
CHAPTER 4

THE MAXIMUM PRINCIPLE: GENERAL

INEQUALITY CONSTRAINTS
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GENERAL INEQUALITY CONSTRAINTS

4.1 Pure State Variable Inequality Constraints: Indirect
Method
It is common to require state variables to remain
nonnegative:

x(t) ≥ 0 for t ∈ [0, T ], (1)

i.e.,xi(t) ≥ 0, i = 1, 2, ..., n. Constraints exhibiting this
property are calledpure state variable inequality
constraints. The general form is:

h(x, t) ≥ 0 for t ∈ [0, T ]. (2)

Let us consider (1) first. At any point where a component
xi(t) > 0, the corresponding constraintẋi(t) ≥ 0 is not
binding and can be ignored.
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GENERAL INEQUALITY CONSTRAINTS CONT.

In any interval wherexi(t) = 0, we must havėxi(t) ≥ 0 so
thatxi does not become negative. The control must be
constrained to satisfẏxi = fi ≥ 0, makingfi ≥ 0 as a
constraint of the mixed type (3.3) over the interval. We can
add the constraint

fi(x, u, t) ≥ 0, wheneverxi(t) = 0, (3)

We associate multipliersηi with (3) whenever (3) must be
imposed, i.e., wheneverxi(t) = 0. A convenient way to do
this is to impose an “either or” conditionηixi = 0. This will
makeηi = 0 wheneverxi > 0.
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GENERAL INEQUALITY CONSTRAINTS CONT.

We can now form the Lagrangian

L = H + µg + ηf, (4)

where the HamiltonianH is as defined in (3.7) and
η = (η1, η2, ..., ηn), and apply the maximum principle in (3.11)
with the additional necessary conditions satisfied by the
multiplier η, namely,

η(t) ≥ 0, η(t)x∗(t) = 0, η̇(t) ≤ 0, (5)

and the modified transversality condition

λ(T ) = Sx(x
∗(T ), T ) + αax(x

∗(T ), T ) + βbx(x
∗(T ), T ) + γ (6)

whereγ is a constant vector satisfying

γ ≥ 0, γx∗(T ) = 0. (7)
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GENERAL INEQUALITY CONSTRAINTS CONT.

Since the constraints are adjoined indirectly (in this casevia

their first time derivative) to form the Lagrangian, the

method is called theindirect adjoining method. If on the

other hand, the Lagrangian is formed by adjoining directly

the constraints (1), i.e.,

Ld = F + λdf + µdg + ηdx,

whereηd is a multiplier associated with (1), then the method

is referred to as thedirect adjoining method.
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REMARK 4.1

The first two conditions in (5) are complementary slackness

conditions on the multiplierη. The last conditioṅη ≤ 0 is

difficult to motivate. We know, however, that the direct

maximum principle multiplierηd is related toη asηd = −η̇.

The complementary slackness conditions for the direct

multiplier ηd areηd ≥ 0 andηdx∗ = 0. Sinceηd ≥ 0, it

follows thatη̇ ≤ 0.
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JUMP CONDITIONS

In the presence of (1), the marginal value of a change in the

state at timet, whenever it is defined, is given byλ(t) + η(t).

It is also reasonable to expect the marginal value to be

continuous even at a time when the state variable hits the

constraint boundary. Butη(t) usually jumps at that time,

requiringλ(t) to jump. Fortunately, the maximum principle

in presence of state constraints allows for a jump inλ(t) at a

point in time when the statex(t) enters its constraint

boundary.
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JUMP CONDITIONS CONT.

The jump must satisfy certain conditions, which in the case
of the state constraints (1) are

λ(τ−) = λ(τ+) + ζ(τ), ζ(τ) ≥ 0 (8)

and

H[x∗(τ), u∗(τ−), λ(τ−), τ ] = H[x∗(τ), u∗(τ+), λ(τ+), τ ], (9)

at a timeτ at which one of the state variables has just
reached its boundary value zero.
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EXAMPLE 4.1

Consider the problem:

max
{

J =

∫ 2

0
−xdt

}

subject to

ẋ = u, x(0) = 1, (10)

u + 1 ≥ 0, 1 − u ≥ 0, (11)

x ≥ 0. (12)
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SOLUTION OF EXAMPLE 4.1

The Hamiltonian is

H = −x + λu,

which implies the optimal control to be

u∗ = bang[−1, 1;λ], wheneverx > 0. (13)

Whenx = 0, we imposeẋ = u ≥ 0 in order to insure that
(12) holds. Therefore, the optimal control on the state
constraint boundary is

u∗ = bang[0, 1;λ], wheneverx = 0. (14)
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SOLUTION OF EXAMPLE 4.1 CONT.

Now we form the Lagrangian

L = H + µ1(u + 1) + µ2(1 − u) + ηu,

whereµ1, µ2, andη satisfy the complementary slackness
conditions

µ1 ≥ 0, µ1(u + 1) = 0, (15)

µ2 ≥ 0, µ2(1 − u) = 0, (16)

η ≥ 0, ηx = 0, η̇ ≤ 0. (17)

Furthermore, the optimal trajectory must satisfy

∂L

∂u
= λ + µ1 − µ2 + η = 0. (18)
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SOLUTION OF EXAMPLE 4.1 CONT.

From the Lagrangian we also get

λ̇ = −
∂L

∂x
= 1, λ(2) = γ ≥ 0, γx(2) = λ(2)x(2) = 0. (19)

We guess that the optimal controlu∗ will be the one that
keepsx∗ as small as possible, subject to the state constraint
(1). Thus,

u∗(t) =

{

−1, t ∈ [0, 1],

0, t ∈ (1, 2].
(20)

This gives

x∗(t) =

{

1 − t, t ∈ [0, 1],

0, t ∈ (1, 2].
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SOLUTION OF EXAMPLE 4.1 CONT.

Let us first tryλ(2) = γ = 0. Then, sincex∗(t) enters the
boundary zero att = 1, there are no jumps in the interval(1, 2],
and the solution forλ(t) is

λ(t) = t − 2, t ∈ (1, 2]. (21)

Sinceλ(t) ≤ 0 andx∗(t) = 0 on (1, 2], we haveu∗(t) = 0 by
(14), as stipulated. Now let us see what must happen att = 1.
We know from (21) thatλ(1+) = −1. We now apply (9) to
obtainλ(1−). For this, we see that

H(1+) = −x∗(1+) + λ(1+)u∗(1+) = 0,

H(1−) = −x∗(1−) + λ(1−)u∗(1−) = −λ(1−).

By equatingH(1−) to H(1+) as required in (9), we obtain
λ(1−) = 0. This, by (8) gives the value of the jump

ζ(1) = λ(1−) − λ(1+) = 1 ≥ 0.
– p. 13/42



SOLUTION OF EXAMPLE 4.1 CONT.

Sinceλ(t) ≤ −1 andx∗(t) = 1 − t > 0 is positive on [0,1],

we can use (13) to obtain

u∗(t) = −1 for 0 ≤ t < 1.

In the time interval [0,1) by (16),µ2 = 0 sinceu∗ < 1, and

by (17),η = 0 becausex > 0. Therefore,

µ1(t) = −λ(t) = 1 − t > 0 for 0 ≤ t < 1, and this with

u∗ = −1 satisfies (15).
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FIGURE 4.1: STATE AND ADJOINT

TRAJECTORIES IN EXAMPLE 4.1
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SOLUTION OF EXAMPLE 4.1 CONT.

To complete the solution, we calculate the Lagrange
multipliers in the interval [1,2]. Sinceu∗(t) = 0 on t ∈ [1, 2],
we haveµ1(t) = µ2(t) = 0. Then, from (18) we obtain
η(t) = −λ(t) = 2 − t ≥ 0 which, withx∗(t) = 0 satisfies
(17). This completes the solution. The graphs ofx∗(t) and
λ(t) are shown in Figure 4.1.

Remark 4.2 In instances where the initial state or the final
state or both are on the constraint boundary, the maximum
principle maydegenerate in the sense that there is no
nontrivial solution of the necessary conditions, i.e.,
λ(t) ≡ 0, t ∈ [0, T ], whereT is the terminal time.
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EXAMPLE 4.2

Consider Example 4.1 withT = 3 and the terminal state

constraint:

x(3) = 1.

Clearly, the optimal controlu∗ will be the one that keepsx

as small as possible, subject to the state constraint (1) and

the boundary conditionx(0) = x(3) = 1. Thus,

u∗(t) =











−1, t ∈ [0, 1),

0, t ∈ [1, 2],

1, t ∈ (2, 3],

x∗(t) =











1 − t, t ∈ [0, 1),

0, t ∈ [1, 2],

t − 2, t ∈ (2, 3].
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SOLUTION OF EXAMPLE 4.2

We shall only compute the adjoint function and the

multipliers that satisfy the optimality conditions. Theseare

λ(t) =

{

t − 1, t ∈ [0, 1],

t − 2, t ∈ (1, 3],
(22)

µ1(t) = µ2(t) = 0, t ∈ [1, 2], (23)

η(t) = −λ(t), t ∈ [1, 2], (24)

and the jumpζ(1) = 1 ≥ 0 so that

λ(1−) = λ(1+) + ζ(1) andH(1−) = H(1+). (25)
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4.2 A MAXIMUM PRINCIPLE: INDIRECT METHOD

Mixed inequality constraints and the pure state variable
inequality constraints:

h(x, t) ≥ 0, (26)

where we assume functionh : En ×E1 → Ep to be as many
times continuously differentiable as required. By the
definition of functionh, (26) represents a set ofp constraints
hi(x, t) ≥ 0, i = 1, 2, ..., p. It is noted that the constraint
hi ≥ 0 is called a constraint ofrth order if therth time
derivative ofhi is the first time a term in controlu appears
in the expression by puttingf(x, u, t) for ẋ after each
differentiation.
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4.2 A MAXIMUM PRINCIPLE: INDIRECT METHOD

CONT.

In the case of first-order constraints, we need to define

h1(x, u, t) as follows:

h1 =
dh

dt
=

∂h

∂x
f +

∂h

∂t
. (27)

With respect to theith constrainthi(x, t) ≥ 0, an interval

(θ1, θ2) ⊂ [0, T ] with θ1 < θ2 is called aninterior interval if

hi(x(t), t) > 0 for all t ∈ (θ1, θ2). If the optimal trajectory

“hits the boundary,” i.e., satisfieshi(x(t), t) = 0 for

τ1 ≤ t ≤ τ2 for somei, then[τ1, τ2] is called aboundary

interval.
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JUNCTION TIMES

An instantτ1 is called anentry time if there is an interior
interval ending att = τ1 and a boundary interval starting at
τ1. Correspondingly,τ2 is called anexit time if a boundary
interval ends and an interior interval starts atτ2. If the
trajectory just touches the boundary at timeτ , i.e.,
h(x(τ), τ) = 0 and if the trajectory is in the interior just
before and just afterτ , thenτ is called acontact time. Taken
together, entry, exit, and contact times are calledjunction
times.

τ1 τ2

τ

Entry Time Exit Time Contact Time
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FULL-RANK CONDITION

The following full-rank condition on any boundary interval
[τ1, τ2] hold:

rank













∂h1
1/∂u

∂h1
2/∂u
...

∂h1
p̂/∂u













= p̂,

where fort ∈ [τ1, τ2],

hi(x
∗(t), t) = 0, i = 1, 2, ..., p̂ ≤ p

and
hi(x

∗(t), t) > 0, i = p̂ + 1, ..., p.
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LAGRANGIAN

To formulate the maximum principle for the problem with
mixed constraints as well as first-order pure state
constraints, we form the Lagrangian as

L(x, u, λ, µ, η, t) = H(x, u, λ, t) + µg(x, u, t) + ηh1(x, u, t), (28)

where the Hamiltonian as defined in (3.7),µ satisfies the
complementary slackness conditions in (3.9), andη ∈ Ep (a
row vector) satisfies the conditions

η ≥ 0, ηh(x, t) = 0, η̇ ≤ 0.
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MAXIMUM PRINCIPLE

The maximum principle states that the necessary conditions

for u∗ (with the state trajectoryx∗) to be an optimal control

for the problem defined above are that there exist adjoint

variableλ, multipliersµ, α, β, γ, η, and the jump parameter

ζ, which satisfy (29) that follows.
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NECESSARY CONDITIONS

ẋ∗ = f(x∗, u∗, t), x∗(0) = x0,
satisfying constraints
g(x∗, u∗, t) ≥ 0, h(x∗, t) ≥ 0, and
the terminal constraints
a(x∗(T ), T ) ≥ 0 andb(x∗(T ), T ) = 0;
λ̇ = −Lx[x∗, u∗, λ, µ, η, t]
with the transversality conditions
λ(T−) = Sx(x∗(T ), T ) + αax(x∗(T ), T ) + βbx(x∗(T ), T )

+γhx(x∗(T ), T ), and
α ≥ 0, αa(x∗(T ), T ) = 0, γ ≥ 0, γh(x∗(T ), T ) = 0;
the Hamiltonian maximizing condition
H[x∗(t), u∗(t), λ(t), t] ≥ H[x∗(t), u, λ(t), t]
at eacht ∈ [0, T ] for all u satisfying
g[x∗(t), u, t] ≥ 0, and
h1

i
(x∗(t), u, t) ≥ 0 wheneverhi(x

∗(t), t) = 0, i = 1, 2, · · · , p;
the jump conditions at any entry/contact timeτ are
λ(τ−) = λ(τ+) + ζ(τ)hx(x∗(τ), τ) and
H[x∗(τ), u∗(τ−), λ(τ−), τ ] = H[x∗(τ), u∗(τ+), λ(τ+), τ ]

−ζ(τ)ht(x
∗(τ), τ);

the Lagrange multipliersµ(t) are such that
∂L/∂u|u=u∗(t) = 0, dH/dt = dL/dt = ∂L/∂t,
and the complementary slackness conditions
µ(t) ≥ 0, µ(t)g(x∗, u∗, t) = 0,
η(t) ≥ 0, η̇(t) ≤ 0, η(t)h(x∗(t), t) = 0, and
ζ(τ) ≥ 0, ζ(τ)h(x∗(τ), τ) = 0 hold. Also (3.14) ifT is free.

(29)
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NECESSARY CONDITIONS CONT.

Note that the jump conditions on the adjoint variables in
(29) generalize the jump condition (25) encountered in
Example 4.2. The jump condition onH in (29) requires that
the Hamiltonian should be continuous atτ if ht = 0. The
continuity of the Hamiltonian (in caseht = 0) makes
intuitive sense when considered in the light of its
interpretation given in Section 2.2.4. Hartl, Sethi, and
Vickson (1995) and Feichtinger and Hartl (1986) also add
the following condition

ζ(τ1) ≥ η(τ+
1 ) (30)

at each entry timeτ1 to the maximum principle necessary
conditions (29).
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EXAMPLE 4.3

Consider the following problem with the discount rate
ρ ≥ 0:

max
{

J =

∫ 3

0
−e−ρtudt

}

(31)

subject to

ẋ = u, x(0) = 0, (32)

0 ≤ u ≤ 3, (33)

x − 1 + (t − 2)2 ≥ 0. (34)
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SOLUTION OF EXAMPLE 4.3

From the objective function (31), it is good to have low
values ofu. If we useu = 0 to begin with, we see that
x(t) = 0 as long asu(t) = 0. But continuing withu(t) = 0

beyondt = 1 is not feasible sincex(t) = 0 would not satisfy
the constraint (34) just aftert = 1. At t = 1, the constraint
(34) is satisfied with an equality; see Figure 4.2. In order
not to violate the constraint, its first derivativeu − 2(2 − t)

must be nonnegative. This gives usu(t) = 2(2 − t) to be the
lowest feasible value for the control. This value of control
will make the statex(t) ride on the constraint boundary until
t = 2, at which pointu(2) = 0; see Figure 4.2. Continuing
with u(t) = 2(2 − t) beyondt = 2 will makeu(t) negative,
and violate the lower bound in (33).

– p. 28/42



FIGURE 4.2: FEASIBLE STATE SPACE AND

OPTIMAL STATE TRAJECTORY FOR EXAMPLE 4.3
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SOLUTION OF EXAMPLE 4.3 CONT.

It is easy to see thatu(t) = 0, t ≥ 2, is the lowest feasible
value, which can be followed all the way to the terminal
time t = 3. We can now restate the values of the state and
the control variables that we have obtained:

x∗(t)=











0, t ∈ [0, 1),

1 − (t − 2)2, t ∈ [1, 2],

1, t ∈ (2, 3],

u∗(t)=











0, t ∈ [0, 1),

2(2 − t), t ∈ [1, 2],

0, t ∈ (2, 3].

The controlu∗ and, therefore,h1∗ = u∗ + 2(t − 2) is
discontinuous, i.e., the entry is non-tangential. On the other
hand,u∗ andh1∗ are continuous att = 2 so that the exit is
tangential.
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SOLUTION OF EXAMPLE 4.3 CONT.

With u∗ andx∗ thus obtained, we must obtainλ, µ1, µ2, η,
andζ so that the necessary optimality conditions (29) hold,
i.e.,

H = −e−ρtu + λu, (35)

L = H + µ1u + µ2(3 − u) + η[u + 2(t − 2)], (36)

Lu = −e−ρt + λ + µ1 − µ2 + η = 0, (37)

λ̇ = −Lx = 0, λ(3) = 0, (38)

µ1 ≥ 0, µ1u = 0, µ2 ≥ 0, µ2(3 − u) = 0, (39)
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SOLUTION OF EXAMPLE 4.3 CONT.

η ≥ 0, η̇ ≤ 0, η[x − 1 + (t − 2)2] = 0, (40)

λ(1−) = λ(1+) + ζ(1), H(1−) = H(1+) − ζ(1)(−2), ζ(1) ≥ 0.(41)

From (41), we obtainλ(1−) = e−ρ. This with (38) gives

λ(t) =

{

e−ρ, 0 ≤ t < 1,

0, 1 ≤ t ≤ 3,

as shown in Figure 4.3,

µ1(t) =











e−ρt − e−ρ, 0 ≤ t < 1,

0, 1 ≤ t ≤ 2,

e−ρt, 2 < t ≤ 3,

µ2(t) = 0, 0 ≤ t ≤ 3,
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FIGURE 4.3: ADJOINT TRAJECTORY FOR

EXAMPLE 4.3
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SOLUTION OF EXAMPLE 4.3 CONT.

η(t) =











0, 0 ≤ t < 1,

e−ρt, 1 ≤ t ≤ 2,

0, 2 < t ≤ 3,

which, along withu∗ andx∗, satisfy (29). Note,

furthermore, thatλ is continuous at the exit timet = 2. At

the entry timeτ1 = 1, ζ(1) = e−ρ ≥ η(1+) = e−ρ, so that (30)

also holds.
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4.3 CURRENT-VALUE MAXIMUM PRINCIPLE:

INDIRECT METHOD

With the HamiltonianH as defined in (3.33), we can write

the Lagrangian

L[x, u, λ, µ, η] ≡ H + µg + ηh1 = φ + λf + µg + ηh1.

We can now state the current-value form of the maximum

principle, which states that the necessary conditions foru∗

(with the state trajectoryx∗) to be an optimal control are

that there existλ, µ, α, β, γ, η, andζ, which satisfy (42) that

follows:
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NECESSARY CONDITIONS

ẋ∗ = f(x∗, u∗, t), x∗(0) = x0,
satisfying constraints
g(x∗, u∗, t) ≥ 0, h(x∗(t), t) ≥ 0,
and the terminal constraints
a(x∗(T ), T ) ≥ 0 andb(x∗(T ), T ) = 0;
λ̇ = ρλ − Lx[x∗, u∗, λ, µ, η, t]
with the transversality conditions
λ(T−) = σx(x∗(T ), T ) + αax(x∗(T ), T ) + βbx(x∗(T ), T )

+γhx(x∗(T ), T ), and
α ≥ 0, αa(x∗(T ), T ) = 0, γ ≥ 0, γh(x∗(T ), T ) = 0;
the Hamiltonian maximizing condition
H[x∗(t), u∗(t), λ(t), t] ≥ H[x∗(t), u, λ(t), t]
at eacht ∈ [0, T ] for all u satisfying
g[x∗(t), u, t] ≥ 0, and
h1

i
(x∗(t), u, t) ≥ 0 wheneverhi(x

∗(t), t) = 0, i = 1, 2, · · · , p;
the jump conditions at any entry/contact timeτ are
λ(τ−) = λ(τ+) + ζ(τ)hx(x∗(τ), τ) and
H[x∗(τ), u∗(τ−), λ(τ−), τ ] = H[x∗(τ), u∗(τ+), λ(τ+), τ ]

−ζ(τ)ht(x
∗(τ), τ);

the Lagrange multipliersµ(t) are such that
∂L/∂u|u=u∗(t) = 0, dH/dt = dL/dt = ∂L/∂t + ρλf,
and the complementary slackness conditions
µ(t) ≥ 0, µ(t)g(x∗, u∗, t) = 0,
η(t) ≥ 0, η̇(t) ≤ ρη(t), η(t)h(x∗(t), t) = 0, and
ζ(τ) ≥ 0, ζ(τ)h(x∗(τ), τ) = 0 hold. Also (3.40) ifT is free.

(42)
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4.4 SUFFICIENCY CONDITIONS

The sufficiency results can be stated in the indirect adjoining
framework. In order to do so, let us define the Hamiltonian
H and the LagrangianLd in the direct method as

H(x, u, λd, t) = F (x, u, t) + λdf(x, u, t) (43)

and

Ld(x, u, λd, µd, ηd, t) = H(x, u, λd, t) + µdg(x, u, t) + ηdh(x, t), (44)

whereλd, µd andηd are multipliers in the direct
formulation, corresponding toλ, µ andη in the indirect
formulation. It can be shown that:

λd(t) = λ(t) + η(t)hx(x∗(t), t) andµd(t) = µ(t). (45)
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THEOREM 4.1

Let (x∗, u∗, λ, µ, α, β, γ, ζ, η) satisfy the necessary conditions

in (29) and let λd(t) = λ(t) + η(t)hx(x∗(t), t). If

H(x, u, λd(t), t) is concave in (x, u) at each t ∈ [0, T ], S in

(3.2) is concave in x, g in (3.3) is quasiconcave in (x, u), h in

(4.26) and a in (3.4) are quasiconcave in x, and b in (3.5) is

linear in x, then (x∗, u∗) is optimal.
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THEOREM 4.2

Theorem 4.1 remains valid if the concavity of

H(x, u, λd(t), t) in (x, u) at each t is replaced by the

concavity of the maximized Hamiltonian H0(x, λd(t), t) in x

at each t, where

H0(x, λd, t) = max
{u|g(x,u,t)≥0}

H(x, u, λd, t). (46)
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THEOREMS 4.1 AND 4.2 CONT.

Theorems 4.1 and 4.2 are written for finite horizon

problems. For infinite horizon problems, these theorems

remain valid if the transversality conditions on the adjoint

variables in (29) is replaced by the following limiting

transversality condition

lim
t→∞

λ(t)[x(t) − x∗(t)] ≥ 0 (47)

for every feasible state trajectoryx(t), t ≥ 0.
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EXAMPLE 4.1 CONT.

First, we obtain the direct adjoint variable

λd(t) = λ(t) + η(t)hx(x∗(t), t) =

{

t − 1, t ∈ [0, 1),

0, t ∈ [1, 2].

It is easy to see that

H(x, u, λd(t), t) =

{

−x + (t − 1)u, t ∈ [0, 1),

−x, t ∈ [1, 2],

is linear and hence concave in(x, u) at eacht ∈ [0, 2].
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EXAMPLE 4.1 CONT.

Functions

g(x, u, t) =

(

u + 1

1 − u

)

and

h(x) = x

are linear and hence quasiconcave in(x, u) andx,

respectively. FunctionsS ≡ 0, a ≡ 0 andb ≡ 0 satisfy the

conditions of Theorem 4.1 trivially. Thus, the solution

obtained for Example 4.1 satisfies all the conditions of

Theorem 4.1, and is therefore optimal.
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