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Abstract—in this paper, we study the multiple-access channel First ¢ (k) j

where users employ space-time block codes (STBC). The problem  {joer Th-sTe N 1,(k)

is formulated in the context of an intersymbol interference (IS) c (k) [ R }\ First
multiple-access channel which occurs for transmission over fre- \ﬁ Space-time | Detected
guency-selective channels. The algebraic structure of the STBC is ISI User
utilized to design joint interference suppression, equalization, and 5. () _Y \L Multiuser | Second
decoding schemes. Each of thé& users transmits usingM,; = Second ' | TR-STBC ; L) Decoder | Detected
2 transmit antennas and a time-reversed STBC suitable for fre- User 56 Encoder j 2 User

quency-selective channels. We first show that a diversity order of
2M..(v + 1) is achievable at full transmission rate for each user,
when we haveM,. receive antennas, channel memory of, and
an optimal multiuser maximum-likelihood (ML) decoder is used.
Due to the decoding complexity of the ML detector we study the
algebraic structure of linear multiuser detectors which utilize the
properties of the STBC. We do this both in the transform (D-do-
main) formulation and when we impose finite block-length con-
straints (matrix formulation). The receiver is designed to utilize
the algebraic structure of the codes in order to preserve the block
quaternionic structure of the equivalent channel for each user. We
also explore some algebraic properties of D-domain quaternionic
matrices and of quaternionic block circulant matrices that arise in
this study.

Fig. 1. System configuration.

efficient detection of the co-channel users while realizing rate
and diversity gains without bandwidth expansion.

In this paper, we consider time-reversed space—time trans-
mitter and receiver techniques in multiuser environments. Mul-
tiuser detection has been a rich area of research with many re-
sults related to code-division multiple-access (CDMA) systems
(see, for example, [14] for more information on this topic). Our
interest in this paper is on multiple-antenna transmitters and
receivers which employ STBC at the transmitter. The system
configuration we are interested in is illustrated in Fig. 1 in the
two-user scenario. The users are each equipped with multiple
transmit antennas, and are transmitting simultaneously over the
common multiple-access channel to the receiver which has mul-

N wireless communication networks, frequency spectrufiple receive antennas. The need for efficient utilization of avail-
is a scarce resource that should be efficiently utilized. Sing@le transmission bandwidth motivates such a system configu-
their invention, space-time block codes (STBC) [5] have begation. The question is whether we can utilize the space—time
shown to have the potential to significantly increase the ratesded structure of transmissions to ease the multiuser detec-
and spectral efficiency of wireless transmissions. Given thien problem at the receiver. This leads to the problem of the
limited spectral resources, in this paper we consider multipigceiver being able to efficiently perform multipacket reception.
co-channel users each equipped with two transmit anten/@sm the perspective of network operator, one would ideally like
sharing a frequency-selective channel. The goal is to desi@pack as many users as possible without suffering in perfor-
space-time transmitter and receiver techniques that allow faance. Therefore, the goal is to devise a transmission and recep-
tion strategy for the multiuser system with complexity not much
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technique. The first and perhaps the most important reason
is that there is a simple technique to ensure both spatial and
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multipath diversity gains for two transmit antennas without 1st sub-block 2nd sub-block
rate loss.Second, OFDM suffers from the problems of high | |, N v N
peak-to-average power ratio and increased sensitivity to fre

guency synchronization errors. Single-carrier techniques dc Transmission Block

not suffer from this problem. The last reason is that the perfor-

mance of the time-domain techniques is better than OFDM afi 2~ Block transmission format,

SC-FDE for uncoded systems [4] and the three schemes have

comparable performance for coded systems. All these reasons II. INPUT-OUTPUT MODEL

motivate the investigation of time-domain techniques. Anotherm this section, we present the input_output model for both

Significant motivation for this StUdy is that interesting algebraigngb_user and multiuser scenarios under both serial (D_do_

properties arise making them worthwhile to examine from @ain) and finite-block (matrix) transmission conditions.

theoretical point of view. We transmit information by encoding over two transmission
Previous related work includes space-time interferenggcks each of lengthv (see Fig. 2) over which the channel

cancellation techniques for flat-fading channels in [11], joing assumed to be quasi-static. In additienzero symbols are

frequency-domain zero-forcing interference cancellation afgkerted as guard between data blocks to eliminate interblock
equalization for frequency-selective channels in [2], andterference.

extensions to the case of more than two users and more than
two transmit antennas in [1]. A. D-Domain Formulation

The main contribution of this paper is identification of some |, ihe D-transform notatiod the received sequencgs(D)
9 )

key algebraic properties that allows both a simple derivatiodw %D) for the first and second subblocks are given by
of the receiver techniques and exposes some properties of th

overall system. The key algebraic property we identify is a mul- y1(D) = hia(D)er1 (D) + by 2(D)ez 1 (D) +m (D)
tiplicative group property of both D-domain quaternionic ma- ¥2(D) =hi 1(D)c12(D) + hy2(D)ca 2(D) +n2(D) (1)
trices as well as block circulant matrices. The consequeneg@ferec; (D) denote the transmitted sequences from ithe
of these properties are investigated and utilized throughout fagnsmit antenna for thith subblock, wheré = 1, 2 and! =
paper. We first start with the multiuser maximum-likelihood | 2, h; (D) is the channel from thgth transmit antenna to
(ML) decoder for this problem and prove that a diversity ordehe jth receive antenna, angl(D) (for | = 1, 2) are the noise
of 2M,.(v + 1) is achievable for each of th& users transmit- sequences. The channels are assumed to be FIR filters with
ting at full rate usingV/, = 2 transmit antennas over ISI chanmemory .. Throughout this paper we assume that the noise
nels of memory’ when we usé/,. receive antennas. Due to theprocesses 7;(D), i = 1, 2 are zero-mean Gaussian with a
complexity of the multiuser ML detector, we study the design @fnjt-variance white power spectrum, i‘e.,
linear multiuser receivers in frequency-selective channels which 1N y
utilize the special STBC structure induced by the transmitters. Bl (D) (D )] =1, o1, 2. o
We demonstrate this technique both in the context of transfofW§0. the data sequences are assumed to be white in de-
domain designs (suitable for serial transmissions) and in matfi¥ing the minimum mean-square error (MMSE) suppression
formulations (suitable for finite block transmissions) withoutcheme in Section 1V-C2. Finally, the channel responses
having issues with edge effects. These finite block-length matfix (D), ¢, j = 1, 2 are assumed to be independent complex
formulations also lead to receiver structures that can be impfgaussian with unit energy (across all taps) with independent
mented efficiently through finite-impulse response (FIR) pro”l_”d |dent|cally dlstnputed _coefﬂment for_each channel tap
cessing. Though it is not the focus of this paper, we observe tiis€-» @ Rayleigh-fading wide-sense-stationary uncorrelated
all these methods can easily be combined with iterative soft-g&attering channel model [8] with[h;, ; (D), ;(D )] = 1,
cision receivers to further improve performance. for 4, j = 1, 2). The finite-block vector model is also de-
This paper is organized as follows. In Section I, we introducé!oped later in this section. For two information sequences
the transmission technique used and set up the notation for bghl2l}; {€2[n]}, we transmit the sequences and the time-re-
the D-domain discussion and the finite block length scenarig§rsed conjugated versioni§e,[—n]}, {e:[—n]}) over the
In Section I1l, we develop the joint ML decoder and present ti!Pblocks as shown later (this is the so-called time-reversal
diversity order result for the optimal decoder. In Section IV, welR)-STBC technique introduced in [10] (see Fig. BY:
develop the linear multiuser detector in D-domain framewot® MENTION OF FIG. 3 OK HERE? IF NOT, PLEASE
which illustrates the algebraic properties used. In Section MENTION INTEXT. THANK YOU. ). Over the transmission

we present the finite block length implementation of the joirtlock, we can write the D-transform of the received sequence as

space—time interference suppression and equalization schemg(D) = [y1(D) y2(D)]
which exposes some algebraic properties of quaternionic block a1 (D) c2(D)
circulant matrices. The paper is concluded in Section VI with = [ha(D) hio(D)]) DY) ad-
some of the detailed proofs relegated to the appendixes. 2 “
2The D-transform is identical to the well-known Z-transform with= =1,
3For a sequencgco, 1, ...}, (D) = ¢o + D+ -+~ and&(D 1) =
o+ EHDT 4
1Except for the rate loss associated with the guard sequence which is commatin this paper, for a complex matrix (or vectot)we denote byd” its trans-
to all block transmission schemes over ISI channels. pose, byA its Hermitian transpose, and by* its complex conjugate.
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Transmission block from first antenna the two-user two-receive-antenna case. For simplicity, we con-

® " sider the case of equal-power users (i.e., 0 dB signal-to-interfer-

{x1"(n)} G| {x(n)} ence ratio (SIR)), and the extension to arbitrary SIR is straight-
forward.

Transmission block from second antenna

B. Finite Block Length Matrix Formulation
&Py |6 | EP )

Our starting point in developing the FIR form for the
single-user scenario is the representation of the input—output

G = Guard Sequence of length v relationship in (2) in the following matrix form:
Fig. 3. Transmission format for time-reversal space-time block coding. y,=Hil.;ei1+HioI ;¢01+m @)
(D) whereH, | andH, , are squaréN + r/)-dimensional lower
+ [m(D) } (2) triangular Toeplitz matrices whose first columns are equal to the
2

(r + 1) impulse response coefficients bf (D) andh; 2(D)
whereg[—n] <= D 1) indicates conjugated time-reversedPPended by — 1) zeros, respectively. The output and noise
sequences. Defining, (D) = [y1(D), —7,(D )%, we can vectorsy; ; andn; ; are(N + v)-dimensional while the data

write vectorse; ; ande; ; are N-dimensional. This matrix model
assumes the insertion ofzeros at the end of each data vector to
(D) = { _hl,l(f) _h1,2iD) } |:Cl(D):| eliminate interblock interference. Thzero-stuffing operation
Dy oDV (DY) Le2(D) is represented in (7) by the matrix
n [ m(D) } def | In
D) 2= o)

def
= H,(D)e(D) + (D). 3) The output of the second subblock is given by

This model is now easily extended to the two receive antenna —H, L. JnC 5 — Hiol. . Jne -+ )
case by denoting(D) = [r1(D), r2(D)]*, where we obtain vz it VLD et N &
H.(D D whereJ y is the N-dimensional reversal matrix that consists of

r(D) = { i )} ¢(D) + [?71( )} (4) ones on the antidiagonal and zeros everywhere else.

H,(D) (D) Conjugating and reversing, and combining it withy,, we
where H,(D) is the channel transfer matrix to the second ret I following space-time Rggypode! {gg(3):

ceive antenna. 5{ o H;’fl HiSQ e
Now, for the two-user case, denoting the corresponding y -3 #z3 28
! R ! N+2Yo —Jna H Jn Iy H Jn Co
channel transfer matrices for second user @Gy(D) and NHvEL2 SN SN LI N

| n
G»(D), we ot;tIal(n o, " I {JNJ:V";}
- o i o U = 1d§H1 +m 9
") = | H5,(D) GQ(D)} L(DJ i [nxDJ - ® = ety

] ] ) where the superscripts on a matrix indicates multiplication by
Finally, in the case o, receive antennas arid users each e zero-stuffing matrid.,. The overall channel matri#; is

usingM, = 2 transmit antennas, (5) can be generalized as fgj; size2(N + v) x 2N and the processed outptitis a vector
lows: of size2(N + v). Note that pre- and post-multiplication of the

(D) Hgl)(D) o HY")(D) V(D) channel matriceH{ff andH*{fS by the reversal matriceby ...,
" (K) @) andJ y results in lower triangular Toeplitz matrices whose first
(D) Hy)(D) --- H;"(D)|| e (D) columns are equal to the time-reversed and conjugated coeffi-

cients ofh; 1(D) andh; 2(D), as desired.

rar (D) W ' () () For the multiuser case, it turns out that the output blocks need
M H, (D) --- Hy (D) to be processed in a manner different from (9) (see Section V-B
(D) for more details). More specifically, for the two-user case, by
1,(D) applying a different linear transformation which performs a par-
: (6) tial reversal of the second subblock, it is shown in [15] that the
' following finite-block length form is obtained:
N, (D) H((,) H((,)
*) ) v | _ 1,1 12 || 156 m
Wh_ereHm (D) is the char_mel from thé&th user to thenth re- [pyg} l_ﬁ(c) 7 ] [IZSCJ [PWE}
ceive antenna, and*) (D) is the data sequence of thth user. 12 H11

Many of the receiver structures of this paper are illustrated using = r§c> iy g% + n§C> (20)
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where the matricer)k, k =1, 2 represent théN + v)-di- Theorem 3.2: A multiple-access system with/,. receive an-

mensional square circulant matrices deriveftom H; ,, tennas and{ synchronous users each transmitting TR-STBC

k=12 signals usingl/; = 2 antennas over ISI channels with memory
The matrixP is a partial permutation matfki5]. v achieves a diversity order @f\/,.(v + 1) at full transmission

Finally, for the case oM, receive antennas ad( users each rate for each user.

using M; = 2 transmit antennas, (10) can be generalized SThe proof of Theorem 3.2 is given in Appendix A. This result

follows: . . implies that if optimum decoding is used then the performance
i HY .. H7 e - observed by any individual user is equivalent to the system
,,éc) Hgl) HgK) e 7, where only that user is transmitting. This is quite satisfying
r= _ = _ ) ) P I o since we know (see [10], [15]) that for a single-user system
: : : : (;’) ' with M, = 2, the TR-STBC achieves the maximal order of
e gY ... gUo | L™ N, diversity 2M,.(v + 1).
M- — A ‘\c’_’ ) In order to achieve the diversity order predicted in Theorem

4

3.2, we would need to do joint multiuser ML decoding of the
K-user multiple-access ISI channel. This is computationally ex-
whereHM, k = 1, ..., K, m = 1, ..., M, is the channel pensive with the decoding complexity being exponential in the
matrix from thekth user to thenth receive antenna. Therefore channel length/, the number of userk’, and the spectral ef-
the matrixH® has the same form as the mat#&* in (10), ficiency of the signal constellation. This motivates the subop-
i.e., ablock circulant structure which will be utilized extensivelyimal reduced-complexity multiuser linear detector structures

(11)

in this paper. Finallyg*) is the data vector of theth user. described in Sections IV and V. These receivers use the alge-
braic structure of the space—time block code in order to con-
[ll. DIVERSITY ORDER OFML DECODER struct efficient detection schemes.

Given the multiuser input—output models in (6) and (11), we
can develop the optimal joint multiuser detector based on ML
decoding [14]. We will illustrate this using the matrix model of In this section, we develop the D-domain processing frame-

IV. D-DOMAIN PROCESSING

(11). The ML decoding metric is work for joint equalization and interference suppression which
W o ) ) ) is suitable for serial transmissions. The finite-length block pro-
{e, e, ..., e} = argmin,|r — Hel”  (12) - cessing case is developed in Section V. We start in Section IV-A

which is computed using a joint trellis implementing the Viterbtl)ygbsgrvmﬁq i_ohme aIglea|c|pro$ert|es . i[he mogel developed
algorithm [14]. In Section Il. Then, we develop linear multiuser detectors, in

The notion of diversity order for space-time codes has be?@&éﬁi (:I\?f:g)rrelatmg case (Section IV-B) and the MMSE case
defined in [13] as follows. '

Definition 3.1: A coding scheme which has an average errdy- Preliminaries
probability P.(SNR) as a function of theignal-to-noise ratio  Define the seQ of invertible’ 2 x 2 D-domain matrices of

(SNR) that behaves as the form
loe(P o X1(D) Xy(D)
lim log(P(SNR)) _ —_d (13) Xy« | L = (14)
SNRoo  log(SNR) —Xo(D7h) Xu(D7)
is said to have a diversity order df By direct verification we can show the following property.

In words, a scheme with diversity ordéhas an error proba-  Lemma 4.1:Q forms a multiplicative group, i.e.,, it has the
bility at high SNR behaving aB.(SNR) ~ SNR™¢. The notion  following properties:

of full transmission rate (as defined in [13]) implies that if we ForVi(D), Va(D) € Q, Vi(D)V2(D) € Q
use a constellation size @f for transmission, the space-time ’ ’1 o
code send$ bits/s/Hz information symbols. For example, the V(D)™ = W V(D HeQ (15
STBC defined by Alamouti [5] has full transmission rate since
two information symbols are sent over two time units. where
For the multiple-access channel defined in (11), using the ML L wr [ViDY —v(D)
decoding metric given in (12), we can prove the following result VID™HE | _ — (16)
on the diversity order of TR-STBC transmissions. Va(D7) V(D)
5The matricesi’i'(lf>k are circulant matrices which have the same first columffimd
as the lower triangular Toeplitz matricgg, ;. describedin (7). Note thEH@, 2 7/ —1
are(N +v)-dimensional square matrices,kunlikem'edimensional squarle]&ir- HV(D)H _V(D)V(D )
culant matrices more familiarly encountered in discrete multitone transmissions =V (D)Vl (ﬁ —1) + VQ(D)VQ (ﬁ —1)_ 17)
(DMT) [6].
bFora” = [a(0) -+ a(N+v—1)],Pa =[a(N—1), ..., a(0), a(N+ “Note that invertibility is defined in the sense of D-domain matrices (see [9,

v—1),---,a(\N)]7. Sec. 6.3].
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Note thatin (4)H (D), H2(D) € Q. Defining the D-domain  Lemma 4.6:1f H,(D), H>(D), G1(D), G2(D) € Q, then
vectors

(
_ (D) Gi(D)
v def Hl(D) H l(D): |: D G.(D :|
(ki) o) | o) aol
G(D
o) o[ ag) _ |18e@)F "
Q(D) 0 1 I
| N 1A, (D)]*
The power spectral densiM ( D) of the received signal is given 1G>(D) |21 0
by - [ D)L }K(ﬁl) (25)
der — 0 | H1 (D)1
M(D) = E[r(D)r(D™)] where
_[H:D) & F-1y 7Pt A A
| D) Ha(D)] Ay = [ 2D AniD) o6
Gl(D) N, 1 Gl( ) Hl( )
[GQ(D)} [GL(DT) G(D7)]+ fI4 (19 and the D-domain quantitieA.,(D) are Schur complements
defined as
wherel is the input SNR and we assumed that the input se- ) =
quences are independent and have a white spectrum. A, (D) = [Gu(D)||"H2(D) = G2(D)G(D ™ )H (D)
Definition 4.2 (Special Pair): Let Ac, (D) =||Go(D)|*Hy (D) — Gl(D)Ci?(D__l)HQ(D)
. o A (D) = [Hy(D)|*G2D) - Hy(D)B{(D )Gy (D)
H = span(h{(D), hy(D)) andg = span(g;(D), g5(D)). A, (D) =||H2(D)|?G1(D) — Hi(D)H»(D " )Go(D).
We denote a pair of vectofa/} (D), v4(D)} € H as aspecial
pair if B. Zero-Forcing Solution

The zero-forcing solution employs a linear combination of

V(D
1 )} ,  whereV;(D) € Q. (20) received symbols in order to remove interference between users

(WD) vy(D)] = [

V(D) without any regard to noise enhancement. Consider

We define the special pafer} (D), z5(D)} € Ginasimilar () — [ ||G2(D_)||2£2 —GI(D)GQ(bl):| @)
manner. —H>(D)H\(DY)  ||Hi(D)|PL>

Definition 4.3: We define the inner product between D-do} we apply the decorrelating matrix filtd# (D) to the received
main vectorsh; (D), hy(D) as symbols we obtain

v v T vy — v -t d_ef
(h{(D), h3(D)) = h{(D~H)h3(D). (y D) =W(D)r(D)
_ |:AG2(D) 0 :| |:C(D):| + |:7~11(D):| (28)
By direct verification, we can state the following result. 0  Ap(D)][s(D) 7,(D)
Lemma 4.4: where due to Lemma 4.6 we can define

(R (D), KY(D)) = 0 = (g¥(D), g5(D)).  (22) A, (D) E |Go(D)|PH1(D) — G1(D)G(D~*)Hy(D)
Ay, (D) E||H\(D)|*Go(D) — Ho(D)Hy(D)Gi(D).

Lemma 4.5:For anyF;(D) € Q (29)

o -1y | 1) ] -1y FT(D-1\1p" _
RU(D >[F2(D)}[F1<D ) Fo(D-Y)]RYD) =

Note that due to Lemma 4.0, (D), Ay, (D) € Q. There-

fore, the zero-forcing linear filteW (D) decouples the two
(23) co-channel users and maintain the structure of the equivalent
Proof: Using (18) channel. In particular, each stream of the user (for example
Fu(D) ¢1(D), co(D) for user 1) can be further decoupled since

FQ(D)} €Q (9 Ac, (D), (D7) = || Ac, (D) L.

and, henceE(D)E(D~!) = | E(D)|]2L. Since (23) repre- After this de_coupling, the users can be equalized (for example,
sents the off-diagonal term &(D)E(D 1), we obtain the de- through a Viterbi dec_oder) individually. .
sired result. Note th_at the formin (28) produges (_:olored_n0|se, andz hence,
for detection we would need to whiten it. Consider the whitening
Another useful property we will use will be the form for thefilter

inverse of2 x 2 block matrices, which can be verified by direct —1
calculation. UD)= [ |Go(D)IVIIGL (D) + [|G=(D )||2} I, (30)

E(D)" [H.(D-Y) E(ﬁ—ln[




6 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 49, NO. 10, OCTOBER 2003

applied to the output af, (D) = Ag, (D)e( D)+, (D). By ex- From (19), itis clear thad ( D) is positive definite and, there-
amination, this filter whitens the noigg (D). Sincel/(D)€ Q, fore, is invertiblet It follows that M~*(D) is polynomial in
this implies that M(D) and, therefore, the result follows for all negative expo-
of ¥ nents as well. In particular, we have
U(D)Ac,(D) X H(D) € © > P & 1
. . 9/(D M (D)wy(D) =0 = 7{(D )M~} (D)ey(D).

and, therefore, maintains the structure of the equivalent channel.
Hence, the whitened output is given by (36)

. 2 - 2) MMSE Interference Suppressioithe MMSE interfer-

D D)= H(D)¢(D D D). 1
ULy (D) (D)elD) + UD)m (D) (31) ence suppression receiver is found by minimizing the following

The appropriate whitening filter for the strea(D) is similarly  criterion?

(I H (D) IVIHL(D)I? + [ H2(D) 2]~ L. J(a(D), B(D)) = E[|[a(D ~)r(D) - BD ~H)e(D)|1?]

Note that the zero-forcing solution effectively inverts the @37
channel and this is done using the structure of the transmitt¥f€"®
space-time code without requiring an explicit channel in- a(D) = [y (D), as(D), as(D), as(D)|*
version. In fact, by using the structure, the decoupling wag,q
done using FIR filters. The zero-forcing solution ignores the _ T
presence of noise, and therefore is applicable only when the B(D) = (D), B2(D)]" .
SNR is high. To overcome this problem, we consider an MMSIE order to equalize, (D), we set3, (D) = 1, and define
approach to this problem. &(D) =[a1(D), az(D), as(D), as(D) — fa(D)]T
C. MMSE Interference Suppression #(D) =[ri(D), r2(D), r3(D), r4(D) — c2(D)]". (38)

In this subsection, we derive an MMSE receiver that alleviat®w the optimization problem is
the noise-enhancement problem of the zero-forcing techniqug,;, {Ell@@D)#D) - c1(D)|1*]}
presented in Section IV-B. For this we crucially use the structuré(»)
of the power spectral densitM (D) of the received sequence = min {&(D "E[F(D)r(D ')]a(D) + 1
imposed by the transmitter space—time code. An estimate of this a<D_> . L
power spectral density forms an input to the MMSE solution. — a(DHE[F(D)ey(D)] — Elei(D)r(DH)]a(D)} .
Before we present the MMSE technique in Section 1V-C2, we (39)
study some properties @&# (D) in Section IV-C1. ) _

1) Properties ofM(D): We can easily verify trlat )

: - HD)HD ')+ =1, hy(D

_Lerima 4.7: B [E['F(D)'F(Dfl)] _ ( )_( ) 4 5( )]

hi(D~HM(D)h3(D) =0 =g (D" )M(D)g5(D). (32) I h3(D~) 1

More generally, if we havspecial pairs{v}(D),v5(D)} € + 1 [14 0}
H and{zV(D),z3(D)} € G then ryo o

—vU Ty — v =V — [y ~ _ —hv D

BIDOMDW(D) =0 =Z{(DHMP)s0). () EFwm) = | M) (40)

Proof:

Using (40), we can solve (39) in the standard manner to obtain

viwTOM@ORE o(D) = MTXDRI(D), (D) =0.  (41)
=v{(D™) {Hl (D)} [Hi(D~Y) Hy(DH)]wy(D) Similarly, in (37) if we set3,(D) = 1, we would obtain
@D (D)= M~AD)(D),  A(D)=0,  (42)
GQ(D)} [GUD™) Go(D ) ]v2(D) which allows us to equalize,( D) while suppressing the inter-

Iowrm e ference. Therefore, in order to decadéD) we use the scheme
+pviDua(D) prescribed in (41) to obtain
0

34 &DYHr(D)
where the last equality is due to Lemma 4.5. Similarly, we can = (D~ )M ™' (D)hY(D)c, (D)

prove that ¥ (D ~)M(D)z5(D) = 0. O _ G, (D D
1 e s veni e, HHO MO [ o) [
The proof of the following theorem is given in Appendix B. G. (D) (D)
Theorem 4.8:w}(D) € H andz}(D) € G (43)
W (ﬁ 71)Mk(D)'v§ (D) Sesé\.lcg%]tlhatJVI(D) is nonsingular in the sense of D-domain matrices (see [9,
=0=z}(D *1)Mk (D)x3(D), vk >0. (35 9This criterion does joint equalization and interference suppression. However,

we will see later that the solution can be split so that the interference suppression
1 and equalization can be separated.
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We observe that the MMSE detector decouples the streaMisw, ¢; ande; can be detected using any of several well-known
¢1(D) andez (D) while suppressing the interference frefd)).  low-complexity detectors such as MMSE block linear or de-
Note that in the joint equalization and interference suppressicision-feedback equalizers [3]. It can be easily shown that the
criterion, in order to get to (43) we do not need explicit knowlN x N matrix H.,y is ToeplitZ° which reduces the complexity
edge of whether or not an interferer is present. All that is ref inverting it (to compute the block linear equalizer) or factor-
quired is an estimate of the power spectral density of the figing it using the Levinson or Schur algorithms (to compute the
ceived signal sequence. block decision feedback equalizer) by an order of magnitude. As

In order to demonstrate that the interference suppression dhne block lengthV becomes infinite, we can invoke theeplitz
equalization can be separated, we can use Lemma 4.6 for writgigenvalue distribution theorefi] to prove that the coefficients
M~'(D). Using (19) it is clear that of the first column ofH.,, converge to the coefficients of the

correlation sequence
P (D)  Py(D)

MDY= 15,01 Pu)

hy,1(DYhy 1(D ™Y + hy 2 (D)hy, 2 (D 7).

whereP; (D) € Q. Therefore, by multiplying both sides of (43) . .

by Ap, (D)Ap, (D), we obtain a form which consists of an “un—B' Multluser-Scenarlo _ o _

equalized” FIR form for, (D). This can be used for decoding Inthe multlus_er scenario, which is the focus of this paper,_the
of ¢1(D), using any standard technique. A similar argument c&tput processing technique of (9) would need to be modified.
be used for (D), s1(D), s2(D). As the SNR becomes high’ThIS is because the group property used in Lemma 4.1 for D-do-

the MMSE receiver reduces to the zero-forcing solution. ~ Main matrices does not hold for the rectangular mattfesle-
finedin (9). To illustrate this, we assume that we still employ the

zero-forcing decorrelating receiver to decouple the two users,
V. FINITE BLOCK LENGTH CASE followed by a matched filter for each user to decouple the two
streams corresponding to its first and second transmit antennas.
In practice, it is desirable to implement transmitter and r&jnce the equivalent channels for each user (after the decorre-
ceiver structures using finite block lengths. The developmentiigting receiver) is not orthogonal, there will be interantenna in-
the D-domain in Section IV does not clarify whether edge efgrference which manifests itself as energy in the off-diagonal
fects in such a scenario would play an important role. The maifycks of the matris H. In Fig. 4, we plot the ratio of this inter-
point of this section is to develop the finite block length analogyence energy to the signal energy (i.e., energy in the main diag-
of Section IV. The D-domain forms, for the most part, are a corgng| blocks): as a function of the block lengtN. As expected,
pact notation for the operations in the finite block length casge effects of interantenna interference diminisivamcreases
Circulant matrices will play the role here of the D-domain polyang (heuristically) in the limit a8” becomes infinite, the matrix
nomials of Section IV. The finite block length processing alsgyym converges to the polynomial form where we have perfect
allows design of FIR receiver structures which are desirable d&@coupling and no interantenna interference. The group prop-
to their better numerical properties and suitability for very Iarg@rty was important because the detector operations preserved
scale integration (VLSI) and programmable digital signal prqne quaternionic structure of the STBC. For example, the Schur
cessing (DSP) implementations as compared to infinite impuls§mplement operation as defined in (29) of Section IV-B pre-
response (lIR) implementations. Note thatin this section we wibryes the quaternionic structure as defined in (14) due to the
not repeat several of the properties developed in Section IV, eagfjitiplicative group property observed in Lemma 4.1. This al-
of them has a matrix analog which can be easily derived. Wgyed both simple decoding for the individual users by main-
will mention the mapping that allows us the derivation of thos@ining the structure of the equivalent channel. Therefore, the

properties. guestion here is whether we can do another operation that would
ensure such a property in the finite block length case as well.
A. Single-User Scenario It turns out that there is a simple way to do this using a

technique developed in [15]. This is done by processing the

Decoding proceeds by multiplying, in (9) by the matrix . . . .
matched filterH; which is shown in Appendix C to decouplei(rj]v(lJB)V)'d'rmans'on"’II vectors defined in (7) and (8) as shown

¢, ande; while ensuring that the two noise components remain Let us define the sad(® of invertible2( -+ /)-dimensional
uncorrelated. Hence; ande, can be decoded independently ) @) _ X )
quare matrices of the form & given in (10), i.e.,Q( is

without loss of optimality. Moreover, we show in Appendix o X '
t of2 x 2 block quaternionic matrices of the special form as

that the output of the matrix matched filtering operation is givert
by p gop gven (10), where each block is a circulant matrix. The gt)

has a multiplicative group property similar to that of the 2

. . D-domain matrice€? given in Lemma 4.1.
Hor = |:Hef‘1v 01\><1\:||:cl:| {21} (44)

Onxn Heqv Co z 191 general, the multiplication of two Toeplitz matrices is not Toeplitz. How-

ever, in our case, it turns out to be Toeplitz because of the fully windowed tri-
where theequivalentchannel matrix is given by angular structure oH;?, andH7?,.
11A good measure for the energy in a matrix is its Frobenius norm defined

Heo =HHD + HHT. (45) (for amatrixA) as|| Al = y/irace(4A).
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Fig. 4. Variation of interantenna interference to signal ratio with block length without the circulant matrix formulation of (10).

Lemma 5.1: Q(©) forms a multiplicative group, i.e.,, they The Schur-complement matricé andG have the form
have the following properties:

ForVy, vV, € Q. V1V, € Q@
I [12 @ViiVii+ V1,2V1,2)71} VecQ© (46)
where® denotes the Kronecker product
R R
—V1,2 V1,1 7 V1,2 V1,1

with V1 1, V1 2 being circulant matrices.

H=H -G.G,'H,
G=G,- H;H{'G, (51)

which, due to Lemma 5.1, still belong ©( and, hence, this
preserves the decoupling property. The whitening filter in this
case for stream is
(47)
U= Iy, +G) GF13 (52)

l,eqg™2,eq

: . . here
As mentioned earlier, we can parallel all the properties devel-

oped in Section IV-A by observing that a D-domain scalar poly- PO OF IO R ON 10 E—1
ol : ; ; ; ; kieq = Tk, 1%k, 1 k2K, 20 =

nomial is algebraically equivalent to a circulant matrix. Using

these properties, we can develop the finite-block joint equalizgsg we take the Hermitian square root of Hermitian positive-

tion and interference suppression just as we did with the D-Agsfinjte circulant matrices. Given this whitening filter, again

main formin Sections IV-B and IV-C. In particular, in parallel toe can show as in the D-domain processing case Fhat

(5), we obtain for tvv_o receive an_tennas and tyvo users for vecigly Q(© still retains the algebraic properties of the equiv-

7 of size4(NV + v) (i.e., processing two receive antennas OVefient channel. Also, note that sinées are zero-padded se-

two transmission subblocks) quences; in fact, for detection, we can work with the tall Toeplitz

2

?

) H & leé 7 matrices derived fronH, @ by removing the columns corre-
(e) _ 1 _ 1 1 c 1 . . . -
= ©| = {HQ GJ [4 + () (48)  spondingto the zero stuffing. This allows us to obtain linear con-
T2 2 volution between the equivalent channel and the data sequences.

wheree, & are the zero-stuffe?l( NV + 1/)-dimensional data vec- Hence, any standard technique to detect symbols in ISI channels

tors as defined from (10). Applying the following zero-forcingcan then be used.

matrix W The discussion about MMSE receivers also proceeds along
Io(v 40 WeNer the same lines as in Section IV-C. However, the difference is that

= l 4 ] (49) the ML decoding of (10) is more computationally complicated.

—H.H, LTS We conclude this section with a brief discussion on how to

to (48) would yield extend the interference cancellation technique to the case of

() K > 2 users andy/,, = K receive antennas. We consider the

" ] ) (50) finite block length case but the approach applies directly to the

W) _ 50 _ [ﬁ 9} {?
0 8 D-domain framework of Section IV.
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With K users and/,. = K receive antennas, (11) becomes APPENDIX A
Tgc) 'Hgl) o H&K) i 7756) _ PROOF OFTHEOREM 3.2
© ) (K) ‘ © We give this proof for the case of two uséi& = 2) and
27| _ Hy' - H, €2 + 2 M, = 2receive antennas. The steps can be very easily general-
: : : : : ized to the case witl > 2 users and/{, > 2receive antennas.
(e) ) ) | Lex (&) The idea of the proof is that the pairwise error probability (PEP)
K LH, Hy (C?K - of the ML decoder can be derived in terms of the error vectors
e n i of the different users of the multiple-access channel. By using
r . : the derived expression of the PEP, we can show that the diver-
det |A B : : . X ) . . .
=lc D ey + © (53) sity ord_er is achievable. The proof relles_ quite heavily on th_e
L " M1 quaternionic structure that the TR-STBC imposes on the equiv-
Cx ?75?) | alent channels in (11).

) _ We begin with the following well-known observation [7] on
whereA, B, C, andD denote the(K —1)(N +v)-dimensional jrculant matrices.

square upper-left, tHe{ i — 1) (N + 1) x 2(N +v) upper-right, ) )
the 2(N + 1) x 2(K — 1)(N + v) lower-left, and the2(N + Fact A.1: A circulant matrixC of size M has an eigende-

v)-dimensional square lower-right submatrices of fieuser CompositionC = QAQ with its eigenvectors as the Fourier
channel matrix in (53). matrix @ whose elements are given by

Applying the linear decorrelating matrix filter o
1 @], = exp <_JM(]7 —1)(qg - 1)) .
Iyk 14wy —BD

= CA ! I Moreover,A = diag(Qe, ), wheree; is the first column ofC,
B AN+ anddiag(-) creates a diagonal matrix from the elements of a

to (53), we get vector.

,;{C) Using this fact, we can represent (11) (for the two-user case)

. in the frequency domain as
: (A—BD™°C)

- o + noise (54 A Ag C 7
7 Cr—1 (54) R= |:AIIZ AG'::| [5} + [g} (55)
(D— CA'B)éx

e

~(c) y
i whereR = [R | R}]”, with R;, = Qr;, and
First, we detecty from 'Fgf,) with space—-time diversity gains Q 1@ 0 (56)
due to the fact thatD — CA 'B) € Q@. Then, we repeat —lo Q|
the above dimension reduction procedure to iteratively detg&t ihermore
é[(_l él.
R Ap., Amp,
A, = | et O (57)
VI. CONCLUSION —An,, Am,,

In this paper, we presented a space—time combined interfgith Ap, ., 1 = 1,2 contains the eigenvalues H’S)l Simi-
ence suppression, equalization, and decoding scheme for npgty ’
tiple synchronous ISI multiple-access channel, with each user
equipped with multiple transmit antennas. We demonstrated that A — Aci, Ac,,
the diversity order o2M,.(v + 1) is achievable when optimum G A, Ag,,
ML decoding is applied. This quantifies the increase in diversity ’ ’
order, at the same transmission rate,dachuser using mul- with Ac, ,, 1 =1, 2contains the eigenvamesﬂfgf)l, The data
tiple antennas in an ISI multiple-access channel. For most\@f tors are written a€ = éc(l) and$ = Qc(z)_ Gi;/en that the

the paper, we illustrated the techniques usldg = 2 receive  pqrier transformation is orthonormayjs still white Gaussian
antennas and” = 2 users, though the techniques can be easilise with variance..

extended to arbitraryt” and M,.. We developed techniques for  the PEP for (55) can be bounded as [13]

both perfectly decoupling two users (“zero-forcing”) and using

an MMSE algorithm where both crucially utilize the time-re- P(c — ¢|HY H®) < exp(~d*(R,R))/4)  (59)
versal space-time coding structure employed by the two usg{$ere

Therefore, from a network point of view, one can pack multiple Ay Am1TA Ac

users obtain the same performance as a single-user system at R, R') = [e. &, ] [_ o 2} [ Hy 1} [ec}
cost of higher receiver complexity. On the other hand, by low- Ac, Ag, An, Ag | e
ering the receiver complexity, by using linear detectors, one can (60)
still increase spectral efficiency at a slightly deteriorated errgg,

performance. We can easily incorporate iterative techniques that

build on these basic approaches. e. =V -V =el, el |7

c1)?

(58)
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After rearranging terms, we can rewrite the quadratic form iV + ») x (v + 1) matrix containing the firs¢ + 1) columns

(60) as of @ be denoted b’ andTq = [¢,, ..., Py, ] With
dQ(R, R/) = [XH1 XHZ XGI XGZ] \ [¢k]P — ei%("‘—l)@—l)’
— — Hy — —
I, ® (E.E:) Lo (EE)]|Ap, Bl N p=1 vt
' [12 ®(EE.) I,o® (ESE_S)} Ac, (61) SinceT’q is the truncated Fourier matrix it has full rank(@f+

Aa, 1) and, hence, anfp'+ 1) rows of T are linearly independent.

~ ~ ~ ~ This, therefore, allows to write
Whereka = [AHk,17 AHk,z]' )‘Hk,l = VeC(AHMl), and)\gk

is defined similarly. Applying theec(-) operation to a diagonal OF TQECI —TQE;Z
matrix constructs a vector from its diagonal elements. Also, = TQEC TQE; ’

E, = [gcl _EECZ} , Es= {gsl _EE::SZ} (62) Itis easy to show that i&x — ¢}, # 0, k = 1, 2 then the di-

2 r 52 51 agonal matrixE,, has at least + 1) nonzero entries using
with E., = diag(e,,), E,, = diag(e,, ),k =1, 2. Using the property tha@QI ., has full ranki2 Without loss of gener-
Fact A.1, we can writ\y, = Qhy,, with hy, = [hk L h l]T ality, we can assume& — ¢; # 0, thenE,, has at leasfr + 1)
being the first columns of the circulant matruﬂé1 Slnce we nonzero entries and let us choose e + 1) columns corre-
have FIR channels, only the first+ 1 elements ot 1 are sponding to those entries in (66), and denote this set of columns
nonzero, and we denote this by the lengtht 1) vectorh, 1 bY f(1), .-+, J(v+1). Ifthese columns are linearly dependent,
and formh,, = [’3;.:,17 B;’g LIT. The definition for\c, is iden- then there exist scalafgy, /4 }71} not all zero such that

tical and we do not repeat it here. Hence, the quadratic form:iti! e, (D% s
(61) can be rewritten as { 1 { }
Cey (f(l))¢f(z)

(66)

=1

PR R)=[h, hy g, ) —e., (F()Y
- . - . hy + [ { e () }}I Ox(Nyuyx1- (67)
I,®(QEE.Q) I,® (QECEsQ)] hy | (63) b is ull e of 4 1 this reg he simpl f
= = = = = G SinceT’q is full rank of - + 1 this reduces to the simpler set o
IQ @ (QEsEcQ) 12 @ (QEsEsQ) g; equations
- ¢ écl (f(l)) écz (f(l)) ap | 0 I=1 1
whereQ is a2(N + ») x 2(v + 1) block-diagonal matrix | 5 () Gy JLa) Ty T AR L
with the blocks being the firsts + 1) columns of the Fourier ~ e (68)

matrix Q. Therefore, inserting this in (59) and averaging th@hich cannot be true since we have chos#i) such that
Gaussian quadratic form over the channel parameters in a s@n¢ (1)) # 0,V 1. Hence, there do not exist scalaﬁra, /3I}V+1

dard manner (see, for example, [13]), we obtain not all zero such that (67) holds. This proves tGaE, has
8(r+1) 1 rank 2(v + 1). To conclude the proof of Theorem 3.2 for
Ple—¢) < H = W)SNR (64) K = 2, M, = 2, we can use the standard union bound argu-

ment to bound the average probability in terms of the pairwise

wherey(l) represents the eigenvalueéorh the quadratic form error probability. Since we are using a constant-rate code and

of (63). Hence, the diversity order depends on the rak ahd the rank of€ is 4(» + 1), the PEP decays at a rae i,

we next show that this matrix has radk- + 1) for any error therefore, the diversity order according to Definition 3.1 is

sequence on each user yielding the diversity order result claiméd + 1).

in Theorem 3.2. For the general case, the proof structure is identical. It can be
First note that in (63), since we are examining the diversigasily verified that the equivaledt,. K (N + ») square matrix

order for any user, the maximal rank&fs 4(1-+-1). Thisistrue € in (63) has thep, ¢)th square block components &g, @

because we can set, for examig, # 0, E, = Owhenthereis (E.x Ey ) of sizeM,.2(N + v). The rank of€ would again

an error only in the first user’s transmission. The main step is bk determined by the rank E. which is found by the above

show that this maximal rank is achieved and, therefore, givieggument to b&(» + 1), yielding the rank o€ as2M,.(v + 1).

us the result claimed in Theorem 3.2. Observe that by row amgis will allow us to show that the diversity orderda/,.(v+1).

column interchanges &, it can be written as

APPENDIX B
E.E. E.E,
I,® lQ Q Q Q] PROOF OFTHEOREM 4.8
QE.E Q QE E.Q

—Ig®< ][E;Q ESQ]> (65) 0§i<l,wehavé

— —wv/ -1 7 v _n_=v/m-—1 ) v
Next we will show thatQE. has rank2(v + 1) if E. # 0. V(D )M (D) (D) =0 =23 (D" )M (D)z3(D). (69)
This will prove that€ achieves a rank of(r + 1). Let the  2Rememberthat., = QI..(c; —¢,), k =1, 2 andE., = diag(e.,).

Proof: We use induction, fok = 0, 1; this is clearly true

QE. due to Lemmas 4.4 and 4.7. By the inductive hypothesis, for

QE,
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Continuing the induction we have

vi(D H)M'(D)ws(D)

H,
—wy(D M >{[H§§ﬂ
B HpH]+ |
(D) BO)+ |
16y >@2<D—1>1+%I4}v5<0>
. @G
o (25
[G.(D-) Gu(D-)]wi(D). (70)

The equality in(a) holds because we can show that for
D

yu(D) d;f |: 1( )

H(D)

y"(D)eHand(wi(D),y"(D)) =

}[E(ﬁ*) H,(D-1)]i(D) (71)

0and hencév?(D),y* (D)}

and{y¥(D), v5(D)} forms aspecial palrfor ‘H, we see that
the last line in (74) is of the formg (D ~1)M'~(D)wy(D).
Therefore, by iterating ihand using Lemma 4.5 we obtain

vi(D M (Dywy(D)

010D 1@D ) @ i
' Gy(D)] ? 2
=0. (77)
This completes the inductive proof and the proof for
z7(D MM (D)ay(D) = 0
is identical. O

APPENDIX C
DERIVATION OF (44)

In this appendix, we show that multiplying in (9) by H,
decouplesz; ande; while keeping the two noise components

form aspecial pairfor  and, hence, by invoking the inductiveuncorrelated. Starting from (9), we have the result shown in the

hypothesis (69) we get (71). Next, note that
Gi(D)] - — _

- defl 1 -

(D)= G (DY) Ga(DH]v(D) e 72

0| Gy | (D) D) e (72)

and it can easily be verified thaey (D), z5(D)} forms aspe-
cial pair for G. Therefore, by the inductive hypothesis

2{(D~HM'(D)z5(D) = 0. (73)

Now we can rewrite (70) as

equation at the bottom of the page. To prove the second equality
in the equation, we only need to show that
Hi HYy = Jn(HT) H Ty (78)
It will be convenient in the proof to work with theirculant
versions of the matrice®l; ; and H, o which are obtained
by wrapping around their last columns and will be denoted
by H} , andH1 ,, respectively. Then, it immediately follows
thats

w{(D M (D)w(D) HY —H\ L.~ H' L. 79)
—_ H D _— J— —_ - 2«75 C’
GL(D) _2 o Starting from the right-hand side of (78), we have the following
[G (D)}[Gl(ﬁ—l) GQ(ﬁ—l)]+—I4} equalities:
2
_ Gi(D)]. = — IN(H?) H Iy =JI NI HS GH G 1 Iy (81)
M”D[ }GDlGDlv'D ’ ’ VY
( ) GQ(D) [ 1( ) 2( )] 2( ) :J]\TIZ;Q”A’iQQTQ”ALlQTIZSJ]\T
. (74) (82)
a —_ _ _ — T *
Doy g D) B M) ST N TN BN
H,>(D) (83)
oo wow). 9 o nFELH 0]
Gy(D) ! 2 ’ = N]HYH, In (84)
where(a) is due to the inductive hypothesis and (73). Now since =I.,H; H,I., (85)
:ﬁfiHiSQa (86)

}[E(ﬁ 1y Hy(D)]ui(D) € H
(76)

13These relations hold because multiplyinghy. makes any differences in
the lastv columns irrelevant.

[ﬁ‘i D+ INHD)THG I
= IT = Z8 Z5 *Z5

HT,S2H11 ]J\(Hll)TH12]J\
HT + H‘foHf,SQ

z8
H1,1

Onxn
Onxn

IT zs Z5
Hi HT, -
I zs 28 \T LJ*%s
Hi{%HT, +JIn(HT ) Hi7J

In(HT)THTT Iy

e I U
H
N] LJ & {JJ\?V"J

[o]+ )
HY +HPHT, | e 2]
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where@ is the fast Fourier transform (FFT) matrix. Note that [3] N.Al-Dhahirand A. H. Sayed, “The finite-length MIMO MMSE-DFE,”
(81) and (86) follow from (79) and that (82) holds because circu-

lant matrices are diagonalizable by the FFT matrix. The equality

[4]

in (83) uses the property that pre- and postmultiplication of a

circulant matrix by the reversal matrix yields the transpose of
the circulant matrix. Continuing, (84) uses the matrix identities

InIt Iny, =[01y]andd y4pd nyy = In,. Finally, (85)
uses the fact that for any circulant matekx, we have

I(ﬂ =[0 Iy]A. {I?J '

In words, this property states that the fifgtx N submatrix of
a circulant matrix is identical to its la®f x N submatrix which
follows directly from the circulant structure.

[In O]Ac|:

(5]

(6]
(71
(8]

[9]
(10]

(11]

We conclude by showing that the two noise components re-

main uncorrelated after application of the matched filr.

From (9), the autocorrelation matrix of the filtered noise is given12]

} (M 7Td Nt |H:

Iny 0
v H
0 JN+VJN+V :| !

Z8
1,2 Onxn

IT zs zs Ig zs
|:H1 H7 +HTS
zs * o zs |jES
H " HT, + Hi%H7,
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