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Abstract

In this paper, we address the following problem. Given
a fixed total number of feedforward and feedback filter
taps in a decision feedback equalizer, what 1s the op-
timum number of taps for each filter and what is the
optimum decision delay setting ? We propose a sim-
ple algorithm that reduces the solution search space
from being 2-dimensional to 1-dimensional at a small
performance loss. We apply our algorithm to indoor
wireless channels.

I Introduction

In an increasing number of applications, a mini-
mum mean square error decision feedback equalizer
(MMSE-DFE) is implemented in the receiver to miti-
gate intersymbol interference (ISI) on bandlimited dis-
persive channels. In most practical situations, compu-
tational and implementational complexity considera-
tions often place a constraint on the maximum number
of total (feedforward and feedback) filter taps that can
be used. In addition, for short filters, the decision de-
lay setting could affect performance significantly [1].
Therefore, it becomes of chief importance to under-
stand the dependence of the finite-length MMSE-
DFE performance on the number of its feedforward
and feedback filters and on the decision delay in order
to set them properly.

Currently—used techniques for setting these 3 pa-
rameters are either ad—hoc or computationally intense
(require an exhaustive search over these 3 parame-
ters and inversion of a matrix whose size is equal to
the total number of feedforward and feedback taps for
each step in the search). In this paper, we present a
simple characterization of the MMSE-DFE’s perfor-
mance that results in a simple order—recursive algo-
rithm. Furthermore, we reduce the exhaustive search
space from a 2—-dimensional to a 1-dimensional search
for joint selection of the number of MMSE-DFE taps
and the decision delay setting.

This paper is organized as follows. Section 2
presents closed—form expressions for computing the
optimum DFE taps and evaluating its performance
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given the number of feedforward and feedback taps
and the decision delay. Section 3 proposes a simple 1—-
dimensional suboptimal search algorithm for setting
these 3 parameters. Numerical results illustrating the
near—optimum performance of the proposed algorithm
are given in Section 4 and the paper is concluded in
Section 5.

I The Finite-Length MMSE-
DFE

The channel impulse response (CIR) is assumed to be
a finite impulse response (FIR) filter with memory v,
le,h= [ ho hy h, ]t, where () denotes the
transpose. Over a block of (N 4 1) channel output
symbols, denoted by yf_N, the input—output relation-
ship can be cast in matrix form as follows (see also
Equation (11) in the Appendix)

yz:—N = ng—N—u + nZ:—N ) (1)

where H is the (N + 1) x (N 4+ v + 1) Toeplitz !
channel convolution matrix. The input and noise se-
quences (denoted by xi_,_, and n!_, respectively)
are assumed to be zero—mean, independent of each
other, and have positive-definite (non-singular) auto—
correlation matrices denoted by R, and R,,,, respec-
tively. Using (1), the input—output cross—correlation
matrix and the output auto—correlation matrix are
given by
R,, =

€

Ry, =

E[Xﬁ—N—uy;iN] =R, H" (2)

a
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Elyi_nyiin] = HR;eH 4+ Ray , (3)

where E[.] and (.)* denote the expected value and the
complex—conjugate transpose, respectively.

A  Optimum 2-Dimensional Search Al-
gorithm

A block diagram of the MMSE-DFE is shown in Fig-

. S d
ure 3. The error symbol at time i is given by 2 ¢; e

IThe channel is assumed time-invariant over the transmis-
sion block.
2 Assuming correct previous decisions, i.e., £;_A = Zi_Aa.
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N+v—A—N,. We assume that the feedforward filter

consists of (N +1) taps, i.e., w e [ wq wy ]t,
and the strictly-causal feedback filter e} — b* =
[ O1x(at1) —b1 -+ —bn, 01y ] consists of N

bn, ]t and

cision delay, b*

non—zero taps, where b o [ 1 by
en = 0ixa 1 Oignyua) |-

Using the Orthogonality Principle of linear least—
squares estimation, it can be shown that the mean
square of the (assumed stationary) error sequence is
equal to

MSE & E[e |1
= b*(Rex — RoyR,, Rys)b
= bRE,D (4)
— b*Rab, (5)

where Ra is an (Np+1) x (Np + 1) submatrix of Ri‘/y.
It can be shown that the optimum feedback and

feedforward filters that minimize (5) are given by

1
R—l
A [ ONbX1 :|
bop: = -1 (6)
R, (1,1)

Ry Ry, (7)

* _ 1%
Wopt = b yy

opt

where Rgl(l7 1) is the (1,1) entry of Rzl. The re-
sulting minimum mean square error (MMSE) is given

by

MMSE(N, Ny, A) = ) (8)

Therefore, the unbiased [2] decision—point SNR of the
MMSE-DFE is equal to

1

SNRyumseE-pre,u(N, No, A)

(9)
Hence, for any choice of the triplet (N, Ny, A), Equa-
tions (6) and (7) are used to determine the optimum
MMSE-DFE settings and Equation (9) is used to eval-
uate its performance. Under the implementation con-
straint N + Ny = Niot (where Ny is a given con-
stant), determining the optimum triplet (N, Ny, A) is
computationally intense since it requires an exhaus-
tive 2-dimensional 3 search and computation of the
inverse RZl for each step of the search. Next, we
show how to reduce this computational complexity at
a small performance loss.

3The linear constraint N + Ny = Niot reduces the exhaus-
tive search space for (N, Ny, A) from being 3—dimensional to
2—dimensional.

= —1
MMSE(N, Ny, A)

B Recursive Formula for MMSE

Using Kramer’s rule for matrix inversion [3], we get
the following alternative MMSE expression

_ |Ra]

A

where f{iA’j is obtained from R by deleting its i*” row
and j** column and |.| denotes the determinant. This
compact characterization of the MMSE offers further
insight into the effect of the triplet (N, Ny, A) on the
MMSE-DFE performance as illustrated in Figure 1
and described in the sequel :

e Given h, R;;, and R,,,,, the number of feedfor-
ward taps (N + 1) determines Ri/y as defined

in (4).

e The number of feedback taps N determines the
sizeof Ra.

e The delay of the feedforward filter A determines
the location of the (1,1) entry of Ra. Hence,
changing the delay corresponds to shifting Ra
along the main diagonal of Ri/y.

e For a given N, optimizing N, and A is equiva-
lent to locating the (N, + 1)-dimensional matrix
R whose upper—left corner is on the main di-
agonal of Ri‘/y such that the determinant ra-
tio * in (10) is minimized. Note that (10)
can be computed using the well-known order—
recursive formula for the determinant |Ra| =
S ) RA(L)RY.
Finally, applying Kramer’s rule to (6), we get the fol-
lowing alternative expression for the optimum feed-
back filter taps

RL R1L pl (Np+1)
by = | 1 R IR R T
v IRL'IRLY IR

IIT Suboptimum 1-Dimensional
Search Algorithm

Problem Statement

Given the CIR h of memory v and a fixed to-
tal number of DFE taps Ny > v °. Assume that
the noise is white (Rp, = ﬁIN_H where SNR is
the signal to noise ratio) and the input data is white
(Ryz = InNgu41). We want to solve the non-linear

integer programming problem

miny N, AMMSE(N, Ny, A) subject to N+Np = Niot ,

4This ratio is also equal to the first diagonal element in an
upper—diagonal-lower Cholesky factorization of R A .

5When Niot < v, the DFE performance is degraded signif-
icantly. Hence, this case is not useful in practice and is not
considered.



where the integers N, Ny, and A satisfy

OSNSNtot_l;ISNbSNtot;OSASN+V~

An exhaustive search would require Z%’:"B_I(N +v+

1) = KN“’—”;I)M + Niotv steps since there are (N +
v + 1) possible delay values. We can further restrict
the search space by noting that

e 1 < N < v (we prove in the Appendix that for
Np > v the last (N, —v) feedback taps are equal
to zero).

e N XA KN+v— N, (since for N > A the
feedforward filter coefficients wg_}_l are equal to
zero. Moreover, we do not need A > (N + v —
Np) because of the feedback filter post—cursor
cancellation action).

Over these reduced ranges, the exhaustive search size
is reduced © to Yonm1 (V= Ny 4+ 1) = ”2;'” steps but
still has quadratic complexity. The following subop-
timum algorithm reduces the search space to become
1-dimensional with v search steps.

Proposed Algorithm

Input : Total number of DFE tap N;, and channel
memory v

1. For N, =1,2,---,v.
2. SetNINtot—Nb.

3.Set A = N+v—N, = Nyot — 2Ny +v. In
other words, we assume that the feedback filter
cancels all post-cursor ISL.” Figure 2 illustrates
this assumed relationship between the DFE pa-
rameters.

4. Choose the value of N, that results in the mini-
mum MMSE;, as given in (10), i.e.

N = argming g N, <y MMSE(N = Nig1—Np, Ny, A = Nygy —2Np+v)

The corresponding values of N and A are
determined from Steps 2 and 3 above. Fig-
ure 4 depicts an example of the variation of
SNRymseE-prE,U versus Ny for a wireless in-
door channel at input SNR of 15 dB with N;,; =
10. The existence of several local optima jus-
tifies the need for the 1-dimensional search in
general. However, for large Nyy: (compared to
v) no search is needed as detailed next.

Special Case
When Nio: > v, the optimum values for the triplet
(N, Np,A) are Ny, = v, N = Nypt —v,and A = N.8

6Assuming that Nior > v.

"The optimum solution is not always on this line but we
found the performance loss from this assumption to be small,
as it will be shown in the simulations section.

8The assumption Ny = v was termed the key assumption in
[4] where it was shown to reduce the MMSE-DFE filter com-
putation complexity from cubic to quadratic by using Cholesky
factorization (instead of inversion) and exploiting matrix struc-
ture [5].

For this special case, the error sequence of the FIR
MMSE-DFE is white when its filter taps are optimized
(see the Appendix for a proof). °

IV Numerical Results

We consider the wireless local area network (LAN)
environment and compute the loss in
SNRymse-pre,u (as given in (9)) when using the
suboptimal 1-dimensional search algorithm instead of
the optimal 2—dimensional exhaustive search. The re-
sults are shown in Figures 5 and 6 for Channels A
and B as specified in the ETSI HIPERLAN standard
[6] which model an office environment with maximum
delay spread of 390 nsec and 730 nsec, respectively.
This corresponds to a channel memory of 8 and 15 for
Channels A and B, respectively. The input SNR is set
to 15 dB and the results are averaged over 1000 chan-
nel realizations. It can be seen that for Ny, > v, the
resulting performance loss is less than 1.0 and 1.4 dB
for Channels A and B, respectively. This loss dimin-
ishes quickly to less than 0.25 dB for both channels
for Nyt > 1.5v.

V  Conclusions and Future

Work

Assuming a fixed total number of taps in the MMSE-
DFE, dividing it between feedforward and feedback
taps and determining the decision delay that opti-
mize performance require a 2-dimensional exhaustive
search. We presented a suboptimal 1-dimensional
search algorithm. Simulation results in a wireless
LAN environment showed that the proposed reduced-
complexity algorithm results in a small performance
loss from the optimal solution.

In this paper, we assumed contiguous uniformly—
spaced feedforward and feedback taps. For sparse
channels, the number of DFE taps can be reduced
(without sacrificing performance) by placing them
non—uniformly. An interesting open problem is the de-
velopment of efficient algorithms for determining the
optimal number and spacing of the DFE’s feedforward
and feedback taps when their total number is fixed. 1°

A Special Case of N, = v

A vector of N 4+ 1 channel outputs is given by
ny_N = H(N+1)x(N+u+1)X§—N—u + nﬁ—N - (1

We make the following assumptions

9Note that this whiteness property was shown for the
infinite—length (i.e. N = co) MMSE-DFE in [2] but it does
not hold for arbitrary finite (N, Ny, A) values.

10Tn the non-uniformly spaced case, this constraint corre-
sponds to a constraint on the computational and implemen-
tational complexity, not on the memory or delay requirements.



1. The feedback filter length is equal to the channel
memory (N = v). The result also holds for
Np > v, but the additional v — N, taps are equal
to zero.

2. The input data sequence is white (R;, =
Inguy1).

3. The noise sequence is white (R, = ﬁ1N+1)~
4. Noise and data are uncorrelated.

Under these assumptions, we will show that
1. The error sequence is white.

2. If the decision delay is A, feedforward filter taps
with indices greater than A+ 1 are always equal
to zero, i.e., the optimum delay is A = N.

We start with the error symbol e; which can be ex-
pressed as

= z(i—A) _WSA(HAXZ:—A—V +n§—A)
— wil (Hpx{Z{Z, +ni287") + b}V xiZ2 T,
= l‘(l — A)

- wis(m

— W*Ajil([ H3 H4 ] [
+ obexizAsl (12)

where Hy, Hp, and H;-H,; are submatrices of H.
Using the first assumption (N, = v), the last equation
above becomes

ei = a(i—A)—wi®(Hixj_5 +1nj_,)

o

*A *N * Ny i—A—-1
+ (—wi"Hy —wiri Hs + b)) xi"87,

ﬁ*
- WAL (HaxZRZ) ' +niZy7h) 0 (13)

We want to minimize the MMSE cost E[|e;|%] over all
w5, Wg+1 and bjlvb. Using the whiteness assumptions
on input and noise, the MMSE can be expressed as

* * 1
Ellei”] = a2+||ﬁ||2+WAji1(H4H4+m1N—A)Wgz)1 .

where « is a scalar constant and [|.|| denotes the norm
of a vector. It is clear that MMSE attains its minimum
value a? when

wg_l_l =0and f=0=b" =wi*H,. (15)

Therefore, the feedforward filter has at most A + 1
nonzero taps, i.e. N = A. Note that the same con-
clusion holds had we assumed N, > v since in that
case only the term ||b;1_:_rli||2 is added to (14). Hence,
to minimize MMSE, we would set le,V_I”_l =0, i.e., we
do not need more than v feedback taps.

From (13) and (15) the error symbol e; can be ex-
pressed as

ei=z(i—A)— WSA(Hle_A + nf_A) : (16)

The optimum w2 that minimizes (14) can be calcu-
lated from (16) as

1
w;® = erHY(H H} + mIAH)_l ; (17)

where e} is the 1 x (A + 1) row vector

[0 -+ 0 1]. Wewill now show that Efeje] = 0.

Assume that j > . From (16), we have

Eleje;] = Blej(z(i— A) — w (Hixj_a +1j_4))*] .
(18)

But since j > ¢, we get

Elejz*(i— A)]=0. (19)

Assume that, i — A < j — A < i (or else the second
term in (18) also becomes zero), then

Eleje;] = —Elej(xiL aHT +njl5)wg
= —Ble(j - A)xil,Hj (20)
— wit (Hix)_,xizHf +nf_,nf \)]wg
The following relations hold
B axita) = 3 Bl sniil= o

= —=J
' SNR
Elz(j —A)xja]l = erd, (21)

where the (A+1) x (A+1) matrix J has the form J =
0 0
Iny1-G-oy O
J—A<i wehave A+1—(j—14) > 0 (or else J
becomes a zero matrix). Therefore, (20) becomes

. Note that under the assumption

1 A
mJ))Wo :
(22)

Elejei) = —(eAdH; — wi (H,TH; +



But JHT = H} J since H} is a square lower—triangular
Toeplitz matrix. Therefore,

E[ejeﬂ = _(e*AHI _WSA(HlHI + mIA_H))JWOA .
(23)

Substituting for w5 from (17) we get
Elejef] = —(eaH] —epH)Iwg = 0. (24)

Similarly, for j < i, Elejef] = (Eleie}])* = 0. Finally,
for j =1, we get

Ele;e}] = Elez*(i—A)]=1-—w;*Hea

* * * 1 —
= l—erH](HH + ——Ia;1) 'Hiea .

SNR

In summary, the error correlation sequence is equal to

* * * * 1 —
Eleiej] = (1—ex Hi (HiH+=~=Ta11) "Hiea)di; ,
where ¢;; is the Kronecker delta function (equal to
zero for 1 # j and 1 when i = j).
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Figure 1: Algebraic interpretation of the parameters
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Figure 2: A typical impulse response at the output of
the feedforward filter illustrating the assumed relation
between the parameters N, v, Ny, and A
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Figure 3: Block diagram of the MMSE-DFE

HIPERLAN Channel A, v =8, Nm=|0‘ Input SNR=15 dB

12 T T T T
1.5 b
g uf 1
Z 1051 4
H
10 —
o5 ‘ ‘ ‘ ‘ ‘ ‘
1 2 4 5 6 7 8
Number of Feedback Taps (N)
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Figure 5: Average loss in SN Ry mse-pre,u for the
suboptimal algorithm from exhaustive search for the
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Figure 6: Average loss in SN Ry mse-pre,u for the
suboptimal algorithm from exhaustive search for the
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