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Abstract

We describe a tolerance interval approach for assessing agreement in method com-
parison data that may be left censored. We model the data using a mixed model and
discuss a Bayesian and a frequentist methodology for inference. A simulation study
suggests that the Bayesian approach provides a good alternative to the frequentist
one for moderate sample sizes as the latter tends to be liberal. Both may be used
for sample sizes 100 or more, with the Bayesian one being slightly conservative. The
proposed methods are illustrated with real data involving comparison of two assays for

quantifying viral load in HIV patients.
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1 Introduction

We consider the problem of assessing agreement in two competing methods of measuring a
continuous variable when the measurements may be subject to left censoring. This type of
censoring arises in practice when the methods have lower limits of detection. A measurement
is not completely observed if it falls below the detection limit. We assume that the detection
limits are known, however, they may be different for the two methods. A method here may be
an assay, an instrument, a medical device or a technique or technology. Moreover, the variable
being measured typically has clinical importance — its reading on an individual forms the
basis of his/her health evaluation. Consider, for example, the viral load data of (Manegold et
al., 2000). The goal of their study is to comparatively evaluate two branched-DNA assays —
Quantiplex versions 2.0 and 3.0, for quantifying human immunodeficiency virus (HIV) type 1
RNA. Both assays have lower limits of detection: 500 copies/ml for 2.0 and 50 copies/ml for
3.0. The authors say that the concentration of this RNA, also known as the viral load, is
strongly correlated with HIV disease progression. We focus on their viral load measurements
obtained from 132 plasma samples using the two assays. They range from 50 to 50,000
copies/ml. Among them, the proportion of censored measurements from versions 2.0 and 3.0
are 59.8% and 25%, respectively. Furthermore, 38.6% measurements are completely observed
(uncensored) simultaneously on both assays. These data will be analyzed on log (viral
load/1000) scale for better adherence with model assumptions. Figure 1 presents the scatter
plot of the uncensored measurements. They appear highly correlated and seem to have
similar variability. However, the 3.0 measurements are almost always higher than their 2.0

counterparts. We revisit these data in Section 4.



Let the random vector (yi,¥y9) represent the population of measurement pairs from the
two methods. Also, let (y;1,¥i2), 2 = 1,...,n, denote a random sample from this population.

We model these data using the so-called Grubbs’ model (Dunn and Roberts, 1999):
Yij = +b+ej; i=1,....n, =12 (1)

where b; is the random effect of the i-th individual representing his/her true unobserv-
able measurement; and p; is the fixed mean of the j-th method. It is assumed that
b; ~ independent N(0,07), €; ~ independent N(0,07), and the two are mutually inde-
pendent. The model (1) is a mized model (see Pinheiro and Bates, 2000). It is also known
as a wvariance components model (see Searle, Casella and McCulloch, 1992). Further, o}
is the between-individual variance and 012. is the measurement error variance of the j-th
method. These assumptions imply that (yi,72) has a bivariate normal distribution with
mean (p1, pi2), variance (7¢,75) = (07 4+ 0%,07 + 05) and correlation p = o7 /(772). Let
d=y—ys ~ N(u = — pa,0* = o + 05) denote the population of differences in the
measurement pairs. This distribution is free of o7. Next, let (I1,l) be the known lower de-
tection limits for (yi, y2) methods. Due to left censoring, we may not observe y;; completely.
Instead we observe z;; = max{y,;,[;},i=1,...,n, j =1,2.

We concentrate on the tolerance interval methodology of (Lin, 2000, and Choudhary
and Nagaraja, 2007) for the assessment of agreement in (yy,y2). See (Guttman, 1988) for an
introduction to tolerance intervals. In essence, it provides an interval that estimates the range
of a specified large proportion of population of measurement differences. The practitioner

infers satisfactory agreement if the differences in this interval are not clinically important.

There are several other approaches for assessing agreement — prominent among these are



the limits of agreement of (Bland and Altman, 1986) and the concordance correlation of
(Lin, 1989). See the reviews of (Lin et al., 2002) and (Choudhary and Nagaraja, 2004)
for their discussion. Taking into account of censoring in agreement analysis is important
otherwise the variability may be substantially underestimated. This has been demonstrated
in (Barnhart, Song and Lyles, 2005), who have developed a concordance correlation for left
censored data. Assuming bivariate normality for the data, they propose inference procedures
based on maximum likelihood and generalized estimating equations.

In the tolerance interval approach, we take the pyp-th quantile of absolute differences as
the measure of agreement, where py is a specified large probability. In this article, we discuss
two such measures. The first is ¢ — the po-th quantile of |d|, also called total deviation index

by (Lin, 2000). Under the model (1), it can be defined as

g = o {x2(po, u? /o), (2)

where x?(po, A) represents the po-th quantile of a noncentral chisquare distribution with
one degree of freedom and noncentrality parameter A. A small value of ¢ indicates a good
agreement in (y1,y2). In (Lin, 2000), it has been stated that inference on ¢ is cumbersome.
So an approximation to it is suggested that works well when /0 is small and allows a simple
asymptotic inference. Recently (Choudhary and Nagaraja, 2007) have discussed both exact
and asymptotic inferences for q.

In presence of left censoring with possibly different detection limits, one may also be
interested in quantifying the agreement in the conditional population (y1,ye)|{y1,y2 > [},
where | = max{ly,lo}, rather than the whole bivariate population (y;,y2). Our second

measure ¢. — the po-th quantile of |d| given {y;,yo > [} is designed for this purpose. It



reduces to g when there is no lower limit of detection. Unfortunately, it does not have a

closed-form expression, but can be computed numerically by solving,

Pr(ld < gy, y2 > 1) = % /loo {F1\2(U+QC)_F1\2(maX{U_QC7Z})}f2<u) du = po, (3)

where S(u1,us) = Pr(y: > wi,y2 > up) is the survivor function of (y1,y2), Fijp(-) is the
conditional cumulative distribution function (cdf) of yi| yo ~ N (1 +p(71/72) (y2 — p2), TE(1—
p?)), and fo(-) is the probability density function (pdf) of yo ~ N(p2,735). Alternatively, it
can be approximated using Monte Carlo (MC) simulation. The measure ¢ is free of o7 or
the detection limits. On the other hand, ¢. is a function of all five parameters of (y1, ),

and also depends on the detection limits through /.

Our goal here is to develop procedures for obtaining upper bounds U and U, that satisfy
Prig<U)=1-a, Pr(g.<U.)=1-aq, (4)

where (1 — «) is a specified large coverage probability. Then the intervals [—U, U] and
[—U,, U] can be interpreted as py probability content tolerance intervals for the respective

distributions of d and d|{y;,y2 > [}. In other words, we have
PT(H<U) - H(_U) > pO) =1- «, PT(HC(UC) - Hc(_Uc) > pO) =1- a,

with H as the cdf of d and H. as the cdf of d|{y1,y2 > [}. In Section 2, we describe a
likelihood based frequentist procedure and a Bayesian procedure for obtaining U and U..
Simulation studies in Section 3 suggest that both can be used for n > 100. However, for
smaller values of n, the Bayesian procedure is preferable as the frequentist one tends to be
quite liberal. We illustrate their application to the viral load data in Section 4. We conclude
in Section 5 with a short discussion. The Appendix contains some technical details.
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2 Methodology for computing upper bounds

The observed data here can be represented as the pairs (z;5, ¢;;), where ¢;; is the censoring
indicator: ¢;; = 1 if x;; = y;5, i.e., the observation is complete; and ¢;; = 0 if z;; = [;, i.e.,

the observation is censored; 1 =1,...,n, j = 1,2.

2.1 The frequentist approach

Let f and F be the joint pdf and cdf of (y1, y2) under the model (1). Further, let 6 denote the
column vector of its five parameters (u1, pi2,log oy, log oy, logay). The positive parameters
are transformed to log scale to get an unconstrained parametrization for maximizing the log
likelihood function, say L(6). It can be expressed as L(#) = > 7, log L;(#), where L;(0) is

the contribution of the observed data on the i-th individual:

(

F(ly,1y), if (ci1,ci2) = (0,0);

Li(6) = (aF(llva)/aw)yQ:m = filoo f(u, ziz) du, if (cia, ci2) = (0, 1);
(OF (y1,1) /), _, = J7 flwa,u)du, i (e, ) = (1,0);

L f(xilaxz?)’ if (Cila CZ‘Q) = (1, 1)

Let 6 be the maximum likelihood estimator (MLE) of #. The MLE’s ¢ and g, of the agreement
parameters ¢ and g, are found by substituting 0 = 0 in their expressions. Let [ be the
observed information matriz, and G = (0logq/d0),_; and G, = (0logq./00),_; be the
gradient vectors evaluated at the MLE. The expression for G is given in the Appendix.
Although a closed-form expression for G, is not available, it is easy to compute numerically.

From the asymptotic theory of MLE’s and the delta method, we have

log G~ N(logq,G'I'G), logqg. ~ N(logq.,G.I'G.),
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where G’ is the transpose of G. Hence the upper bounds U and U, can be computed as
U =exp {logcj +2z(1— oz)(G'I_lG)l/2} , U.=exp {log Ge + 2(1 — a)(G'CI_lGC)l/Q} , (5)

with z(1 — a) as the (1 — «)-th quantile of a N(0,1) distribution. When n is large, these
bounds satisfy (4) with (1 — a) as the approximate level of confidence. Computing the
bounds in (5) first on the log scale and then transforming back leads to better small sample

performance than the bounds on the original scale.

2.2 The Bayesian approach

In the Bayesian framework, the model (1) is interpreted in a hierarchical fashion as,

Yijl (17, bi,07) ~ independent N (y1; + b;,07), b;lo; ~ independent N'(0,03);  (6)

i=1,...,n,j=1,2. This model has a total of (n + 5) parameters — including the n indi-
vidual random effects. The marginal distributions of (y;,y2) and d, after integrating out the
individual random effect, remain the same as before except that they are now conditional on
the parameters (1, pa, 0%, 03, 07). Consequently, the expressions for the agreement measures

q and ¢. given by (2) and (3) still hold. To complete the Bayesian specification of the model

(6), we adopt the following mutually independent prior distributions:
] < 1, 07 ~ IG(A;, B)), j=1,2, 0} ~IG(A,, By), (7)

where “[.]” denotes a pdf, and IG(A, B) represents an inverse gamma distribution, i.e., its
reciprocal follows a gamma distribution with mean A/B and variance A/B?. The hyperpa-

rameters, i.e., the parameters of prior distributions, A’s and B’s of the variance components



are positive and must be specified. Choosing their values near zero lead to largely noni-
formative prior distributions. These prior distributions are quite standard in the Bayesian
mixed model literature (see Ruppert, Wand and Carroll, 2003, ch 16). An alternative to the
improper uniform distribution for p; is a uniform distribution on a large finite interval or
a mean zero normal distribution with a large variance, ensuring essentially a noniformative
but proper prior distribution. If significant prior information is available, it can also be
incorporated by choosing informative values for the hyperparameters.

The resulting joint posterior distribution of parameters, although proper, is not available
in a closed-form. So we use a Markov chain Monte Carlo (MCMC) approach for inference.
The Appendix describes a Gibbs sampler algorithm for sampling from this distribution. We
use it to generate a large number of posterior draws, say M. Then apply (2) and (3) to every
draw to produce M draws each from the posterior distributions of ¢ and ¢.. The bounds U
and U, are taken as the (1 —a)-th sample quantiles of these M draws of g and ¢, respectively.
They satisfy (4) with (1 — «) as the approximate credible probability. The approximation
here is due to the finiteness of M. The inference is exact with respect to the sample size
n. In addition, from the Bayesian large sample theory (see Gelman et al., 2003, ch 4), the
approximate confidence coverage of these bounds is also (1 — &) when n is large.

When M is large, directly using (3) for computing ¢. requires a great deal of computation
time since it involves solving a somewhat nonstandard integral equation. Substantial savings

in time can be achieved by using the following MC approach:

1. For a given setting of (uy, 2,03, 05, 0%), simulate a random sample of large size, say

N, from the bivariate normal distribution of (y,ys). Take their differences to get the



corresponding sample from the normal distribution of d = y; — s.

2. Approximate g. as the po-th sample quantile of only those absolute differences from
Step 1 that correspond to {y1,y> > [}. One can also approximate ¢ as the pp-th sample

quantile of all the absolute differences from Step 1.

This approach can also be used for approximating ¢. in (5) in the previous section. Comput-
ing . via simulation is not recommended for numerical computation of the gradient vector
G. in (5) as the results may not be accurate. Since we need to solve (3) only a few times for
computing the estimate and its standard error (SE) in (5), we prefer this exact approach in

the frequentist case.

3 Simulation study

The frequentist bounds given by (5) are valid only when n is large. A large n is also needed
for the frequentist interpretation of the Bayesian bounds to hold. So in this section we use
MC simulation to estimate and compare the true confidence coverage of the proposed bounds
for moderate values of n. We also study the impact of ignoring censoring — i.e., treating
the censored observations as complete observations.

We perform this investigation at the following settings: py = 0.80, o = 0.05, (u1,01) =
(0,1), pg € {0,1}, 0o € {0.5,1}, 0p € {2,4}, common censoring rate r € {25%,50%}, and
n € {30,60,100}. The starting points for likelihood maximization and Gibbs sampler are
chosen as the true parameter values plus a random AN(0,0.01) noise. The quantiles ¢ and
¢ in the frequentist case are estimated using (2) and (3). However, in the Bayesian case,

we use the MC approach described in the previous section with N =10,000. Furthermore,



all the six hyperparameters in (7) are given a common noninformative value of 1073, The
Gibbs sampler is run for 50,000 iterations, the first half of the chain is discarded as burn-in,
and only every fifth iteration is saved (thinning) to keep further computations manageable.
Thus, a total of 5,000 MCMC draws are saved.

At a given combination of settings, we first compute the detection limit /; as the r-th
quantile of y;, ¢ = 1,2, and obtain the true values of (¢,q.). Then we simulate a random
sample of size n from the bivariate normal distribution of (1, y2) and censor them by setting
as [; those values of y; that fall below [;, ©+ = 1,2. Next, we apply the methodology of
previous section to this sample and compute the bounds U and U.. Finally, we verify
whether they are correct by checking {¢ < U} and {q. < U.}. This process is repeated
1,000 times separately for the Bayesian and the frequentist approaches. The proportion of
times a bound is correct gives an estimate of its true confidence coverage probability. The
computations are programmed in the statistical software R (R development core team, 2006).

Tables 1 and 2 report the respective coverage probability estimates for U and U.. The
results for the two bounds appear quite similar. The Bayesian bounds tend to be conservative
whereas the frequentist ones tend to be liberal. The larger censoring rate seems to produce
slightly more conservative results in the Bayesian case, and slightly more liberal results in
the frequentist case. The results also seem somewhat consistent across different parameter
combinations. For the Bayesian bounds with 25% censoring rate, the empirical coverage is
about 2% above the nominal level of 95% for n < 60, and it decreases by about 0.5% for
n = 100. In contrast, the coverage of frequentist bounds with 25% censoring rate is about
3% below the nominal level for n = 30, about 1% below for n = 60, and quite close to 95%

for n = 100 except for a few exceptions. Overall, for n < 100, the frequentist bounds are not
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recommended due to their liberal nature and the Bayesian bounds should be used in this
case. Both may be used for n > 100, keeping in mind that the Bayesian ones may be a little
conservative for n near 100.

We perform a similar investigation to study the impact of ignoring censoring on the
coverage probabilities. In this case, all observations in the censored (yi,y9) sample are
treated as complete observations when fitting the model, and only 100 MC replications are
used. Table 3 presents the estimates for n = 60. They range from 0-77% for a nominal level
of 95% — clearly demonstrating that the variability is severely underestimated for both the
approaches. The results gets worse as the censoring rate increases. Further simulations with
n = 30 and n = 100 (results not presented) suggest that the estimates for n = 30 are only

somewhat better than n = 60 and are substantially worse for n = 100.

4 Application

In case of the viral load data, we have (y,y2) = log{(2.0 count, 3.0 count)/1000}, the de-
tection limits (Iy,l2) = log{(500,50)/1000} and n = 132. We fit the Grubbs’ model (1) to
these data using both the frequentist ML and the Bayesian approaches. The computations
were programmed in R. Additionally, for the Bayesian fitting, we used the WinBUGS pack-
age of (Spiegelhalter et al., 2003) by calling it from R through the R2WinBUGS package of
(Sturtz, Ligges and Gelman, 2005). Further, all the six hyperparameters in (7) are given a
common value of 103. Moreover since WinBUGS does not allow improper prior distributions,
we modified the distributions for (i, p2) in (7) as independent uniforms on the interval

(—10%,10%). These choices lead to essentially noninformative prior distributions. We run
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three parallel Gibbs sampler chains for 30,000 iterations each. The overdispersed starting
points for (py, pe,log oy, log o9, log g,) are chosen as their MLE and MLE + twice their SE’s.
The starting points for by, ..., b, are taken as independent draws from a N'(0,07) with the
values of of chosen earlier. The first half of each chain is discarded as burn-in. We use
the Gelman-Rubin scale reduction factor (see Gelman et al., 2003, ch 11) for diagnosing
convergence. It compares the between-chain variation with the within-chain variation and
should be near one for convergence. The values of this factor computed from the second
halves of the chains for all the 137 parameters in the model are less than 1.16 — indicating
that adequate convergence has been reached. We also use a thinning rate of 10 for each
chain so that only a total of 4,500 MCMC draws are saved for posterior summarization.
Here we employ WinBUGS mainly to illustrate its use for fitting the censored data model.
The posterior simulation approach described in the Appendix, which we also used for the
simulation study in previous section, produces similar results.

Table 4 presents the MLE, its SE, the posterior mean and the posterior standard deviation
(SD) of selected parameters. The two sets of parameter estimates appear similar with the
exception of log oo, whose posterior mean is substantially smaller than its MLE. The MLE’s
and posterior means of (1, p2, 71, T2, p, i1, 0) are (—1.31,—0.48,3.34,3.43,0.96, —0.83,0.92)
and (—1.39,—0.50,3.44,3.47,0.96, —0.89,0.95), respectively. They are also quite similar.
In either case, y; and y, appear highly correlated, and seem to have similar variabilities.
However, y5’s mean is about 0.85 higher than y;’s mean. The probability of {y;,y2 >
[ = log(500/1000)} is estimated as 0.42 in both cases. The upper bounds (U,U,), with
(1 —a) =0.95 and py = 0.80, are (1.71,1.70) in the frequentist case and are (1.99,1.84) in
the Bayesian case. The two sets of bounds differ to some extent, but the direction of their

12



difference is consistent with our earlier finding that, for n near 100, the Bayesian bound
tends to be slightly conservative, whereas the frequentist bound tends to be quite accurate.
Note also that U. is slightly lower than U in the former case and the two are roughly the
same in the latter case.

Consider now the tolerance interval interpretation of the Bayesian bounds. It says that
80% of d = y; — y» population is estimated to lie within [—U, U] = [—1.99,1.99]. Further-
more, given {yi,y, > [}, the same percentage of d population is estimated to lie within
[—U,, U.] = [—1.84,1.84]. These conclusions hold individually with 95% credible probability
(or approximate confidence level). This extent of differences in log (viral load) counts from
Quantiplex versions 2.0 and 3.0 is too large for their interchangeable use, particularly since
it appears from (Manegold et al., 2000) that differences of more than 1.15 may be important
from a clinical point of view. To assess the prior sensitivity of these results, we refit the
model (6) with the common hyperparameter in (7) as 0.1 and 1, and compute (U, U,). The
resulting bounds, (1.99,1.84) and (2.03,1.88), show that the conclusion is not sensitive to
the choice of hyperparameters, provided they are noniformative or moderately informative.
The frequentist bounds also lead to a similar conclusion regarding insufficient agreement.

Since the methods are highly correlated and have similar variabilities, it is clear that the
mean difference of about 0.85 in the two is the main cause of disagreement. To investigate
this further, we subtract 0.85 from all the uncensored values of y, and redo the above anal-
ysis. The resulting frequentist and Bayesian bounds (U, U..) are (1.12,1.06) and (1.29, 1.20),
respectively. The extent of agreement between the two Quantiplex versions now is better
than before. In addition, if 1.15 is used as the threshold for agreement, the frequentist bounds

do allow the inference of sufficient agreement between the methods after the transformation.
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This perhaps is a more accurate inference than the Bayesian inference of still insufficient

agreement since the latter may be a bit conservative for n = 132.

5 Discussion

In this article, we consider method comparison data that may be left censored, and describe
a frequentist and a Bayesian inference procedure for assessing agreement using tolerance
intervals. The results are derived under the assumption of a normal theory mixed model for
the data, possibly after a suitable transformation. However, the resulting bivariate normality
may not always hold in practice. In fact, in case of the viral load data, the posterior predictive
checks recommended by (Gelman et al., 2003, ch 6) give some evidence that the assumed
model does not adequately capture the observed correlation — although it does fit well to
other aspects of the data. Sometimes there may also be nonlinear dependence in methods
that cannot be modelled in the usual normal theory framework. Alternative models are
currently being investigated to deal with these scenarios.

The Bayesian modelling approach described here may also be used for agreement analysis
using concordance correlation. Once we have the draws from the posterior distribution of
model parameters, we can get the posterior draws of concordance correlation and use them
for inference. Since the frequentist procedures of (Barnhart et al., 2005) seem to require
n > 100 to work well, this Bayesian approach may provide a good alternative for smaller
values of n. Further investigation is needed to confirm this.

When an observation falls below the detection limit, we use the limit itself as the asso-

ciated censored observation. However, some authors use half the detection limit in its place
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(see Barnhart et al., 2005). The methodology described here can be easily adapted to handle
this situation. Sometimes the methods also have an upper detection limit in addition to a
lower limit — leading to measurements that are interval censored. This basic idea of this
article can still be applied by appropriately modifying the likelihood function.

Finally, the numerical computations required for implementing the proposed methodology
can be easily programmed, e.g., in R. One can also use the WinBUGS package of (Spiegelhalter
et al., 2003) for the Bayesian fitting. Software code used for analyzing the viral load data is

available from the author.

Appendix

Expression for G = (0logq/d0),_; in (5): Let ¢ and ® denote the pdf and the cdf of
a N(0,1) distribution. The quantile ¢ given by (2) can also be defined as the solution
of ®((¢ — p)/o) — ®((—q — p)/o) = po. Upon using implicit differentiation, and letting

2= (—q—p)/o, z,. = (q—p)/o and s = ¢(z;) + ¢(z,), we have the following:

8logq_i B . alogq_i B

Tl = (o) — 0l ot = - (0(a) = 9(=)
dlogq sz B .., Ologqg
810g0'j - sqo (Zugb(zu) ZZQS(Zl)), J = ]-72a 810g0b =0

Now since 6 is the column vector (u1, pi2,log o1, log o9, log ay,), G is simply obtained by eval-

uating the above expressions at 6 = 6.

A Gibbs sampler for posterior simulation: For i =1,...,n, j = 1,2, let [x;;|others] =
{gb(zij)/aj}c”{q)(zij)}lfcij, where z;; = (z;; — p; — b;)/0j, denote the likelihood of the
observed pair (z;;,¢;;) given all the model parameters in (6). Under the prior distributions
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(7), we have the following full conditional distributions — i.e., the conditional posterior

distributions of a group of parameters given all the remaining parameters:
(11, pio|others] o H H[:Eijlothers];
i
b1, ..., by |others] o H H[:L'ij|others] H o(bi/ow);
i i

(072, 052 |others] o H H[:Bij|others] H aj_z(Aj_l) exp(—B;/03);

Jj o J
oplothers ~ IG(Ay +n/2, By + Z b;/2).

In each iteration of the Gibbs sampler, we draw (i1, pt2), (b1, ..., by), (072,05 %) and o2, in the
given order, from their respective full conditionals. Repeating this iteration a large number of
times until convergence generates a Markov chain whose stationary distribution is the desired
posterior distribution. The first three conditional densities above do not have standard forms.
So to sample from them we use a Metropolis algorithm, with independent normals as the
proposal distributions. The means of these proposals are taken as the parameter values in
the previous iteration and the variances are pre-specified. A common variance is used for
the parameters in each group. They are chosen by trial and error so that the acceptance
rate of the proposals is approximately 25% (see Gelman et al., 2003, ch 11). The parameters

(072, 05?) are simulated on log scale to normalize their distributions.
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Figure 1: Scatter plot of the uncensored viral load data. Also included is the 45-degree line

through origin. Viral load is measured as copies/ml.
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Table 1: Estimated confidence coverage (in %) of a 95% upper bound U for the measure of
agreement q. Here (pg, p1,01) = (0.80,0,1). The estimates are based on 1,000 replications

and have a standard error of 0.7.

25% censoring 50% censoring

Bayesian Frequentist Bayesian Frequentist

(2,02, 0p) q 30 60 100 30 60 100 30 60 100 30 60 100

(0,0.5,2) 143 97.8 97.3 969 922 943 925 99.1 971 98.0 934 945 954
(0,0.5,4) 143 973 97.6 969 92.0 939 93.3 98.9 972 96.6 919 93.5 954
(0,1, 2) 1.81 98.1 978 97.8 92.7 942 94.7 99.1 979 983 919 93.8 96.0
(0,1, 4) 1.81 975 973 97.7 928 93.7 95.7 98.0 972 981 916 944 956
(1,0.5,2) 196 952 958 954 914 93.2 94.3 95.5 935 924 90.7 92.0 932
(1,0.5,4) 196 954 95.6 957 91.0 933 94.2 954 93.7 93.1 899 926 91.7
(1, 1, 2) 225 972 976 96.8 93.1 948 94.8 97.8 96.0 96.0 925 93.8 953

(1,1, 4) 225 96.6 96.5 96.1 925 945 955 974 96.3 96.5 904 944 946
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Table 2: Estimated confidence coverage (in %) of a 95% upper bound U.. for the conditional

measure of agreement ¢.. Here (pog, i11,01) = (0.80,0,1). The estimates are based on 1,000

replications and have a standard error of 0.7.

25% censoring

50% censoring

Bayesian Frequentist Bayesian Frequentist
(p2,02,00)  qe 30 60 100 30 60 100 qc 30 60 100 30 60 100
(0,05,2) 133 97.8 97.2 963 92.0 941 929 1.29 984 964 958 91.2 923 93.0
(0,0.5,4) 139 97.1 975 96.8 92.0 94.0 93.5 136 981 969 959 90.6 92.7 949
(0, 1, 2) 1.67 975 97.6 97.3 92.0 939 94.6 1.57 982 974 97.0 90.6 91.8 949
(0,1, 4) 1.74 971 974 96.8 92.3 93.1 95.0 1.69 978 971 96.9 90.2 92.8 943
(1,0.5,2) 165 981 97.0 96.7 939 94.0 94.0 1.50 984 979 96.7 93.7 93.7 941
(1,0.5,4) 183 969 974 977 92.7 948 954 1.75 976 96.8 982 92.8 94.0 95.0
(1,1, 2) 1.99 969 952 93.6 914 928 94.1 1.84 96.6 952 945 89.8 92.0 93.0
(1,1, 4) 214 968 96.2 96.7 924 93.1 95.0 2.06 972 959 972 89.8 932 93.9
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Table 3: Estimated confidence coverage (in %) of 95% upper bounds when the censored
observations are treated as complete observations. Here (n,pg, u1,01,) = (60,0.80,0,1).

The estimates are based on 100 replications.

25% censoring 50% censoring
Bayesian  Frequentist Bayesian  Frequentist
(po,09,05) U U, U U. U U, U U.

(0,0.5,2) 530 550 35.0 38.0 20 50 30 6.0
(0,0.5,4) 620 62.0 41.0 43.0 70 70 40 40
(0, 1, 2) 48.0 51.0 370 41.0 50 6.0 0.0 2.0
(0, 1, 4) 58.0 57.0 42.0 45.0 10.0 10.0 1.0 5.0
(1,0.5,2) 68.0 76.0 63.0 71.0 6.0 44.0 4.0 41.0
(1,0.5,4) 71.0 73.0 65.0 73.0 21.0 40.0 12.0 39.0
(1,1, 2) 71.0 73.0 66.0 71.0 13.0 43.0 10.0 37.0

(1,1, 4) 75.0 770 70.0 71.0 22.0 35.0 15.0 33.0
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Table 4: Estimates of selected parameters for the viral load data. The mean and SD refer

to the posterior distribution.

Frequentist Bayesian

MLE SE Mean SD

pi -1.31 0.07 -1.39  0.32

gy -0.48  0.07 -0.50  0.30
logoy -1.20 0.08 -1.09  1.03
logos -0.14  0.06 0.67 0.92
logo, 120  0.06 122 0.08
logg 048 0.04 0.53  0.09

logg. 0.47 0.04 0.48 0.08
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