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Optimum DCT-Based Multicarrier Transceivers
for Frequency-Selective Channels

Naofal Al-Dhahir, Senior Member, IEEE, Hlaing Minn, Member, IEEE, and Shilpa Satish

Abstract—We derive conditions on the impulse response and
input signal of a frequency-selective finite-impulse response
channel to be diagonalized by the discrete cosine transform (DCT)
into parallel, decoupled, and memoryless subchannels. We show
how these conditions can be satisfied in a practical multicarrier
transceiver through a novel design of the guard sequence and the
front-end prefilter. This DCT-based design results in complete
elimination of interblock and intercarrier interference without
channel knowledge at the transmitter and at the same guard
sequence overhead, compared with DFT-based multicarrier
transceivers. Extensions to multiinput multioutput frequency-se-
lective channels are also described. Finally, we present numerical
examples from wireline and wireless communications scenarios
to illustrate the viability and practicality of the DCT as a modu-
lation/demodulation basis for baseband and passband signaling
over frequency-selective channels.

Index Terms—Discrete cosine transform (DCT), frequency-se-
lective channel, guard sequence, multicarrier modulation (MCM),
prefilter.

I. INTRODUCTION

ULTICARRIER modulation (MCM) [1] based on the
discrete Fourier transform (DFT) has been adopted as
the modulation/demodulation scheme of choice in several dig-
ital communications standards. These include wireline systems
such as digital subscriber lines (DSL), where it is commonly
known as discrete multitone (DMT), and wireless systems such
as digital audio and terrestrial video broadcast (DAB/DVB-T),
local area networks (IEEE 802.11a/g/n), and metropolitan area
networks (IEEE802.16a), where it is commonly known as
orthogonal frequency-division multiplexing (OFDM). In this
paper, we shall refer to it generically by DFT-MCM.
DFT-MCM divides the frequency response of a finite-im-
pulse response (FIR) frequency-selective channel into parallel,
decoupled, and memoryless subchannels by adding a special
guard sequence known as a cyclic prefix (CP) to each informa-
tion block. This CP guard sequence (of length at least equal
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to the channel memory) is chosen as a periodic extension of
the information sequence, causing the linear convolution per-
formed by the FIR channel to resemble a circular convolution.
This renders the equivalent channel matrix circulant, and hence,
perfectly diagonalizable by the DFT. Therefore, both interblock
interference (IBI) between successive transmitted blocks and in-
tercarrier interference (ICI) between the frequency subchannels
in each block are eliminated. Additional attractive features of
using the DFT orthogonal basis vectors for modulation/demod-
ulation are efficient computation using the fast Fourier trans-
form (FFT) algorithm and their independence of the channel
characteristics. These two features are lost when using an all-
zeros guard sequence (commonly known as zero stuffing [2]),
since the optimum orthogonal modulation/demodulation basis
vectors in this case are the eigenvectors of the channel matrix,
which are both channel-dependent and computationally intense.

The only restrictions on the guard sequence are being redun-
dant (i.e., it carries no new information) and having a length at
least equal to the channel memory. As far as channel throughput
is concerned, it was shown in [3] that, in each transmitted block,
the guard sequence can be assumed a linear deterministic func-
tion of the information sequence without loss of optimality. This
leads us to the following fundamental question: Are there guard
sequence designs (other than CP) that result in an equivalent
channel matrix perfectly diagonalizable (i.e., no IBI and ICI)
by an orthogonal channel-independent set of finite-dimensional
modulation/demodulation vectors which have a fast implemen-
tation algorithm comparable to the FFT? To the best of our
knowledge, this question has not been addressed in the litera-
ture before.

In this paper, we show that the answer to the above question
is affirmative by developing another MCM design that satisfies
these desirable properties based on the discrete cosine trans-
form (DCT) and a guard sequence that symmetrically extends
the information sequence. In addition, our new design, referred
to henceforth by DCT-MCM, has the following additional at-
tractive features inherited from the DCT [4].

* The DCT basis is well known to have excellent spectral
compaction and energy concentration properties. This, in
turn, leads to improved performance with interpolation-
based channel estimation [5] and can result in improved
adaptive filtering convergence (see, e.g., [0, p. 584]).

* Recently, it was shown analytically in [7] that in the
presence of frequency offset, the ICI coefficients in
DCT-MCM are more concentrated around the main co-
efficient (i.e., less ICI leakage to adjacent subcarriers)
than in DFT-MCM. This results in better performance
robustness to frequency offsets.
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e The DCT is widely adopted in image/video coding stan-
dards (e.g., JPEG, MPEG, H.261). Using it for modula-
tion/demodulation on frequency-selective channels results
in a better integrated system design and a reduced overall
implementation cost.

e The DCT uses only real arithmetic, as opposed to the
complex-valued DFT. This reduces the signal-pro-
cessing complexity/power consumption, especially for
real pulse-amplitude modulation (PAM) signaling, where
DFT-based processing still uses complex arithmetic and
suffers from inphase/quadrature (I/Q) imbalance problems,
which can cause appreciable performance degradation [8].
Furthermore, using DFT-MCM for baseband transmission
systems such as DSL, the complex quadrature amplitude
modulation (QAM) information block is constrained to be
conjugate-symmetric to ensure a real-valued inverse DFT
(IDFT) output at the transmitter. The same spectral effi-
ciency at a lower receiver implementation complexity can
be achieved with real (PAM) unconstrained information
block and real-valued DCT-based receiver processing.!

On the other hand, the main complexity disadvantage of DCT-
MCM, compared with DFT-MCM, is the additional prefilter
needed at the receiver to satisfy the symmetric channel impulse
response (CIR) constraint for short channels. For long channels,
DFT-MCM also requires a prefilter to shorten the channel.

In recent years, there have been intense research efforts aimed
at designing multicarrier transceivers with better spectral con-
tainment properties (lower subchannel sidelobes) than the con-
ventional DFT-MCM with a rectangular time window? to reduce
the effect of narrowband interference (NBI) which leaks into ad-
jacent subcarriers. Among those designs is the family of discrete
wavelet multitone modulation (DWMT); see, e.g., [10]-[12] and
references therein. The main difference between DWMT and
our proposed DCT-MCM is that in the latter (using the pro-
posed symmetric guard sequence and prefilter designs), we are
able to achieve perfect diagonalization of the frequency-selec-
tive channel; i.e., there is no residual ICI or IBI, and hence, a
simple one-tap per subchannel equalizer is optimum. This is
unlike DWMT schemes, where there is still residual ICI and
IBI, and hence, more complex equalization is needed. In fact,
DWMT schemes use equalization both in time (as a tapped-
delay line) and in frequency (a linear combiner across adjacent
subchannels) to reduce IBI and ICI, as shown in [10] and [11].
Reducing the complexity of this time-frequency equalizer is in-
vestigated in [13]. Another important difference is that DWMT
schemes use block lengths longer than the FFT length (typically
four times longer, as shown in [10]). This results in higher pro-
cessing delay and complexity. The advantage of DWMT is that,
by properly designing the prototype FIR filters, we can achieve
much lower subcarrier sidelobes, which results in higher immu-
nity against NBIL.

The main contribution of this paper is a novel design of a
DCT-based MCM transceiver that optimally diagonalizes a fre-

ITn this case, both the time-domain shortening filter and the frequency-do-
main one-tap equalizer are real-valued for DCT-MCM, while they are com-
plex-valued for DFT-MCM.

2The subchannel sidelobes of DFT-MCM can be lowered significantly using
more advanced windowing techniques, as described in detail in [9].
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quency-selective channel into parallel, decoupled, and memo-
ryless subchannels. Critical to this diagonalization is the incor-
poration of a new symmetry constraint that we propose for the
design of the FIR front-end prefilter. Furthermore, we gener-
alize our DCT-MCM design to multiple-input multiple-output
(MIMO) channels.

This paper is organized as follows. We start in Section II
by describing the input—output block transmission model and
stating our assumptions. In particular, we show analytically
how different guard-sequence designs lead to different overall
equivalent channel matrix representations. This is followed by
a mathematical formulation of the DCT-MCM design problem.
Section III contains the new contributions of this paper; namely,
the DCT optimality conditions as modulation/demodulation
vectors for frequency-selective channels, and our proposed
guard sequence and prefilter designs to satisfy these conditions.
Furthermore, we briefly describe the receiver signal detection
algorithms in DCT-MCM, and we discuss generalizations to
complex (passband) signaling and to MIMO channels. Numer-
ical examples from DSL and wireless transmission scenarios
are given in Section IV to illustrate our proposed designs, and
the paper is concluded in Section V.

II. BACKGROUND

In this section, we start by describing our model for block
transmission over a frequency-selective channel. Then, we show
how the choice of the guard sequence affects the overall channel
model. This is followed by a brief review of the DCT and a key
diagonalization result.

A. Channel Model and Assumptions

We consider block-by-block transmission where the informa-
tion symbols are divided into blocks, each of length N, and as-
sume the standard discrete-time representation of a linear time-
invariant3 frequency-selective channel, where the received sym-
bols are given by

Ye= Y, hmThom + 2% e

where h,, is the mth coefficient of the real-valued CIR,
which has a memory of 2v. The information symbols {z; }
are assumed zero-mean with an /V-dimensional autocorrela-
tion matrix R,,. For simplicity, we shall first assume 1-D
(PAM) signaling, where both the input symbols and the CIR
are real-valued, but the results can be easily extended to the
complex case, as will be shown in Section III-D. The addi-
tive white Gaussian noise (AWGN) symbols are denoted by
{zr} and have variance o2. Additional 2v guard symbols are
added before (v prefix symbols) and after (v suffix symbols)
the information symbols to eliminate IBI at the expense of a
throughput loss factor of 2v /(N + 2v). Furthermore, 2v output
symbols corresponding to the guard symbols are discarded
at the receiver to eliminate their interfering effect. Over the

3The channel is assumed time-invariant over each transmission block but can
vary from block to block.
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remaining N output symbols, (1) can be expressed in matrix
form as follows:

" h, --- ho h_, 0O 0
Ye+1 | |0 h, - ho hoy, O
: .. . .0
Yk+N—-1 o --- 0 h, -- ho -+ h_,
© g,
x;_l 2k
_k Zk4+1
X : + : 2
Tr4N-1 . '
Tt N kE+N—-1
LT k4+N4v—1 4

where k = (N 4+ 2v) + vand ¢ = 0, 1,... is the block index.
By partitioning the input vector into three components corre-
sponding to the prefix, suffix, and information symbols, we can
write (2) using compact matrix notation as follows:

Yik+N—1 = HXppikt N4v—1Zk:k+N -1 3
= Hprexk—u:k—l + Hinfoxk:k—l—]\T—I
+ Hsuka—‘,-N:k—l—N—f—u—l + Zi:k+N—1 (4)

where bold capital and small letters are used to denote ma-
trices and vectors, respectively. Furthermore, the subscripts of
the vector denote the indexes of its first and last elements, sepa-
rated by a colon. The corresponding partitioning of the channel
matrix H is defined by

-hl/ hl-
0 .
L .
Hpe =H [Ony, | =| © 7 P (5)
ny,, 0 0
0 o 0]
C 0 N 0
OVXV (‘) DY (-)
Hsuf:H 0N><1/ = h
IV -V
: 0
_h—l . h—l/_
'ho h_, 0
(I R .0
H,(=H| Iy = | h, hg h_, (6)
OVX]\T 0 .. .. .
L0 h, - kg

where I; denotes the identity matrix of size [ and 0,, x,, denotes
the all-zeros matrix with m rows and n columns.

B. Guard Sequence

The two length-v guard sequences do not carry new infor-
mation, i.e., they are related by deterministic functions to the
length-N information sequence Xj.x4+n—1. It was shown in [3]
that assuming these functions to be linear does not limit the
achievable channel throughput. Hence, we follow this assump-
tion in this paper, i.e., we can write

Xk—v:k—1 = Gprexk:k+N—l (7)

X+ N:k+N4v—1 = Geut Xkt N—1 (8)

where G and Gy are v X N fixed (independent of the
channel) matrices that completely determine the guard se-
quences. Therefore, (4) becomes

Yik:k+N—-1 = (Hinfo + Hprerre + Hsustuf)
X Xp:k+N—1 t Zk:k+N—1
=HeqvXp:hgy N1 + Zrik4 N1 9

where Hv is the N x N equivalent channel matrix which is
a function of the original CIR, Gy, and Ggys. Equation (9)
clearly shows how a different choice of the guard sequence re-
sults in a different overall channel matrix Heqy. For example,
for DFT-MCM,* the guard sequences are chosen as cyclic exten-
sions of the information sequence; i.e., Gpre = [0y x(N—p) L]
and Ggur = [L, 0, (v —y)]. It can be readily checked that Hqy
becomes a circulant matrix, which is diagonalizable by the DFT.

C. Discrete Cosine Transform

There are eight types of DCT [14]. In this paper, we only con-
sider the type-II DCT because it is the most popular in practice
(used in JPEG, MPEG, and H.261 standards), and the first one
discovered in [15]. The size-NN type-II DCT is defined by the
real orthogonal matrix whose (I, m) entry is given by

2 cog (U=DCm=Dm) <) m< N, I#£1
Cll,m)= VN ( 2N ) sLms

VE I=1.
It can be readily checked that C'C = CC' = Iy where (.)*
denotes the transpose.

We shall use the following key fact from [14, p. 2634] in
designing our DCT-MCM transceiver.

Fact: All N x N matrices diagonalizable by the type-1I DCT
matrix can be written as the sum of an N x N symmetric Toeplitz
matrix T and an N x N Hankel® matrix L; i.e., C(T+L)C! =
D where D is a diagonal matrix. Moreover, L is determined
from T through the relations®

Lel = SNTe1

LeN :JNLe1 (10)

4Here, we assume that the DFT-MCM guard sequence is added as a CP and
suffix for a direct comparison with DCT-MCM. It can also be added as a prefix
only, which is more common in the DFT-MCM literature.

5A matrix is called Toeplitz if it is constant along the main diagonals, and
called Hankel if it is constant along the main antidiagonals.

6These mathematical relations are not stated explicitly in [14], but can be
inferred from the presentation.
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where Sy, is the & x k upper-shift matrix (has ones on the first
upper diagonal and zeros everywhere else), Jy, is the k X k re-
versal matrix (has ones on the main antidiagonal and zeros ev-
erywhere else), and e; is the sth unit vector (has a one in the
ith position and zeros everywhere else). Note that since L is a
Hankel matrix, it is completely determined by its first and last
columns, defined in (10). It is also important to note that this
fact does not imply that all Toeplitz-plus-Hankel matrices are
diagonalized by the type-II DCT, but only a subclass of them,
where the Toeplitz matrix is symmetric and the Hankel matrix
is related to it by (10). Henceforth, we shall refer to the type-II
DCT by DCT only for brevity.

III. MAIN RESULTS

In this section, we address the fundamental question of this
paper: Can we design the guard sequences Gpre and Ggus S0
that Heqy is diagonalizable by the DCT? We start with a math-
ematical formulation of the channel block throughput which
is maximized by diagonalizing the equivalent channel matrix
into decoupled subchannels, and optimally allocating input en-
ergy to these subchannels. This is followed by a precise state-
ment of the conditions needed to achieve this diagonalization
using the DCT. Then, we propose a practical design to satisfy
these optimality conditions. Finally, the section is concluded by
extending our design to MIMO and to passband transmission
scenarios.

A. Channel Block Throughput

For the equivalent N-dimensional frequency-selective
channel matrix with AWGN in (9), the channel block
throughput, denoted by I(X;Y), for PAM signaling is given
by [16]

I(X;Y)
1 N
=3 N log det <IN+ ng‘ HquRm> (11)
1 N : .
=5 Vi log det IN+ CHCqVHquC Y (12)

where det(.) denotes the determinant of a matrix, and we used
the matrix identity det(I+ AB) = det(I+ BA). Furthermore,
since we are using the DCT basis for modulation, the input au-
tocorrelation matrix admits the eigen-decomposition R,, =
Cc'y,C.

It can be shown that the channel block throughput is max-
imized when H.q is diagonalized by the DCT; ie., Hoqy =
C!DC. In this case, (12) simplifies to

1
2N +2v + 2v
"The factors of 1/2 and N/(N + 2v) are due to 1-D (PAM) signaling and

guard sequence overhead, respectively. We assume a basis of two for the loga-
rithm, hence, I(X;Y) is measured in bits/block.

1
IX;Y) = log det (IN + —2D221> (13)
UZ
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1 N

T2N+2v (9

Zlog <1+ di )

where d; and o, ; denote the ith elements of the diagonal ma-
trices D and ¥, respectively. The optimum channel throughput
is achieved by further optimizing the input energy-allocation
profile 0, ; to maximize (14) subject to the average energy
constraint

1
t —
i 5, trace (B [Xk—pikt Nv—1Xk— ikt N4v—1]) = 1
Gprexk:k—l—N—l
= trace| E Xf:k+N—1
GoutXi:k+N—1

t t t t t
X [Xk:k+N—lere Xk:k+N—1 Xk:k-l—N—leuf])

=N+2v
= trace(R..) + trace (GpreR G;re)
+ trace (GgumeGsuf) =N+2v

= trace(X,;) + trace (EZC [I" g} Ct)

—l—trace(E C[O I :|Ct>:N+21/ (15)
N

= Z Onivi = N + 2v (16)
1=1

where we used the relation trace(AB) = trace(BA) and the
definition of Gp,;e and Gyt in (15). The constants ; in (16) can
be precalculated as a function of the DCT matrix C as follows
(assuming N > 2v+ 1, which is the case of interest, in practice,
to avoid significant guard overhead):

v N
’yz—l-i-ZCQ(,J Z C%*(i,j), 1<i<N
7j=1 j=N—-v+1
N—v
> Cig). (17)

J=r+1

The maximization of (14) subject to the constraint in (16) can be
performed using standard Lagrange multiplier techniques, and
will be illustrated by an example in Section I'V.

B. DCT Optimality Conditions for Frequency-Selective
Channels

For H,qy in (9) to be diagonalizable by the DCT, it must sat-
isfy the conditions in (10). Note that H;,,, becomes a symmetric
Toeplitz matrix if and only if [see (6)]

hi:h_i, i:1,27...,v (18)
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which results in a symmetric linear-phase CIR. Then, it
remains to choose Gy and Gy to make the matrix
H.:cGpre + HourGsur a Hankel matrix that satisfies (10)
in addition to (18), i.e.,

Hprerre + Hsustuf

rhy hy 0 - - 07
0 .
h, 0
=10 ... " 0 (19)
D ' 0 h,
: 0 ;
LO - -+ 0 hy hi
It can be easily checked that this condition is satisfied by setting
rhy -+ hy
HproGpro = h:y 0
L 0
= Gpre = [Jl/ OIIX(N—V)] (20)
i 0
by
Hsustuf = .
0 :
L h, - W
= Gour = [OI/X(N—I/) JV] (2D

where we have used the definitions of H,,. and Hys in (5) and
(6), respectively. The expressions for G e and Ggyf in (20) and
(21) imply that

Thei = Thgiz1, 1=
<

Tt N4i—1 = Th+N—i, 1 (22)

This reveals the design strategy for the prefix and suffix se-
quences: they should be chosen as symmetric extensions of the
information sequence on both ends, with the axes of symmetry
at the data-guard boundaries.

C. Receiver Signal Processing

1) Front-End Prefilter: The symmetry condition in (18) can
be met, in practice, by implementing a FIR front-end prefilter,
as follows.

* For channels with long memory, denoted by L > (2v +
1), we propose to modify the design criterion for the FIR
channel shortening prefilter commonly used in DFT-based
multicarrier transceivers (see, e.g., [17]) by incorporating
the symmetry constraint on the target (shortened) impulse
response (TIR), as described briefly next. It was shown in
[17] that the channel-shortening mean-square error (MSE)
can be expressed in the following quadratic form:

MSE = h'Rh (23)

where h = [h_, -+ h_y hg h1 --- h,]" is the shortened
CIR and R is a positive-definite matrix that depends on the
original CIR and the noise variance (see [17] for the exact

form of R)). We can impose the symmetry condition in (18)
on h by defining?®

h=1Ih (24)

where h = [hg --- h,]* and the symmetric stacking matrix

I= 3 I”O'H } . By combining (23) and (24), the prefilter
v Yrx1l

design problem becomes

Minimize MSE = h'I‘RIh = h'Rh

subject to® the unit-norm constraint h*h = 1. The op-
timum h is well known as the eigenvector of R = I'RI
corresponding to its minimum eigenvalue. The optimum
symmetric shortened CIR is then calculated using (24) and
the optimum prefilter coefficients are determined from the
orthogonality principle of linear estimation [18] using the
well-known Wiener equation (see [17] for details)

w =R, 'R,.h (25)

where R, and R, are the output-input cross-correla-
tion and the output autocorrelation matrices, respectively,
which are calculated in closed form from the original
channel matrix.

We emphasize that the symmetry constraint in (24) can
also be incorporated into other prefilter designs based on
criteria other than the minimum MSE (MMSE) criterion
considered here, such as the maximum shortening SNR
criterion described in [19].

* For channels with short memory (compared to block length
N), we can still use the prefilter design algorithm described
above by setting the original CIR length equal to the TIR
length (i.e., no shortening), where the prefilter only equal-
izes the CIR to a symmetric one in a MSE sense. Al-
ternatively, to reduce computational complexity, this pre-
filter can be set to the time-reversed (matched) filter to
a memory-v channel, resulting in an overall symmetric
CIR with memory 2v (see Example I in Section IV). The
price paid is a reduction in throughput from N/N + v to
N/(N + 2v), which is still negligible for N > v.

In summary, satisfying the symmetric CIR condition in
(18) can be achieved in practice using a FIR prefilter with
computational complexity even less!0 than its counterpart in
DFT-MCM for long channels. For short channels, DFT-MCM
does not require a prefilter, which is a complexity advantage
over DCT-MCM. It is also worth mentioning that adding the
symmetry condition makes the prefilter design more con-
strained in DCT-MCM, compared with DFT-MCM. Therefore,
for a given number of prefilter taps, the achievable minimum
shortening MSE will be higher for DCT-MCM. Alternatively,

80ne of the reviewers kindly pointed out that a similar prefilter design method
was proposed independently in [11].

9This constraint is introduced to avoid the trivial all-zeros solution.

10Because imposing the symmetry condition reduces the dimensionality of
the prefilter optimization problem from 2v + 1 to v + 1.
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Fig. 1. DCT-MCM block diagram for baseband signaling.

Real IDCT MAKE Add noise
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lDfem? 5 ImaIg)?:ary Guard

nrormation CMPLX

Fig. 2. DCT-MCM block diagram for passband signaling. Arrows with a strike indicate complex quantities. The block “MAKE CMPLX” generates a complex

vector from two real vectors.

at a given shortening MSE, DCT-MCM will require a longer
prefilter, which has a higher implementation complexity.

2) Detection Algorithms: By properly designing the guard
sequence and the prefilter, conditions (18) and (22) are met.
Then, starting from (9), we get

Yik4N—1 = HeqvXp:kt N1 + Zi:k+N—1 (26)
=C'DCxpjorN-1 + Zikpn—1  (27)

= Yirtn-1 =C¥ppin_1 (28)
=DXpk4N-1 + Zp:kyN—1 (29)

where capital letters denote the DCT-transformed quantities.
Since D is a real diagonal matrix, the components of X.x4+n_1
(the DCT transform of the information vector) are decoupled
and can be individually detected by applying a simple zero-
forcing (or MSE) scalar real!! equalizer followed by a slicer.
A block diagram of this DCT-based multicarrier transceiver ar-
chitecture is shown in Fig. 1.

D. Complex Signaling

Our DCT-MCM transceiver design can be extended to the
case of passband signaling, where both the input vector and the
CIR are complex-valued, as shown in Fig. 2. Essentially, the op-
timality conditions in (18) and (22) are applied to the in-phase
and quadrature dimensions. In other words, the complex guard
sequence is set to be a symmetric extension of the complex in-
formation sequence in each transmitted block, and both the real
and imaginary components of the complex baseband-equivalent
CIR are constrained to be symmetric. The latter condition is

IThis is a complexity advantage over DFT-MCM, where this equalizer is
complex even for real channels (as in DSL).

satisfied by implementing a complex front-end prefilter which
shortens the CIR (if necessary, to fit the CP length) and makes
both its real and imaginary components symmetric using the de-
sign criterion in (23) under the constraint in (24).

It is interesting to note here that, unlike the real case, using a
time-reversed (matched) filter as a front-end prefilter in the com-
plex case results in a conjugate-symmetric overall CIR, where
only the real part is symmetric, whereas the imaginary part will
be antisymmetric, and hence not diagonalizable by the type-II
DCT.

Now, assuming that the guard sequence and the prefilter have
been properly designed as described above, and starting from
(26), we have

Yi:k4N-—1
= (H

eqv

P
+ JHoqv) Xf:k+N—1 T Zk:k+N—1

= (Yiran—1 +iYknin_1)
= (C'DRC + jC'D!C)xppyN—1 + ZhhtN-1

= Yinan-1=C (Yiren—1 + i¥khin—1)
= (D" + ;D7) (Xﬁk+N—1 + in:k+N—1) + Lkt N-1
= DXpkyN-1 + Zpkyn_1-

Since D is a complex diagonal matrix, the complex informa-
tion symbols are decoupled and can be individually detected by
applying a complex scalar equalizer (one tap per subchannel),
followed by a complex slicer, as shown in Fig. 2. The block
“MAKE CMPLX” accepts two N -dimensional real vectors as
inputs. Its output is an N-dimensional complex vector whose
ith complex element is formed from the sth real elements of the
two input vectors.
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E. MIMO Channels

The DCT-MCM transceiver proposed in this paper can be ap-
plied to a system with n; inputs and n, outputs, by adding the
symmetric prefix and suffix guard sequences to the length-NV
information blocks transmitted from each of the n; inputs, and
by imposing the symmetry condition on each of the resulting
n;n, CIRs when implementing the MIMO FIR prefilter of [20].
As in the single-input single-output (SISO) case described in
Section III-C, we have to modify the design criterion of the
prefilter in [20] to incorporate the symmetric TIR constraint by
defining [c.f. (24)]

hy
I h;
h= |- D ] ) (30)
|:Jnou Onouxn(7 .
h,

where each of the MIMO TIR coefficients h; is an n, X n; matrix
and J n,v 15 a block reversal matrix (has the identity matrices I,
on the main antidiagonal and zeros everywhere else).

To illustrate the DCT-based receiver signal processing in the
MIMO case, consider for simplicity the case n; = n, = 2.
Then, the input—output relationship in (26) generalizes to!2

yi| _ Heyn Hil [x 4| = 31)
y2 HZ. HZY | [X Zy

_ CtDLlC CtD172C X1 Z1

- |:CtD2’10 CtDmC X9 + Y4 (32)

Taking the length-N DCT of each of the received blocks, we

have
Y1 _ C 0 Y1
MBI )
_ | D11 Diaf| [ Xy Z,
= (o m ]+ [m] e

where capital letters denote DCT-transformed vectors. Now, we
can apply standard multiuser detection algorithms [21] to (34) to
jointly detect the kth subchannels of information blocks X; and
X3. We conclude this section by emphasizing that this DCT-
based approach can also be applied to MIMO systems that em-
ploy space-time coding (e.g., the Alamouti code [22]), and we
omit the details here for brevity.

Remarks:

1) The throughput of the transmission scheme proposed
in this paper is double that in [23], which is only
((N/2)/(N + 2v)) since it restricts the information
sequence to be symmetric as well. In contrast, our scheme
only restricts the guard sequence (which is composed of
redundant symbols anyway) to be a symmetric extension
of the information sequence.

2) By adding the prefilter and designing the prefix and suffix
guard sequences according to (22), we ensure optimality
of the DCT for multicarrier transmission over frequency-
selective channels in the sense that both ICI and IBI are
completely eliminated.

12To simplify notation, we suppress the symbol time index in each vector, and
use the subscript to denote the input—output index.

3) Analogous to single-carrier (SC) DFT-based complex
equalizers [24], we can design an SC DCT-based real
equalizer (by moving the IDCT operation to the receiver,
before the slicer, in Fig. 1) and combine it with space—time
block codes to realize both spatial and multipath diversity
gains in a manner that parallels the DFT-based approach
in [25].

4) The diagonal elements of D in (29) which are key per-
formance parameters [see (14)] are given by the (normal-
ized) DCT transform of the first column of the equivalent
channel matrix, i.e.,

e!CHqver

d; =
3
e;Ce;

5) At high SNR, all subchannels are used and a flat input
energy distribution (X, = Iy) is near-optimum. More-
over, we can ignore the first term inside the determinant
in (12), hence, the channel throughput is determined by
(det(Heqy))?/N = (H?=1 d?)Y/N | which is the geometric
average of d?. For DFT-MCM, the corresponding perfor-
mance measure is the geometric average of the squared
magnitude of the channel’s DFT coefficients [26]. These
two measures are channel-dependent; hence, for some
channels, DCT-MCM can outperform DFT-MCM (based
on this measure), and vice versa. This observation has also
been noted in terms of DCT- or DFT-based adaptive fil-
tering performance, where convergence behavior depends
on the statistics of the received signal [6].

6) It might be possible to use other DCT or discrete sine
transform (DST) types [4], [14] as modulation/demodula-
tion vectors for frequency-selective channels, but with their
own symmetry (or antisymmetry) conditions on the CIR
and the guard sequence. We do not pursue this further in
this paper, since DCT-II is the most popular member of
the DCT/DST family.

IV. NUMERICAL EXAMPLES

In this section, we present examples that illustrate the design
of the front-end prefilter to achieve a symmetric CIR which can
be diagonalized by the DCT after adding the symmetric guard
sequence. We also present simulated performance comparisons
between DFT-MCM and DCT-MCM in the presence of fre-
quency offset.

Example 1 (Channel With Short Memory): Consider
the two-tap channel with D-transform 1 + 0.9D (ex-
tensively studied in [27]) with block length N = 16
and input SNR of 10 dB. Since this CIR is not sym-
metric and N > v, we can implement the time-reversed
front-end filter, resulting in the overall symmetric CIR
h(D) = (1+09D)(1+0.9D1) = 0.9D~! + 1.81 4+ 0.9D,
where v = 1. With two guard symbols added symmet-
rically to each information block, we have an overall
Toeplitz-plus-Hankel Hcqy,, which is diagonalized by the
DCT to

D = diag(3.61,3.57,3.47,3.31, 3.08, 2.81, 2.50,
2.16,1.81,1.46,1.12,0.81,0.54,0.31,0.15, 0.04).
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Fig. 3. DSL CIR used in Example 2.

With a flat input energy distribution (i.e., 0, ; = 1), we cal-
culated the channel throughput using (14) to be 31.88 bits
per block. To see the effect of input energy optimization on
throughput, we calculated the constants ; in (17) to be

1.21 119 1.17 1.15
1.1 1.04 1.02 1.01]

y=[1.13 125 1.24 1.23

1.13 1.1 1.1 1.0].

Carrying out the input energy optimization procedure, we found
that only 14 out of the available 16 subchannels should be allo-
cated energy, as follows:

¥, = diag(1.25,1.13,1.13,1.14,1.16,1.17,1.19, 1.21,
1.23,1.24,1.24,1.19,1.02,0.37,0,0)

and the resulting optimum channel throughput is 32.81 bits/
block.

For scenarios where the CIR is short and nonsymmetric (as in
this example), DCT-MCM is more complex than DFT-MCM,
since the former requires a prefilter to make the overall CIR
symmetric, which is not a requirement for the latter.

Example 2 (Channel With Long Memory): In this ex-
ample, we illustrate the design of the front-end FIR prefilter
to shorten nonsymmetric channels with long memory to
short symmetric channels which are diagonalized by the
DCT after adding the symmetric guard sequence. Consider
a 9 kft 26 AWG DSL channel whose impulse response is
depicted in Fig. 3 (has memory of 32 symbols). Assuming
an input SNR of 20 dB, we designed (using the algorithm
described in Section III-C) a 16-tap prefilter to shorten this
DSL channel and found the optimum symmetric 3-tap CIR to
be given by h = [-0.4144 0.9101 — 0.4144]*, which can now
be diagonalized by the DCT.

Example 3 (MIMO Channels): Consider a 2x2 MIMO typ-
ical urban (TU) wireless channel with six symbol-spaced taps
that have the power delay profile (PDP) (in decibels) [-3 0 —
2 —6 — 8 — 10]. A snapshot (single realization) of the four
original CIRs, denoted by p;; for 1 < 4, 7 < 2 where each is
a six-tap FIR filter, is given in Fig. 4. We assume quasi-static
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Fig. 4. TU wireless MIMO CIR in Example 3.
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Fig. 5. Overall symmetric CIR in Example 3 after prefiltering.

fading over the transmission blocks, and implement a 16-tap
MIMO MMSE prefilter!3 to simultaneously shorten the four FIR
channels to symmetric three-tap (v = 1) channels. For an input
SNR of 20 dB, we calculated the optimum symmetric TIRs to
be (see Fig. 5)

hy; =[-0.1249 0.2226 — 0.1249]
hi, =[-0.0327 0.1647 —0.0327]
hy; =[-0.8019 0.5403 — 0.8019]
hyy =[0.5853 0.7933 0.5853].

Example 4 (Complex Signaling): Here we consider Channel
A, as specified in the wireless local area network (WLAN) ETSI

13We modified the identity norm constraint (INC) design criterion in [20] by
incorporating the symmetry constraint on the TIR given in (30).
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Fig. 6. Real and imaginary parts of the ETSI HIPERLAN2 channel A impulse
response realization before and after prefiltering, as calculated in Example 4.

HIPERLAN B Channel, 5 - Tap TIR, Input SNR = 20dB

Shortening MMSE (dB)
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Fig. 7. Shortening MMSE (in decibels) versus prefilter length for DCT-MCM
and DFT-MCM over HIPERLAN?2 channel input SNR of 20 dB.

HIPERLAN?2 standard [28], which models an office environ-
ment (no line of sight) with a maximum delay spread of 390 ns.
The CIR has nine symbol-spaced channel taps and a PDP (in
decibels) [-1.73 — 2.30 — 4.46 — 6.41 —9.96 — 10.56
—12.72 —14.89 — 17.10]. A snapshot (single realization) of
the real and imaginary parts of the baseband-equivalent com-
plex CIR are shown in the top half of Fig. 6. Assuming an input
SNR of 20 dB, we designed a complex 16-tap prefilter to shorten
the complex CIR to a 5-tap (v = 2) complex impulse response
with symmetric real and imaginary parts, as shown in the bottom
half of Fig. 6. These two symmetric responses are then each di-
agonalized by the DCT into diagonal matrices D# and D, as
explained in Section III-D.

Example 5 (Frequency Offset): Finally, we compare the per-
formance of DCT-MCM and DFT-MCM in the presence of fre-
quency offset. We consider Channel B as specified in the wire-
less local area network (WLAN) ETSI HIPERLAN? standard

HIPERLAN B Channel, Nf = 64, 5-Tap TIR, Input SNR = 20dB
13 T T T T T T T T

Geometric SNR (dB)

] 1 L 1 L L
—.101 .02 .03 .04 .05 .06 .07 .08 .09 A
Normalized Frequency Offset

Fig. 8. Comparison of geometric SNR of DCT-MCM and DFT-MCM versus
normalized frequency offset for HIPERLAN2 channel B and five-tap TIR at
input SNR of 20 dB.

HIPERLAN B Channel, Nf = 32, 9-Tap TIR, Input SNR = 20dB

Geometric SNR (dB)

.01 .02 .03 .04 .05 .06 .07 .08 .09 A
Normalized Frequency Offset

Fig. 9. Comparison of geometric SNR of DCT-MCM and DFT-MCM versus
normalized frequency offset for HIPERLAN2 channel B and nine-tap TIR at
input SNR of 20 dB.

[28], which models a highly dispersive office environment with
alarge maximum delay spread of 730 ns corresponding to a CIR
with 16 symbol-spaced channel taps. Assuming an input SNR
of 20 dB, we designed a prefilter to shorten the CIR to a 5-tap
(v = 2) impulse response for both DFT-MCM and DCT-MCM.
For the latter, the shortened channel was also constrained to be
symmetric. Fig. 7 depicts the prefilter shortening MMSE (in
decibels) versus its length, where it can be seen that 64 pre-
filter taps are sufficient to achieve the asymptotic MMSE. As
expected, the asymptotic MMSE is higher for DCT-MCM be-
cause the prefilter is constrained to make the TIR symmetric,
as well.

Figs. 8 and 9 compare the performance of DFT-MCM and
DCT-MCM for N = 128 (as measured by the widely adopted
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geometric SNR criterion [26]) averaged over 10 000 channel re-
alizations for normalized (by the subchannel bandwidth) fre-
quency offsets ranging from 0.01 to 0.1 and input SNR of 20 dB.
It can be seen from the figures that DCT-MCM is more ro-
bust to frequency offset than DFT-MCM. This corroborates the
analysis in [7], which showed that in the presence of frequency
offset, the ICI coefficients of DCT-MCM are more concentrated
around the main coefficient than in DFT-MCM, which results in
less ICI leakage to adjacent subchannels.

Fig. 9 considers the scenario of a less-constrained prefilter
where the TIR length is increased to nine taps (v = 4). We
found that a prefilter length of 32 taps suffices in this case. Here,
we can see that DCT-MCM outperforms DFT-MCM for the
entire frequency-offset range under consideration. This is ex-
pected, because shortening the 16-tap channel to 9 taps is less
demanding than shortening it to 5 taps. Hence, the DCT-MCM
prefilter can do a better job at making the TIR symmetric.

V. CONCLUSIONS

The DCT is an optimal (in the sense of perfect channel
diagonalization) modulation/demodulation basis for multi-
carrier signaling on FIR frequency-selective channels when
the overall CIR is symmetric, and both the prefix and suffix
guard sequences (of total length equal to the CIR memory)
are symmetric extensions of the information sequence in each
transmitted block. The first condition can be met by imple-
menting a FIR prefilter, and the second condition is met by
placing symmetry conditions only on the guard (not the infor-
mation) sequence; hence, the guard overhead is identical to a
DFT-MCM system. In addition, we showed how to further en-
hance the DCT-MCM transceiver performance by input energy
optimization, and how to generalize it to complex signaling and
to MIMO channels.

DCT-MCM has a comparable complexity to DFT-MCM for
long channels, where both transceivers require a prefilter to
limit the guard-sequence throughput overhead. For short chan-
nels, DCT-MCM still requires a prefilter (unlike DFT-MCM)
which can be implemented as a simple time-reversed matched
filter. Both DCT-MCM and DFT-MCM can perfectly diago-
nalize frequency-selective channels without requiring channel
knowledge at the transmitter. Furthermore, our simulation
results show that DCT-MCM is more robust to frequency
offsets than DFT-MCM, in agreement with recent analytical
results in [7].

In summary, our results in this paper show that DCT-MCM is
a viable multicarrier transceiver which can be competitive with
DFT-MCM in some practical scenarios. An interesting topic for
future research is to perform more extensive performance com-
parisons between DFT-MCM and DCT-MCM under additional
real-world channel impairments, such as in-phase/quadrature
phase imbalance, timing offset, multipath spread longer than CP
leading to IBI and ICI effects [29], NBI, channel-estimation er-
rors, amplifier nonlinearities, and Doppler (mobility) conditions
leading to additional IBI/ICI degradation.
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