CHAPTER 4
THE MAXIMUM PRINCIPLE: GENERAL
INEQUALITY CONSTRAINTS
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GENERAL INEQUALITY CONSTRAINTS

Pure State Variable Inequality Constraints: Indirect
Method
t Is common to require state variables to remain
onnegative:

x(t) > 0fort¢ e [0,T], (1)
l.e.,z;(t) > 0,i=1,2,...,n. Constraints exhibiting this
property are callegure state variable inequality
constraints. The general form is:

h(z,t) > 0fort e [0,T]. (2)

Let us consider (1) first. At any point where a component
z;(t) > 0, the corresponding constraiftt) > 0 IS not
binding and can be ignored.
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GENERAL INEQUALITY CONSTRAINTS CONT.

In any interval where;(t) = 0, we must have;(t) > 0 so
hatz; does not become negative. The control must be
onstrained to satisfy; = f; > 0, makingf; > 0 as a
onstraint of the mixed type (3.3) over the interval. We can
dd the constraint

fi(xz,u,t) > 0, whenever;(t) = 0, (3)

We associate multipliers with (3) whenever (3) must be
Imposed, i.e., wheneves(t) = 0. A convenient way to do
this Is to Impose an “either or” conditiopz; = 0. This will
maken; = 0 whenever; > 0.
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GENERAL INEQUALITY CONSTRAINTS CONT.
e can now form the Lagrangian

L=H+pg+nf, (4)
here the Hamiltonia{ is as defined in (3.7) and

= (n1, M2, ---, M), @and apply the maximum principle in (3.11)
ith the additional necessary conditions satisfied by the
multiplier n, namely,

n(t) =0, n(t)z"(t) =0, n(t) <0, (5)
and the modified transversality condition
ANT) = 5:(2"(T), T) + aae(z™(T),T) + Bbe (2" (T), T) + v (6)
where~ Is a constant vector satisfying

v =0, y2*(T) = 0. (7)
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GENERAL INEQUALITY CONSTRAINTS CONT.

Ince the constraints are adjoined indirectly (in this case
heir first time derivative) to form the Lagrangian, the
ethod Is called thendirect adjoining method. If on the
other hand, the Lagrangian is formed by adjoining directly
the constraints (1), I.e.,

LY = F 4+ M f 4+ pulg +na,

wheren? is a multiplier associated with (1), then the methot
IS referred to as thdirect adjoining method.
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REMARK 4.1

The first two conditions in (5) are complementary slacknes
onditions on the multiplien. The last conditiom < 0 Is
Ifficult to motivate. We know, however, that the direct
maximum principle multiplier,? is related ta; asn? = —n.
The complementary slackness conditions for the direct
multiplier n¢ aren? > 0 andn?z* = 0. Sincen? > 0, it

follows thatn < 0.
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JUMP CONDITIONS

n the presence of (1), the marginal value of a change in th

tate at time, whenever it is defined, Is given bByt) + n(t).

t Is also reasonable to expect the marginal value to be
ontinuous even at a time when the state variable hits the
constraint boundary. Buit) usually jumps at that time,
requiringA(¢) to jJump. Fortunately, the maximum principle
In presence of state constraints allows for a jJump(in at a
point in time when the statet) enters its constraint
boundary.
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JUMP CONDITIONS CONT.

e jump must satisfy certain conditions, which in the case
f the state constraints (1) are

=
\]
|
I

A7) +¢(7), ¢(1) >0 (8)

H(z*(r), u™(r7), M77), 7] = H[z"(7), w"(77),A(r"), 7], (9)

at a timer at which one of the state variables has just
reached its boundary value zero.
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subject to

T =u, v(0) =1,
u+1>0,1—u>0,
x> 0.

EXAMPLE 4.1

(10)
(11)
(12)
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SOLUTION OF EXAMPLE 4.1

e Hamiltonian iIs

H=—z+ \u,
hich implies the optimal control to be
uw* = bang—1,1; \], whenever: > 0. (13)

Whenz = 0, we impose: = u > 0 in order to insure that
12) holds. Therefore, the optimal control on the state
constraint boundary is

uw* = bando, 1; A\], whenever: = 0. (14)
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SOLUTION OF EXAMPLE 4.1 CONT.

ow we form the Lagrangian
L=H+pm(u+1)+ p2(l —u) +nu,

hereuq, uo, andn satisfy the complementary slackness
onditions

p1 >0, pa(u+1) =0, (15)
po >0, po(l—u)=0, (16)
n>0, nt=0,7n<0. (17)

Furthermore, the optimal trajectory must satisfy

0L
a—=>\+lﬁ1—ﬂ2+77=0- (18)
u
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SOLUTION OF EXAMPLE 4.1 CONT.

om the Lagrangian we also get

A=——"=1, A2)=7>0, y2(2) = A2)x(2) =0. (19)

e guess that the optimal control will be the one that
eepse* as small as possible, subject to the state constrair
(1). Thus,

—1, te]0,1],
ﬁ@—{o i[]. (20)

This gives
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SOLUTION OF EXAMPLE 4.1 CONT.

t us first tryA(2) = v = 0. Then, sincer*(¢) enters the
oundary zero at= 1, there are no jumps in the intervdl, 2],
nd the solution foA(?) is

ANt)y=t—2, te(1,2] (21)

ince\(t) < 0andz*(t) = 0on(1,2], we haveu*(t) = 0 by
(14), as stipulated. Now let us see what must happen-=at.
We know from (21) that(17) = —1. We now apply (9) to
obtain\(17). For this, we see that

H(1T) = —2*(17) + A((1T)u*(17) = 0,

H17)=—2"(17)+ X1 )u"(17) = =A(17).
By equatingH (17) to H(1") as required in (9), we obtain
A(17) = 0. This, by (8) gives the value of the jump
((H=X17)=X1T)=1>0.
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SOLUTION OF EXAMPLE 4.1 CONT.

ncei(t) < —1 andz*(t) =1 —t > 0 Is positive on [0,1],
e can use (13) to obtain

u*(t) =—1foro <t < 1.

In the time interval [0,1) by (16} = 0 sinceu* < 1, and
by (17),n = 0 because: > 0. Therefore,
pui(t)==Xt)=1—t>0for0o <t <1, and this with

uw* = —1 satisfies (15).
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FIGURE 4.1: STATE AND ADJOINT

TRAJECTORIES IN EXAMPLE 4.1
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SOLUTION OF EXAMPLE 4.1 CONT.

complete the solution, we calculate the Lagrange
ultipliers in the interval [1,2]. Since*(t) = 0ont € [1, 2],
e haveu;(t) = uo(t) = 0. Then, from (18) we obtain
(t) = —A(t) = 2 —t > 0 which, withz*(¢) = 0 satisfies
17). This completes the solution. The graphsat) and
A(t) are shown in Figure 4.1.

Remark 4.2 In instances where the initial state or the final
state or both are on the constraint boundary, the maximun
principle maydegenerate in the sense that there is no
nontrivial solution of the necessary conditions, i.e.,

A(t) =0,t e [0,T], whereT is the terminal time.
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EXAMPLE 4.2

onsider Example 4.1 with = 3 and the terminal state

z(3) = 1.

learly, the optimal contral* will be the one that keeps
as small as possible, subject to the state constraint (1) anc
the boundary conditiomn(0) = z(3) = 1. Thus,

—1, telo,1), (1—+¢, te]0,1),
)= 0, tell,2, z*#)=< 0, te[l2],
1, te(2,3], L t—2, te (2,3
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SOLUTION OF EXAMPLE 4.2

e shall only compute the adjoint function and the
ultipliers that satisfy the optimality conditions. These

) t=1, tel0,1],
At = { t—2, te(1,3], (22)
pi(t) = pa(t) =0, tell,2], (23)
n(t) = —A(t), t€(1,2], (24)

and the jump((1) = 1 > 0 so that

M17)=X1T)+¢(1)andH(17) = H(1T). (25)



4.2 A MAXIMUM PRINCIPLE: INDIRECT METHOD

IXed inequality constraints and the pure state variable
Inequality constraints:

h(z,t) >0, (26)

where we assume functign: E" x E' — EP to be as many
times continuously differentiable as required. By the
definition of functionh, (26) represents a set pttonstraints
hi(xz,t) > 0,7 =1,2,...,p. Itis noted that the constraint

h; > 01s called a constraint ofth order if therth time
derivative ofh; Is the first time a term in contrad appears

In the expression by puttingyx, u, t) for i after each
differentiation.
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4.2 A MAXIMUM PRINCIPLE: INDIRECT METHOD

CONT.

the case of first-order constraints, we need to define
Y(z,u,t) as follows:

_dh_Oh ., Oh
dt Oz ot
With respect to theth constraint:;(z,t) > 0, an interval
(61,02) C [0, T] with 6, < 05 Is called annterior interval if
hi(z(t),t) > 0forallt € (61,09). If the optimal trajectory
“hits the boundary,” I.e., satisfieg(z(¢),t) = 0 for
1 <t < 7, for somei, then|r, 7] Is called aboundary
Interval.

h (27)
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JUNCTION TIMES

Instantr; Is called arentry time if there is an interior
Interval ending at = =, and a boundary interval starting at
1. Correspondinglyy, Is called arexit time if a boundary
nterval ends and an interior interval starts-atlf the
rajectory just touches the boundary at time.e.,
h(z(7t),7) = 0 and If the trajectory is in the interior just
before and just after, thenr is called acontact time. Taken
together, entry, exit, and contact times are cajledtion

times.
-
Entry Time Exit Time Contact Time
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FULL-RANK CONDITION

e following full-rank condition on any boundary interval
,7’2] hold:
- Onljou

Ohl /ou
rank 2_/

1
| Ohg/ou |

where fort € [, 2],

and
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LAGRANGIAN

formulate the maximum principle for the problem with
IXed constraints as well as first-order pure state
onstraints, we form the Lagrangian as

L(z,u, A p,n,t) = H(z,u, A\ t) + pg(z, u, t) +nh'(z,u,t),(28)

where the Hamiltonian as defined in (3./)satisfies the
complementary slackness conditions in (3.9), ardE? (a
row vector) satisfies the conditions

n >0, nhiz,t) =0, n <0
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¢, which satisfy

(2

MAXIMUM PRINCIPLE

e maximum principle states that the necessary conditiol
or «* (with the state trajectory*) to be an optimal control
or the problem defined above are that there exist adjoint
variable\, multipliersu, o, 3,v,n, and the jump parameter

9) that follows.
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t* = f(z*,u*,t), 2*(0) = xo,
satisfying constraints
g(x*,u*,t) >0, h(z*,t) > 0, and
the termlnal constralnts
a(z*(T),T) > 0 andb(z* (T),T) = 0;
A= —Lglz*,u*, \, u,n,t]
with the transversality conditions
++vhg (x*(T),T), and
a >0, aa(z*(T),T) =0,y >0, yvh(z*(T),T) = 0;
the Hamlltonlan maximizing condition
H[a* (8), ™ (£), (1), 1] > H[z* (1), u, A(£), 1]
at eacht € [0, T for all u satisfying
gla*(t), u,1] > 0, and
h; (x*(t),u,t) > 0 wheneverh;(z*(t),t) = 0,1 =1,2,---
the jJump conditions at any entry/contact timare
A7) =A1T) + {(T)ha(z*(7), 7) and
Hz* (1), u*(17), M77), 7] = H[z* (1), uw*(77), A(77), 7]
. —¢(T)he (2™ (7), 7);
the Lagrange muItlpllerﬁ( ) are such that
and the complementary slackness condltlons
p(t) >0, p(t)g(x*,u*,t) =0,
77(t) >0, 0(t) < 0, n(t)h(z*(t),t) = 0, and
¢(1) >0, ¢(7)h(z*(7),7) = 0 hold. Also (3.14) ifT" is free.

» D5

NECESSARY CONDITIONS

(29)
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NECESSARY CONDITIONS CONT.

Note that the jump conditions on the adjoint variables in
(29) generalize the jump condition (25) encountered in
xample 4.2. The jump condition @il in (29) requires that
he Hamiltonian should be continuousrat »; = 0. The
ontinuity of the Hamiltonian (in case = 0) makes

Intuitive sense when considered in the light of its
interpretation given in Section 2.2.4. Hartl, Sethi, and
Vickson (1995) and Feichtinger and Hartl (1986) also add
the following condition

(1) = n(") (30)

at each entry time; to the maximum principle necessary
conditions (29).
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EXAMPLE 4.3

onsider the following problem with the discount rate

> 0:
3
max{J:/ —e_ptudt} (31)
0

subject to

T =u, x(0)=0, (32)
0<u<3, (33)
r—14(t—2)*>0. (34)
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SOLUTION OF EXAMPLE 4.3

rom the objective function (31), it is good to have low
values ofu. If we useu = 0 to begin with, we see that
(t) = 0 as long as:(t) = 0. But continuing withu(t) = 0
eyond: = 1 Is not feasible since(t) = 0 would not satisfy
he constraint (34) just after= 1. At ¢ = 1, the constraint
(34) is satisfied with an equality; see Figure 4.2. In order
not to violate the constraint, its first derivative- 2(2 — t)
must be nonnegative. This gives43) = 2(2 — ¢) to be the
lowest feasible value for the control. This value of control
will make the state:(¢) ride on the constraint boundary until
t = 2, at which point.(2) = 0; see Figure 4.2. Continuing
with u(t) = 2(2 — t) beyond: = 2 will make «(t) negative,
and violate the lower bound in (33).
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FIGURE 4.2: FEASIBLE STATE SPACE AND

OPTIMAL STATE TRAJECTORY FOR EXAMPLE 4.3

x—1+(—2)?

0
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SOLUTION OF EXAMPLE 4.3 CONT.

It/is easy to see that(t) = 0, ¢t > 2, Is the lowest feasible
alue, which can be followed all the way to the terminal
Imet = 3. We can now restate the values of the state and
he control variables that we have obtained:

0, te|0,1), 0, te|0,1),
()=¢ 1—(t—2)2 tell,2], u'(t)=< 2(2—1), te[1,2],
1, t e (2,3, 0, t e (2,3].

The control.* and, thereforep'* = u* +2(t — 2) is
discontinuous, I.e., the entry is non-tangential. On tineot
hand,u* andh'* are continuous at= 2 so that the exit is
tangential.
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SOLUTION OF EXAMPLE 4.3 CONT.

ith «* andz* thus obtained, we must obtaN) 1, u9, 7,
nd(¢ so that the necessary optimality conditions (29) hold,
€.,

H = —e Pu+ \u, (35)

L=H+ piu+ pa(3 —u) +nlu+2(t — 2)], (36)
Ly=—¢ "+ X4+ —po+n=0, (37)
A=—L,=0, \3)=0, (38)

pr >0, piu =0, pp >0, pa(3 —u) =0, (39)
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SOLUTION OF EXAMPLE 4.3 CONT.

n>0, 7<0, gz —1+(—2)%=0, (40)
1) = A(1%) + (1), H(17) = H(IH) — C(1)(~2), ¢(1) > 0.(41)

rom (41), we obtain\(17) = e¢~*. This with (38) gives

P <t<l1
A(t) = e P, 0<t<l,
0, 1 <t <3,

as shown in Figure 4.3,

e Pt —e P 0<t<l,
ui(t) =<4 0, 1<t<2, p(t)=0,0<t<3,
e Pt 2 <t <3,
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FIGURE 4.3: ADJOINT TRAJECTORY FOR

EXAMPLE 4.3

w @
N
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SOLUTION OF EXAMPLE 4.3 CONT.

0<t <1,

1<t<2,

2 <t <3,

which, along withu* andz*, satisfy (29). Note,
furthermore, that is continuous at the exit time= 2. At
the entry timer; =1, {(1) = e ? > n(17) = e 7, so that (30)
also holds.
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4.3 CURRENT-VALUE MAXIMUM PRINCIPLE:

INDIRECT METHOD

ith the HamiltonianA as defined in (3.33), we can write
he Lagrangian

Llz,u, A\, pi,n] = H + pg +nh' = ¢+ Af + pg + nh'.

We can now state the current-value form of the maximum
principle, which states that the necessary conditionsfor
(with the state trajectory*) to be an optimal control are
that there exish, u, o, 3, v, n, and¢, which satisfy (42) that
follows:
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¥ = f(z*,u*,t), £*(0) = xo,

satisfying constraints

g(x*,u*,t) >0, h(x*(t),t) >0,

and the terminal constraints

a(z*(T),T) > 0andb(z*(T),T) = 0;

A= p>‘ _ Lx[$*7u*7>‘7 M, 1, t]

with the transversality conditions

MNT7)=o0z(x*(T),T) + aag(x*(T),T) + Bbz(x*(T),T)

+~vhy (x*(T),T), and

a>0, aa(z*(T), T) =0, v >0, yh(z*(T),T) = 0;

the Hamiltonian maximizing condition

Hia* (£), u* (t), A(¢), t] > H[z*(t),u, A(t), 1]

at eacht € [0, T for all u satisfying

glz*(t), u,t] > 0, and

h;(x*(t),u,t) > 0 wheneveh,;(z*(t),t) =0,i=1,2,--- ,p

the jump conditions at any entry/contact timare

AM77) = A(rT) + ¢(1)hg (x*(7),7) and

Hz* (1), u*(17), M7 7), 7] = H[z* (1), u*(77), A\(7F), 7]
- —¢(T)he(z™ (1), 7);

the Lagrange multiplierg(t) are such that

OL/Ou|y=yx ) = 0,dH/dt = dL/dt = OL/0t + pAf,

and the complementary slackness conditions

p(t) >0, p(t)g(z™,u,t) =0,

n(t) > 0, n(t) < pn(t), n(t)h(z*(t),t) =0,and

(1) >0, {(t)h(xz*(7),7) = 0 hold. Also (3.40) ifT" is free.

)

NECESSARY CONDITIONS

(42)
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4.4 SUFFICIENCY CONDITIONS

e sufficiency results can be stated in the indirect adygini
ramework. In order to do so, let us define the Hamiltonian
and the Lagrangian® in the direct method as

H(z,u, A" t) = F(z,u,t) + A f(z, u, 1) (43)
and

where)?, 1 andn? are multipliers in the direct
formulation, corresponding to, © andn In the indirect
formulation. It can be shown that:

N(t) = A(t) + n(t)ha (2 (8),1) @andp®(t) = u(t).  (45)
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THEOREM 4.1

(x*,u*, \, u, a, 8,7, (,n) satisfy the necessary conditions
n (29) and let A%(¢) = A(t) + n(t)he (z* (1), t). If
(z,u, A\%(t),t) isconcavein (z,v) at each ¢t € [0, 7], S in

(3.2) Isconcavein z, g In (3.3) Isquasiconcave in (z,u), kA IN
(4.26) and « 1IN (3.4) are quasiconcave in z, and b In (3.5) IS

linear in z, then (z*, «*) 1s optimal.
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THEOREM 4.2

eorem 4.1 remains valid if the concavity of

(z,u, A%(t),t) in (x,u) at each t isreplaced by the
oncavity of the maximized Hamiltonian H%(z, A\%(¢),t) in x
at each ¢, where

HY x,)\d,t = max H(z, u, )\d,t . (46)
( ) {ulg(z,u,t)>0} ( )
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THEOREMS 4.1 AND 4.2 CONT.

eorems 4.1 and 4.2 are written for finite horizon
roblems. For infinite horizon problems, these theorems

emain valid if the transversality conditions on the adjoin

variables in (29) is replaced by the following limiting

transversality condition
lim A(t)[x(t) — 2™(t)] > 0 (47)

t—o00 -

for every feasible state trajectoryt), ¢ > 0.
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EXAMPLE 4.1 CONT.

rst, we obtain the direct adjoint variable

-
|
p—t
-
M
=)
p—t
N~—

(1) = A() + (D) ha(a”(t), 1) = { 0, te[1,2).

It Is easy to see that

—r4+ (t—1u, te€l0
—, te|l,2],

 —
N——

H(z,u, \(t),t) = {

IS linear and hence concave(in «) at eacht € [0, 2].
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EXAMPLE 4.1 CONT.

nctions

nd

are linear and hence quasiconcavésdn:) andz,
respectively. FunctionS = 0, « = 0 andb = 0 satisfy the
conditions of Theorem 4.1 trivially. Thus, the solution
obtained for Example 4.1 satisfies all the conditions of
Theorem 4.1, and is therefore optimal.
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