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A New Fast Householder-Based Fractionally-Spaced FIR MMSE-DFE
Computation Algorithm and its Real-Time Implementation

K. M. Zahidul Islam, Naofal Al-Dhahir, Russell McKown, Robert Dawes, and Christopher Stillo

Abstract—We present a new parallel algorithm for computing
the optimum coefficients of the fractionally-spaced FIR MMSE-
DFE based on the Householder orthogonal transformation which
avoids the back-substitution computational bottleneck in [1]. The
resulting significant reductions in the algorithm’s execution time
are demonstrated through a real-time FPGA implementation.

Index Terms—MMSE-DFE, fractionally-spaced, QR decompo-
sition, householder transformation.

I. INTRODUCTION

HE finite-impulse-response (FIR) minimum mean-

squared error (MMSE) decision feedback equalizer
(DFE) is a widely-used single-carrier equalization structure as
it outperforms linear equalization while significantly reducing
the detection complexity compared to maximum-likelihood se-
quence detection. Its applications include single-carrier digital
TV receivers, high-speed backplane serial links, IEEE 802.11b
WLAN, and 2G/3G digital cellular phones, among others.
For a robust digital implementation in the presence of timing
errors, the feedforward filter (FFF) of the DFE is implemented
as a fractionally-spaced FIR filter.

In [1], a fast DFE computation algorithm based on the
generalized Schur Algorithm was proposed. This algorithm
first calculates the feedback filter (FBF) using Cholesky de-
composition of a channel-dependent correlation matrix and
then calculates the FFF by back-substitution. In [2], the
Cholesky decomposition was formulated as a QR factorization
using Givens rotations (GR) to parallelize the MMSE-DFE
computation and improve its robustness to finite-precision
effects. However, the back-substitution step was still a com-
putational bottleneck which increased the overall algorithm
execution time causing performance degradation especially
for rapidly-changing channels. Based on the QR approach in
[2], it was pointed out in [3] that it is possible to obtain the
FFF and FBF simultaneously using the same GR and, hence,
the back-substitution is not required. But the algorithm in [3]
only applies to a symbol-spaced DFE and the extension to the
fractionally-spaced case is not straightforward.

In this letter, we make the following 3 novel contributions
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Fig. 1: Block diagram of MMSE-DFE.

o We generalize the algorithm in [3] to the practically-
important fractionally-spaced FFF case.

o« We reduce the execution time of the algorithm in [3]
by designing a new algorithm based on Householder
transformation (HT) instead of GR.

« We implement the proposed algorithm in real-time (for a
system with symbol duration 7' = 0.26us) and demon-
strate a 50% reduction in the execution time for a
%-spaced FIR MMSE-DFE compared to the algorithm
proposed in [1].

This letter is organized as follows. In Section II, we
present the fractionally-spaced FIR MMSE-DFE structure and
describe the input-output model and assumptions. In Section
I1I, first the QR-based approach for computing the DFE coeffi-
cients is briefly reviewed. Second, it is shown how to eliminate
the back-substitution step in computing the fractionally-spaced
FFE. Third, the new HT-based algorithm is presented and
illustrated with an example. Finally, complexity comparisons
based on real-time FPGA implementations of the proposed
algorithm and the one in [1] are given in Section IV followed
by conclusions.

II. MODEL AND ASSUMPTIONS

The structure of the discrete-time MMSE-DFE is shown in
Fig. 1. Let the continuous-time channel output be sampled
at some positive integer multiple ! of the symbol rate 1/7.
Following the notation in [1], by collecting ! such samples
into vectors, we write the sampled channel output as

Ye =Y @i m + 1y e))

m=0

where zj, hg, v and nj denote the k-th input symbol,
k-th channel impulse response (CIR) coefficient vector (of
size | x 1), channel memory and k-th noise symbol vector,
respectively. The complex input and noise sequences {zj}
and {ny} are zero-mean and uncorrelated with variances &,
and o2, respectively. Collecting N output symbols, we write
(1) as

YitNp—1:k = HXpp Ny~ k-0 + Dy Ny — 10k 2

where H is the Nl x (Ny+v) block Toeplitz channel matrix.
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III. THE FRACTIONALLY-SPACED FIR MMSE-DFE

The fractionally-spaced MMSE-DFE computation algo-
rithm calculates two FIR filters: a length-N; symbol-
spaced FBF b and a fractionally-spaced length-N;l FFF
w. We consider b and w as column vectors in this let-
ter. For convenience, define the augmented vector b
[0,a 1 DbH ]H where (.)# denotes the Hermitian op-
erator, 0 is the all-zero vector and A (0 < A < Ny +v —1)
is the decision delay parameter. Consider the Cholesky factor-
ization

C2 +H"H 2 RPR (3)

1
SNRN+

where I is the 1dent1ty matrix, R is a upper-triangular matrix

and SNR' = 2 57 The optimum b and w are given by [2]
~Hy[H
B — RHe(AOPH”l) WH _ e(AOPH”l)R H
R(Aop[+ 17A0pt+1)’ O—?LZR(AOP[+1>AOp[ ‘t‘-l)
“

where e; and R (4,4) denote i-th unit column vector and the
(1,1) element of R, respectively. Ay is the optimized decision
delay which maximizes the unbiased decision point SNR
given by SN RMMSE-DFEU = M 1. For the
case N, = v assumed in this letter, it was shown in [1] that

Aope = Ny — 1. The general case was treated in [4].

A. Eliminating the Back-Substitution Bottleneck

The Cholesky factorization of C in Equation (3) was
formulated as a QR decomposition in [2] as follows

;IN e R
a e ] | ©
=(NfO)X(Nyg+v)

H
The complexity of the QR factorization can be reduced
significantly based on the following observations

e As it can be seen from (4), we have to compute the
(Aopt + 1) column of R¥. Hence, we have to apply
(Aopt + 1) unitary transformations (UT) on H.

T

e Let S»L = |: \/7R,IZT Hz; H5+171 .

0,1,---, Agp denote a set of rows where I; and H; are
the j-th row of I and H, respectively and (.)7 denotes
the transpose. Since H is a block-Toeplitz matrix, the
S;’s are identical except for a right shift by i positions.
Hence, we can apply the same UT to all S;’s.

« Since H is a banded upper-triangular matrix with a band
size of v + 1 rows, in each step, we only need to apply
the UT to v + 1 rows.

It was shown in [3] that by applying the same Q in Equation
(5), we can compute w in Equation (4) from the (Agp + 1)
row of F'; which is obtained as

_ | F

= | F

Q [ VSNRH?
Oty x (1)

However, the algorithm in [3] is only applicable to a symbol-

spaced FFF which limits its application in practice.
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B. New Householder-Based Fractionally-Spaced DFE

The UT operator Q is computed using the Gram-Schmidt
procedure, GR or HT. The Gram-Schmidt procedure is nu-
merically sensitive to rounding and, therefore, is not suitable
for fixed-point implementation. In general, for fractionally-
spaced channel estimates, to zero out each length-(I + 1)
channel coefficient vector h;, we need to apply { GR compared
to a single HT operation. It is shown in [5] that for an
m x n (m > n) matrix, it takes 2n?(m — n/3) floating
point operations (FLOPs) to obtain the upper-triangular R
matrix using HT compared to the 3n?(m — n/3) FLOPs
required by the GR. Hence, we choose the HT for our real-
time implementation.

Given SNR, N¢, v and [, we start by defining the initial
matrices By and Wy. Let, h;,,n = 1,--- |l denote the n-th
sample of i-th CIR vector coefficient h;,7 = 0,--- ,v. We
need to apply Ay + 1 iterations on By and Wy to compute
b and w. Let B; and W, denote the updated By and W
matrices at ¢-th iteration, respectively. In addition, let bf; and
ch denote the k-th column of B; and W; in the i-th iteration,

respectively. In summary, we propose the following algorithm

o Initial condition: Initialize By and Wy according to
Equation (6).

o Iterations: i =1, -, Ay + 1

— Compute UT operator Q; as follows

v = b~ 1)+s1gn( . 1)) YV ey
H
vv
D= L -2
Q 1= 20

- Update: B; = Q;B; 1, W; = Q;W,_1.

— Unless i = Agy + 1, linearly shift the first column
of B, and the first [ columns of W; to the left by
1 and [ positions, respectively, except the first row
of each matrix and append (I x 1) and (I x [) zero
matrices to the right end, respectively.

o Output : Compute b and w as follows
H
b = b(Aoil‘Fl) { bé?o"d_l) béﬁr"’d_l) }
00
wH — 1 { (Aop+1) (Dop+1) }
p ot 01 0(NyI-1)

We illustrate our proposed fast algorithm with an example in
Fig. 2 for Ny =4, v =2 and | = 2. We chose N = v =2
and; therefore, Agx = Ny — 1 = 3. The general algorithm
flowchart is given in Fig. 3.

IV. EXPERIMENTAL RESULTS

We have implemented the proposed new algorithm and the
algorithm in [1] on the Xilinx Virtex-4 XC4VSX35 FPGA
platform for Ny = 20, [ = 2, and N, = v = 19. We found
by simulations that this choice of parameters results in only
0.3 dB performance loss from the matched filter bound at an
input SNR level of 20 dB for the considered CIR.

In Table I, we list the maximum number of hardware
clocks per design function call, defined as throughput and the
total number of function calls per receiver cycle for these
2 algorithms. The receiver cycle in this implementation is

defined as 2567 where T = sore = 0.26ps. At 3840



ISLAM et al.: A NEW FAST HOUSEHOLDER-BASED FRACTIONALLY-SPACED FIR MMSE-DFE COMPUTATION ALGORITHM AND ITS REAL-TIME IMPLEMENTATION3

1/VSNR' 0 0 0 0 VSNRh%, SNR'L, VSNR'hE, VSNR'h,
ho1 hi1 hu1 0 0 0 0 0 0
B £ SWo £ | . . . .
ho h1; hyp 0 0 0 0 0 0
(I+1) X (v+1) (IH1)x (Nf1)
(6)
1/VSNR 0 0
Initialization: By & { hot hi1  hoi
ho2 hi2  ha2
{0 0 +SNR'hi, SNRh3, +SNRhi, VSNRhi, VSNRh}, VSNRh},
Wo2| 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
bho by bp) 0 0w wh  wh)  wh)  wh)  wl)
ter - Upde: Br=QuBo=| 0 o ol | Wi=@Wo=| 0 0wl wld wlb W) W) Wl
0 by by 0 0 wy) wo) wy) wy) wi) wy)
o g T T T B T R 2
lter. 1- Shift Bi=| by by, 0 |, Wi= | ) ey wyy) w) wg) w00
o o o wf) wfd wl) W) Wb Wb o o
(SC G ) e ) ) @ @ ) ) )
00 01 02 00 01 02 03 04 05 06 07
o2 Uple B =QeBi= | 0 ol o | Wa=QWis | ) wl) wl) o) wl) ul wl) ol
0 oy wf) ) wl) wl) el el wl) wl)
bhg  boy by whe wey wey why) wey)  widwig wgy
fer 2- Shie o= | o W0, wo= | wld wld W W W W0 o
o o) o o) o) uf) W) W) W) o o
PCE) 3) ME) @) @) @) @) @) @) @)
00 01 02 00 01 02 03 04 05 06 [0)rg
e 3 Updae: By=QuBa= | 0 o o | We=Quwa= | wl) wl) wfd ) wlh WD Wl Wl
0 o) ol ol ) o wl) o) wl) of) uld
bhy oy b5y why why wly wlhywlh)wld wly  wly
Iter. 3- Shift: Bs=| o » o0 , Wi=| @ o o »w® @ 3 0 0
o o) o ol wl) wl) W) W W) o o
bho by bpy wh wly why)wly)wl)wh)wlewgy
e Ut Bo=QuBs= | 0 o ol | Wo=Quws= |l wfd Wl Wl) Wb wD Wl
0 by bh) wo)  wyy)  wyy)  wyy)  wyy)  wh)  wyg)  wyy
Compute b and w: b:@[bg? b ]H7 wH:b((]%)[w(()éé) I T Y w(()g)]

Fig. 2: Tllustration of the proposed fast fractionally-spaced FIR MMSE-DFE computation algorithm.
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(except first row)

TABLE I: Real-time complexity comparison ; |
: Update

| | (1] [ Proposed algorithm | Initialize | | | Compute B<=F())~B~ !
Maximum Throughput (MT) 6 11 By and W [ T Q. > i=Qibi-1 |
No. of function calls 1575 565 ! i Wi=QiWiy |
per receiver cycle (C) | + :
Total clocks (TC=MT xC) 9450 6215 ! |

_ _ _ | Yes4|-> Compute

clocks per receive cycle, the new algorithm takes 2 receive | I"| bandw
. . . . |
cycles while it takes 3 cycles for the algorithm in [1] to | No |
compute the DFE coefficients resulting in a 50% reduction | - y |
. . s . . I Linear Shift of the |
in the algorithm’s execution time. ! columns to left |
| I
| |

\

V. CONCLUSIONS

We presented a new algorithm for computing the feed-
forward and feedback coefficients of the FIR fractionally-
spaced MMSE-DFE by applying the same Householder trans-
formation, thus eliminating the back-substitution computa-
tional bottleneck in [1]. Our real-time hardware measurements
demonstrate a 50% reduction in the algorithm’s execution
time compared to [1] making it the fastest fractionally-spaced
FIR MMSE-DFE coefficient computation algorithm in the
literature, to the best of our knowledge.
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