
Given the Krylov subspace

K(A, q1, n) := span{q1, Aq1, . . . , A
n−1q1} (1)

and the Lanczos Algorithm
qj = rj−1/βj−1, (2)

αj = qtjAqj (3)

rj = (A− αjI)qj − βj−1qj−1 (4)

βj = ||rj ||2 (5)

for j = 1, . . . ,M with r0 = q1, β0 = 1, q0 = 0, and M is the smallest positive integer such
that βM = 0.

Theorem : Let A ∈ Rn×n be symmetric and assume q1 ∈ Rn with ||q1||2 = 1. Then
the Lanczos iteration runs until j = m where m = rank({K(A, q1, n)}). Moreover, for
j = 1, . . . ,m we have

AQj = QjTj + rje
t
j (6)

where

Tj =


α1 β1 · · · 0 0
β1 α2 · · · 0 0
...

...
. . .

...
...

0 0 · · · αj−1 βj−1

0 0 · · · βj−1 αj

 ∈ Rj×j (7)

ej = [0, 0, . . . , 1]t ∈ Rj and Qj = [q1| · · · |qj ] has orthonormal columns that span K(A, q1, j).

Proof :
(1) We prove the statements by using the mathematical induction on j.
For j = 1, by (4) we have Aq1 = r1 + β0q0 + α1q1 = α1q1 + r1e

t
1, then (6) followed by

Q1 = q1 and T1 = [α1]. The Q2 has orthonormal columns is due to qt1q1 = ||q1||22 = 1, qt2q2 =
||q2||22 = ||r1/β1||22 = 1, and qt1q2 = [qt1(A− α1I)q1 − β0q

t
1q0]/β1 = [qt1Aq1 − α1q

t
1q1]/β1 = 0.

And by (2) and (4) we have Aq1 = α1q1+r1 = α1q1+β1q2, so span{q1, q2} = span{q1, Aq1} =
K(A, q1, 2).

Now assume that it holds for j ≤ k, where k ≤ M − 1 (i.e., βk ̸= 0).
We have AQk = QkTk + rje

t
k, Q

t
kQk = Ik, and range(Qj) = K(A, q1, j) for j ≤ k. When

j = k + 1, we have

Qk+1Tk+1 + rk+1e
t
k+1 =

[
Qk qk+1

] [ Tk βkek
βke

t
k αk+1

]
+ rk+1

[
0k×1 1

]
=

[
QkTk + βkqk+1e

t
k βkQkek + αk+1qk+1 + rk+1

]
=

[
QkTk + rke

t
k βkqk + αk+1qk+1 + rk+1

]
=

[
AQk Aqk+1

]
= AQk+1

where the third and forth equalities are due to (2), (4), and induction hypothesis, so we had
proven (6) for j = k + 1.

To prove Qt
k+1Qk+1 = Ik+1, it suffices to prove qtiqk+1 = 0 for i ≤ k and qtk+1qk+1 = 1.

The latter one is obvious (by (2)) and the former one is more complicated. For i = k, it is
clear that

qtkqk+1 = (qtkAqk − αkq
t
kqk − βk−1q

t
kqk−1)/βk

= (qtkAqk − αk)/βk

= 0.
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For i = k − 1, we have

qtk−1qk+1 = (qtk−1Aqk − αkq
t
k−1qk − βk−1q

t
k−1qk−1)/βk

= (qtk−1Aqk − βk−1)/βk

= 0,

where

qtk−1Aqk = (Aqk−1)
tqk

= (rk−1 + αk−1qk−1 + βk−1qk−2)
tqk

= rtk−1qk = rtk−1rk−1/βk−1

= βk−1.

And for i ≤ k − 2 we have qtiqk+1 = (qtiAqk − αkq
t
iqk − βk−1q

t
iqk−1)/βk = ((Aqi)

t)qk/βk =
0, where the last equality we used qi ∈ K(A, q1, k − 2) = span{q1, Aq1, . . . , A

k−3q1} so
Aqi ∈ span{Aq1, A

2q1, . . . , A
k−2q1} ⊂ K(A, q1, k − 1), i.e., Aqi is a linear combination of

{q1, q2, . . . , qk−1}, so (Aqi)
tqk = 0.

It is clearly that rank(K(A, q1, k + 1)) ≤ k + 1. Since q1, . . . , qk+1 are linearly inde-
pendent, span{q1, . . . , qk} ⊂ K(A, q1, k) ⊂ K(A, q1, k + 1), and qk+1 = (Aqk − αkqk −
βk−1qk−1)/βk ∈ span{Aqk, qk, qk−1} ⊂ span{q1, Aq1, . . . , A

kq1} = K(A, q1, k + 1), so
span{q1, . . . , qk+1} = K(A, q1, k + 1).

(2) We show thatM = m, in fact, for j = M−1, the above results tell us span{q1, . . . , qM} =
K(A, q1,M) ⊂ K(A, q1, n), thus m ≥ M .

Now, since M is finite, so for j = M we have AQM = QMTM , thus, AqM is a linear
combination of {q1, . . . , qM} for i ≤ M . But

K(A, q1,M + 1) = span{q1, Aq1, . . . , A
Mq1}

= span{q1, AK(A, q1,M)}
= span{q1, Aq1, . . . , AqM}
= span{q1, Aq1, . . . , AqM−1}
= span{q1, AK(A, q1,M − 1)}
= span{q1, Aq1, . . . , A

M−1q1}
= K(A, q1,M)

and use the induction sense we can show that

K(A, q1, i+ 1) = span{q1, Aq1, . . . , A
iq1}

= span{q1, AK(A, q1, i)}
= span{q1, AK(A, q1, i− 1)}
= span{q1, Aq1, . . . , A

i−1q1}
= K(A, q1, i)

for i ≥ M + 1 provided K(A, q1, i) = K(A, q1, i− 1). So K(A, q1,M) = K(A, q1, n) has rank
m, i.e., M ≥ m.
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