME
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8.1 NONLINEAR PROGRAMMING PROBLEMS

We begin by stating a general form of a nonlinear

programming problem.

y: be ann-component column vector;

a: be anr-component column vector;

b: ans-component column vector;

h: En → E1,

g: En → Er,

w: En → Es be given functions.
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NONLINEAR PROGRAMMING PROBLEMS CONT.

We assume functionsg andw to be column vectors with

componentsr ands, respectively. We consider the nonlinear

programming problem:

maxh(y) (1)

subject to

g(y) = a, (2)

w(y) ≥ b. (3)
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8.1.1 LAGRANGE MULTIPLIERS

Suppose we want to solve (1) without imposing constraints
(2) or (3). The problem is now the classical unconstrained
maximization problem of calculus, and the first-order
necessary conditions for its solution are

hy = 0. (4)

The points satisfying (4) are calledcritical points. With the
equality constraints, the Lagrangian function

L(y, λ) = h(y) + λ[g(y) − a], (5)

whereλ is anr−component row vector.
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NECESSARY CONDITIONS

The necessary condition fory∗ to be a (maximum) solution
to (1) and (2) is that there exists anr-component row vector
λ such that

Ly = hy + λgy = 0, (6)

Lλ = g(y) − a = 0. (7)

Suppose(y∗, λ) is in fact a solution to the equations (6) and
(7). Note thaty∗ depends ona and we can show this
dependence by writingy∗ = y∗(a). Now
h∗ = h∗(a) = h(y∗(a)) is the optimum value of the objective
function.
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INTERPRETATION OF THE LAGRANGE

MULTIPLIERS

The Lagrange multipliers satisfy the relation which has an

important managerial interpretation

h∗
a = −λ, (8)

namely,λi is the negative of the imputed value orshadow

priceof having one unit more of the resourceai.
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EXAMPLE 8.1

Consider the problem:










max{h(x, y) = −x2 − y2}
subject to
2x + y = 10.

Solution. We form the Lagrangian

L(x, y, λ) = (−x2 − y2) + λ(2x + y − 10).
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SOLUTION OF EXAMPLE 8.1

The necessary conditions found by partial differentiationare

Lx = −2x + 2λ = 0,

Ly = −2y + λ = 0,

Lλ = 2x + y − 10 = 0.

From the first two equations we get

λ = x = 2y.

Solving this with the last equation yields the quantities

x∗ = 4, y∗ = 2, λ = 4, h∗ = −20,
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8.1.2 INEQUALITY CONSTRAINTS

L(y, µ) = h(y) + µ[w(y) − b]. (9)

Ly = hy + µwy = 0, (10)

w ≥ b, (11)

µ ≥ 0, µ(w − b) = 0. (12)

Note that (10) is analogous to (6). Also (11) repeats the

inequality constraint (3) in the same way that (7) repeated

the equality constraint (2). However, the conditions in (12)

are new and are particular to the inequality-constrained

problem.
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EXAMPLE 8.2

Solve the problem:










max{h(x) = 8x − x2}
subject to
x ≥ 2.

Solution. We form the Lagrangian

L(x, µ) = 8x − x2 + µ(x − 2).

The necessary conditions (10)-(12) become

Lx = 8 − 2x + µ = 0, (13)

x − 2 ≥ 0, (14)

µ ≥ 0, µ(x − 2) = 0. (15)
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SOLUTION OF EXAMPLE 8.2

Case 1: µ = 0

From (13) we getx = 4, which also satisfies (14). Hence,

this solution, which makesh(4) = 16, is a possible

candidate for the maximum solution.

Case 2: x = 2

Here from (13) we getµ = −4, which does not satisfy the

inequalityµ ≥ 0 in (15).

From these two cases we conclude that the optimum

solution isx∗ = 4 andh∗ = h(x∗) = 16.
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EXAMPLE 8.3

Solve the problem:










max{h(x) = 8x − x2}
subject to
x ≥ 6.

Solution. The Lagrangian is

L(x, µ) = 8x − x2 + µ(x − 6).

The necessary conditions are
Lx = 8 − 2x + µ = 0, (16)

x − 6 ≥ 0, (17)

µ ≥ 0, µ(x − 6) = 0. (18)
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SOLUTION OF EXAMPLE 8.3

Case 1: µ = 0

From (16) we obtainx = 4, which does not satisfy (17), so

that this case is infeasible.

Case 2: x = 6

Obviously (17) holds. From (16) we getµ = 4, so that (18)

holds as well. The optimal solution is then

x∗ = 6, h∗ = h(x∗) = 12,

since it is the only solution satisfying the necessary

conditions.
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EXAMPLE 8.4

Find the shortest distance between the point (2,2) and the

upper half of the semicircle of radius one, whose center is at

the origin. In order to simplify the calculation, we minimize

h, the square of the distance. Hence, the problem can be

stated as the following nonlinear programming problem:



















max
{

−h(x, y) = −(x − 2)2 − (y − 2)2
}

subject to
x2 + y2 ≤ 1,

y ≥ 0.
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SOLUTION OF EXAMPLE 8.4

The Lagrangian function for this problem is

L = −(x − 2)2 − (y − 2)2 + µ(1 − x2 − y2) + νy. (19)

The necessary conditions are

−2(x − 2) − 2µx = 0, (20)

−2(y − 2) − 2µy + ν = 0, (21)

1 − x2 − y2 ≥ 0, (22)

y ≥ 0, (23)

µ ≥ 0, µ(1 − x2 − y2) = 0, (24)

ν ≥ 0, νy = 0. (25)
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SOLUTION OF EXAMPLE 8.4 CONT.

From (24) we see that eitherµ = 0 or x2 + y2 = 1, i.e., we

are on the boundary of the semicircle. Ifµ = 0, we see from

(20) thatx = 2. But x = 2 does not satisfy (22) for anyy,

and hence we concludeµ > 0 andx2 + y2 = 1.

From (25) we conclude eitherν = 0 or y = 0. If ν = 0, then

from (20), (21), andµ > 0, we getx = y. Solving the latter

with x2 + y2 = 1 gives

(a) (
√

2/2,
√

2/2) andh = (9 − 4
√

2)/4.

If y = 0, then solving withx2 + y2 = 1 gives

(b) (1, 0) andh = 5,

(c) (−1, 0) andh = 13.
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SHORTEST DISTANCE FROM A POINT TO A

SEMI-CIRCLE
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SOLUTION OF EXAMPLE 8.4 CONT.

These three points are shown in Figure 8.1. Of the three

points found that satisfy the necessary conditions, clearly

the point(
√

2/2,
√

2/2) found in (a) is the nearest point and

solves the closest-point problem. The point(−1, 0) in (c) is

in fact the farthest point; and the point(1, 0) in (b) is neither

the closest nor the farthest point.
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EXAMPLE 8.5

Consider the problem:

max{h(x, y) = y} (26)

subject to

− x2/3 − y + 1 ≥ 0, (27)

y ≥ 0. (28)

The set of points satisfying the constraints is shown shaded

in Figure 8.2. From the figure it is obvious that the solution

point (0,1) maximizes the value ofy. Let us see if we can

find it using the above procedure.
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GRAPH OF EXAMPLE 8.5
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SOLUTION OF EXAMPLE 8.5

The Lagrangian is

L = y + λ(−x2/3 − y + 1) + µy. (29)

The necessary conditions are

Lx = −2

3
λx−1/3 = 0, (30)

Ly = 1 − λ + µ = 0, (31)

λ ≥ 0, λ(−x2/3 − y + 1) = 0, (32)

µ ≥ 0, µy = 0, (33)

together with (27) and (28). From (30) we getλ = 0, since
x−1/3 is never 0 in the range−1 ≤ x ≤ 1. But substitution of
λ = 0 into (31) givesµ = −1 < 0, which fails to solve (33).
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EXAMPLE 8.6

Consider the problem:

max{h(x, y) = y} (34)

subject to

(1 − y)3 − x2 ≥ 0, (35)

y ≥ 0. (36)

The constraints are now differentiable and the set of feasible
solutions is exactly the same as for Example 8.5, and is
shown in Figure 8.2. Hence, the optimum solution is
(x∗, y∗) = (0, 1) andh∗ = 1. But once again the
Kuhn-Tucker method fails, as we will see.
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SOLUTION OF EXAMPLE 8.6

The Lagrangian is

L = y + λ[(1 − y)3 − x2] + µy, (37)

so that the necessary conditions are

Lx = −2xλ = 0, (38)

Ly = 1 − 3λ(1 − y)2 + µ = 0, (39)

λ ≥ 0, λ[(1 − y)3 − x2] = 0, (40)

µ ≥ 0, µy = 0, (41)

together with (35) and (36).
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SOLUTION OF EXAMPLE 8.6 CONT.

From (41) we get, eithery = 0 or µ = 0. Sincey = 0

minimizes the objective function, we chooseµ = 0. From
(38) we get eitherλ = 0 or x = 0. Since substitution of
λ = µ = 0 into (39) shows that it is not satisfied, we choose
x = 0, λ 6= 0. But then (40) gives(1 − y)3 = 0 or y = 1.

However,µ = 0 andy = 1 means that once more that (39) is
not satisfied.

The reason for failure of the method in Example 8.6 is that
the constraints do not satisfy what is called theconstraint

qualification, which will be discussed in the next section.
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KUHN-TUCKER CONSTRAINT QUALIFICATION

In order to motivate the definition we illustrate two different
situations in Figure 8.3. In Figure 8.3(a) we show two
boundary curvesw1(y) = b1 andw2(y) = b2 intersecting the
boundary point̄y. The two tangents to these curves are
shown, andv is a vector lying between the two tangents.
Starting at̄y, there is a differentiable curvec(τ), 0 ≤ τ ≤ 1,

drawn so that it lies entirely within the feasible setY , such
that its initial slope is equal tov. Whenever such a curve
can be drawn from every boundary pointȳ in Y and everyv
contained between the tangent lines, we say that the
constraints definingY satisfy theKuhn-Tucker constraint
qualificationat ȳ.
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KUHN-TUCKER CONSTRAINT QUALIFICATION

CONT.
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REMARK

Figure 8.3(b) illustrates a case of a cusp at which the

constraint qualification does not hold. Here the two tangents

to the graphsw1(y) = b1 andw2(y) = b2 coincide, so thatv1

andv2 are vectors lying between these two tangents. Notice

that for vectorv1 it is possible to find the differentiable

curvec(τ ) satisfying the above conditions, but for vectorv2

no such curve exists. Hence, the constraint qualification

does not hold for the example in Figure 8.3(b).
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8.1.3 THEOREMS FROM NONLINEAR

PROGRAMMING

We first state the constraint qualification symbolically. For

the problem defined by (1), (2), and (3), letY be the set of

all feasible vectors satisfying (2) and (3), i.e.,

Y = {y|g(y) = a, w(y) ≥ b} .

Let ȳ be any point ofY and letz(ȳ) = d denote the vector of

tight constraints at point̄y, i.e.,z includes all theg

constraints in (2) and those constraints in (3) which are

satisfied as equalities.
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CONSTRAINT QUALIFICATION

Define the set

V =

{

v

∣

∣

∣

∣

∂z(ȳ)

∂y
v ≤ 0

}

. (42)

Then, we shall say that the constraint setY satisfies the
Kuhn-Tucker constraint qualificationat ȳ ∈ Y if z is
differentiable at̄y and if, for everyv ∈ V , there exists a
differentiable curvec(τ) defined for0 ≤ τ ≤ 1 such that

(i) c(0) = ȳ,

(ii) c(τ) ∈ Y for all t satisfying0 ≤ τ ≤ 1,

(iii)
dc(τ)

dτ

∣

∣

∣

∣

τ=0

= kv for some constantk > 0.
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THE KUHN-TUCKER CONDITIONS

The Lagrangian function for this problem is

L(y, λ, µ) = h + λ(g(y) − a) + µ(w(y) − b). (43)

The Kuhn-Tucker conditions at̄y ∈ Y for this problem are

Ly(ȳ, λ, µ) = hy(ȳ) + λgy(ȳ) + µwy(ȳ) = 0, (44)

g(ȳ) = a, (45)

w(ȳ) ≥ b, (46)

µ ≥ 0, µw(ȳ) = 0, (47)

whereλ andµ are row vectors of multipliers to be
determined.
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THEOREM 8.1 AND THEOREM 8.2

Theorem 8.1 (Sufficient Conditions). Ifh, g, andw are

differentiable,h is concave,g is affine,w is concave, and

(ȳ, λ, µ) solve the conditions(44)-(47), thenȳ is a solution to

the maximization problem(1)-(3).

Theorem 8.2 (Necessary Conditions). Ifh, g, andw are

differentiable,̄y solves the maximization problem, and the

constraint qualification holds at̄y, then there exist

multipliersλ andµ such that(ȳ, λ, µ) satisfy conditions

(44)-(47).
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8.2.1 A DISCRETE MAXIMUM PRINCIPLE

Θ = the set{0, 1, ..., T − 1},
xk = ann-component column state vector;k = 0, 1, ..., T,

uk = anm-component column control vector;

k = 0, 1, ..., T−1,

bk = ans-component column vector of constants;

k = 0, 1, ..., T−1.

Here, the statexk is assumed to be measured at the
beginning of periodk and controluk is implemented during
periodk. This convention is depicted in Figure 8.4.
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DISCRETE-TIME CONVENTIONS
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x
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u
0

u
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u
2

u
k

u
k+1

u
T−1

We also define continuously differentiable functions

f : En × Em × Θ → En,

F : En × Em × Θ → E1,

g : Em × Θ → Es,

S : Em × Θ ∪ {T} → E1.
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A DISCRETE-TIME OPTIMAL CONTROL

PROBLEM

Then, a discrete-time optimal control problem in the Bolza
form (see Section 2.1.4) is:

max

{

J =
T−1
∑

k=0

F (xk, uk, k) + S(xT , T )

}

(48)

subject to the difference equation

△xk = xk+1 − xk = f(xk, uk, k), k = 0, ..., T − 1,

x0 given, (49)

g(uk, k) ≥ bk, k = 0, ..., T − 1. (50)

In (49) the term△xk = xk+1 − xk is known as thedifference
operator.
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8.2.2 A DISCRETE MAXIMUM PRINCIPLE

The Lagrangian function of the problem is

L =
T−1
∑

k=0

F (xk, uk, k) + S(xT , T )

+
T−1
∑

k=0

λk+1[f(xk, uk, k) − xk+1 + xk]

+

T−1
∑

k=0

µk[g(uk, k) − bk]. (51)

We now define the Hamiltonian functionHk to be

Hk = H(xk, uk, k) = F (xk, uk, k) + λk+1f(xk, uk, k). (52)
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A DISCRETE MAXIMUM PRINCIPLE CONT.

Using (52) we can rewrite (51) as

L = S(xT , T ) +
T−1
∑

k=0

[Hk − λk+1(xk+1 − xk)]

+
T−1
∑

k=0

µk[g(uk, k) − bk]. (53)

If we differentiate (53) with respect toxk for
k=1, 2, ..., T−1, we obtain

∂L

∂xk
=

∂Hk

∂xk
− λk + λk+1 = 0,

which upon rearranging terms becomes

△λk = λk+1 − λk = −∂Hk

∂xk
, k = 0, 1, ..., T − 1. (54)
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A DISCRETE MAXIMUM PRINCIPLE CONT.

If we differentiate (53) with respect toxT , we get

∂L

∂xT
=

∂S

∂xT
− λT = 0, or λT =

∂S

∂xT
. (55)

The difference equations (54) with terminal boundary

conditions (55) are called theadjoint equations.
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A DISCRETE MAXIMUM PRINCIPLE CONT.

If we differentiateL with respect touk and state the
corresponding Kuhn-Tucker conditions for the multiplierµk

and constraint (50), we have

∂L

∂uk
=

∂Hk

∂uk
+ µk ∂g

∂uk
= 0

or
∂Hk

∂uk
= −µk ∂g

∂uk
, (56)

and

µk ≥ 0, µk[g(uk, k) − bk] = 0. (57)
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A DISCRETE MAXIMUM PRINCIPLE CONT.

We note that, providedHk is concave inuk, g(uk, k) is

concave inuk, and the constraint qualification holds, then

conditions (56) and (57) are precisely the necessary and

sufficient conditions for solving the following Hamiltonian

maximization problem:














max
uk

Hk

subject to
g(uk, k) ≥ bk.

(58)
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THEOREM 8.3

If for everyk, Hk in (52) andg(uk, k) are concave inuk, and

the constraint qualification holds, then the necessary

conditions foruk∗, k = 0, 1, ..., T − 1, to be an optimal

control for the problem(48)-(50) are























△xk∗ = f(xk∗, uk∗, k), x0given,

△λk = −∂Hk

∂xk [xk∗, uk∗, λk+1, k], λT = ∂S(xT∗,T )
∂xT ,

Hk(xk∗, uk∗, λk+1, k) ≥ Hk(xk∗, uk, λ(k+1), k),

for all uk such thatg(uk, k) ≥ bk, k = 0, 1, ..., T − 1.

(59)
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EXAMPLE 8.7

Consider the discrete-time optimal control problem:

max

{

J =
T−1
∑

k=1

−1

2
(xk)2

}

(60)

subject to

△xk = uk, x0 = 5, (61)

uk ∈ Ω = [−1, 1]. (62)

We shall solve this problem forT = 6 andT ≥ 7.
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SOLUTION OF EXAMPLE 8.7

The Hamiltonian is

Hk = −1

2
(xk)2 + λk+1uk, (63)

from which it is obvious that the optimal policy is
bang-bang. Its form is

uk = bang[−1, 1;λk+1] =











1 if λk+1 > 0,

singular ifλk+1 = 0,

−1 if λk+1 < 0.

(64)

Let us assume, as we did in Example 2.3, thatλk < 0 as
long asxk is positive so thatuk = −1.
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SOLUTION OF EXAMPLE 8.7 CONT.

Given this assumption, (61) becomes△xk = −1, whose
solution is

xk = −k + 5 for k = 1, 2, ..., T − 1. (65)

By differentiating (63), we obtain the adjoint equation

△λk = −∂Hk

∂xk
= xk, λT = 0. (66)

Let us assumeT = 6. Substitute (65) into (66) to obtain

△λk = −k + 5, λ6 = 0.
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SOLUTION OF EXAMPLE 8.7 CONT.

From Appendix A.11, we find the solution to be

λk = −1

2
k2 +

11

2
k + c,

wherec is a constant. Sinceλ6 = 0, we can obtain the value
of c by settingk = 6 in the above equation. Thus,

λ6 = −1

2
(36) +

11

2
(6) + c = 0 ⇒ c = −15,

so that
λk = −1

2
k2 +

11

2
k − 15. (67)

A sketch of the values forλk andxk appears in Figure 8.5.
Note thatλ5 = 0, so that the controlu4 is singular. However,
sincex4 = 1 we chooseu4 = −1 in order to bringx5 down
to 0.
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SKETCH OF xk AND λk
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REMARK

The solution of the problem forT ≥ 7 is carried out in the

same way that we solved Example 2.3. Namely, observe

thatx5 = 0 andλ5 = λ6 = 0, so that the control is singular.

We simply makeλk = 0 for k ≥ 7 so thatuk = 0 for all

k ≥ 7. It is clear without a formal proof that this maximizes

(60).
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EXAMPLE 8.8

Let us consider a discrete version of the production-
inventory example of Section 6.1; see Kleindorfer, Kriebel,
Thompson, and Kleindorfer (1975). LetIk, P k, andSk be
the inventory, production, and demand at timek,
respectively. LetI0 be the initial inventory, let̂I andP̂ be
the goal levels of inventory and production, and leth andc

be inventory and production cost coefficients. The problem
is:

max
P k≥0

{

J =

T−1
∑

k=0

−1

2
[h(Ik − Î)2 + c(P k − P̂ )2]

}

(68)

subject to
△Ik = P k − Sk, I0 given. (69)
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SOLUTION OF EXAMPLE 8.8

Form the Hamiltonian

Hk = −1

2
[h(Ik − Î)2 + c(P k − P̂ )2] + λk+1(P k − Sk), (70)

where the adjoint variable satisfies

△λk = −∂Hk

∂Ik
= h(Ik − Î), λT = 0. (71)

To maximize the Hamiltonian, let us differentiate (70) to

obtain
∂Hk

∂P k
= −c(P k − P̂ ) + λk+1 = 0.

Chapter8 – p. 48/51



SOLUTION OF EXAMPLE 8.8 CONT.

Since production must be nonnegative, we obtain the

optimal production as

P k∗ = max [0, P̂ + λk+1/c]. (72)

Expressions (69), (71), and (72) determine a two-point

boundary value problem. For a given set of data, it can be

solved numerically by using a spreadsheet software like

EXCEL; see Section 2.5. If the constraintP k ≥ 0 is

dropped it can be solved analytically by the method of

Section 6.1, with difference equations replacing the

differential equations used there.
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8.3 A GENERAL DISCRETE MAXIMUM PRINCIPLE

The problem to be solved is:

max

{

J =
T−1
∑

k=0

F (xk, uk, k)

}

(73)

subject to

△xk = f(xk, uk, k), x0 given

uk ∈ Ωk, k = 0, 1, ..., (T − 1). (74)
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A GENERAL DISCRETE MAXIMUM PRINCIPLE

CONT.

Assumptions required are:
(i) F (xk, uk, k) andf(xk, uk, k) are continuously
differentiable inxk for everyuk andk.

(ii) The sets{−F (x,Ωk, k), f(x,Ωk, k)} areb-directionally
convexfor everyx andk, whereb = (−1, 0, ..., 0). That is,
givenv andw in Ωk and0 ≤ λ ≤ 1 , there existsu(λ) ∈ Ωk

such that

F (x, u(λ), k) ≥ λF (x, v, k) + (1 − λ)F (x,w, k)

and
f(x, u(λ), k) = λf(x, v, k) + (1 − λ)f(x,w, k)

for everyx andk. It should be noted that convexity implies
b-directional convexity, but not the converse.
(iii) Ωk satisfies the Kuhn-Tucker constraint qualification.
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