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ON THE COMPARISON OF WAITING TIMES IN TANDEM QUEUES

SHUN-CHEN NIU,* The Cleveland State University

Abstract

Using a definition of partial ordering of distribution functions, it is proven
that for a tandem queueing system with many stations in series, where each
station can have either one server with an arbitrary service distribution or a
number of constant servers in parallel, the expected total waiting time in system
of every customer decreases as the interarrival and service distributions
becomes smaller with respect to that ordering. Some stronger conclusions are
also given under stronger order relations. Using these results, bounds for the
expected total waiting time in system are then readily obtained for wide classes
of tandem queues. i

TANDEM QUEUES; TOTAL WAITING TIMES; PARTIAL ORDERINGS; BOUNDS

1. Introduction

Bounds and approximations are important areas of research in queueing
theory because many practical queueing models are still analytically intractable.
One method of finding bounds for queueing systems is to look for monotonicity
properties among various systems such that the performance measures of
difficult systems may be bounded by that of simpler ones. A considerable
amount of literature has been devoted to this direction of research. For a survey
of recent work in this area, see Stoyan (1977b) and the references there. The
main purpose of this paper is to extend an important comparison theorem for
GI/G/1 queues (see Rolski and Stoyan (1976) and Stoyan and Stoyan (1969)) to
some tandem queues.

A tandem queue is a number of service facilities in series. Customers arrive
according to a renewal process. Upon arrival, each customer goes to the first
station and requires a random amount of service time. If there are other
customers present at the time of his arrival, he joins the end of the queue and
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waits for service. The order of service of customers is first-come-first-served.
After being served at the first station, he goes to the second station. Each station
operates in a similar fashion but may provide different types of service in
general. Every customer has to go through all stations according to prefixed
order and leaves the system after finishing service at the last station. We shall
denote such a system with n stations in tandem by GI/Gy/1
—Gy/1>---—>G,/1, where G, i = 1,2, -, n, is the service-time distribution for
station i, GI means the arrival process of customers to the first station is a
renewal process, and there is one server at each station. Similar notations will be
used throughout.

Following Stoyan (1977a) consider the following partial orderings of distribu-
tion functions.

a)
Definition. For two distribution functions F and G, we say F = G iff

Jf(x)dF(x) = [f(x)dG(x) for all non-decreasing functions f, and F = 2 G iff
Jf(x)dF(x) = [f(x)dG(x) for all non—decreasmg convex functions f. For two

random variables X and Y, we say X = 2 Y, i = 1,2, if their distribution functions

satisfy the above ordermgs
2,
The ordering § is usually called stochastic ordering. The ordering g is

called ‘stochastically smaller in mean’ by Bessler and Veinott (1966). It orders
the relative variabilities of two distribution functions (or random variables) when
they have the same mean. The following useful comparison theorem was proven
by Stoyan and Stoyan (1969).

Theorem 1. Let F\/Gi/1 and F,/G,/1 be two single-server queues with
interarrival-time distributions F;, i =1,2, and service-time distributions G;,
i =1,2. Assume the systems start operation at time 0 with no customers present.

) @ 2)
If [xdF,(x)=JxdF,(x), F, 2 F,, and G, = G, then D}= D%, where Di,
i=1,2, k=1,2,---, is the delay of the kth customer in system F;/G:;/1.

The main results in this paper are extensions of Stoyan’s theorem to some
tandem queueing systems. It is shown in Section 2 that for a tandem system with
n stations in series, where each station can have either one server with an
arbitrary service distribution or a number of constant servers in parallel, the
expected total waiting time of every customer decreases as the interarrival and

service times become smaller with respect to partial ordermg . The results are
quite useful for bounding purposes since we can bound the expected total
waiting time for systems which are difficult to analyze by the corresponding
quantity for easier ones. Two examples of this sort are given in Section 3.
Under stronger assumptions on the arrival process and service times, stronger
comparison results can also be obtained. Specifically, consider a sequence of two
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queues in tandem. For two such systems where the servers at the first station
have the same service distribution for both systems, we prove in Section 4 that
the system with stochastically larger interarrival times and smaller service times

)
with respect to partial ordering =, i = 1 2, at the second station has smaller

delay with respect to partial ordering é for every customer in front of the
second station.

2. Comparison of waiting times in tandem queues

We now proceed to generalize Theorem 1 to tandem queueing systems.

Consider a queueing system, 4,, with n stations in series. There is only one
server at each station. Customers arrive according to a renewal process with
interarrival-time distribution F. The service times at station j have distribution
G;,j=12,---,n Let

T, = interarrival time between the (k — 1)th and kth customer,
k=12,

} = service time of the kth customer at station j,
=12, ,nk=12---

} = epoch at which the kth customer leaves station j,
k
i=12,nk=12--. 2Z%=>T.
i=1

We make the assumption that the system starts operation at time 0 with no
customer in the system, and customers are served in the order of their arrival at
each station. The following lemmas are essential in the proofs below.

Lemma 1 (Bessler and Veinott (1966), Theorem 14). Let X, Y, i=

(0]
1,2,---,n, be independent random variables. Then, X; = Y; for all i=

(03]
1,2,---,n,if and only if f(X,, X5, -+, X)) = f(Yi, Y2, -+, Y, ) for all increasing
convex functions f.

Proof. The proof is straightforward by induction, noting that increasing
convex functions of increasing convex functions are still increasing convex.

Lemma 2. Zisan increasing convex function of Ty,---, Ts, S1,---, Sk, -,
Si,---, Siforall j=1,2,---,n k=1,2,

Proof. Observe that max [ZL™', Zi-,] is the epoch at which the k th customer
enters service at station j. Hence

f=max[Z}', Zi. ]+ Sk forall j=1,2,---,n k=12, -
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Since Z{ =Z2_, T;, k = 1,2, -, the conclusion follows by induction on j and k.

Now, consider a second such system, 4., with interarrival distribution F and
service distribution G; at station j. Let the tilde (e.g. Z. ) denote the correspond-
ing quantities tor system A,. It follows from Lemmas 1 and 2 that

Q) ..
) Zi=Z} forallj=1,2,---,n, k=1,2,---,

@ . @ .
if F=Fand G; =G, forall j=1,2,---,n.

Letting Wi (W.) be the total waiting time of the kth customer in system
4A,(4;), we have the following results.

Theorem 2. If [xdF(x)= [xdE(x)<o, F% F, and G, (zé) G; for all j=
1,2,---,n, then E(W,)=E(W,) for all k =1,2,---.

Proof. W, =Z;—35,T, W =2Z;-3, T.
Taking expectations and subtracting, we have

E(W.)-E(W.)=E(Z})- E(Z%)=0,

where the last inequality follows from (1).

~ (2
Theorem 3. If F(x)=F(x) forall x=0and G; = G; forall j=1,2,---,n,
@ .
then W, = W, forall k =1,2,---.

Proof. Let f be an arbitrary increasing convex function. Conditioning on the
sequence of arrival epochs {t }i-,, we have

E{f(W)|{t. }-1} = ELF (W) [{ Y1}

since [Wi |{t: }-. ] Wi [{t:}--1]) is an increasing convex function of Si(S!),
j=l’2a”'an’i=1927“"k~ i
Removing the conditioning, we have E[f(W.)]= E[f(W.)].

"Remarks. (i) In the proof of Theorem 3, we only needed the assumption that
the sequence {t;};-;has the same joint distribution for both systems. Therefore,
the interarrival times may be arbitrary.(2 "

(ii) Clearly, Theorem 3 is true when = isreplaced by = and F(x) = F(x)is

replaced by F(x)= F(x).

~
=

Another interesting question one might ask is: Can Theorem 1 be generalized
to parallel-server queues? Ross (1978) gave a counterexample showing that
similar comparisons do not hold in general. However, it may be shown that
Theorem 1 can be generalized to the case of m constant servers in parallel (see
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Stoyan (1977a), p. 854, or Niu (1977), p. 36). It should be noted that in case of
@

constant service times the ordering = is simply ordering by size. Combining
Theorems 2, 3 and the above, we have the following.

Theorem 4. Consider a tandem queueing system with n stations in series
where each station can have either one server with general service distribution or
any number of servers in parallel with constant service times. For two such
systems, if the interarrival and service distributions are ordered in the same way
as in Theorems 2 and 3, then similar order relations hold for the total waiting
time in system for every customer.

Proof. It can be shown by induction that the time until any customer leaves
the whole system is an increasing convex function of all the interarrival and
service times of all customers up to him. Hence, the conclusion follows as in the
proofs of Theorems 2 and 3.

3. Examples

The results obtained in the last section are quite useful for finding bounds for
total waiting times in tandem queueing systems. Suppose we know the ordering
between two systems and one of them can be analyzed exactly. Then, bounds for
the corresponding quantities in the other system can be readily obtained. We
give two specific examples below.

Example 1. Consider the following four systems of tandem queues:

(A) M/A/1- A1 > A,/1

(B) M/B,/1-B;/1—>---—B,/1

C©) M/ICN1-GC/1---->C /1

(D) M/D\/1-D,/1—---—D,/1
where

A,i= -, n have NWUE distributions,

B, i= 1 2 ---, n have exponential distributions,
C,i=1,2,---, n have NBUE distributions,
D,,i=1,2,---,n are deterministic.

Assume that A;, B;, G, D, have the same mean for all i =1,2,---, n and the
arrival processes are Poisson with the same rate for all four systems. It is well
) @) )
known (see Stoyan (1977a), p. 853) that D, =C =B = A, for all i=
1,2,---,n
Let W4 (W5, We, Wp) be the stationary total waiting time of a customer in

system A (B, C, D). By Theorem 3, we have WD = Wc é WB = WA The point
of this example is that the distributions of W, and Wj are known exactly.
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Hence, we have both upper and lower bounds for E(W¢) and a lower bound for
E(W?3) for all real numbers r = 1.

Example 2. Tembe and Wolff (1974) showed that the expected delay in
front of the second server in an M/D /1 — M/1 (the first server has deterministic
service times) system is bounded above by A/[u(u — A)] where A is the arrival
rate and p is the service rate at the second station.

Theorem 3 implies that the corresponding expected delay, d*, is smaller for a
M/D/1— G/1 system where G has NBUE distribution and the same arrival and
service rates are assumed. Therefore, combining with Theorem 4.5 in Niu (1980),
we have

d*=min[A/[u(p —A), A(oa+ o) 20— A/p)] ']
where o2=1/A? and o3} is the variance of G.

Remark. A lower bound for the expected delay at station j, denoted by d;, in
GI/Gi/1- G,/1—---— G./1 system is

_Aoj _m

2(1-p) 2°
where o7 is the variance of G, m; is the mean of Gj, and p; = Am;. See Formula
(5.7.1) on p. 90 of Stoyan (1977b).

4. Some stronger comparisons

Sometimes it is of interest to know not only comparisons of total waiting times
in system but also the delays in individual stations in tandem queues. Under
stronger assumptions (e.g., stochastic ordering) between interarrival and service
times of two systems, some results in this direction can be obtained.

Consider two tandem queues F/G/1— H/1 and F/G/1— H/1 where F(F) is
the interarrival distribution, H(H) is the service distribution of the second
station, and G is the service distribution of the first station for both systems. For
system F/G/1— H/1, let D, (D7) be the delay of the nth customer in front of
the first (second) station, S. and R, be the service times of the nth customer at
the first and second station respectively, and T, be the interarrival time between
the nth and (n + 1)th customer. Let all barred notations (e.g., D*) denote the
corresponding quantities in system F/G/1— H/1.

It is not difficult to show (see Niu (1980)) that

(2) D%, =max[0,min[D,+S,+D%+R.— T, —Sn1,D%+ Ry — S]]
and

(3) D*.,=max[0,min[D, +S,+D*+R,—T.—S..;,D%+R. - S...]].
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We need the following well-known lemma.

Lemma 3. Let X, Y, i=1,2,---,n, be independent random variables.
1)
Then X; = Y, for all i =1,2,---, n if and only if

o)
f(Xl,Xz,"',X,.) é f(Y], Yz,"', Y,.)
for all non-decreasing functions f.
a a - a -
Theorem 5. If F= F and H = H, then D% = D} forall k=1,2,---.

Proof. Conditioning on the sequence of service times, {S;};-,, at the first
station, it follows from (2) and (3) that D¥(D%) are increasing functions of
(-Ti,*, =Tia, Ry,o++, Rit)((—Thy-+, —Ter, Ri,e--, Risy)) for all
k =1,2,---. Hence by Lemma 3,

a -
[Dx{S;}-1] = [DX[{S }-1] forall k=1,2,---.
To complete the proof we remove the conditioning.
a _ 2) - ) —
Theorem 6. 1f F 2 F and H = H, then Dt £ D% for all k =1,2,--.

Proof. Let f be an arbitrary increasing convex function. Denote Fr,...7, ,,
Fi, .1, and Gs,..s, the joint distribution of {T:}}Z!, {T:}= and {S}i
respectively. Conditioning on {T;}/Z{ and {S;}-,, we have

GO = | [ BUODIa1 s )).

dF+, .1 (t,"" ',tk—l)dGs,,m.Sk(sls” 5 Sk )

= [ [ BroDIwyE 153,

dFr, .1, (ti, ", tk-1)dGs,.... s,(S1,° ", 8 )

< f f E{f(DD){t 11 1 ).
dFT:."'«ﬁ-l (tl, cccy, tk—l)dGS,,n-,Sk(sl,"’,Sk)

= E{f(Do)},

where the first inequality follows since [f(D¥)|{t}), {s}-:] and
[F(D){t: }=!, {s:}e=1] are increasing convex functions of (R;,*-,R.-;) and
(Ri,-*+,R\;) respectively (see (2) and (3)), and the second inequality follows
from Lemma 3.
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Remarks.
(i) In the proofs of Theorems 5 and 6, we needed only (T, -, T\_;) i>)

— — @ - —
(T, -, Tw) f(zll; all k=1,2,--- where (Ty,"-*, Ti1) = (Ty, -+, Tr-) if
f(Ty, -, Tee) Z f(Th, ++, Tey) forall non-decreasing functions f. Hence the

arrival processes may be arbitrary. Also, only (R,,*"-, R,_,) 2 (Ri,**, Riy)
for all k =1,2,--- was used in Theorem 5.

(ii) Analogues of Theorems 5 and 6 can easily be proven for two systems with
n(n =2) queues in tandem where the first through (n — 1)th servers have the
same service distribution for both systems.

(iii) For some related discussion of monotonic properties of the output of
queues, see Stoyan and Stoyan (1976).
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