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ON JOHNSON’S TWO-MACHINE FLOW SHOP WITH
RANDOM PROCESSING TIMES

PENG-SHENG KU and SHUN-CHEN NIU

The University of Texas at Dallas, Richardson, Texas
(Received December 1983; revised September 1984; accepted July 1985)

A set of n jobs is to be processed by two machines in series that are separated by an infinite waiting room; each job
requires a (known) fixed amount of processing from each machine. In a classic paper, Johnson gave a simple rule for
ordering of the set of jobs to minimize the time until the system becomes empty, i.e., the makespan. This paper studies
a stochastic generalization of this problem in which job processing times are independent random variables. Qur main
result is a sufficient condition on the processing time distributions that implies that the makespan becomes stochastically
smaller when two adjacent jobs in a given job sequence are interchanged. We also give an extension of the main result

to job shops.

Consider the following model: jobs {1, 2, ..., n}
are all available for processing by two machines.
Jobifori=1,..., n must be processed by the first
machine for a time interval of length 4; = 0, and then
by the second machine for another time interval of
length B; = 0. No machine can process more than one
job at any time; and the two machines are separated
by a waiting room of infinite capacity. The problem
of interest is to find a permutation of these # jobs that
minimizes the total time required to complete all work
in the system, the so-called makespan. This model is
well-known and is usually referred to in the scheduling
literature as a flow shop. It was first formulated and
solved by Johnson (1954) for the case of deterministic
job processing times. His solution, known as John-
son’s rule, states that

Job i should precede job j
if and only if min[4;, B;] < min[4;, B;]. (1)

Johnson’s important result motivated additional
studies on stochastic generalizations of the same prob-
lem that assumed that job processing times are inde-
pendent random variables. In the case of exponentially
distributed processing times with E(4;) = 1/a; and
EB) = 1/b; for i = 1, 2, ..., n, Talwar (1967)
conjectured an optimal scheduling rule with respect
to the criterion of minimizing the expected makespan.
His conjecture, henceforth referred to as Talwar’s
rule, was

Job i should precede job j
ifandonly if @, —b;=a,—b;. (2)

Three years later, Bagga (1970) gave an incomplete

proof of this conjecture. A complete proof was sub-
sequently given by Cunningham and Dutta (1973).

As pointed out by Talwar and several other re-
searchers, there is an interesting connection between
Johnson’s rule and Talwar’s rule; namely, they both
state that job i should precede job j if and only if
E(min[4;, B;]) < E(min[4;, B:]). This connection,
however, appears to be rather mysterious in that it
does not seem to be readily explainable in terms of
the known and different proofs of the two results. The
papers cited previously established the optimality of
Johnson’s rule and Talwar’s rule through adjacent
pairwise interchange arguments. The authors first find
explicit expressions for either the makespan or the
expected makespan and then study the effects on the
desired criteria of switching two adjacent jobs in a
given sequence. The amount of algebra involved in
their analyses was considerable. The precise explana-
tion as to why simple rules such as (1) and (2) should
work became lost in the lengthy derivations. A consid-
erably shortened proof of the optimality of (2) was
recently given by Weiss (1982) (see also Ross 1983, p.
117), but again his proof does not shed new light on
the connection between the two rules. In the same
paper, Weiss also posed the open question of whether
the schedule determined by Talwar’s rule minimizes
the makespan stochastically; a random variable X is
said to be stochastically less than another random
variable Y, denoted by X <% Y, if P{X > ¢} <
P{Y >t} forall 1.

The purpose of this paper is to provide a precise
explanation of the connection between Johnson’s rule
and Talwar’s rule. As one might expect, such an
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Figure 1. Extension of job shops.

explanation ought to be based on a unified proof of
the optimality of (1) and (2). We shall therefore carry
out a single adjacent pairwise interchange argument
that uses all required conditions when they are needed.
This approach leads to our main result, Theorem 1,
which gives a weak sufficient condition on the proc-
essing time distributions, in terms of conditional sto-
chastic order of random variables, such that the mak-
espan becomes stochastically smaller when two adja-
cent jobs are interchanged. This condition includes
both Johnson’s rule and Talwar’s rule as special cases;
and, in particular, it answers Weiss’s open question in
the affirmative.

Several other more recent papers also contain sto-
chastic ordering results for the makespan under var-
1ous assumptions. Frostig and Adiri (1985) considered
a 3-machine flow shop with independent random job
processing times and proved that a job sequence in
which processing times on the first and third machines
are in monotone nondecreasing and nonincreasing
order of likelihood ratio, respectively, and on the
second machine are identically distributed, minimizes
the makespan stochastically; in the special case of zero
processing times on the second machine, their result
1s a special case of our Theorem 1. Pinedo (1982)
considered stochastic flow shops with » machines and
proved, among other things, that any SEPT-LEPT job
sequence minimizes the expected makespan (in fact
his argument can be adapted easily to establish sto-
chastic ordering) when the processing times of a job
on different machines are identically distributed and,
furthermore, the processing times for different jobs
are nonoverlapping (see his paper for definitions of
SEPT-LEPT sequences and nonoverlapping random
variables); his result does not follow from our Theo-
rem 1. Pinedo and Ross (1982) also found stochastic
ordering results for makespans in 2-machine open
shops in which the order of processing of each job on
the machines is immaterial.

The rest of this paper is organized as follows. Section
1 presents the main adjacent pairwise interchange
argument as well as implications of the main result.
Section 2 generalizes the flow shop results to job shops
in which jobs go through the two machines in both
directions. The appendix contains two preservation
properties of likelihood ratio ordering.

1. Main Results

Our goal in this section is to find conditions on the
processing time distributions so that an initial ordering
of the set of jobs stochastically minimizes the make-
span in a 2-machine flow shop with independent
random job processing times. It is important to note
that we are considering only the set of so-called per-
mutation schedules. In the case of deterministic proc-
essing times, it is known (and easily shown) that a
policy is never optimal if positive idle times are in-
serted when there are jobs waiting, and that an optimal
policy can be found with the same ordering of jobs on
both machines. An easy conditioning argument then
shows that consideration of permutation schedules is
sufficient when job processing times are random. This
paper will not consider dynamic policies where deci-
sions can be made at any instant in time based on
past information.

The plan of attack is to study the effect on the
makespan when two adjacent jobs are interchanged.
Consider two job sequences:

Sll Jl, Jz, ey Jk, Jk+|, ey J,,
and 82 Ji, Joy ooy Jiwts iy oo vy Iy
where S, is obtained from S by switching jobs J; and

Ji+1 for some 1 < k < n — 1. The following notations
will be used (see Figure 1):

., Jx—1 complete their
{$=_11 Ai)a

T = time until jobs Jy, ..
processing on machine 1 (=
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L = additional time after time T necessary for
machine 2 to complete the processing of
jObS J], ey Jk—l,

A = total processing time of J; and Ji+; on
machine 1 (= Ay + Ag+1),

R,(R,) = additional time necessary to empty the
system after time 7"+ A under sequence
S l(S2)’ and

6,(6,) = additional time after time 7"+ A4 necessary
for machine 2 to complete the processing
of jobs Jy, . . ., Ji+; under sequence S,(.Sy).

Then, by definition, the makespans M, and M, under
sequences S| and S,, respectively, are given by

M;=T+ A+ R; 3)

fori=1,2. Let (X]| -) denote a “conditional” random
variable; then our main result can be described as
follows:

Theorem 1. A sufficient condition for M, < M, is
(min[Ay, Bis]| Ak + Arsr = a and By + By = b)
<% (min[As1, Bl | Ax + Ak = a
and By + By, = b) (4)

for all a, b = 0 for which the conditional distributions
of the random variables involved are well-defined.

To facilitate the proof of Theorem 1, we first present
two lemmas. Notice that the random variables 7" and
A are independent of each other, whereas R; for i = 1,
2 critically depends on T, A4, and the particular se-
quence under consideration. More specifically, we
have the following result:

Lemma 1. There exists an increasing (= nondecreas-
ing) function r such that R, = r(s;) for both i =1, 2.

Lemma 2. 6, = By + Bi+y — min[As1, Be, A — L.
6> = By + Byys — min[Ay, Bysi, A — L].

Proof. Consider sequence S, first. Let I, and ;4 be
the idle times before the processings of jobs J; and
Ji+1, TEspectively, on machine 2, i.e.,

I, = max[d, — L, 0] (5)
and
Ik+1 = max [Ak + Ak+] - L - Ik - Bk, O]. (6)

It then follows that

o=L+ILi+ B+ Iy + By — A
=L+ Bi+ Byt +max[4d—L—By, Ar—L,0]— A4
= By + B+ + max[— By, — Ay+1, L — A]
= Bi+ Bi+1 — min[Ags1, Bi, A— L],

where the second equality is due to (5) and (6). The
proof of the equality for 6, is similar.

Proof of Theorem 1. Clearly, the desired conclusion
would follow by unconditioning if we can show that

(M\|L =7, A + Ag+1 = a, Bc + B+ = b)
<'"(M,|L =7/, Ay + Axy1r = a, By + Byyy = b)
for all 7, a, b = 0. Now, from (3), we have
(M;|L =7, Ax + Agr1 = @, B + Biss = b)
=(T|L=7¢)+a+ (@) L=r,
Ai + Aper = a, By + By = b)

for i = 1, 2. The crucial fact here is that the last three
terms are conditionally independent! From Lemma 1
and the fact that stochastic ordering is preserved upon
taking increasing functions (see e.g. Ross, p. 155), it
is therefore sufficient to show that

G| L =72, A + Axs1 = a, By + Biyy = b)
S51(52|L=/,Ak+Ak+1 =4a, Bk+Bk+1 =b)’

which is in turn implied by Lemma 2 and the con-
dition stated in the theorem; hence the proof is
complete.

Remark 1. (4) in Theorem 1 is not a necessary con-
dition for M, <* M,. A counterexample can be easily
constructed based on Theorem 1 in Pinedo (1982).

The content of condition (4) is perhaps not quite
clear at first sight. One may regard it as being too
strong to be of practical value because min[A4x, Biyi]
and min[A4,+, Bx] must be stochastically ordered for
all possible realizations of Ay + Axy; and By + By,
We next demonstrate that (4) is actually quite weak
by giving several special cases for which condition (4)
does hold.

Proposition 1. Condition (4) in Theorem 1 is implied
by either one of the following two conditions:

(l) (Ak | Ak = a) <% (Ak+l |Ak + Ap = a) and
(Bk| Bk + Biy1 = b) =™ (Bisi | Bk + Bisr = b)
foralla, b= 0,

(i1) min[Ax, Bi+1] < min[Ai+,, Bi] with probabil-
ity 1.



Proof. (i) Note that (Ax | Ax + Arey = @) = (Ai| A +
A1 = a, By + By = b) since the processing times
are assumed to be independent. (i1) Immediate.

Proposition 2. Suppose that the processing times are
all exponentially distributed with E(A4;) = 1/a; and
EB) = 1/b; for i = 1, 2, ..., n. Then (4) holds
whenever a, — by = Qyy1 — biyr.

Proof. It is easy to see that (4) is equivalent to
P{A,>t, By >t A + Axrr = a, By + By = b}
< P{Ays1 > t, By > t, Ax + Ay = a, By + Biyy = bl;

here and in the remainder of the proof the notation
P{.} designates either a probability or a density. Now,
forany 0 < ¢ < min[q, b]and a, b = 0,

PiA > t, Biwy >t A+ Agry = a, By + By = b}
=P{A>t, A+ Agey = a} P{Bj.,>t, By + By = b}
= P{A,>t}P{A+ Ay =a | Ax>t)

- P{Byy1 > t}P{By + Bis1 = b | Biy1 >t}
=exp{— (ax + brs )} P{ AL+ Arsr = a | A >t}

- P{Bx+ Bys1=b | By >t}
<exp{ — (ax+1 + b )}P{A + Arsy=a | Age1 >t}

- P{By+ By =b| B>t}
=PlArs1>t, B> 1, A+ Arsy = a, Bi + By = bl

To explain the third equality, we observe, by the
memoryless property of exponential distributions, that

PlAi + Agry = a| A > t}
= P{(Ax — t) + Axs1 = a — 1| Ax > t}
:P{Ak+Ak+1=a—l}

and, hence, is symmetric with respect to the indices
k and k + 1. The same property also holds for
P{B. + Biy1 = b| Bis > t}. Finally, the previous
inequality is due to the stated condition of the prop-
osition; the proof is thus complete.

Remark 2. Note that (ii) of Proposition | includes
Johnson’s rule as a special case and that Proposition
2 answers Weiss’s open question. Thus condition (4)
explains the connection between Johnson’s rule and
Talwar’s rule.

A nonnegative random variable X, with density fx,
is said to be smaller than another nonnegative random
variable Y, with density fy, in likelihood ratio, denoted
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by X<!Y,if
SrO/fx(x) < S(D/[fx(y) (7)

for all 0 < x < y. As is well-known, X <” Y implies
X <*" Y. This stronger ordering turns out to be related
to (i) of Proposition 1.

Proposition 3. Let X and Y be two independent non-
negative random variables with densities fx and fy
respectively. If X <* Y, then (X|X + Y = s5) <*
Y| X+Y=s)forall s=0.

Proof. Given X < Y, the ratio

Joxey=9(0) _ fr(O)fx(s — 1)
Joxar=9(t)  f(Ofr(s = 1)

is nondecreasing in ¢.

Corollary 1. Condition 4 is implied by A, <* Ay, and
Bx =L Biy.

Proof. Combine Proposition 3 and Proposition 1(i).

Remark 3. Counterexamples can be constructed to
show that the converse of Proposition 3 does not hold.

Since likelihood ratio ordering is of some relevance
to our results, we point out the fact that Gamma,
Poisson, and Beta distributions, and others, are all
likelihood ratio ordered according to their parameter
values (see Ferguson 1967, p. 209). In an attempt to
construct likelihood ratio ordered random variables
from known ones, we also found two isolated preser-
vation results; they will be given in the Appendix.

Proposition 3 resembles a notion of uniform con-
ditional stochastic order defined and discussed in Keil-
son and Sumita (1982) and Whitt (1980); (X| X + Y
=5) <" (Y|X + Y = s) for all s, however, is not a
special case of the uniform conditional stochastic or-
der discussed in their papers.

We now turn our attention to the problem of finding
an optimal schedule. To establish that a job sequence
(J1, Jo, . .., Jy) is stochastically optimal, verifying that
(4) holds for all 1 < k < n — 1 is by itself not sufficient;
it is sufficient if the ordering defined by (4) is transitive
(see Baker 1974, p. 44, for a discussion and additional
references). Unfortunately, (4) does not in general
define a transitive ordering; counterexamples can be
readily constructed. Therefore, the reader should be
aware of the necessity of giving a separate transitivity
argument when applying Theorem 1. As an example,
suppose that 4, <X 4, <* ... < A, and B, =" B, =*
... =" B,. As is known and easily shown, likelihood
ratio ordering is transitive; therefore, Corollary 1 im-
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plies that the makespan under the job sequence (J;,
Jo, ..., Ju) is stochastically minimal. This result is
also contained in Frostig and Adiri’s paper.

2. An Extension to Job Shops

A 2-machine job shop model can be described as
follows. There are two sets of jobs, I'y and I', with
|Ty| =mand | I'; | = n, available for processing. The
jobs in T'\(T';) require processing first on machine 1(2)
and then on machine 2(1). Let A4; and B; (C; and D;)
denote the processing times of job i in set I'\(T';) on
machines 1 and 2 (2 and 1), respectively. We assume
the processing times are independent random vari-
ables. Let Ji, J>, ..., J, be a permutation of jobs in
Iy and let K|, K;, .. ., K, be a permutation of jobs in
I';. We will consider schedules of the following type:

On machine 1: process jobs in T', according to a
permutation J,, J, ..., J,, first and
then jobs from T, in any order.

On machine 2: process jobs in I', according to a
permutation K,, K5, ..., K,, first
and then jobs from T, in any order.

Remark 4. Jackson (1956) studied the job shop prob-
lem with deterministic processing times. He observed
that one can restrict attention to this class of schedules
and that an optimal schedule can be produced by
applying Johnson’s rule to I'; and I'; separately. As in
the flow shop case, a conditioning argument, again,
shows that it is sufficient to consider this class of
schedules when processing times are random.

The problem of interest is to find a permutation J;,
Ja2, ..., Jnof | and a permutation K, K5, . . ., K, of
I', for which the makespan (time to system emptiness)
is stochastically minimal. The purpose of this section
is to point out that the same method of analysis
employed in Section 1 is also applicable to the more
general job shop model.

Pinedo (1981) considered job shops with exponen-
tially distributed processing times. He proved that the
dynamic policy of always assigning jobs in I'; and T,
according to Talwar’s rule minimizes the expected
makespan. Since, for eéxponential processing times,
the optimality of an initial permutation schedule im-
plies that the same policy is also dynamically optimal,
Pinedo’s result is a special case of Theorem 2, to be
stated next.

Again, we examine the effect on the makespan of
interchanging two adjacent jobs in either I'; or T',.

Consider two sets of permutations:

Pl: Jl, Jz, ey Jk, Jk+1, ey Jm for Fl and Kl, Kg,
..., K, forT,

Py Ji, Loy ooy Jkwts Jiy - .., I for Ty and K, K,
..., K, forT,

for some 1 < k< m — 1. As in Section 1, let
T = ;(;ll Ai’

L = additional time after T necessary for ma-
chine 2 to complete the processing of jobs
Jl, ey Jk_1 andjObS in Fz,

A= Ap + Apay,

R\(R,) = additional time necessary to complete al/
processing requirements at machine 2 after
time 7+ A under P,(P»),

R\(R;) = additional time necessary to complete all
processing requirements at machine 1 after
time 7 + A under P\(P,).

The first important observation we want to make is
that R, = R, with probability 1 and hence, from now
on, we will denote both by R. It then follows that the
makespans, M, and M,, under P, and P, are given by

M;= T+ A + max[R, R/] )]

for i = 1, 2. We now state and prove the main result
in this section.

Theorem 2. In a job shop model, M, <* M, if Con-
dition 4 in Theorem 1 is satisfied.

Proof. The key observation is that, in addition to L,
A, and By + By, we also need to condition on the
values of 7. From (9), we then have (for all ¢, 7, a,
b=0):

(M| T=t,L=1/,A4=a, B+ B =b)
=t+a
+ (max[R, R]]| T=1t,
L=/, A=a, Bi+ Besi = b).

Note that R and R, are not conditionally independent
because R; might still depend on departure times of
jobsin I'; from machine 1 after time ¢ + a. To remove
this dependence, we need further conditioning. Con-
ditioning on

T

Y A= 1(=0),
i=k+2



we have
(max[R,R\]| T=t,L=/,A=a, Bx+ Brsy=b,and T=1)

—ma BRI T=t.L=/,A=a,andT=17), _ _
- R\|L=/,A=a,B;+ By =b,and T= )

(R|T=t,L=/,A=a,and T=T), }
1)

st —_
< ma"[(& | L=/,A=a, B+ Biwi=b,and T=

=(max[R,R,]| T=t,L=/,A=a,Bi+ By, =b,
andT=7)

since R and R; are now conditionally independent,
and, furthermore,

(Ri|L=¢A=a, By + Bisy = b,and T = 7)

<'(Ry|L=/,A=a, Bi+ By =b,and T=17)

by the same argument used in the proof of Theo-
rem 1. The proof is now completed by successive
unconditioning.

Appendix

We present two preservation properties of likelihood
ratio ordering (Karlin and Rinott 1980 obtain more
general results), and give an example of how these
results can be helpful (see Corollary 1 of this paper)
in recognizing situations when random variables are
likelihood ratio ordered.

Proposition A.1. Let fi, f,, ..., f» be a collection of
density functions satisfying fi <- f, < ... <t f,
(defined according to (7)) and let a = (ay, s, . . ., )
and B = (B1, B2, ..., Ba) be two probability vectors.
Suppose that a is smaller than 8 in the sense of discrete
likelihood ratio, i.e.,

5:/‘1: 61/0‘1
Jorall 1 <i<j<n. Then
2 aifi < <t Z Bifi.

i=1
Proof. We need to establish

f(x) E Bifi()

u M= I M:

. fi(x) 2 aifi(y)

i=1

for all 0 < x < y. Multiplying by the denominators
and canceling equal terms shows that this inequality
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is equivalent to

n

2 X i 00D < X X Bie (S
e o
or

n n

h § Bicy [ONS(0) + By (V)]

i=1j
Jj>i
n o n

<X L (81 FOPSC) + B (DAL
Now, for each fixed pair (i, j) with i <, we have
Biei(Wf(x) + Breifi(¥)fi(x)
= Biai i) — B fi(x)fi(y)
= (Biy — Bia )il W)fi(x) — Si()f(»)
which is nonnegative because both terms are non-
positive by assumption.

Proposition A.2. Let X, X, and Y be three nonnega-
tive random variables, where Y is independent of both
X and X,; also let X,(X3) have density function f(f5)
and Y have density function g. Then X, <* X, and g
is log-concave imply that X, + Y <% X, + Y.

Proof. We need to establish

Jo gt = x)h(x) dx _ [ g(s — X)fx(x) dx
I5 gt —x)/i(x) x> I5 g(s — x)fi(x) dx

for all 0 < s < ¢, or equivalently,

f &(s—x)fi(x) dx f &(s — x)fa(x) dx
0 0

f g(t—x)fi(x) dx f &t —x)f2(x) dx
0 0

Next, by the well-known basic composition formula
(Karlin 1968, p. 17), the left-hand side is equal to

f f Hx) )

Sila)  f0e)
The conclusion now follows if we note that the first
determinant is nonnegative since g is log-concave,
and that the second determinant is nonnegative since
X, st X..

gls—x1) g(s—x2)

glt—x1) glt—x) dx; dx,.

Corollary A.1. If X, <* Y, and Xo <* Y,, where X, is
independent of X, and Y, is independent of Y», then
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the following statements are true:

(1) If X, and Y, have log-concave densities, then
X+ XostY, + Y.

@) If X, and Y, have log-concave densities, then
X+ X, <t Y.+ Y.

Proof. The following chain of inequalities estab-
lishes (i):

Xi+X<txi+YLh<tX,+ Y.

The proof of (ii) is similar.

Example A.1. Let E(\, X2, ..., \,) denote the con-
volution of »n exponential distributions with param-
eters Ay, A2, ..., A, respectively; assume without loss
of generality that A\; < A, <... < \,. Since exponential
densities are log-concave, Corollary A.l1 implies that
Ei, A2y oo N <EE(uy, po, . . ., 1a) (defined in an
obvious way) whenever \; = y; fori= 1,2, ..., n.
Next,forO0<g<p<1landp+ g= 1, we have, from
Proposition A.1,

pE(Al’ )\2’ ey >\P1) + qE(F’l’ M2, < ..y P‘n)
<P gE(N, N2,y ooy Na) + DE(uy, pa, .y ).
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