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Abstract— All existing training signal designs for channel estima-
tion in OFDM systems assume no frequency offsets. In pract& fre-
quency offset is unavoidable and seriously degrades the dermance
of OFDM systems. In this paper, we address the problem of degin-
ing optimal training signals for SISO OFDM channel estimation in the
presence of frequency offsets. First, we present optimal &ining sig-
nals for OFDM channel estimation in the absence of frequencyffset
which include all existing optimal training signals for SISO OFDM
channel estimation as a subset. Then we derive the optimaldiming
signals for SISO OFDM channel estimation which are the mostabust
to frequency offsets. In the absence of frequency offsetshannel esti-
mation mean square error depends only on the ratio of trainirg signal
energy to noise variance. In the presence of frequency offse channel
estimation mean square error depends on this ratio as well asn the
channel power delay profile and the frequency offset. Analytal and
simulation results show that the performance improvement ahieved
by the proposed optimal training signals can be quite signifiant for
moderate-to-high values of SNR and frequency offsets.

I. INTRODUCTION

Training signal design for OFDM channel estimation has
attracted significant research attention. For SISO OFDM

systems, the optimal training sequences and pilot tones for

frequency-selective block-fading channel estimationenrvesti-
gated in [1][2] and [3]. For MIMO OFDM systems, [4] described
an optimal training signal design for frequency-selectiack-
fading channel estimation in pilot-data-multiplexed soleewhile

[5] presented an optimal training signal design for the sohe
where all sub-carriers are used as pilot tones. Recently, [6
presented general optimal training signal designs forueaagy-
selective block-fading channel estimation in MIMO OFDM sys
tems which include all existing optimal training signal wgss in

the literature as special cases.

To the best of our knowledge, all existing training signal de
signs for OFDM channel estimation assume no frequencytoffse
In practice, frequency offset is unavoidable due to localillas
tor mismatches and Doppler shifts of the mobile wirelessneha
nels. Frequency offset causes a loss of orthogonality artiueg
sub-carriers which in turn seriously degrades the perfanreaf
OFDM systems. To mitigate OFDM'’s high sensitivity to freqag
offsets, several highly-accurate frequency offset estinsawere
proposed. However, there will still be some residual frempyeff-
set after applying these frequency offset compensatidmiquoes.
Itis unclear how the existing optimal training signals behim the
presence of some (residual) frequency offsets. Hencejsmtx
per, we investigate optimal training signals for SISO OFDihaua-
nel estimation in the presence of frequency offsets. Wedresent
optimal training signals for OFDM channel estimation in #ie
sence of frequency offset which include all existing optitrain-

ing signals for SISO OFDM channel estimation as a subsetn The
we derive the optimal training signals for SISO OFDM channel
estimation which are the most robust to frequency offsets. ré
sults show that the performance improvement of the propoped
timal training signals can be quite significant for modetatéigh
values of SNR and frequency offsets.

The rest of this paper is organized as follows. In Sectioth#,
signal model and the optimality condition are described:tifa
Ill presents optimal training signals in the absence of ety
offset. Section IV derives the optimal training signalstie pres-
ence of frequency offsets. Numerical examples, simulatsnlts
and discussions are presented in Section V and the papendis co
cluded in Section VI.

Il. SIGNAL MODEL AND OPTIMALITY CRITERION

Consider an OFDM system with” sub-carriers andv, cyclic
prefix samples. For channel estimatiéh(> 1) OFDM training
symbols are transmitted. The channel impulse responsg (©HR
cluding all transmit/receive filtering effects) is assunetavel
taps (wherd. < Ny+1) and is quasi-static ov€p OFDM symbol
intervals.

Let C4 =[cq[0], ..., cq[K — 1]]7 be the pilot tones vector at the
q-th symbol interval where the superscriptdenotes the trans-
pose. Furthermore, leftsq[k] : § = —Ng,..., K — 1} be the
corresponding time-domain complex baseband training &smp
including the cyclic prefix samples. Defir#{q] as the training
signal matrix of sizé(” x L at theg-th symbol interval whose ele-
ments are given byS[q]]m,: = sq[l—m]form € {0,..., K -1}
andi € {0,...,L —1}.

Define s, as the0-th column of S[¢]. Then, thel-th column
of S[q] is thel-sample cyclically-shifted version of, denoted

by sfz(l)). Assume thatk’ = ML, whereM € {1,2,...}, and
Lo > L and leth denote the lengt: CIR vector. After cyclic
prefix removal at the receiver, denote the received vecttarafth
K attheg-th symbolinterval by-,. Then, the received vector over

the @ symbols interval is given by

r = Sh+n (1)
where r = [7’317 7’?7 ~~~77'g—1]T @
s = [ST[O], s™y, ..., sTQ - 1]]T ®)

andn is a length# @ vector of zero-mean, circularly-symmetric,
uncorrelated complex Gaussian noise samples with equahear
of o2.

The least square channel estimate (also maximum likelijood
assumingS® S has full rank, is given by [7]

h=(s"8)"1sfy 4



and the corresponding mean square error (MSE) is giveaZby
tr{(S¥S)~'1 where the superscripi denotes the Hermitian
transpose. The minimum MSE is achieved when

sHs = EI ®)
Q—1K—1

where E; = Z Z |sq[k]|2. (6)
¢=0 k=0

The corresponding minimum MSE Is»2 / E,. Condition (5) can
be equivalently stated as

Q-1
> 51 [q1S[q] = Eil. @
q=0

I1l. OPTIMAL TRAINING SIGNALS IN THE ABSENCE OF
FREQUENCYOFFSET

For completeness, in the following we summarize the main DFT whereV € {1,...,

properties used in this paper. L&{n] = 7" x[ Je72mhn/ K

andz[k] = L S5 X[n]e?™ /K e, X[n] <2 o[k].
Property-1 For any K, if X[n] =a, Vn, wherea € C andC

is the field of complex numbers, theffik] = ad[k] whered[k] is a

discrete unitimpulse function, and vice versa.
Property-2 Assume that{ = M L, for M=1,2,.... If

_ a, n=mM;m=0,...,L0—1;a€C
X[n] = { 0, elsewhere ®)
then
_ alo/K, k=nLo;n=0,...,M—1
wlk] = { 0, elsewhere ©)

and vice versa.
Property-3

X[(n — 1) ] +5s 2T/ K 1]

where(-)x denotes modulds operation, hence representing a
cyclically-shifted version. Its dual form is given by

2[(k — m) ] <2 e=I2mmn/K X[,

This section considers training design for channel estimat
based on observation ové} symbols interval. Let us consider
the condition in (7). The following are observed:

(A-i) The full rank condition in (7) means that there must bbe a
leastZ different (nonzero) tones of one symbol duration oger

symbols interval.
(A-ii) The condition in (7) gives the following

Q-1
ST — 0, vi# ms 1,m € {0,1,...,L -1} (12)
q=0

which means that

-1 K—1
Z 7 Jeg[n]Pe2 ™ K = oford = £1,42,...,£(L - 1).
g=0 n=0
(13)

By defining
Q-1
n] = Z legn]?,n=0,...,K — 1, (14)
q=0
we can express (13) as
K-—1
Z Eln)e??m /K —ofor d = +1,+2,...,+(L—1). (15)

Note thatF; = fo:_ol E[n]. Using Property-2 and 3, we obtain
the following condition satisfying (13) fok” = M Lo, Lo > L:

ME

En] = §[n—1—mM],,a; >0 (16)

z_:0

Z

MY, L, €{0,1, ..., M —1}andlx #

if & # 4. Note thatLo Y ,a; = FE: and hence, at least onrg
must be nonzero for nonzerd;. The energies of non-zero pilot
tones within a symbol duration may not necessarily be theesam
unless@ = 1 and only Ly pilot tones are used. Fap = 1,

K = MLyandlL, > L, (16) or (17) gives the optimal pilot tones
in the absence of frequency offset as

<N
Lo

or E[n] §[n—lx — mM], ap, >0 (17)

IIM

M—1Lg—1
Hnl = >0 D Ajamugrdn—1—mM]  (18)
=0 m=0
M-—1
D> A} = KEi/Lo, A >0, |ai| = 1. (19)

=0

In general, fo@ > 1, K = M Ly andL, > L, the optimal pilot
tones in the absence of frequency offset are given by

M—1Lg—1
Cj;[n] = Z Aq,m,l O‘qI\"-I-mM-I-l 5[71 — l — T)’LM](ZO)
=0 m=0
Q—1M—1Lg—1
Agmi = KBt (21)
g=0 =0 m=0
Q-1
Agmy 1 = Z Af gt Aqm 20, o] = 1. (22)
q=0

For @ = 1, the optimal training signals defined by (17) with
V' = 1 are equi-spaced, pilot tones with equi-energy (where
Lo > L, and K = ML,) which were the optimal pilot tones
presented in [1] [2]. IfLo = L is imposed, the optimal pilot tones
from [3] are obtained. Fo§ = 1 andV > 1, the optimal pilot
tones from (17) are composed Bf disjoint sets of equi-spaced,
equi-energyl, pilot tones. Pilot energies for different sets can be
different and there is no restriction on the spacing betvessrtwo
disjoint sets. In other words, all L, pilot tones need not be equi-
spaced, nor of equal-energy. FQr> 1, the requirements on the
pilot tones are just spread out ov@rsymbols interval.

As an illustrative example, Table | lists some represerdatof
optimal pilot tones fo = 1 in the absence of frequency offsets.
{a;} are unit amplitude symbols. The first three pilot tone vextor
correspond to the existing optimal pilot tones from [3]21][ The



remaining pilot tone vectors are new results. Table Il lggigmal
pilot tones for@ = 2 in the absence of frequency offsets.
Note that forl.;, > Lo > L and a positive integel/, if

Xgq is a diagonalX, X4 + Ax, = al, anda,b > 0. Con-
sider groups ot” with the same determinant + b)~. Using the
arithmetic-geometric mean inequality we conclude that T¥]

K = Lo L, U and there are disjoint sets of egi-spaced, equi-energyand hence TiX] will be minimum for X = X, within each

Lo and L, pilot tones then (15) will give additional optimal pilot
tones not covered by (17). These additional optimal piloegare
composed of disjoint sets df, and; tones. Within each set of
Lo equi-energy pilot tones, the spacingii§ L, while within the
set with L; equi-energy pilot tones, the spacinghi&/ L;. Pilot
energies for different sets can be different. An examplenisrg
in Table Ill. This type of optimal pilot tones can be extended
L<Lo<ILi<IL»<...<Lgaslongadd =UT[., L: and
there exist disjoint sets of equi-spackdpilot tones with spacing
K /L; for all 1. But for practical systems whei& is a power of
2, the optimal pilot type described above is not likely tos¢xind
those defined by (17) would cover all optimal pilot tones.

IV. THE OPTIMAL TRAINING SIGNALS IN THE PRESENCE OF
FREQUENCYOFFSETS

In practical systems where frequency offsets are unavtgdab
the optimal training signals presented in the previous@echay

not result in the same MSE performance. This section derives

training signals that are optimal in terms of their robussi® fre-
quency offsets. In the presence of a normalized (by the autiec
spacing) carrier frequency offset the received vector in (2) be-
comes

r=W()Sh+n (23)
where W(v) = diag{Wy(v) , 6J2””(K+N9)/KW0(U), "
6J27T”(Q_1)(K+N9)/KWO('U)}, Wo(’u) = diag{l, 6J27W/K,

e2m2v /K ei2m(K-1)»/K}  The corresponding channel esti-
mate obtained using an optimal training signal from the jotev

section is

1
—SHy
By

- h- EL{SH(I — W())Sh — §%n} = h — A,.(25)
t

(24)

We define the normalized MSE as

NMSE = MSE E[An"An]
L L
_ or + Tr[sH (1 - W(v))SCZSH(I - W(v))HS](ZG)
E, LE:
= NMSEg + AnMsE- (27)
In (26) , the first term is the NMSE obtained without any fre-

guency offset and the second term is the extra NMSE caused by

the frequency offset.

We will investigate which training signals are the best (htos
bust to frequency offsets) among the optimal training digypee-
sented in the previous section. Equivalently, we will find thest
training signal matrice$™ which give the minimum extra MSE,
ie.,

S* = arg min Tr[SEV (v)SCLSEV (v)E 8]
S

(28)

whereV (v) = (I — W (v)) andS is constrained to be circulant
as described in Section II.

Since STV (v)SCr, STV (1) S is in the form of GG, it
is a Hermitian positive semi-definite matrix. L& = GGF =
STV (1)SCrLSTV (v)"S. DefineY=X 4+ Ax, + bI where

group. Hence, we just need to consider diagonal matri¥gs
We assume that the channel correlation matrix is giverChy
= diag{o3, o7, ..., 0%_,}. SinceCy, is diagonal, X will also
be diagonal whers”V (v)S is diagonal. Sinces is circulant,
STV (v)S will be diagonal if and only if

dg—1
ZAq, 8fn =1y, lgivr —lgi > L, ¥iiq  (29)
where 0 < l,;, < K — 1. The k-th diagonal el-

ement of the diagonal matrxS¥V (v)S is then given by
Zq Zf"_l |Ag,il*Vox 41, ,+% Wherek =0, ..., L — 1 and
Vi denotes the-th diagonal ‘element oV (v). Now, we have a
diagonal matrixX 4 with

Q-1 ?
>
q=0

dg—1
2

E [Aqil*Vor iy i+k

i=0

(30)

Xd:Zi

Therefore, the best signal matri6* is determined by
{|Aq,i|27 lq,i}* where
{lAgil?, lgi}" = argmin
{l4q,il?, Iq,4}
L—1 Q—1dg—1 2
oi |20 D Ml Varct, i4k|  (BD)
k=0 g=0 =0
subject to Z Z q7,|2 = FE,
g=0 =0
lgit1 —lgi > Lyand 0< Iy, < K —1,Vi,q.  (32)

Since{V;} depend orv, there is no singles* which remains
optimum for allv and{c?}.

In practical systems, frequency offset estimation and amp
sation are typically performed before channel estimatidance,
during channel estimation, the residual frequency offsesually
very small (i.e., very sma# in our signal model). In this case, we
can find the optimuns by solving (31). The real and imaginary
parts of{V;} for different values ok are plotted in Figure 1 for
an OFDM system with{ = 64, N, = 16 as in the IEEE 802.11a

standard.
For very small values of, we have
Vi=1—e?Rv /K o _onku/K (33)

where
k= |I/K|Ng+ 1. (34)
Then, it is straightforward to see from (31) that the bestadet
{|Aqi|?, 15} is given by
E:
0

= 0.

,ift=0andgqg =0
, otherwise

{l4g,i "}~

l*

(35)
(36)

1For positive numbera;, [T, A; < (
ity holds if and only if all\; are equal.

and the equal-

% Ei\;1 /\i)N



The corresponding minimum extra NMSE is

1 L—1

(ANMSE )min = T > o vil?
=1

L

1 1
E(QWU/I()2

272
oy ki
1

~

(87
!

wherek; is given by (34). The optimum training signal is then
given by

syln] = Ad[n]8[q], |A]® = E. (38)

Equation (38) together with DFT Property-1 imply that among
the optimal pilot tones presented in the previous secti@ntost
robust to frequency offsets is given by

k] =adlg]l, a € {C\O},k=0,1,...,K — 1.

C*

x (39)

Hence, transmitting the same pilot tone symbol on all subera

gives the optimal channel estimation performance in theqiree
of frequency offsets. The above result implies that undestime
training signal energy constraint, using all sub-carri@sspilot

tones and using one training symb@} (= 1) for channel esti-
mation is more robust to frequency offsets.

V. DISCUSSIONS ANDSIMULATION RESULTS

We numerically evaluated the extra NMSEs for all trainingy si
nals which were optimal in the absence of frequency offset an
confirmed the minimum extra NMSE of the optimal training sig-
nals presented in Section IV. For the convenience of numleric
evaluation and presentatiot’ 8 and L 2 will be as-
sumed unless stated otherwise. The range of the extra NMSE ig
[1.0297 x 107°,1.2439 x 107%] atv = 0.01 and[1.0292 x
107%,1.2180 x 107! atv = 0.1. The minimum values are
achieved by the proposed optimal training signals. One @an n
tice that the extra NMSE is approximately proportionabtg as
also evident from (37).

Some representative examples of the optimal pilot toneovect
in the absence of frequency offset are presented in Tablkeand
those in the presence of frequency offset are given in Table |

The minimum NMSEs achieved with the proposed optimal
training signals for OFDM systems with" = 64, N, = 16, and
@ = 1 in a multipath channel witll. = 8 taps and an exponential
power delay profile with a 3 dB per tap decaying factor aretptbt
in Figure 2 for different values of and SNR(= E./(QK2)).

At high SNR,v = 0.1 introduces a considerable degradation in
channel estimation while = 0.01 or less causes insignificant
degradation.

For validation purposes, we simulated the NMSE performance
in the presence of frequency offsets for the proposed optiaia-
ing signal and other training signals which were optimalhie t
absence of frequency offsets. An OFDM system with= 64,

L =8, @ = 1 and residual normalized frequency offsets of 0.001,
0.01 and 0.1 are considered. The results are presentedureFig
3 where training#1 is the optimal training signal, traifi@guses

L equi-energy, equi-spaced pilot tones (a pseudo-noise $eN)
guence), training#3 consists &f equi-energy, equi-spaced pilot
tones with the same pilot-symbol, and training#4 utilizasqui-
energy PN sequence over all sub-carriers. The advantade of t
proposed optimal training signals becomes more signifié@ant
larger values of frequency offsets (see the resultsfee 0.01
andv = 0.1 in Figure 3). The simulation results agree with the
theoretical results and our previous discussions.

TABLE Il
OPTIMAL PILOT TONE VECTORS IN THE ABSENCE OF FREQUENCY
OFFSET FOR ANOFDM SYSTEMWITHK = 8, L = Ly = 2, AND

Q=2
Sub-carrier Index Symbol Index
q=0 q=
0 Ao0o0 | (/43— A3 po
1 Avoar | AT =42 4as
2 Az oz Ag — A5 ga10
3 Az oas Ag — 430011
4 Aopas | \f43 = A3 s
5 Aypas | (A7 = A7 s
6 Az 1 a6 \/Mal4
! Az 107 AZ — AF s
Lo MoV A2 = KBy, Ay > Ay, 20, |ag| =1

TABLE Il
EXAMPLES OF ANOTHER TYPE OF OPTIMAL PILOT TONE VECTORS IN
THE ABSENCE OF FREQUENCY OFFSET FOR AOFDM SYSTEM WITH
K=12,L=Ly=2,L; =3ANDQ =1

Sub-carrier Index
0 Aoozo Aoozo Aoozo
1 A1 (e 5] A1 (e 5] A1 (e 5]
2 0 0 AQOZQ
3 0 0 0
4 0 A2a5 Aoozg,
5 A1 X9 A1 X9 0
6 Aoozg, Aoozg, A2a4
7 0 0 A1 (0333
8 0 0 Aoozg
9 A1 x4 A1 x4 A2a7
10 0 A2a6 0
11 0 0 0
A >0, Ja;|=1

VI. CONCLUSIONS

In this paper, we presented a larger set of optimal trainigg s
nals than the existing ones in literature for OFDM channtres
tion in the absence of frequency offsets. Then we derivennapbt
training signals for OFDM channel estimation in presencief
qguency offsets. We showed in this paper that the most rolpist o
timal pilot tone vectors for SISO OFDM channel estimatiothia
presence of frequency offsets are the ones that have thepsimme
symbol on all sub-carriers. Using only one OFDM training sym
bol is more robust to frequency offsets than using more thren o
training symbols. The reduction in the frequency-offsetticed
extra MSE achieved by the optimal training signals can béequi
significant (one or two orders of magnitude) at moderate agla h
values of SNR and frequency offsets. Further investigatitmthe
optimal training signal design for MIMO OFDM in the presence
of frequency offsets and peak factor limit is underway.



TABLE |
OPTIMAL PILOT TONE VECTORS IN THE ABSENCE OF FREQUENCY OFFSEFIOR AN OFDM SYSTEMWITHK =8, L = Ly =2,ANDQ =1

Sub-carrier Index

0 1 2 3 4 5 6 7
AO @0 0 0 0 AO (e 5] 0 0 0
AO @0 0 AO (e 5] 0 AO X9 0 AO a3 0

Aoag | Aoy | Aogas | Agas | Agay | Agas | Agag | Aoar
Aoozo 0 Alozl 0 Aoozg 0 A10z3 0
A1 @0 Agozl 0 0 A1 X9 A2a3 0 0
Arag | Asay | Azas | Agos | Arayg | Asas | Azag | Agar
For each pilot tone vectof, >, A? =KE;, A; >0, o] =1

TABLE IV 107t 107t 10"

OPTIMAL PILOT TONE VECTORS IN THE PRESENCE OF FREQUENCY —*— training #1 V=001
B —O— training #2 .
OFFSET FOR ANOFDM SYSTEMWITHK = &, =2 + training #3

* - training #4

Sub-carrier Index 10°F v=0.001 A
0 1 2 3 4 5 6 7
Aa | Aa | Aa | Aa | Aa | Aa | Aa | A«
A2 =FE;, Jal=1

0,3
2107}
0.02 ‘ : z
. Re[V‘], v =0.05
0 0.8] - - ImV],v=005 | .~
7

_ N Re[\/‘],v=0.1 L
> ) - |

_ L — Im[V],v=0.1 4
5 ~0.02 5 [ 107
2 2
S -0.04f g
> >
E-0.06} 2
=) (= i = .
g g 10° : ‘ 10° : ‘ 10° : :
£-0.08 = 0 10 20 30 0 10 20 30 10 20 30
2 g SNR (dB) SNR (dB) SNR (dB)
©
= -0.1 - Re[V],v=0.001 T
2 — - Im[V]], v=0.001 £ Fig. 3. The NMSE comparison of several training signals foo&=DM

-0.12) = :Qe[Vﬂ"’_:ggll system withK = 64, Ny = 16 in an 8-tap multipath Rayleigh fading
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Fig. 1. Real and imaginary parts &f for different values ot in OFDM

systems withK' = 64, Ny, = 16 in an 8-tap multipath Rayleigh fading

channel with an exponential power delay profile REFERENCES

[1] S. Adireddy, L. Tong, and H. Viswanathan, “Optimal plavent of
training for frequency-selective block-fading chanrfel&EEE Trans.
Information Theory, Vol. 48, No. 8, Aug. 2002, pp. 2338-2353.

[2] S. Ohno and G. B. Giannakis, “Optimal training and redamicpre-
coding for block transmissions with application to wirelé3FDM,”
|EEE Trans. Commun., Vol. 50, No. 12, Dec. 2002, pp. 2113-2123.

[3] J.H. Manton, “Optimal training sequences and pilot ®©fer OFDM
systems,|EEE Commun. Letters, April 2001, pp. 151-153.

[4] 1. Barhumi, G. Leus, and M. Moonen, “Optimal training dgs for
MIMO OFDM systems in mobile wireless channel&EE Trans. Sg-
nal Processing, June 2003, pp. 1615-1624.

[5] Y. Li, “Simplified channel estimation for OFDM systemsttvimultiple
transmit antennaslEEE Trans. Wireless Commun., Jan. 2002, pp. 67-
75.

[6] H. Minn and N. Al-Dhahir, “Optimal training signals for N\O
OFDM channel estimationAccepted in Globecom 2004.

[7]1 S. M. Kay, “Fundamentals of Statistical Signal ProcegsiEstimation

0 5 10 15 20 25 0 Theory,”Prentice Hall PTR, 1993.
SNR (dB)

minimum NMSE
G

!
IS

=
o

Fig. 2. The minimum NMSE for different values efand SNR for an
OFDM system withK = 64, Ny = 16 in an 8-tap multipath Rayleigh
fading channel with an exponential power delay profile



