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Abstract Acoustic imaging and sensor modeling are
processes that require repeated solution of the acoustic
wave equation. Solution of the wave equation can be
computationally expensive and memory intensive for
large simulation domains. One scheme for speeding up
solution of the wave equation is the operator-based up-
scaling method. The algorithm proceeds in two steps.
First, the wave equation is solved for fine grid unknowns
internal to coarse blocks assuming the coarse blocks
do not need to communicate with neighboring blocks
in parallel. Second, these fine grid solutions are used
to form a new problem which is solved on the coarse
grid. Accurate and efficient wave propagation schemes
also must avoid artificial reflections off of the computa-
tional domain edges. One popular method for prevent-
ing artificial reflections is the Nearly Perfectly Matched
Layer (NPML) method. In this paper we discuss apply-
ing NPML to operator upscaling for the wave equation.
We show that although we only apply NPML to the
first step of this two step algorithm (directly affecting
the fine grid unknowns only), we still see a significant
reduction of reflections back into the domain. We de-
scribe three numerical experiments (one homogeneous
medium experiment and two heterogeneous media ex-
amples) in which we validate that the solution of the
wave equation exponentially decays in the NPML re-
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gions. Numerical experiments of acoustic wave propa-
gation in two dimensions with a reasonable absorbing
layer thickness resulted in a maximum pressure reflec-
tion of 3–8%. While the coarse grid acceleration is not
explicitly damped in our algorithm, the tight coupling
between the two steps of the algorithm results in only
0.1–1% of acceleration reflecting back into the compu-
tational domain.
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1 Introduction

In seismic inversion the objective is to determine the
mechanical parameters that describe the propagation
of waves through the earth by minimizing the misfit
between measured seismograms and data predicted by
a mathematical model of the earth. At the heart of the
inverse problem is a forward model for wave propaga-
tion which is solved repeatedly each time an update
is made to the earth parameters. Because this itera-
tive process can be costly computationally, it is im-
portant to use numerical schemes that define an ac-
curate solution and preclude artificial reflections from
the computational domain boundaries especially when
realistic physical experiments include seismic sources
and receivers placed near the earth’s surface and out
laterally to the domain edges. Extending the compu-
tational domain to avoid reflections off the boundaries
is generally prohibitive for realistic wave propagation
imaging problems. Earth science modeling is made even
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more complex due to the fact that parameters range
from the pore scale (millimeters) to the field scale (kilo-
meters). One must make choices about the most im-
portant scales on which to focus attention. To address
the multiple scale problem, Vodovina, Minkoff, and Ko-
rostyshevskaya applied operator-based upscaling to the
acoustic wave equation to capture the effect of the fine
scales on a coarse-scale solution [33,31,26]. This operator-
based upscaling method does not produce new effective
or equivalent coefficients on the coarse grid, but rather
provides an effective solution directly. This method has
the advantage that no a priori assumptions are made
about the medium being periodic or having scale sepa-
ration.

While upscaling schemes for reservoir simulation have
been studied extensively for some time now (see for a
small sample, [10,5,25,2,1]), multiscale techniques for
solving the wave equation have only gained attention
over the last decade or so. For flow simulation, per-
meability (an uncertain parameter) can vary over four
orders of magnitude locally. While wave parameters (ve-
locity and density) do not fluctuate as extensively, pin-
pointing the location of interfaces (jumps in material
parameters) is of even more importance for exploration
seismology than for reservoir simulation. Over the last
10–15 years, attention has focused on methods that at-
tempt to capture sub-wavelength heterogeneities on a
coarse scale for wave propagation and imaging (see for
example the papers by Chung, Efendiev and Gibson,
Engquist, etc. [12,11,6,14,34]). Very little of the lit-
erature is focused on the development of effective ab-
sorbing boundary conditions for these multiscale tech-
niques.

Operator-based upscaling was originally developed
for fluid flow (see [2]). Minkoff and collaborators have
since applied and studied the implementation of the up-
scaling method for both the acoustic and elastic wave
equations (see [33,26,31,32]) as well as for imaging [28].
The method uses a two-scale decomposition of the so-
lution, and it has been shown to accurately capture
fine-scale heterogeneities in the upscaled solution and
to exhibit nearly ideal speedup with no communication
between processors [33]. The fine grid solve is the expen-
sive part of the algorithm and is, therefore, where the
savings occurs. The coarse problem is generally quite
small and can often be solved in serial.

Absorbing boundaries can be categorized into two
broad categories: rigorous “non-local” boundaries [16]
and approximate “local” boundaries [7]. The rigorous
non-local boundaries are highly accurate and often for-
mulated for time-harmonic problems [15]. Approximate
local absorbing boundaries can be formulated for tran-
sient problems [17] at low computational cost. In prac-

tice, these boundary conditions do not result in per-
fect absorption. Ideally, absorbing boundaries should
absorb waves independent of frequency and incidence
angle [27,18]. Berenger introduced the concept of “Per-
fectly Matched Layer” conditions (PML) for Maxwell’s
equations [3]. “Perfectly matching” implies that the in-
terface between the computational domain and the ab-
sorbing layer does not exhibit any reflection. PML at-
tempts to eliminate reflected waves from all non-tangential
angles-of-incidence and frequency. PML boundary con-
ditions have been applied extensively to computational
electromagnetism, the scalar Helmholtz equation, ad-
vective acoustics, poroelastic media, shallow water waves,
elasticity, and others (see for example [24,4,20,3,16,
7]). Cummer reformulated PML for Maxwell’s equa-
tions in such a way that the governing equations in
any linear media did not change [9]. This formulation
is called Nearly Perfectly Matched Layers (or NPML).
The method was applied to first-order equations aris-
ing in seismic modeling by Hu and Cummer [19]. In
this work we investigate NPML for operator upscaling
applied to the acoustic wave equation. In this paper we
start by reviewing operator upscaling. We then show
how to apply NPML to our formulation of the wave
equation as a second-order system in space and then to
the discrete form that results from operator upscaling.
We conclude with numerical experiments showing the
effectiveness of NPML for operator upscaling applied
to acoustics.

2 Operator-Based Upscaling of the 2-D
Acoustic Wave Equation: Background

The study of upscaling methods is driven by the need
to develop numerical schemes which capture fine-scale
solution detail in a coarse scale solution to save on stor-
age and computation time. Upscaling traditionally has
involved redefining the physical system parameters on
a coarser grid [5,10,25]. We will now review operator
(or subgrid) upscaling which does not redefine input
parameters in the model but instead determines an up-
scaled solution directly. This review summarizes Vdov-
ina, Korostyshevska and Minkoff [33,26]. We start by
assuming the computational grid contains unknowns
which live on both a coarse and a fine (or subgrid) scale.
The problem is solved first for the fine grid unknowns
within each coarse block and then this subgrid solution
is used to define an upscaled solution operator on the
coarse grid.

Let Ω be a two-dimensional domain with boundary
Γ . We consider the acoustic wave equation in Ω written
as the (non-standard) first-order system in space for
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acceleration v and pressure p:

v = −1
ρ
∇p in Ω,

1
ρc2

∂2p

∂t2
= −∇ · v + f in Ω,

(1)

Here c is the sound velocity, ρ is the density, and f is
the source of acoustic energy.

The subgrid upscaling technique is based on a mixed
finite element variational formulation of these equa-
tions. Let H0(div;Ω) be the set of vector functions, v,
such that:

{v ∈ (L2(Ω))2 : ∇ · v ∈ L2(Ω), and v · ν = 0 on Γ},

where ν is the unit outward normal to the boundary
Γ . Rewriting System (1) in weak form we would like to
find v ∈ H0(div;Ω) and p ∈ L2(Ω) such that

〈ρv,u〉 = 〈p,∇ · u〉 ,〈
1
ρc2

∂2p
∂t2 , w

〉
= −〈∇ · v, w〉+ 〈f, w〉 ,

(2)

for all u ∈ H0(div;Ω) and w ∈ L2(Ω). The two-dimensional
domain Ω is decomposed into a coarse mesh, and each
coarse element Ec is further decomposed into a sub-
grid mesh. While alternate formulations are certainly
possible (see for example, our upscaling of the elastic
wave equation where all unknowns are upscaled [32]
and the earlier work by Arbogast et al. [2] in which
both pressure and velocity are upscaled for flow), in
this work we only upscale acceleration. The implemen-
tation of NPML that we describe here is a practical
necessity that applies to the algorithm we have ana-
lyzed and implemented in related papers such as [33,
26,31]. The space of acceleration unknowns can be de-
composed uniquely into the sum v = vc+δv where the
coarse acceleration is denoted by vc and the fine-grid
acceleration internal to each coarse-grid cell is δv. Both
of these spaces consist of vector functions living on the
edges of the grid blocks (see Figure 1).

In the subgrid upscaling method we describe here,
both the coarse and fine components of the horizontal
acceleration are approximated by the space of piecewise
continuous linear functions in x and piecewise constants
in y (for vertical acceleration we use linear functions in
y and constants in x). The coarse and subgrid basis
functions (ucx)i, (δux)i for acceleration have nodes at
the midpoints of vertical edges of the coarse and fine
cells respectively (Figure 1). The pressure p is approx-
imated by piecewise constants defined on the fine grid
with nodes at the centers of the fine cells.

(a) (b)

Fig. 1: A sample domain Ω consisting of 4 coarse cells. Each
coarse cell contains 16 fine-grid blocks. (a) The dots represent
nodes for the pressure space δW. (b) The large crosses repre-
sent nodes for the coarse acceleration space V c, and the small
crosses represent nodes for the subgrid acceleration space δV .

In order to decouple the subgrid problems from coarse
block to coarse block, homogeneous Neumann bound-
ary conditions are imposed on each coarse block:

δu · ν = 0 on ∂Ec. (3)

This is the primary simplifying assumption in the defi-
nition of the operator-based upscaling method. This con-
dition enables an efficient parallel implementation of
the method by decoupling the subgrid problems so that
no communication between processors is required. The
method consists of two steps: (1) finding the solution to
the subgrid problems assuming Condition (3) on coarse
block edges, and (2) determining the coarse accelera-
tion.

Step 1: By choosing test functions which live on the
fine grid, we can solve the subgrid problems in terms of
the coarse acceleration vc:

〈ρ(vc + δv), δu〉Ec − 〈p,∇ · δu〉Ec = 0, (4)〈
1
ρc2

∂2p

∂t2
, w

〉
Ec

+ 〈∇ · (vc + δv), w〉Ec = 0, (5)

for all δu ∈ δV(Ec) and w ∈W (Ec). For simplicity we
have dropped the source function f . Pressure is com-
pletely determined by Step 1 of the algorithm. Although
the algorithm was developed based on the mixed finite
element method, the equivalence between cell-centered
finite differences and lowest-order mixed finite elements
allows us to solve the expensive subgrid problem via
finite differences [29,33]. In fact Equations (4) and (5)
can be discretized using second-order in space and time,
staggered finite-differences to give:

1
ki+ 1

2 ,j+
1
2

pn+1
i+ 1

2 ,j+
1
2
− 2pn

i+ 1
2 ,j+

1
2

+ pn−1
i+ 1

2 ,j+
1
2

(∆t)2

= (Dx +Dy)(δv + vc)|ni+ 1
2 ,j+

1
2
,

(6)



4 C. Lai and S.E. Minkoff

δvx|n+1
i,j+ 1

2
= −vcx|n+1

i,j+ 1
2
−Dxp|n+1

i,j+ 1
2
, (7)

δvy|n+1
i+ 1

2 ,j
= −vcy|n+1

i+ 1
2 ,j
−Dyp|n+1

i+ 1
2 ,j
, (8)

δvx|n+1
0,j+ 1

2
= δvx|n+1

Nx,j+
1
2

= 0, (9)

δvy|n+1
i+ 1

2 ,0
= δvy|n+1

i+ 1
2 ,Ny

= 0, (10)

where n corresponds to the time level, Dx and Dy de-
note first-order, centered finite difference operators, Nx
and Ny correspond to the number of fine cells inside
each coarse cell in the x and y directions, respectively,
ki,j is the bulk modulus, and ∆t is the time step.

Step 2: Determine coarse acceleration vc by solving

〈ρ(vc + δv(vc)),uc〉 = 〈p,∇ · uc〉 , (11)

for all uc ∈ Vc. Korostyshevskaya and Minkoff [26]
proved that the upscaling technique results in the linear
system for the coarse acceleration and pressure of the
form:

Uvcx = Dp, (12)

where U is a diagonal matrix of size (K − 1)× (K − 1)
where K is the number of coarse cells in the domain,
and D is a block upper bidiagonal matrix of size (K −
1)×nxnyK. Here nxnyK is the total number of fine cells
in the domain. The entries of the matrix U are given
by the sum of density values, ρl, on the corresponding
boundaries of the coarse cells:

Ui,i = (hxhy)
∑
l

ρil. (13)

The non-zero entries of the matrix D correspond to
the pressure nodes located along the boundaries of the
coarse cells (see Figure 2). The matrix Equation (12)
for vcx and p gives us insight into the equations solved
by the upscaling algorithm and greatly simplifies the
implementation of the method. Thus substituting in the
expressions for U and D into Equation (12) gives the
difference equation for coarse acceleration in the NPML
region as:

(hxhy)
ny∑
l=1

ρil(v
c
x)i

= −(hxhy)

[
ny∑
l=1

pNi+nx(l−1)+1

hx
−

ny∑
l=1

pN(i−1)+nxl

hx

]
.

(14)

Here hx and hy denote the spatial grid spacing in the
x and y directions, respectively. Notice that the coarse
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Fig. 2: Two adjacent 3 x 3 coarse grid cells with the coarse ac-
celeration unknown represented by the cross. Pressure nodes
are shown as dots.

acceleration is only dependent on pressure and the aver-
age of the density values on the boundary of the coarse
cell. In our NPML implementation for upscaling we
will, therefore, choose to only damp pressure and sub-
grid acceleration in Step 1 of the algorithm. We do not
explicitly apply NPML to Step 2 of the upscaling algo-
rithm.

3 Nearly Perfectly Matched Layers for the 2-D
Acoustic Wave Equation

3.1 NPML for the Alternative Formulation of the
Acoustic Wave Equation

Hu, Abubakar, and Habashy [20] applied NPML to
acoustic wave propagation with the governing equations
given by Fokkema and van den Berg [13], and showed
the equivalence of the PML and NPML formulations in
3-D Cartesian coordinates. Johnson notes [22] that all
wave equations, from scalar waves to Maxwell’s equa-
tions can be written in the abstract form

∂w/∂t = D̂w (15)

for some wave function w(x, t) and some anti-Hermitian
operator D̂. The same PML ideas apply equally well in
all of these cases. In this section we show how to ap-
ply NPML to our alternative formulation of the 2-D
acoustic wave equation given as a first-order system in
space, not time (System (1)), as this is the formulation
used in the upscaling algorithm. This is a non-standard
form of the wave equation and hence worth examining
even in the continuous case in the context of how one
would apply NPML. The frequency domain version of
System (1) can be found by taking the Fourier trans-
form in time and using the Fourier derivative theorem
( ∂

n

∂tn f(t) ⇀↽ (iω)nF (s)) [23] to get:



NPML For Operator Upscaling of the Acoustic Wave Equation 5

v̂x = −1
ρ

∂p̂

∂x
, (16)

v̂y = −1
ρ

∂p̂

∂y
, (17)

1
ρc2

(−iω)2p̂ = −
(
∂v̂x
∂x

+
∂v̂y
∂y

)
, (18)

where v̂x, v̂y, and p̂ are the Fourier transform with re-
spect to time of vx, vy, and p, respectively. The math-
ematically equivalent NPML formulation of Equations
(16–18) is:

v̂α = −1
ρ

∂

∂α

(
p̂

γα

)
, (19)

1
ρc2

(−iω)2p̂ = − ∂

∂x

(
v̂x
γx

)
− ∂

∂y

(
v̂y
γy

)
, (20)

where α denotes a spatial component, α ∈ {x, y}, and
γα is defined as the complex coordinate stretch factor,
i.e., γα = 1− iηα/ω as in [20].

While the PML decay factor, ηα, can be defined in sev-
eral ways, we use the expression given in Hu, Abubakar,
and Habashy [20], namely:

ηα(α) =



η [(L− α)/L]3 for α ≤ L,

0 for L < α ≤ L+ αm,

η [(α− L− αm)/L]3 for L+ αm ≤ α,

where L is the thickness of the NPML layer, η is the
maximum NPML decay factor, and αm is the size of
the physical medium (computational) domain.

Since we wish to solve the equations in the time do-
main, we use the Fourier inversion formula to transform
Equations (19) and (20) back:

vα = −1
ρ

∂

∂α

(
p

γα

)
, (21)

1
ρc2

∂2p

∂t2
= −

(
∂

∂x

(
vx
γx

)
+

∂

∂y

(
vy
γy

))
. (22)

To simplify the NPML formulation above, we define
auxiliary variables by:

pα =
p

γα
; vαα =

vα
γα
. (23)

Note that the subscript denotes the spatial components.
The superscript denotes the spatial components in the
complex coordinate stretch factor, γα. For instance, vxy
is the auxiliary acceleration variable in the y-direction
with the complex coordinate stretch factor in the x-
direction. Specifically, vxy = vy

γx
= vy/(1− iηx/ω).

These auxiliary variables can be substituted into Equa-
tions (21) and (22) to obtain the simplified NPML for-
mulation:

vα = −1
ρ

∂pα

∂α
, (24)

1
ρc2

∂2p

∂t2
= − ∂

∂x
vxx −

∂

∂y
vyy. (25)

Hu [20] connected the state variables ξ to the auxil-
iary state variable ξ

α
by augmenting the system with

auxiliary differential equations of the form

ξ
α

=
ξ

1− iηα/ω
, (26)

where ξ ∈ {p, vx, vy}.

Equation (23) for acceleration can be formulated as fol-
lows:

vα = γαv
α
α = vαα − (iηα/ω)vαα. (27)

By introducing an auxiliary field variable Φ [22] sat-
isfying:

−iωΦ = ηαv
α
α, (28)

Equation (27) can be rewritten as:

vαα + Φα = vα, (29)

Moving back to the time domain we, therefore, get

∂vαα
∂t

+ ηvαα =
∂vα
∂t

. (30)

Similarly the closure relationship between the original
and contracted pressure field is the following:

∂pα

∂t
+ ηαp

α =
∂p

∂t
, (31)
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where α ∈ {x, y}.

Equations (24) and (25) along with the auxiliary
differential Equations (30) and (31) can be discretized
via finite differences as follows:

vni+1/2,j = − 1
ρi+1/2,jhx

(pni+1,j − pni,j), (32)

vni,j+1/2 = − 1
ρi,j+1/2hy

(pni,j+1 − pni,j), (33)

pn+1
i,j = 2pni,j − pn−1

i,j −
ki,j(∆t)2

hx
(vni+1/2,j − v

n
i−1/2,j)

− ki,j(∆t)2

hy
(vni,j+1/2 − v

n
i,j−1/2), (34)

ξ
n+1

αi,j
= (ξn+1

αi,j
− ξnαi,j

) + ξ
n

αi,j
− ηα∆tξ

n

αi,j
, (35)

where ξ ∈ {p, vx, vy}. We note that Equations (32–34)
have the same form as a finite difference discretization
of the original Equations (1). Equation (35) gives three
auxiliary ODEs which augment the system for the new
NPML implementation.

3.2 Implementation of NPML with Operator-Based
Upscaling

The NPML formulation is used to attenuate outgoing
acoustic waves. Within the computational domain, the
NPML formulation does not change the governing equa-
tions, hence it is ideal for reusing software which imple-
ments complex discretizations such as upscaling.

When we apply these same ideas to determine the NPML
formulation of the system of discretized equations that
correspond to Step 1 of the upscaling algorithm (6)–
(10) we obtain the system:

1
ki+ 1

2 ,j+
1
2

pn+1
i+ 1

2 ,j+
1
2
− 2pn

i+ 1
2 ,j+

1
2

+ pn−1
i+ 1

2 ,j+
1
2

(∆t)2

= (Dx +Dy)(δv + vc)|ni+ 1
2 ,j+

1
2
, (36)

δvx|n+1
i,j+ 1

2
= −vcx|n+1

i,j+ 1
2
−Dxp|n+1

i,j+ 1
2
, (37)

δvy|n+1
i+ 1

2 ,j
= −vcy|n+1

i+ 1
2 ,j
−Dyp|n+1

i+ 1
2 ,j
, (38)

δvx|n+1
0,j+ 1

2
= δvx|n+1

Nx,j+
1
2

= 0, (39)

δvy|n+1
i+ 1

2 ,0
= δvy|n+1

i+ 1
2 ,Ny

= 0, (40)

pn+1
αi,j

= (pn+1
αi,j
− pnαi,j

) + pnαi,j
− ηα∆tpnαi,j

, (41)
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Fig. 3: 2D acoustic wave equation: The entire domain is dis-
cretized into 9 subdomains. Only the state variables are active
in the computational domain (shown in white). The state and
auxiliary variables are active in the NPML regions (in gray).

δv
n+1

xi,j
= (δvn+1

xi,j
− δvnxi,j

) + δv
n

xi,j
− ηx∆tδv

n

xi,j
, (42)

δv
n+1

yi,j
= (δvn+1

yi,j
− δvnyi,j

) + δv
n

yi,j
− ηy∆tδv

n

yi,j
, (43)

where {p, δvx, δvy} are the auxiliary variables. In this
system of differential equations, we introduced three
auxiliary variables and three auxiliary differential equa-
tions.

To determine the effect of the auxiliary variables, we
note from Figure 3 that the auxiliary variables are ac-
tive from the three additional auxiliary differential equa-
tions in the NPML regions. The final NPML formula-
tion above does not change the form of the original
governing equations in the computational domain.

4 Numerical Experiments

In this section we illustrate via numerical experiments
the effectiveness of our NPML implementation in the
context of operator upscaling. While it is rarely the case
that all reflections are damped completely with PML or
NPML even with standard discretizations of the wave
equation, it does appear this implementation effectively
damps the majority of the reflected wave for both pres-
sure and acceleration. The experiments we present in
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this section include NPML applied to a standard stag-
gered grid finite difference discretization of our first-
order acoustic system (Equations (1)) as well as the
operator upscaling algorithm with and without NPML.
Our focus in this work is to understand NPML in the
context of upscaling for the wave equation. However, we
show the staggered grid finite difference solution simply
for comparison since it is a more standard discretiza-
tion of the wave equation.

Two important considerations for numerical solution of
the wave equation are stability and dispersion. Vdov-
ina, Minkoff, and Korostyshevskaya [33] showed that
if

c2o∆t
2

(
1

∆x2
+

1
∆y2

)
< 1, (44)

then the discrete energy is positive. So temporal iter-
ates are bounded by the initial data and the discrete
upscaling scheme is stable. This stability condition cor-
responds to the standard CFL condition for the acous-
tic wave equation. Here we have denoted the length
of a single fine cell in the x and y directions by ∆x

and ∆y, respectively. The fine-grid time step is denoted
by ∆t, and c0 is a lower bound on the sound velocity.
To minimize the effect of numerical dispersion, at least
10 grid points per wavelength is required for the stan-
dard second-order in time and space numerical scheme
[8]. Vdovina et al. [33] confirmed numerically that this
number of grid points per wavelength appears satisfac-
tory for the upscaling algorithm. In our experiments a
single coarse block contains 10 fine grid blocks in x and
10 in y. Hence, 100 fine-grid and 10 coarse-grid nodes
per wavelength are used in these experiments.

In all of our upscaling experiments, the computational
domain is 1.7 km by 1.7 km (1700 x 1700 fine grid
points, 170 x 170 coarse grid points). The spatial grid
spacing is ∆x = hx = 1 m and ∆y = hy = 1 m, and
the time step is chosen to satisfy the CFL condition. In
all experiments, the 2-D Gaussian source function

f(x, y) =
1√

(2πσ2)
exp

(
− (x− x0)2 + (y − y0)2

2σ2

)
(45)

is used, where σ controls the wavelength. Here the source
is located at (x0, y0) = (850m, 850m) (the center of the
computational domain), and σ = 100m. We note that
the source is implemented as an initial condition in the
code. In order to reduce reflections while minimizing
the size of the absorbing layer, the NPML region is
chosen to be 150 fine grid points on each of the four

edges of the computational domain. Thus the total do-
main (computational plus absorbing layer) is 2 km x 2
km (2000 x 2000 fine grid points, 200 x 200 coarse grid
points).

4.1 Homogeneous Medium Experiments

For the homogeneous medium experiments, the sound
velocity is 2500 m/s, and the time step is ∆t = 3.42×
10−4 s which satisfies the CFL condition. The incident
pressure wave reaches the edges of the computational
domain at time t = 0.342 s (the 1000th time step). The
maximum NPML decay factor, η, was chosen to have
value 250. Later we present experiments in which we
vary both the layer thickness and the absorption coeffi-
cient and indicate why we chose these values as optimal.

We begin by showing results obtained using NPML with
the standard staggered grid finite difference (SGFD)
scheme but without upscaling. The scheme is a second-
order centered finite difference approximation in both
space and time for System (1). The staggered grid is
shown in Figure 4, and the discretization of the equa-
tions is given by

vni+1/2,j = − 1
ρi+1/2,jhx

(pni+1,j − pni,j), (46)

vni,j+1/2 = − 1
ρi,j+1/2hy

(pni,j+1 − pni,j), (47)

pn+1
i,j = 2pni,j − pn−1

i,j −
ki,j(∆t)2

hx
(vni+1/2,j − v

n
i−1/2,j)

− ki,j(∆t)2

hy
(vni,j+1/2 − v

n
i,j−1/2). (48)

Figures 5 and 6 show the staggered grid finite differ-
ence solutions with NPML. In all figures we show only
the computational domain so reflected energy is easiest
to see. We note that there is still substantial reflection
back into the computational domain with the staggered
grid scheme. These reflections are partly due to the
same absorption coefficient (η = 250) being used for
this scheme as was used for the upscaling experiments
even though it was only optimized for upscaling.

Next we discuss several experiments which show the
result of using the upscaling algorithm with and with-
out NPML. Pressure and acceleration are shown us-
ing the operator upscaling method for t ∈ [0, 1.026 s]
(up to 3000 time steps). As shown in Figure 7 (upscal-
ing without NPML) the incident pressure wave reaches
the edges of the computational domain at t = 0.342 s
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Fig. 4: Two-dimensional staggered-grid: Circles denotes pres-
sure nodes, the ‘+’ denotes vertical acceleration nodes, and
the ‘x’ denotes the horizontal acceleration nodes.

(1000th time step). Partial incident pressure wave en-
ergy begins to reflect back into the domain at subse-
quent time steps. The augmented or reconstructed ac-
celeration solution from upscaling without NPML shown
in Figure 8 is defined on the fine grid by

U = Uc + δU. (49)

In Figures 9 and 10 we show the effect of NPML
on the upscaled solution (pressure and augmented ac-
celeration respectively). The computational domain is
defined to be the same size as in the previous example.
However, in this experiment the total domain has been
increased due to the addition of the NPML absorbing
layer (150 fine grid points are added to each of the four
boundaries of the computational domain). Thus the to-
tal domain has 2000 fine grid points in each direction
(and 200 coarse grid points for upscaling). The maxi-
mum NPML decay factor, η, again has value 250. To
examine the effectiveness of the NPML boundary con-
ditions for Equations (1), we calculated the maximum
relative reflected amplitude of the incident wave with
respect to the Frobenius norm. We define the maxi-
mum relative reflected amplitude to be the ratio be-
tween the energy of the wave in the computational do-
main once the direct wave has completely exited the
computational domain to the energy of the wave in the
computational region at the time when the wave is first
incident on the NPML boundary (1000th time step).

Maximum Relative Reflected Amplitude
Time Step Pressure Acceleration
5000th (1.710 s) 0.03312 0.00097
6000th (2.052 s) 0.03297 0.00095

Table 1: Observed maximum relative reflected pressure and
the x-component of acceleration from upscaling with NPML
in a homogeneous medium at times t = 1.710 s and 2.052 s.

In all the tables we used the x component of acceler-
ation to calculate the reflected energy for acceleration.
The maximum relative reflected pressure and accelera-
tion amplitudes at time steps 5000 and 6000 are shown
in Table 1. At the 5000th time step, the wave should
ideally be completely contained in the NPML region.
Clearly, both pressure and acceleration are absorbed in
the NPML region. We note that pressure which is com-
pletely determined in the subgrid solve and to which we
did explicitly apply NPML has a 3% reflection back into
the computational domain. More significant is the fact
that coarse acceleration which is not explicitly damped
is very well absorbed. We see approximately 0.1% of the
acceleration reflected back into the domain. At each
time step the algorithm solves for subgrid unknowns
using coarse acceleration and then updates coarse ac-
celeration using the subgrid pressure and acceleration.
This tight coupling between all three unknowns means
the impact of NPML on reflected pressure and acceler-
ation is complicated. Nonetheless, this implementation
of NPML applied only to Step 1 of the two-step up-
scaling algorithm, does result in damping of the vast
majority of the wave in the absorbing layer.

Next we examine the impact that the thickness of the
NPML layer has on absorption. All parameters in this
example are the same as in the previous example, ex-
cept that the thickness of the absorbing layer varies
from 50 to 250 fine grid points. As shown in Table
2, NPML regions larger than 150 grid points do not
significantly reduce the relative reflected amplitude for
pressure. However, NPML regions less than 150 fine
grid points give greater reflection back into the com-
putational domain. Finally in Table 3 we examine the
impact changing the absorption coefficient has on the
damping. For the homogeneous medium experiments
we have chosen η = 250 as this value of the absorption
coefficient significantly reduces the relative reflection off
the computational domain boundaries while not being
so large as to potentially cause reflections off the inter-
face between the computational region and the absorb-
ing layer.
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Maximum Relative Reflected Amplitude, t = 1.710 s
NPML Size Pressure Acceleration
50 0.05864 0.00180
100 0.03488 0.00112
150 0.03312 0.00097
200 0.03276 0.00091
250 0.03244 0.00091
350 0.03192 0.00089

Table 2: Observed maximum relative reflected pressure and
the x-component of acceleration from upscaling with NPML
in a homogeneous medium at t = 1.710 s for various NPML
layer thicknesses.

Maximum Relative Reflected Amplitude, t = 1.710 s
Absorption Coefficient Pressure
50 0.12398
250 0.03312
103 0.03356
105 0.03329
107 0.03482
109 0.81230

Table 3: Observed maximum relative reflected pressure ampli-
tudes from upscaling with NPML in a homogeneous medium
at t = 1.710 s for various values of the absorption coefficient.

4.2 Heterogeneous Medium Experiments

In this section, we describe two heterogeneous medium
experiments to test the effectiveness of the NPML im-
plementation on the upscaling algorithm. For these two
experiments, the computational domain and spatial grid
spacing are the same as for the homogeneous medium
experiments. The time step is chosen to satisfy the CFL
condition. In order to reduce reflections while minimiz-
ing the size of the absorbing layer, the NPML region is
again chosen to be 150 fine grid points on each of the
four edges of the computational domain. Thus the total
domain (computational plus absorbing layer) is 2 km x
2 km (2000 x 2000 fine grid points, 200 x 200 coarse grid
points). The time step is ∆t = 8.839×10−5 s. The max-
imum NPML decay factor, η, was increased to 1000. In
the first experiment, thin strips of varying velocity val-
ues are overlain on a homogeneous background velocity
of 2500 m/s. The thin velocity strips increase from the
top of the domain to the bottom with values ranging
from 2750 m/s to 7500 m/s. Each thin strip is 3 m (3
fine grid blocks) wide which is considerably below the
size of a single coarse block (10 m in each direction).
This experiment is similar to Experiment 3 in Vdovina
et al. [33]. The input velocity field for this first hetero-
geneous medium experiment is shown in Figure 11. We
note that our objective here is not to test whether the
upscaling method works well, but rather to show that
our NPML implementation with operator upscaling ef-
fectively damps reflected energy off the computational

domain boundaries. Earlier papers (see [33,32]) demon-
strate that the operator upscaling method captures sub-
wavelength heterogeneities in the solution. The incident
pressure wave first hits the NPML interface at t = 0.354
s (time step 4000). We note that unlike in the homoge-
neous case, energy can reflect off of internal layers and
so the energy does not completely leave the domain un-
til much later than in the homogeneous experiment. In
fact it can be difficult to determine the right time to
estimate the reflected energy in order to avoid includ-
ing a portion of the wave which has not yet left the
computational region in the estimate of the reflected
energy. Consequently, we ran the first heterogeneous
medium experiment for 15,000 time steps total. The
relative reflected energy is computed as a ratio of the
energy at the 15,000th time step to the energy when
the wave first impinges on the computational domain
boundary. The maximum reflected energy for pressure
is 0.057 and for acceleration is 0.0077 (see Table 4). In
Figures 12, 13, and 14, we show the effect of NPML on
the upscaled solution in the first heterogeneous medium
experiment. Since the velocity field is homogeneous in
the x-direction, the horizontal acceleration does not see
the thin layer interfaces in sound velocity (see Figure
13). However, the impact of this thin layering is clearly
seen in the vertical acceleration shown in Figure 14.
The upscaling captures fine-scale fluctuations in sound
velocity, and the NPML absorbs the vast majority of
potential artificial reflections from the edges of the com-
putational domain.

In the second experiment, the velocity field con-
sists of two pieces: a layered background with varying
layer thickness and superimposed on that layered back-
ground is a velocity perturbation generated from the
Karhunen-Loéve Expansion (KLE) (see [21,30]). The
stochastic velocity perturbation results from a 100-term
KLE expansion with 100 m correlation length and a
1500 m/s standard deviation. The velocity field for het-
erogeneous experiment 2 is shown in Figure 15. The
time step is taken to be ∆t = 6.529 × 10−5 s. For this
experiment we show only the pressure in Figure 16. The
incident wave takes much longer to reach the NPML
region due to the highly heterogeneous medium. Thus
the reflected energy is defined to be the ratio of energy
in the computational domain at time step 20,000 to
the energy in the computational region when the wave
impinges on the computational domain boundary. The
maximum relative reflected pressure and acceleration
amplitudes for these experiments are shown in Table 4.
For pressure the relative reflected energy is 0.082 and
for acceleration it is 0.009.
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Maximum Relative Reflected Amplitude
Experiment Pressure Acceleration
Thin Layered 0.05739 0.00766
Stochastic Perturbation 0.08156 0.00919

Table 4: Observed maximum relative reflected pressure
and the x-component of acceleration for the heterogeneous
medium experiments.

5 Conclusion

For upscaling schemes to be useful as forward simula-
tors for inversion, it is imperative that artificial reflec-
tions off computational domain boundaries are mini-
mized. In this paper we have adapted NPML for use
with one particular upscaling method (operator upscal-
ing for the acoustic wave equation). The upscaling method
has two steps (a subgrid solve and a coarse solve) which
are tightly coupled at each time step. We found that
applying NPML to the first stage of the two stage algo-
rithm was sufficient to damp both pressure and accel-
eration even in the second step of the algorithm (coarse
acceleration). Due to the property that within the com-
putational domain the NPML equations are the same as
the original governing equations, parallelization of the
subgrid stage of the operator upscaling method is unaf-
fected. An optimal thickness of the absorbing layer and
the absorption coefficient for these experiments is found
through computational experiments. Pressure showed
the most reflection back into the computational domain
(3–8%). Even without explicit damping of coarse accel-
eration in our two step algorithm with NPML, only
0.1–1% of acceleration is reflected. These experiments
indicate the effectiveness of implementing NPML on the
fine grid only for upscaling. Different upscaling methods
would likely require different approaches, but this study
provides at least some insight into how to approach re-
duction of artificial reflections when using upscaling for
the wave equation.
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Fig. 5: Pressure solution from the staggered grid finite difference scheme with NPML but without upscaling. The medium is
homogeneous, and the solution is shown at times t = (a) 0.171 s, (b) 0.342 s, (c) 0.684 s, and (d) 1.026 s.
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Fig. 6: Acceleration on the fine grid using a staggered grid finite difference scheme with NPML but without upscaling. The
medium is homogeneous, and the solution is shown at times t = (a) 0.171 s, (b) 0.342 s, (c) 0.684 s, and (d) 1.026 s.



14 C. Lai and S.E. Minkoff

 

Fig. 7: Pressure solution from upscaling without NPML in a homogeneous medium at four distinct times: (a) t = 0.171 s (500th
time step), (b) t = 0.342 s (1000th time step), (c) t = 0.684 s (2000th time step), and (d) t =1.026 s (3000th time step). The
incident pressure wave reaches the edge of the computational domain at t = 0.342s and reflects back into the domain.
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Fig. 8: The x-component of the augmented acceleration solution from upscaling without NPML in a homogeneous medium
is shown at times (a) t = 0.171 s, (b) t = 0.342 s, (c) t = 0.684 s, and (d) t = 1.026 s. The wave reaches the edge of the
computational domain at t = 0.342s.



16 C. Lai and S.E. Minkoff

 

Fig. 9: Pressure solution from upscaling with NPML in a homogeneous medium at times t = (a) 0.171 s, (b) 0.342 s, (c) 0.684
s, and (d) 1.026 s. The computational domain is defined to be 1.7 km x 1.7 km with an absorbing layer of 150 m on each edge
of the 2D domain. Overall, pressure is absorbed in the NPML region. Only the computational region is shown in the figure.
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Fig. 10: The x-component of the augmented acceleration from upscaling with NPML in a homogeneous medium for times t =
(a) 0.171 s, (b) 0.342 s, (c) 0.684 s, and (d) 1.026 s. Overall, the acceleration (both coarse and fine) are absorbed in the NPML
region. Only the computational region is shown in the figure.
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Fig. 11: The input velocity field for the first heterogeneous medium experiment in which thin velocity strips 3 fine grid blocks
wide are embedded in a homogeneous background medium. The coarse grid blocks contain 10 fine grid blocks in each direction.
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Fig. 12: Pressure solution from upscaling with NPML for the first heterogeneous medium experiment corresponding to the
velocity field shown in Figure 11 at times t = (a) 0.0884 s, (b) 0.354 s, (c) 0.884 s, and (d) 1.326 s. The computational domain
is defined to be 1.7 km x 1.7 km with an absorbing layer of 150 m on each edge of the 2D domain. Only the computational
region is shown in the figure.
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Fig. 13: The x-component of the augmented acceleration from upscaling with NPML for the heterogeneous experiment corre-
sponding to the velocity field shown in Figure 11 for times t = (a) 0.0884 s, (b) 0.354 s, (c) 0.884 s, and (d) 1.326 s. Overall, the
acceleration (both coarse and fine) are absorbed in the NPML region. Only the computational region is shown in the figure.
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Fig. 14: The y-component of the augmented acceleration from upscaling with NPML for the heterogeneous experiment corre-
sponding to the velocity field shown in Figure 11 at times t = (a) 0.0884 s, (b) 0.354 s, (c) 0.884 s, and (d) 1.326 s. The vertical
acceleration captures the fine-scale fluctuations in sound velocity. Only the computational region is shown in the figure.
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Fig. 15: The input velocity field for the second heterogeneous medium experiment in which a stochastic perturbation to velocity
is overlain on a layered background.
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Fig. 16: Pressure solution from upscaling with NPML for the second heterogeneous medium experiment. The velocity field for
this experiment is shown in Figure 15. Pressure is shown at times t = (a) 0.0653 s, (b) 0.261 s, (c) 0.980 s, and (d) 1.306 s.
The computational domain is defined to be 1.7 km x 1.7 km with an absorbing layer of 150 m on each edge of the 2D domain.
Only the computational region is shown.


