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Abstract An important problem in distributed systems is
to detect termination of a distributed computation. A com-
putation is said to have terminated when all processes have
become passive and all channels have become empty. In this
paper, we present a suite of algorithms for detecting termi-
nation of a non-diffusing computation for an arbitrary com-
munication topology under a variety of conditions. All our
termination detection algorithms haveoptimal message com-
plexity. Furthermore, they haveoptimal detection latency
when message processing time is ignored.

Keywords Monitoring distributed system· Termination
detection· Arbitrary communication topology· Optimal
algorithm· Diffusing and non-diffusing computations·
Simultaneous and delayed initiations· Single-hop and
multi-hop application messages

1 Introduction

One of the fundamental problems in distributed systems is
to detect termination of an ongoing distributed computation.
The problem arises, for example, when computing shortest
paths between pairs of nodes in a network. The distributed
computation is modeled as follows. A process can either be
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in active state orpassive state. Only an active process can
send an application message. An active process can become
passive at anytime. A passive process becomes active only
on receiving an application message. A computation is said
to haveterminated when all processes have become passive
and all channels have become empty. The problem of ter-
mination detection was independently proposed by Dijkstra
and Scholten [11] and Francez [12] more than two decades
ago. Since then, many researchers have worked on this pro-
blem and, as a result, a large number of algorithms have
been developed for termination detection (e.g., [4,9,10,14–
16,21,23–26,29,30,32]). Note that termination is a stable
property. Thus a simple approach for detecting termination
is to repeatedly take a consistent snapshot of the under-
lying computation using any of the algorithms described in
[1,5,13,18], and then test the snapshot for the termination
condition. More ef�cient algorithms have been developed
which do not depend on taking consistent snapshots of the
computation. Most of the termination detection algorithms
can be broadly classi�ed into four categories, namelycom-
putation tree based, invigilator based, double wave based
andsingle wave based.

In the computation tree based approach, a dynamic tree is
maintained based on the messages exchanged by the under-
lying computation. A process not currently “participating”
in the computation, on receiving an application message,
remembers the process that sent the message (and joins the
dynamic tree) until it “leaves” the computation. This creates a
parent-child relationship among processes that are currently
“part” of the computation. A process may join and leave the
tree many times. Example of algorithms based on this idea
can be found in [11,30,4].

In the invigilator based approach, a distinguished process
called thecoordinator, is responsible for maintaining cur-
rent status of all processes either directly or indirectly. The
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coordinator may either explicitly maintain the number of pro-
cesses that are currently “participating” in the computation or
may only know whether there exists at least one process that
is currently “participating” in the computation (ascertained
via missing credit/weight [15,24] or some other mechanism
[21]). Many algorithms in this class assume that the topology
contains a star and the coordinator is directly connected to
every process [15,24]. These algorithms can be generalized
to work for any communication topology at the expense of
increased message complexity.

The next two classes of algorithms are based on the notion
of wave [31]. A wave is a control message or a subset of
control messages that sweep through the entire system visi-
ting all processes on the way. As the wave travels through
processes, it collects their local snapshots, which are then
combined to obtain a snapshot of the entire system.

In the double wave based approach, two (possibly
inconsistent) snapshots of the computation are taken in such
a way that there isat least one consistent snapshot lying
between the two snapshots. The interval between the two
snapshots is then tested for any possible activity. In case the
interval isquiescent (no activity took place), termination can
be announced. It can be proved that evaluating the termina-
tion condition for either of the snapshots is actually equiva-
lent to evaluating the condition for any consistent snapshot
lying between the two snapshots [2]. Various algorithms dif-
fer in the manner in which they test for quiescence of an
interval and emptiness of channels. Examples of algorithms
based on this idea can be found in [9,14,23,25].

In the single wave based approach, a snapshot of the com-
putation is �rst tested for consistency. If the test evaluates to
true, then the snapshot is analyzed for the termination condi-
tion. The consistency test is such that if the snapshot is not
consistent then the test will de�nitely evaluate to false. It is
possible that the test may evaluate to false even if the snap-
shot is consistent. However, if the snapshot is taken after the
computation has terminated, then the test is guaranteed to
evaluate to true. Various algorithms differ in the manner in
which they test for consistency of a snapshot and emptiness
of channels. Examples of algorithms based on this idea can
be found in [16,23,29].

In addition, termination detection algorithms can also be
classi�ed based on two other attributes: (1) whether the distri-
buted computation starts from a single process or from mul-
tiple processes (diffusing computation versusnon-diffusing
computation), and (2) whether the detection algorithm should
be initiated along with the computation or can be initiated
anytime after the computation has started (simultaneous ini-
tiation versusdelayed initiation). Delayed initiation is useful
when the underlying computation is message-intensive and
therefore it is preferable to start the termination detection
algorithm later when the computation is “close” to termina-
tion.

Table1 shows the (worst-case) message complexity and
detection latency for the best algorithm in each of the four
classes and for our algorithms. The table also indicates
assumptions, if any, made about the communication topo-
logy. The complexity expressions given in the table are deri-
ved under the assumptions that: (1) application messages
are only exchanged between neighboring processes in the
topology, and (2) message transmission time isO(1) unit
and message processing time is ignored. (The latter assump-
tion is only used to analyze the detection latency of a
termination detection algorithm and not to prove its
correctness.) Most termination detection algorithms are ana-
lyzed under these two assumptions (e.g., [11,23,4,8]). Hen-
ceforth, in this paper, all complexity expressions are
presented or derived under the above two assumptions unless
otherwise stated. Later, in Section3.6, we present a more
detailed analysis of the detection latency of our termination
detection algorithms in terms of both message processing
time and message transmission time. When message proces-
sing time is considered explicitly, it turns out that our ter-
mination detection algorithms are no longer latency-optimal
for all communication topologies (but are still message-
optimal).

In [21], Mahapatra and Dutt consider the case when appli-
cation messages can be exchanged between arbitrary
processes. For some algorithms in parallel computing, even
non-neighboring processes may be required to exchange
application messages with each other [7]. Later, in Section5,
we describe how to maintain optimality of our termination
detection algorithm when application messages may travel
multiple hops.

Chandy and Misra [6] prove that any termination detec-
tion algorithm, in the worst case, must exchange at least
M control messages, whereM is the number of application
messages exchanged. Also, in the worst-case, the detection
latency of any termination detection algorithm measured in
terms of message hops isD, where D is the diameter of
the communication topology. Algorithms derived from the
computation tree based approach typically have optimal mes-
sage complexity but non-optimal detection latency (e.g., [11,
17]). On the other hand, algorithms that use the invigila-
tor based approach typically have optimal detection latency
but non-optimal message complexity (e.g., [15,24,21]). (The
message-complexity is optimal only when the diameter of
the communication topology is constant.) To our knowledge,
at present, there is no termination detection algorithm that
has optimal message complexity as well as optimal detec-
tion latency forall communication topologies. The message
complexity of a termination detection algorithm measures
the overhead imposed by the algorithm on the system during
its execution. Its detection latency measures the delay incur-
red between when the computation terminates and when the
termination is actually detected (and announced). Clearly,
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Table 1 Comparison of various termination detection algorithms (assumediffusing computation,simultaneous initiation andsingle-hop application
messages unless indicated otherwise)

Termination detection algorithm Message complexity Detection latencya Communication topology

Computation tree based (e.g., [11]) O(M) O(N ) Any

Invigilator based (e.g., [24]) O(M) O(1) Diameter is constant

Modi�ed invigilator basedb (e.g., [24]) O(M D) O(D) Any

Double wave basedc (e.g., [2]) O(M N ) O(D) Any

Single wave basedc (e.g., [23]) O(M N ) O(D) Any

Our algorithm O(M) O(D) Any

Our algorithm (non-diffusing computation) O(M + N ) O(D) Any

Our algorithm (non-diffusing computation

and delayed initiation) O(M̄ + E) O(D) Any

Our algorithm (non-diffusing computation

and multi-hop application messages) O(M H + N ) O(D) Any

N number of processes in the system,E number of channels (or links) in the communication topology,M number of application messages
exchanged by the underlying computation,M̄ number of application messages exchanged by the underlying computation after the termination
detection algorithm began,D diameter of the communication topology,H average number of hops traveled by application messages,O( · )
complexity expression is optimal
aIgnoring message processing time
bInvigilator based adapted for arbitrary communication topology
cWave is collected using a breadth-�rst-search spanning tree to ensure optimality of detection latency

it is desirable to minimize both message complexity and
detection latency of a termination detection algorithm.

Note that, for a general non-diffusing computation, any
termination detection algorithm must exchange at leastN −1
control messages in the worst-case, whereN is the number
of processes in the system. Chandrasekaran and Venkatesan
[4] prove another lower bound on message-complexity: if
the termination detection algorithm is initiated anytime after
the computation has started, then the algorithm, in the worst
case, must exchange at leastE control messages, whereE is
the number of communication channels (or links) in the topo-
logy. They also show that delayed initiation is not possible
unless all channels are �rst-in-�rst-out (FIFO).

Our contributions in the paper are as follows. We present
three message-optimal and latency-optimal termination
detection algorithms for arbitrary communication topologies
under varying assumptions such as (1) whether the initia-
tion is simultaneous or delayed and (2) whether application
messages are single-hop or multi-hop. Our �rst algorithm
assumes that the initiation is simultaneous and application
messages are single hop. Our second algorithm, which is
derived from the �rst algorithm, assumes that the initiation
may be delayed but application messages are single-hop.
Our third algorithm, which is again derived from the �rst
algorithm, assumes that the initiation is simultaneous but
application messages may be multi-hop. A message-optimal
and latency-optimal termination detection algorithm for the
case when initiation may be delayed and application mes-
sages may be multi-hop can be obtained by combining the
modi�cations used for second and third algorithms. All our

termination detection algorithms have very low message
overhead as well. Speci�cally, a message has to carry only
one integer whose maximum value is bounded by 2D, which
is independent of the number of messages exchanged by the
underlying computation. Intuitively, we achieve optimality
with respect to message-complexity and detection-latency
at the same time by combining computation tree based and
invigilator based approaches.

The paper is organized as follows. In Sect.2, we discuss
the system model and notation used in this paper, and des-
cribe the termination detection problem. Section3 describes
an optimal termination detection algorithm for the case when
the detection algorithm has to be initiated along with the
computation. Section4 describes the modi�cations requi-
red to handle the case when the detection algorithm can be
initiated at any time after the computation has commenced.
Section5 describes the modi�cations required to handle the
case when application messages can be exchanged between
arbitrary processes. Finally, we present our conclusion and
outline directions for future research in Sect.6.

2 System model and problem statement

2.1 Model and notation

We assume an asynchronous distributed system consisting
of N processesP = {p1, p2, . . . , pN }, which communicate
with each other by exchanging messages over a communica-
tion network. There is no common clock or shared memory.
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Processes are non-faulty and channels are reliable. Message
delays are �nite but may be unbounded.

We do not assume that the underlying communication
topology is fully connected. Two processes can communi-
cate directly with each other only if they are neighbors in
the topology. If two processes are neighbors in the topology,
then we say that there is a channel between them. We assume
that all channels are bidirectional. We useE to refer to the
number of channels in the communication topology.

Processes executeevents and change their states. Alocal
state of a process, therefore, is given by the sequence of events
it has executed so far starting from theinitial state. Events are
eitherinternal or external. An external event could be asend
event or a receive event. An event—internal or external—
causes the local state of a process to be updated. In addition,
an external event causes a message to be sent (send event) or
received (receive event).

Events on a process are totally ordered. However, events
on different processes are only partially ordered by the Lam-
port’s happened-before relation [19], which is de�ned as the
smallest transitive relation satisfying the following proper-
ties:

1. if eventse and f occur on the same process, ande occur-
red beforef in real time thene happened-beforef , and

2. if eventse and f correspond to the send and receive,
respectively, of a message thene happened-beforef .

A snapshot of the system is a collection of local states,
one from each process. A local state of a process can be
captured by the set of events that have been executed so far
on that process. (An empty set of events denotes the initial
state.) Therefore, in terms of events, a snapshot, which is also
referred to as acut, is a set of events satisfying the following
property:

S is a snapshot �
〈∀e, f : e and f are on the same process:
(e → f ) ∧ ( f ∈ S) ⇒ e ∈ S〉
We say that a snapshotpasses through an event if it is the

last event on that process to be contained in the snapshot.
A snapshot that contains the receive event of a message but
not its send event is not a valid snapshot of the system. Such
a snapshot is called aninconsistent snapshot. Conversely,
we say that a snapshot (or cut) isconsistent if the following
holds:

S is a consistent snapshot �
〈∀e, f :: (e → f ) ∧ ( f ∈ S) ⇒ e ∈ S〉
Next, we formally de�ne the termination detection pro-

blem.

2.2 The termination detection problem

The termination detection problem involves detecting when
an ongoing distributed computation has terminated. The dis-
tributed computation is modeled as follows. A process can
be either in anactive state or apassive state. A process can
send a message only when it is active. An active process
can become passive at anytime. A passive process becomes
active on receiving a message. The computation is said to
have terminated when all processes have become passive
and all channels have become empty.

To avoid confusion, we refer to the messages exchanged
by the underlying computation asapplication messages, and
the messages exchanged by the termination detection algo-
rithm ascontrol messages. Unless indicated otherwise, we
describe our termination detection algorithms assuming that
application messages are only exchanged between neighbo-
ring processes, that is, application messages aresingle-hop.
This is consistent with the assumption made by most ter-
mination detection algorithms (e.g., [4,11,17,23]). Later, in
this paper, we discuss the case when application messages
may be exchanged between arbitrary processes, that is, when
application messages aremulti-hop.

In this paper, when a process sends a control message,
we distinguish between two cases—whether the process has
created the message itself or is simply forwarding the mes-
sage it has received from a neighboring process to another
neighboring process. In the former case, we say that the pro-
cess hasgenerated the control message. Further, we refer
to the messages in the latter case asderivative control
messages.

It is desirable that the termination detection algorithm
exchange as few control messages as possible, that is, the
algorithm has low message complexity. The higher the mes-
sage complexity of a termination detection algorithm, the
higher the overhead imposed by it on the system during
execution. Clearly, the overhead imposed by a termination
detection algorithm should be minimized. Further, once the
underlying computation terminates, the algorithm should
detect it as soon as possible, that is, the algorithm has low
detection latency [21]. For computing detection latency, it is
typically assumed that each message hop takes at most one
time unit and message processing time is negligible [3,31].
Finally, the amount of control information carried by any
message—application or control—is minimal, that is, the
algorithm has low bit-message complexity.

A computation is said to bediffusing if only one process
is active initially; otherwise it isnon-diffusing. If the termi-
nation detection algorithm has to be initiated along with the
computation, then we refer to it assimultaneous initiation.
On the other hand, if the termination detection algorithm can
be initiated anytime after the computation has started, then
we refer to it asdelayed initiation.
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3 An optimal algorithm for simultaneous initiation

In this section, we �rst describe the main idea behind our
algorithm, and then give its formal description. Later, we
prove the correctness of our algorithm and also show that
it is message-optimal and latency-optimal. Our approach is
based on combining computation tree based and invigilator
based approaches. This allows us to achieve the best of both
approaches, namely optimal message-complexity of compu-
tation tree based approach and optimal detection latency of
invigilator based approach.

3.1 The main idea

We �rst describe the main idea behind the algorithm assu-
ming that the underlying computation is a diffusing compu-
tation. We relax this assumption later.

3.1.1 Detecting termination of a diffusing computation

First, we brie�y explain the main idea behind the computation
tree based and the invigilator based approaches. Then we
discuss how to combine them to obtain the optimal algorithm.

Computation tree based approach: Consider a termination
detection algorithm using computation tree based approach
[4,11]. Initially, only one process, referred to as theinitia-
tor, is active and all other processes are passive. A process,
on receiving an application message, sends anacknowledg-
ment message to the sender as soon as it knows that all acti-
vities triggered by the application message have ceased. The
initiator announces termination as soon as it has received an
acknowledgment message for every application message it
has sent so far and is itself passive. The algorithm has optimal
message complexity because it exchanges exactly one control
message, namely theacknowledgment message, for every
application message exchanged by the underlying compu-
tation. The detection latency, however, is far from optimal.
Speci�cally, a chain of pendingacknowledgment messages
(hereafter, referred to as anacknowledgment chain) may
grow to a length as long asM , whereM is the number of
application messages exchanged by the underlying compu-
tation. (The reason is that a process may appear multiple
times on anacknowledgment chain as is the case with the
algorithm of [4].)

The detection latency of the algorithm can be reduced
from O(M) to O(N ) (assumingM = �(N )) as follows
[11]. Suppose a process has not yet sent anacknowledg-
ment message for an application message it received earlier.
In case the process receives another application message,
it can immediately send anacknowledgment message for
the latter application message. For termination detection pur-
poses, it is suf�cient to assume that all computation activities

triggered by the receipt of the latter application message are
triggered by the former application message. We refer to the
former application message as an engaging application mes-
sage and to the latter as a non-engaging application message.

Observe that the set of engaging application messages
imposes a parent–child relationship among processes “cur-
rently participating” in the computation. Speci�cally, if a pro-
cess is active or has not yet received anacknowledgment
message for every application message it has sent so far, then
it is “currently a part” of the computation and is referred to
as a non-quiescent process. Otherwise, it is “not currently a
part” of the computation and is referred to as a quiescent pro-
cess. At any time, the computation tree, which is dynamic,
consists of the set of processes that are non-quiescent at that
time.

Invigilator based approach: Now, consider a termination
detection algorithm using the invigilator based approach [21].
(The algorithm described here is actually a simpli�ed version
of the algorithm presented in [21] but, nevertheless, captures
the main idea.) One process is chosen to act as the coor-
dinator. The coordinator is responsible for maintaining the
current status of all processes in the system either directly
or indirectly. Suppose a process receives an application mes-
sage. In case the coordinator does not already know that it is
currently active, it sends a control message indicating “I am
now active” to the coordinator. Once the process knows that
the coordinator has received the control message, it sends
anacknowledgment message to the sender of the applica-
tion message. On the other hand, if the process has already
informed the coordinator that it is currently active, then it
immediately acknowledges the application message. Once a
process becomes passive and has received anacknowledg-
ment message for every application message it has sent so
far, it sends a control message indicating “I am now passive”
to the coordinator. Intuitively, if the underlying computation
has not terminated, then, as per the coordinator, at least one
process is currently active. When the coordinator is directly
connected to every process in the system, the algorithm has
optimal message complexity (at most three control messages
for every application message) and optimal detection latency
(which isO(1)). When the topology is arbitrary, however, for
communication between the coordinator and other processes,
a static breadth-�rst-search (BFS) spanning tree rooted at the
coordinator has to be constructed. Every control message that
a process sends to the coordinator (along the BFS spanning
tree) may cause up toD additional (or derivative) control
messages to be exchanged, thereby increasing the message
complexity toO(M D).

Achieving the best of the two approaches: As explained
above, in the computation-tree based approach, a process
reports its status, when it becomes quiescent, to its parent.
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On the other hand, in the invigilator based approach, a pro-
cess reports its status, when it becomes quiescent, to the
coordinator (directly or indirectly). The main idea is to res-
trict the number of times processes report their status to the
coordinator—to achieve optimal message complexity—and,
at the same time, restrict the length of anacknowledgment
chain—to achieve optimal detection latency.

Whenever a process reports its status to the coordinator,
as many asD control messages may have to be exchanged.
As a result, to achieve optimal message complexity, the num-
ber of times when processes report their quiescent status to
the coordinator should be bounded byO(M/D). The rest of
the time processes should report their quiescent status to their
respective parents in the computation tree. To ensure optimal
detection latency, the length of anacknowledgment chain
should be bounded byO(D). The main problem is to deter-
mine, while the computation is executing, when a process
should choose the former over the latter. In our algorithm,
a process, by default, is supposed to report its status to its
parent until it learns that the length of a chain of pending
acknowledgment messages, starting from it, has become
suf�ciently long, that is, the length of the chain has become
�(D). At that time, it starts reporting its status to the coordi-
nator. Speci�cally, it �rst sends anst_active message signi-
fying that “my computation subtree is currently active” to
the coordinator. It waits until it has received an acknowledg-
ment from the coordinator in the form of anack_st_active
message. The receipt of theack_st_active message implies
that the coordinator is aware of some activity in the system
and therefore will not announce termination as yet. It then
sends anacknowledgment message to its parent, thereby
breaking the link with its parent and shortening theacknow-
ledgment chain. Later, when it becomes quiescent, it sends
anst_passive message indicating “my computation subtree
has now become passive” to the coordinator.

To measure the length of anacknowledgment chain, we
piggyback an integer counter (referred to as hop counter) on
every application message that represents the current length
of anacknowledgment chain. On receiving an application
message, if a process learns that the length of theacknow-
ledgment chain has become at leastD, then it resets the
value of the hop counter to zero. Further, it sends a special
control message, referred to as adetach message, to the pro-
cess at a distance ofD from it along theacknowledgment
chain but in the reverse direction. The objective of adetach
message is to instruct the intended recipient that it should
break the link with its parent, become the “head” of the chain
and report its status to the coordinator instead of reporting
to its parent. (The details of how this happens are discussed
in the previous paragraph.) The reason is that the overhead
incurred on exchanging control messages with the coordina-
tor, namelyst_active, ack_st_active andst_passive, can
now be amortized over enough number of processes so as

not to affect the message complexity adversely. Note that
a process may have multiple chains ofacknowledgment
messages emanating from it. As a result, there may be mul-
tiple processes that are at a distance ofD from it, all of which
generatedetach messages destined for it. This may increase
the message complexity signi�cantly. To that end, we propa-
gatedetach messages upward along anacknowledgment
chain in a “modi�ed” convergecast fashion. If a process has
already sent adetach message to its parent since last beco-
ming non-quiescent, then it ignores any subsequentdetach
message it receives from any of its other children (in the com-
putation tree). Clearly,at most one detach message is sent
in each non-quiescent interval. As a result, the total number
of detach messages exchanged by the termination detection
algorithm is upper-bounded by the total number of applica-
tion messages exchanged by the underlying computation.

Example 1 Figure1 illustrates the main idea behind our ter-
mination detection algorithm. Suppose processpi , on recei-
ving an engaging application messagem, learns that the
length of theacknowledgment chain has become at least
D. Let the lastD + 1 processes along the chain be deno-
ted by p j = pc0, pc1, . . . , pcD = pi . As per our algorithm,
pi generates adetach message and sends the message to
its parentpcD−1. Thedetach message is propagated upward
all the way to p j , which is at a distance ofD hops from
pi . Processp j , on receiving thedetach message, sends an
st_active message to the coordinator. The coordinator, on
receiving thest_active message, sends anack_st_active
message top j . On receiving theack_st_active message,p j

sends anacknowledgment message to its parent, say pro-
cesspk , thereby breaking the chain. Numbers in the paren-
theses show the sequence in which various control messages
are exchanged. It is possible thatpcD−1 has another child,
namely processpl , which also sends adetach message to
pcD−1 destined forp j . On receiving the seconddetach mes-
sage,pcD−1 simply ignores the message and does not forward
it to its parentpcD−2.

Note that processpi is still attached to its parentpcD−1.
Now, suppose the chain grows further byD more processes
and is now given bypc0 (= p j ), pc1, . . ., pcD (= pi ), pcD+1,
. . ., pc2D . As per our algorithm,pc2D generates adetach mes-
sage, which is propagated via processespc2D−1, . . ., pcD+1 to
pi . Processpi , on receiving the �rstdetach message, breaks
the link with its parentpcD−1, thereby reducing the length of
the chain emanating fromp j . �	

Information description: The computation starts from the
initially active process. As the computation exchanges appli-
cation messages, a tree (sometimes referred to as computa-
tion tree) is induced on processes by engaging application
messages. A tree grows whenever a process in the tree gene-
rates an engaging application message and shrinks whenever
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Fig. 1 An illustration of the termination detection algorithm

an engaging application message in the tree is acknowled-
ged. Once the height of a subtree rooted at a process—for
which the value of the hop counter is zero—becomes at
least D, within O(D) message hops, the process detaches
itself from its parent and the subtree rooted at the process
becomes aseparate computation tree. A root process, which
has detached itself from its parent, reports its status to the
coordinator, and every other process reports its status to its
parent in the tree. Whenever a tree becomes empty, its root
process informs the coordinator about it. Once all trees have
become empty, which happens once all application messages
have been acknowledged, the coordinator announces termi-
nation. Our termination detection algorithm ensures that the
coordinator announces termination if and only if there is no
non-empty computation tree in the system.

Message-complexity: Our algorithm exchanges �ve
different types of control messages, namelyacknowledg-
ment , detach, st_active, st_passive andack_st_active.
One acknowledgment message is exchanged for every
application message. Also, a process sends at most one
detach message for every engaging application message it
receives. Therefore the total number ofacknowledgment
anddetach messages is upper-bounded by 2M . The number
of st_active messages generated by all processes combined
is given by O(M/D). This is because a process sends an
st_active message only when it knows that there are at least
O(D) processes in its computation subtree. Eachst_active
message is sent on the BFS spanning tree and, therefore,
may result in at mostD control messages being exchanged.
Finally, the number ofst_passive messages as well as the
number ofack_st_active messages is equal to the number
of st_active messages. Thus the message complexity of our
algorithm isO(M).

Detection-latency: Our algorithm ensures that whenever
the length of a chain of pendingacknowledgment messages
grows beyond 2D, within 3D+1 message hops (consisting of

detach, st_active andack_st_active messages), the chain
is reduced to a length smaller thanD. Therefore the detection
latency of our algorithm isO(D).

3.1.2 Generalizing to a non-diffusing computation

Assume that two or more processes are active initially, that
is, there are multiple initiators of the computation. Intuiti-
vely, the coordinator should announce termination only after
every initiator has informed it that the computation trigge-
red by it has terminated. The coordinator, however, does not
know how many initiators of the computation are there. The-
refore, every process, on becoming quiescent for the �rst
time (including the case when it is quiescent to begin with),
sends aninitialize message to the coordinator. The coordi-
nator announces termination only after it has received an
initialize message from every process (and, of course, a mat-
ching st_passive message for everyst_active message).
Theinitialize messages are propagated to the coordinator in
a convergecast fashion, thereby resulting in onlyO(N ) more
messages.

3.2 The algorithm

A formal description of the termination detection algorithm
TDA-SI for simultaneous initiation is given in Figs.2, 3,
and 4. Actions A0–A8 described in Figs.2 and 3 capture
the behavior of a process as part of the computation tree.
Actions B1–B3 given in Fig.4 describe the behavior of a
process as part of the BFS spanning tree. The main func-
tion of a process as part of the spanning tree is to propagate
messages, namelyinitialize, st_active, ack_st_active and
st_passive, back and forth between the coordinator and its
descendants in the spanning tree. For ease of exposition of
the algorithm, we assume that whenever a process wants to
send a control message to the coordinator (for instance, the
initialize message), it sends that message to itself. The mes-
sage is then handled either by action B1 or by action B2,
and propagated upwards to the coordinator. Likewise, when
a process receives anack_st_active message from its parent
in the spanning tree, it either propagates that message to one
of its children in the spanning tree or sends the message to
itself. In the latter case, the message is handled by action A6.

In the formal description our algorithm, whenever a pro-
cess becomes non-quiescent, we classify it either as aroot
process or a non-root process. (The classi�cation for pro-
cesspi is captured using variablerooti .) The classi�cation
depends on how a process becomes non-quiescent. If a pro-
cess is initially active, then it is classi�ed as root. If a process
becomes non-quiescent on receiving an application message
with the counter value ofD − 1 (which is reset to zero on
incrementing), then the process is classi�ed as root as well.
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Termination detection algorithm for process pi:

Variables:
D: diameter of the topology;
statei := my initial state; // whether I am active or passive
missingi := 0; // number of unacknowledged application messages
hopsi := 0; // hop count: my distance from a root process
parenti := ⊥; // process which made me non-quiescent
independenti := true; // if root, can I detach myself from my parent?
pendingi := 0; // the number of unacknowledged st active messages

// Actions of process pi as part of the computation tree

Useful expressions:
quiescenti (statei = passive) ∧ (missingi = 0);
rooti not(quiescenti) ∧ (hopsi = 0)

(A0) Initial action:
call sendIfQuiescent( ); // send an initialize message if passive

(A1) On sending an application message m to process pj :
send m↪ hopsi to process pj ;
missingi := missingi + 1; // one more application message to be acknowledged

(A2) On receiving an application message m↪ count from process pj :
if not(quiescenti) then // a non-engaging application message

send acknowledgment message to process pj ;
else // an engaging application message

parenti := pj ;
hopsi := (count + 1) mod D;
if rooti then

send detach message to parenti; // instruct root of my parent�s subtree to detach
independenti := false; // but I am still attached to my parent

endif;
endif;
statei := active;
deliver m to the application;

(A3) On receiving acknowledgment message from process pj :
missingi := missingi − 1; // one more application message has been acknowledged
call acknowledgeParent( ); // send acknowledgment to my parent if quiescent
call sendIfQuiescent( ); // send initialize/st passive message if quiescent

(A4) On changing state from active to passive:
call acknowledgeParent( ); // send acknowledgment to my parent if quiescent
call sendIfQuiescent( ); // send initialize/st passive message if quiescent

Fig. 2 Termination detection algorithm TDA-SI for simultaneous initiation

In all other cases, a process is classi�ed as non-root. Note that
the same process may be classi�ed as root and non-root at dif-
ferent times during its execution. However, the classi�cation
does not change during a single non-quiescent interval.

When a process becomes non-quiescent as a root, it does
not immediately break its link with its parent, if it exists.
It breaks the link only after receiving adetach message
from one of its children in the computation tree. Receipt
of a detach message implies that the computation subtree
rooted at the process contains at leastD processes. As a result,
the process can start reporting its status to the coordinator
instead of its parent. The status of the link—whether it is

intact or has been broken—is captured using the variable
independenti .

We next prove that the termination detection algorithm
TDA-SI described in Figs.2, 3, and4 is safe and live.

3.3 Proof of correctness

Many of our proofs involve induction on either the depth or
the height of a vertex in a tree. Recall that thedepth of a
vertexv in a tree, denoted bydepth(v), is the length of the
path from the root of the tree tov. Also, itsheight, denoted
by height (v), is the length of a longest path fromv to a leaf.
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Termination detection algorithm for process pi (continued):

(A5) On receiving detach message from process pj :
if (rooti ∧ not(independenti)) then // should I handle detach message myself?

independenti := true; // I can now detach myself from my parent
send st active to myself; /* send st active message to the coordinator

(the message is handled by action B2) */
pendingi := pendingi + 1;

else if not(rooti) then // detach message is meant for the root of my subtree
if (have not yet forwarded a detach message

to parenti since last becoming nonquiescent) then
send detach message to parenti;

endif;
endif;

(A6) On receiving ack st active message from myself;
pendingi := pendingi − 1; // one more st active message has been acknowledged
call acknowledgeParent( ); // may need to send acknowledgment to my parent

(A7) On invocation of acknowledgeParent( ):
if (quiescenti or

(rooti ∧ independenti ∧ (pendingi = 0))) then
if (parenti = ⊥) then // do I have a parent?

send acknowledgment message to parenti;
parenti := ⊥;

endif;
endif;

(A8) On invocation of sendIfQuiescent( ):
if (rooti ∧ independenti ∧ quiescenti) then // should I send initialize/st passive message?

if (have not yet sent an initialize message) then
send initialize message to myself; /* send initialize message to the coordinator

(the message is handled by action B1) */
else send st passive to myself; endif; /* send st passive message to the coordinator

(the message is handled by action B2) */
endif:

Fig. 3 Termination detection algorithm TDA-SI for simultaneous initiation (continued)

The two de�nitions can be easily generalized for vertex in a
forest.

A process, on sending anst_active message to the coor-
dinator, expects to receive anack_st_active message even-
tually. Note that it is easy to route anst_active/st_passive
message from a non-coordinator process to the coordina-
tor. However, routing anack_st_active message from the
coordinator to the process that generated the corresponding
st_active message is non-trivial. One approach to achieve
this is by piggybacking the identity of the generating process
on thest_active message which can then be used to appro-
priately route the correspondingack_st_active message.
This, however, increases the message overhead toO(log N ).
Moreover, with this approach, every process needs to know
the set of descendants of each of its children in the static
spanning tree. Instead, we employ the following mechanism.
Every process on the BFS spanning tree propagates thekth
ack_st_active message to the sender of thekth st_active
message. This can be accomplished by maintaining a FIFO
queue at each process that records the (immediate) sender of

everyst_active message that a process receives. Later, on
receiving anack_st_active message, the process uses the
queue to forward theack_st_active message to the appro-
priate process, which is either itself or one of its children. The
next lemma can be proved by a simple induction on the depth
of a process in the BFS spanning tree. The lemma states that
if a process receives a matchingack_st_active message for
its st_active message, then the coordinator “knows” that its
subtree is “active”

Lemma 1 A process receives a matching ack_st_active
message for its st_active message only after the st_active
message has been received by the coordinator.

Proof The lemma can be proved by a simple induction on
the depth of a process in the BFS spanning tree using the
observation that every process sends thekth ack_st_active
message to the sender of thekth st_active message. �	

We say that a process isquiescent if it is passive and has
received anacknowledgment message for every applica-
tion message it has sent so far. We partition the events on a
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Termination detection algorithm for process pi (continued):

// Actions of process pi as part of the BFS spanning tree

Variables:
fatheri: parent in the BFS spanning tree;
sonsi: number of children in the BFS spanning tree;
activityi := 0; //activity counter: number of active subtrees
whoSenti := empty queue; /* records the sender of each st active message

(kth ack st active message is sent to the process
from which kth st active message was received) */

Useful expressions:
coordinatori (fatheri = pi);
terminatedi (have received sonsi + 1 initialize messages) ∧(activityi = 0);

(B1) On receiving initialize message from process pj :
if coordinatori then

if terminatedi then announce termination; endif;
else if (have received sonsi + 1 initialize messages) then

send initialize message to fatheri;
endif;

(B2) On receiving st status message (st status ∈ { st active, st passive} ) from process pj :
if coordinatori then

if (st status = st passive) then activityi := activityi − 1;
else

activityi := activityi + 1;
send ack st active message to process pj ;// acknowledge the st active message

endif;
if terminatedi then announce termination; endif;

else
if (st status = st active) then

enqueue pj to whoSenti; // record the sender
endif;
send st status message to fatheri; // forward st status message to my father

endif;

(B3) On receiving ack st active message from fatheri:
p := dequeue whoSenti;
send ack st active message to process p; /* send kth ack st active message to the process from

which kth st active message was received */

Fig. 4 Termination detection algorithm TDA-SI for simultaneous initiation (continued)

process into two categories:quiescent andnonquiescent. An
event is said to be quiescent if the process becomes quies-
cent immediately after executing the event; otherwise it is
nonquiescent. A maximal sequence of contiguous quiescent
events on a process is called aquiescent interval. The notion
of nonquiescent interval can be similarly de�ned. An inter-
val is created as soon as its starting event is executed, and is
completed once its last event is executed. An execution of a
process can be viewed as an alternating sequence of quiescent
and nonquiescent intervals.

We also partition the set of application messages into
two categories:engaging andnon-engaging. An application
message is said to beengaging if its destination process, on
receiving the message, changes its status from quiescent to
nonquiescent; otherwise it is non-engaging.

Observe that the set of engaging application messages
induces a forest (of trees) on the set of nonquiescent inter-

vals. Speci�cally, given two nonquiescent intervalsx andy,
there is an edge fromx to y in the forest, denoted byx 
→ y,
if an engaging application message sent duringx is received
during y. Let NQI denote the set of all nonquiescent inter-
vals. It can be veri�ed that〈NQI, 
→〉 is indeed a forest of
trees. For an intervalx , let proc(x) refer to the process on
which events inx are executed. The next lemma proves that
if the computation terminates eventually, then the execution
of every process ends with a quiescent interval.

Lemma 2 Assume that the underlying computation even-
tually terminates. Then, every nonquiescent process even-
tually becomes quiescent.

Proof Assume that the underlying computation has termi-
nated. Therefore once a process becomes quiescent it stays
quiescent. This implies that the set of nonquiescent intervals
NQI is �nite. The proof is by induction on the height of
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a nonquiescent interval in the forest〈NQI, 
→〉. A process
acknowledges a non-engaging application message imme-
diately. Thus it is suf�cient to show that every engaging
application message is eventually acknowledged. Consider
a nonquiescent intervalx ∈ NQI with proc(x) = pi .

Base case [height (x) = 0]: In this case, all application
messages sent inx are non-engaging. Therefore processpi

eventually becomes quiescent.

Induction step [height (x) > 0]: Consider a nonquiescent
interval y with x 
→ y. Clearly,height (y) < height (x).
Therefore, using induction hypothesis,proc(y) eventually
becomes quiescent. This, in turn, implies thatpi eventually
receives anacknowledgment message for the engaging
application message it sends duringx to proc(y). Sincey is
chosen arbitrarily, we can infer thatpi eventually receives an
acknowledgment message for every engaging application
message it sends duringx . Thereforepi eventually becomes
quiescent. �	

From the algorithm, a process sends aninitialize mes-
sage when it becomes quiescent for the �rst time (including
the case when it is quiescent to begin with). The following
proposition can be easily veri�ed:

Proposition 3 Assume that the underlying computation
eventually terminates. Then, every process eventually sends
an initialize message. Moreover, a process sends an initialize
message only when it is quiescent for the first time.

It is important for the correctness of our algorithm that the
coordinator receivesst_active andst_passive messages in
correct order. If channels are FIFO, then this can be achieved
easily. If one or more channels are non-FIFO, then the algo-
rithm has to be slightly modi�ed. Details of the modi�cations
required are described in Sect.3.5. For now, assume that all
channels are FIFO. We have,

Proposition 4 The st_active and st_passive messages sent
by a process are received by the coordinator in the order in
which they are sent.

The following lemma establishes that if the computation
terminates then every process sends an equal number of
st_active andst_passive messages in alternate order.

Lemma 5 Each process sends a possibly empty sequence of
st_active and st_passive messages in an alternate fashion,
starting with an st_active message. Furthermore, if the
underlying computation eventually terminates, then every
st_active message is eventually followed by an st_passive
message.

Proof The execution of a process can be viewed as an alter-
nating sequence of quiescent and nonquiescent intervals. If
a process is initially passive, then the execution starts with
a quiescent interval; otherwise it starts with a nonquiescent
interval. Also, if the underlying computation eventually ter-
minates, then, from Lemma2, the execution of every process
ends with a quiescent interval.

From Proposition3, every process sends aninitialize mes-
sage in the �rst quiescent interval. But the �rst interval for
an initially active process is a nonquiescent interval. It can
be veri�ed that an initially active process does not send any
st_active message in the �rst nonquiescent interval. This is
because a process sends anst_active message only when it
detaches itself from its parent in the computation tree (action
A5).

Finally, it can be veri�ed that after the �rst quiescent inter-
val, if a process sends anst_active message in a nonquies-
cent interval, then it sends anst_passive message in the
following quiescent interval. �	

We refer to the difference between the number of
st_active andst_passive messages received by the coordi-
nator as theactivity counter. Using Proposition4 and
Lemma5, it follows that:

Corollary 6 The activity counter at the coordinator always
has a non-negative value. Moreover, immediately after pro-
cessing an st_active message, the value of the activity coun-
ter is positive.

Also, from Lemma5, it follows that:

Corollary 7 Assume that the underlying computation even-
tually terminates. Then, for every st_active message the
coordinator receives, it eventually receives a matching
st_passive message.

We are now ready to prove the correctness of our algo-
rithm. First, we prove that our algorithm is live.

Theorem 8 (TDA-SI is live) Assume that the underlying
computation eventually terminates. Then, the coordinator
eventually announces termination.

Proof To establish the liveness property, it suf�ces to show
that the following two conditions hold eventually. First, the
coordinator receives allinitialize messages it is waiting for.
Second, the activity counter at the coordinator becomes zero
permanently.

Note thatinitialize messages are propagated to the coor-
dinator in a convergecast fashion. From Proposition3, even-
tually every process sends aninitialize message. It can be
easily veri�ed that every process on the BFS spanning tree
will eventually send aninitialize message to its parent in the
spanning tree. As a result, the �rst condition holds eventually.

123



152 N. Mittal et al.

For the second condition, assume that the underlying com-
putation has terminated. Then, from Lemma2, every process
eventually becomes quiescent and stays quiescent thereaf-
ter. This implies that every process sends only a �nite num-
ber of st_active andst_passive messages. Therefore the
coordinator also receives only a �nite number ofst_active
andst_passive messages. Furthermore, from Corollary7,
the coordinator receives an equal number ofst_active and
st_passive messages. �	

Finally, we prove that our algorithm is safe, that is, it never
announces false termination.

Theorem 9 (TDA-SI is safe)The coordinator announces
termination only after the underlying computation has ter-
minated.

Proof Consider only those processes that become active at
least once. Letannounce denote the event on executing
which the coordinator announces termination, and letlqei

denote thelast quiescent event on processpi that happened-
beforeannounce. Such an event exists for every process.
This is because the coordinator announces termination only
after it has received allinitialize messages it is waiting for.
This, in turn, happens only after every process has sent an
initialize message, which a process does only when it is
quiescent.

Consider the snapshotS of the computation consisting of
all lqe events. Assume, on the contrary, that the computa-
tion has not terminated forS and that some process becomes
active afterS. Let NQE denote the set of nonquiescent events
executed in the future ofS. Consider aminimal eventmqe
in NQE—minimal with respect to the happened-before rela-
tion. Formally,

〈∀x : x ∈ NQE : x �→ mqe〉
Clearly,mqe occurred on receiving an engaging application
message, saym. Moreover,m is a message sent from the
past ofS to the future ofS. Otherwise, it can be shown that
mqe is not a minimal event inNQE—a contradiction. Let
m be sent by processp j to processpi . Also, let snd(m)

and rcv(m) correspond to the send and receive events of
m, respectively. Then,snd(m) → lqe j . This implies that
p j becomes quiescent after sendingm. Therefore it receives
theacknowledgment message form, denoted byack(m),
before executinglqe j . This is depicted in Fig.5a. There are
two cases to consider:

Case 1 Processpi sends theacknowledgment message
for m on executing a quiescent event, sayqe (see Fig.5b).
Clearly, theacknowledgment message creates a causal path
from qe to lqe j . We have,

(qe is a quiescent event onpi ) ∧ (lqei → qe)∧
(qe → lqe j ) ∧ (lqe j → announce)

⇒ { → is transitive }

(qe is a quiescent event onpi ) ∧ (lqei → qe)∧
(qe → announce)

In other words,qe is a quiescent event onpi that happened-
beforeannounce and is executed afterlqei . This contradicts
our choice oflqei .

Case 2 Processpi sends anacknowledgment message for
m before becoming quiescent. This happens only whenpi

receives anack_st_active message for thest_active mes-
sage it sends in the current non-quiescent interval (which
starts withmqe). Let the receive event of thest_active mes-
sage on the coordinator be denoted byrcvc (see Fig.5c).
Also, let the send event ofack(m) on processpi be denoted
by sndi . Using Lemma1, rcvc → sndi . Therefore we have,

(rcvc → sndi ) ∧ (sndi → lqe j ) ∧ (lqe j → announce)

⇒ { → is transitive }

rcvc → announce

From Corollary6, immediately after executingrcvc, the
value of the activity counter at the coordinator is greater
than zero. For the coordinator to announce termination, its
activity counter should be zero. This implies that the coor-
dinator receives a matchingst_passive message frompi

later but before announcing termination. Clearly,pi sends
this st_passive message only on executing some quiescent
event aftermqe. This again contradicts our choice oflqei .

�	
We next prove that TDA-SI is both message-optimal and
latency-optimal.

3.4 Proof of optimality

For a non-quiescent intervalx with proc(x)= pi , lethops(x)

denote the value of the variablehopsi during the intervalx .
From the algorithm (action A2),

x 
→ y ⇒ hops(y) = (hops(x) + 1) mod D (1)

To prove the optimality of TDA-SI, the following propo-
sition is useful.

Proposition 10 For a non-quiescent interval x ∈ NQI with
hops(x) = 0, if height (x) � D, then proc(x) eventually
receives a detach message during x (that is, before the inter-
val x ends) and vice versa.
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(a)

(b)

(c)

Fig. 5 Proving the safety of TDA-SI

The above proposition holds as long as theacknowledg-
ment message for an engaging application message does
not “overtake” anydetach message sent earlier. Clearly, no
“overtaking” occurs if all channels are FIFO. In case one or
more channels are non-FIFO, the algorithm TDA-SI has to be
modi�ed slightly to ensure that Proposition10holds. Details
of the modi�cations required are described in Sect.3.5. We
now show that our algorithm is message-optimal.

Theorem 11 (TDA-SI is message-optimal)Assume that the
underlying computation eventually terminates. Then, the
number of control messages exchanged by the algorithm is
given by �(M + N ), where N is the number of processes
in the system and M is the number of application messages
exchanged by the underlying computation.

Proof Our algorithm exchanges six different types of control
messages, namelyacknowledgment , detach, initialize,
st_active, st_passive andack_st_active. We now bound
each of the six types of control messages.

The number ofacknowledgment messages is same as
the number of application messagesM . A process sends at
most onedetach message per engaging application message.

Therefore the total number ofdetach messages is upper-
bounded byM . Every process sends at most oneinitialize
message. Further,initialize messages are propagated to the
coordinator in a convergecast fashion. Hence the total number
of initialize messages exchanged by processes is given by
O(N ).

Everyst_active andst_passive message has to be propa-
gated to the coordinator along the BFS spanning tree and, the-
refore, may cause up toD additional (or derivative) control
messages to be exchanged. Likewise, anack_st_active mes-
sage may also cause up toD additional control messages to be
exchanged. From Lemma5, every process generates an equal
number ofst_active andst_passive messages. Moreover,
the number ofack_st_active messages a process receives
is equal to the number ofst_active messages it sends. Thus
it is suf�cient to show that the total number ofst_active
messages generated by all processes combined is bounded
by M/D.

Observe that a process sends anst_active message only
when it is non-quiescent and, moreover, it sends at most
one st_active message per non-quiescent interval (action
A5). We, therefore, bound the number of non-quiescent inter-
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vals in which anst_active message is sent. LetI ⊆ NQI
denote the set of those non-quiescent intervals during which
an st_active message is sent. Also, observe that a process
sends anst_active message during a non-quiescent inter-
val only if the interval is created on receiving an engaging
application message (action A5). In other words, if a pro-
cess is non-quiescent to begin with, it does not send any
st_active message during the (initial non-quiescent)
interval. Let N I ⊆ NQI denote the set of non-quiescent
intervals created on receiving an engaging application mes-
sage. We have,

I ⊆ N I ⊆ NQI and |N I | � M (2)

Consider a non-quiescent intervalx ∈ NQI . From the algo-
rithm (action A5),

x ∈ I ⇒ hops(x) = 0 (3)

We de�nechildset (x) as the set of those non-quiescent inter-
vals which are at a distance of at mostD − 1 message hops
from x in the forest〈NQI, 
→〉, and refer to it as thechildset
of x . Clearly,childset (x) ⊆ N I . Note that a process sends
an st_active message during a non-quiescent interval only
after it has received at least onedetach message. Thus, from
Proposition10, (3) and the de�nition ofI , height (x) is at
leastD which implies that:

x ∈ I ⇒ |childset (x)| � D (4)

Since〈NQI, 
→〉 is a forest, from (3), (1) and the de�nition
of childset,

({x, y} ⊆ I )∧(x �= y) ⇒ childset (x)∩childset (y) = ∅
(5)

We have,
( ⋃

x∈I
childset (x)

)
⊆ N I

⇒ { using (5) }( ∑
x∈I

|childset (x)|
)

� |N I |
⇒ { using (4) and (2) }

D × |I | �
( ∑

x∈I
|childset (x)|

)
� M

⇒ { algebra }

|I | � M/D

This establishes that TDA-SI is message-optimal. �	
We now show that our algorithm is latency-optimal. The

next lemma states that once the underlying computation has
terminated, no process stays non-quiescent for a “long” time.

Lemma 12 Once the underlying computation terminates,
every process becomes quiescent within O(D) message hops,
where D is the diameter of the communication topology.

Proof Assume that the underlying computation has termi-
nated. Consider two processespi and p j that are still non-
quiescent just after the computation terminates. We say that
pi is waiting on p j if pi has sent an engaging application
message top j but p j has not yet sent an acknowledgment for
that message. Now, consider any chain formed using “wai-
ting on” relationships that starts from processpi and whose
length is at least 2D. Clearly, the chain consists of a pro-
cess pk such thatpk is at a distance of at mostD from
pi in the chain andhopsk = 0. From the algorithm,pk

receives adetach message withinD message hops of ter-
mination. After receiving thedetach message,pk sends an
st_active message to the coordinator for which it receives a
matchingack_st_active message within 2D message hops.
After receiving theack_st_active message,pk sends an
acknowledgment message to its parent, if it has not already
done so, causing the chain to break and become shorter. In
other words, within 3D + 1 message hops of termination,
all chains of “waiting on” relationships are reduced to length
smaller thanD. Clearly, once that happens, all processes
become quiescent withinD message hops. �	

Finally, we have,

Theorem 13 (TDA-SI is latency-optimal)Once the under-
lying computation terminates, the coordinator announces
termination within O(D) message hops.

Proof From Lemma12, every process becomes quiescent
within O(D) message hops after the computation has termi-
nated and stay quiescent thereafter. Therefore allinitialize,
st_active and st_passive messages are generated within
O(D) message hops of termination and no more messages
are generated after that. Since the coordinator is at most
D message hops away from any process, the coordinator
receives allinitialize, st_active andst_passive messages
within O(D) message hops of termination soon after which
it announces termination (action B2). �	

In the next section, we discuss modi�cations to our ter-
mination detection algorithm required in case one or more
channels are non-FIFO.

3.5 Dealing with non-FIFO channels

To prove the correctness and optimality of the algorithm
TDA-SI, we make the assumption that all channels are FIFO
in two places. First, to ensure that the coordinator receives
st_active andst_passive messages in the order in which
they are sent (Proposition4). Second, to ensure that theack-
nowledgment message for an engaging application mes-
sages does not “overtake” anydetach message sent earlier
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(Proposition10). In case one or more channels are non-FIFO,
the following modi�cations to the algorithm can be used to
ensure that both propositions still hold.

Ensuring that the coordinator receives st_active and
st_passive messages in order: For convenience, we use
st_status message to refer to anst_active message as well
as anst_passive message, when it is not necessary to distin-
guish between the two. In the modi�ed algorithm, the coor-
dinator acknowledges allst_status messages, that is, both
st_active andst_passive messages. Further, a process does
not send the nextst_status message until it has received an
acknowledgment for its previousst_status message. This
can be accomplished by maintaining a FIFO queue at each
process. When a newst_status message is generated by a
process, the message is buffered until the process has sent
all previousst_status messages and, moreover, has recei-
ved acknowledgments for all of them. It can be veri�ed that
the above two modi�cations do not affect the correctness
and message-optimality of our algorithm. However, they may
increase the detection latency. Speci�cally, it is possible that
when the underlying computation terminates the queue still
contains a large number ofst_status messages. To prevent
the queue from becoming too long, we can proceed as fol-
lows. A process, on generating anst_active message, checks
to see if the queue contains anst_status message. If the
queue is non-empty, then the process simply discards the
(new)st_active message and also deletes the lastst_status
message, which will be anst_passive message, from the
queue. Intuitively, the “new”st_active message “cancels”
the “old” st_passive message. A similar optimization can
be performed when anst_passive message is generated.
This ensures that the queue never contains more than one
pendingst_status message.

Ensuring that the acknowledgment message for an enga-
ging application message does not overtake any detach mes-
sage sent earlier: In the modi�ed algorithm, everydetach
message is acknowledged. Speci�cally, a process, after sen-
ding adetach message to its parent, waits until it has recei-
ved an acknowledgment (for thedetach message) from its
parent before sending theacknowledgment message for
the engaging application message. The notion of quiescence
is now rede�ned as: a process is quiescent if it is passive,
has received anacknowledgment message for every appli-
cation message it has sent so far,and has received an ack-
nowledgment for every detach message it has sent so far. It
can be veri�ed that the aforementioned modi�cations do not
affect the correctness and optimality of our algorithm.

3.6 Computing detection latency whenN/D is large

In the analysis of the detection latency in Sect.3.4, we assume
that message processing time is negligible and can be ignored.

Message processing time can no longer be ignored if, for ins-
tance, the number of messages that a process has to handle in
the worst-case, before termination can be announced, grows
linearly with the number of processes. In that case, the detec-
tion delay due to message processing overhead will grow
linearly with the number of processes in the system. On the
other hand, the detection delay due to message transmis-
sion overhead will grow linearly with the diameter of the
communication topology. As a result, whenN/D becomes
suf�ciently large, message processing overhead will start
dominating message transmission overhead. In this section,
we present an analysis of the detection latency by explicitly
considering message processing time [20,21]. We assume
that messages are processed in the order in which they are
received along a channel. To avoid confusion between the
terms “process” and “processing”, we sometimes use the
term “node” instead of “process”.

When a message arrives along an incoming channel at a
node, its processing may be delayed because of two reasons.
First, there are a large number of other messages already wai-
ting to be processed at the node. Second, messages continue
to arrive at other incoming channels and the node chooses to
process them �rst, thereby “ignoring” some incoming chan-
nel for a long time. Although both scenarios are possible in
an asynchronous distributed system, they do not occur often
in practice. Typically, the system maintains a limited amount
of buffer space for each channel to store messages that have
not been processed by the application yet. Likewise, the pro-
bability that some incoming channel is not serviced by the
application for a long time even though it has a message
waiting to be received is very small. Therefore we make the
following two realistic assumptions. The �rst assumption is
concerned with the number of messages that may be waiting
to be processed at a node at any given time.

Assumption 1 (bounded buffer) At any give time, the num-
ber of messages waiting to be processed along an incoming
channel at a node is bounded byB, whereB is some constant.

The second assumption is concerned with the fairness of
processing messages at a node.

Assumption 2 (bounded wait) Assume that a message recei-
ved along an incoming channelc at a node is waiting to be
processed. Then, the node may process at mostW messages
along each of itsother incoming channels before processing
any message received along the channelc, whereW is some
constant.

Assume that the computation has terminated. Table2 des-
cribes the states through which the system passes before ter-
mination is announced. Note that each of the property de�ned
in the table is stable in the sense that the property continues
to hold once it becomes true. As we are interested in compu-
ting the detection latency in the worst-case, we assume that
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Table 2 States through which a system passes once the computation terminates but before termination is announced

Property satis�ed by the system state Earliest time at which the
property becomes true

P0 : the computation has terminated t0

P1 : all nodes have received and processedacknowledgment messages for their non-engaging application messagest1

P2 : all root nodes with large computation subtrees have received and processed at least onedetach message t2

P3 : all root nodes with large computation subtrees have broken their links with their parents t3

P4 : all processes have become quiescent t4

P5 : the coordinator has announced termination t5

ti+1 > ti for eachi = 0, . . . , 4. We bound the length of the
interval ti+1 − ti for eachi = 0, . . . , 4.

Let τp andτc denote the worst-case message processing
and transmission time, respectively. Also, for a processpi ,
let δi denote the degree of processpi in the communica-
tion topology. We �rst boundt1 − t0. Note thatacknow-
ledgment messages for non-engaging application messages
are sent before the computation terminates. These messages
take at mostτc time to arrive at their respective destination
processes. Once anacknowledgment message arrives at a
node, saypi , it is processed withinO(B W δi τp) time. Let�
denote the maximum degree of a node in the communication
topology. Sinceδi � �, we have:

t1 − t0 = O(τc + B W � τp) (6)

We now boundt2 − t1. We de�ne thefan-out of a com-
munication topology as the minimum of� · D and 2N and
denote it byF . Formally,

F � min{� · D, 2N }
Intuitively, we use fan-out to capture the worst-case delay

experienced by a message traveling a distance of at mostD
hops along any tree of the topology. For a processpi , let
si denote the degree ofpi in the BFS spanning tree. Note
that, at timet1, all unacknowledged application messages
are engaging in nature. Letci denote the degree ofpi in the
computation tree (more precisely, forest) induced by unack-
nowledged application messages at timet1. Note that bothsi

andci are at most�. Let Q denote some subset of nodes.
WhenQ contains at mostD nodes, the following inequalities
can be easily veri�ed:

∑
pi ∈Q and|Q|�D

si � F and
∑

pi ∈Q and|Q|�D

ci � F (7)

After t1, a processpi can receive a message along an inco-
ming channel only if the channel is a part of either the BFS
spanning tree or the computation tree. In other words, aftert1,
pi can receive messages along at mostsi +ci incoming chan-
nels. Further, att1, all messages received along the remaining
incoming channels have already been processed bypi . To

boundt2−t1, we proceed as follows. Observe that alldetach
messages aregenerated before the computation terminates.
A detach message has to travelD hops along a chain of una-
cknowledged application messages in the reverse direction.
Let the chain of processes through which adetach message
passes be given bypi0, pi1, . . . , piD , wherepi0 generates a
detach message intended forpcD . When adetach message
arrives at a processpi j , where 0< j � D, it is processed
within O(B W (si j + ci j ) τp) time. As a result, oncepi0
generates adetach message,piD receives and processes a
detach messages within

∑D
j=1 O(τc + B W (si j + ci j ) τp)

time. Therefore, using (7), we have:

t2 − t1 =
D∑

j=1

O(τc + B W (si j + ci j ) τp)

= O(Dτc + B W τp

D∑
j=1

(si j + ci j ))

= O(Dτc + B W F τp) (8)

Using a similar argument, we can show thatt3 − t2, t4 − t3
and t5 − t4 are all bounded byO(Dτc + B W F τp). The
main idea is that once a propertyPi holds, where 2� i <

5, propertyPi+1 holds after some messages have traveled
at mostO(D) hops. Further, the number of such messages
is small (speci�cally,O(1)). Combining the bounds on all
intervals, it follows thatt5 − t0 is bounded byO(Dτc +
B W F τp).

When message processing is considered explicitly, the
lower bound on detection latency of a termination detection
algorithm for a communication topology is no longer given
by �(D). But rather it is given by the minimum amount
of time it takes to perform a broadcast (or a convergecast)
on that topology [21]. Therefore our termination detection
algorithm is latency-optimal whenever the lower bound on
the time-complexity of a doing a broadcast on a communi-
cation topology is�(F). Some examples of such topologies
include chain, ring, star and a grid.
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4 An optimal algorithm for delayed initiation

If the underlying computation is message-intensive, then it is
desirable not to initiate the termination detection algorithm
along with the computation. It is preferable, instead, to ini-
tiate it later, when the underlying computation is “close” to
termination. This is because, in the latter case, the (worst-
case) message-complexity of the termination detection algo-
rithm would depend on the number of application messages
exchanged by the computationafter the termination detec-
tion algorithm has commenced. As a result, with delayed
initiation, the termination detection algorithm generally
exchanges fewer number of control messages than with
simultaneous initiation.

To correctly detect termination with delayed initiation, we
use the scheme proposed in [4]. The main idea is to distin-
guish between application messages sent by a processbefore
it startedtermination detection and messages sent by itafter
it startedtermination detection. Clearly, the former messages
should not be “tracked” by the termination detection algo-
rithm and the latter messages should be “tracked” by the
termination detection algorithm. Note that delayed initiation
is not possible unless all channels are FIFO. This is because
if one or more channels are non-FIFO then an application
message may be delayed arbitrarily on a channel, no process
would be aware of its existence, and this message may arrive
at the destination after termination has been announced. The-
refore we assume that all channels are FIFO. We also assume
that each process knows all its neighboring processes (that
is, outgoing channels).

In order to distinguish between the two kinds of applica-
tion messages, we use amarker message. Speci�cally, as
soon as a process starts the termination detection algorithm,
it sends amarker message along all its outgoing channels.
Therefore, when a process receives amarker message along
an incoming channel, it knows that any application message
received along that channel from now on has to be acknow-
ledged as per the termination detection algorithm. On the
other hand, if a process receives an application message on
an incoming channel along which it has not yet received a
marker message, then that message should not be acknow-
ledged and should be simply delivered to the application.
Intuitively, amarker message sent along a channel “�ushes”
any in-transit application messages on that channel. For ease
of exposition, we assume that initially all incoming chan-
nels areuncolored. Further, a process, on receiving amar-
ker message along an incoming channel,colors the channel
along which it has received themarker message.

To initiate the termination detection algorithm, the coor-
dinator sends amarker message to itself. When a process
receives amarker message, as explained before, it colors
the incoming channel along which themarker message is
received. Additionally, if it is the �rstmarker message to be

received, the process starts executing the termination detec-
tion algorithm and also sends amarker message along all
its outgoing channels. Note that the coordinator should not
announce termination at least until every process has recei-
ved amarker message along all its incoming channels and
therefore has colored all its incoming channels. Otherwise,
some uncolored channel may contain an application message
that neither the sender nor the receiver is aware of and the
message may arrive after the termination is announced. This
will violate the safety of the detection algorithm. To that end,
we rede�ne the notion of quiescence as follows: a process is
quiescent if it is passive, has received anacknowledgment
message for every application message it has sent since it
started executing the termination detection algorithm, and
all its incoming channels have been colored. A formal des-
cription of the termination detection algorithm TDA-DI for
delayed initiation is given in Fig.6.

Once the coordinator starts the termination detection algo-
rithm, all incoming channels are colored withinO(D) mes-
sage hops. The following theorem can be proved in a similar
manner as Lemma2:

Lemma 14 Once the underlying computation terminates,
all processes eventually become quiescent.

Moreover, using the de�nition of quiescence and the fact
that all channels are FIFO, it follows that:

Lemma 15 If all processes are quiescent, then no channel
contains an application message that was sent by a process
beforestarting the termination detection algorithm.

From the above lemma, we can infer that:

Lemma 16 If all processes are quiescent, then the under-
lying computation has terminated.

Proof Assume that all processes are quiescent. Therefore
every application message that was sent by a processafter
starting the termination detection algorithm has been ack-
nowledged. This implies that no channel contains an appli-
cation message that was sent by a processafter starting the
termination detection algorithm. Moreover, from Lemma15,
no channel contains an application message that was sent by
a processbefore starting the termination detection algorithm.
In other words, all channels are empty (of application mes-
sages). Moreover, since all processes are quiescent, they are
passive as well. �	

Intuitively, TDA-DI announces termination once it detects
that all processes have become quiescent, and vice versa.
Therefore its liveness follows from Lemma14and its safety
follows from Lemma16.

The only additional messages exchanged by TDA-DI are
marker messages. Therefore the message-complexity of
TDA-DI is O(M̄ + E), whereM̄ is number of application
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Termination detection algorithm for process pi:

// Modi�cation of TDA-SI: the algorithm for simultaneous initiation.
// Changes: one new action C1 and new de�nition for quiescence. The actions A1-A8 and B1-B3 remain the
// same and are executed only after the commencement of the termination detection algorithm.
// Application messages received along an uncolored channel are not acknowledged and are simply delivered to
// the application, whereas those received along a colored channel are handled using action A2.

Variables:
startDetectioni := false; // am I executing the termination detection algorithm?

Useful expression:
// we have to rede�ne what it means for a process to be quiescent
quiescenti (statei = passive) ∧ (missingi = 0) ∧ (all incoming channels have been colored);

(C1) On receiving marker message from process pj :
if not(startDetectioni) then

send marker message along all outgoing channels;
startDetectioni := true;

endif;
if (pi = pj) then

color the incoming channel from process pj ;
endif;
if quiescenti then

call sendIfQuiescent( );
endif;

Fig. 6 Termination detection algorithm TDA-DI for delayed initiation

messages exchanged by the distributed computationafter the
termination detection algorithm has started andE is the num-
ber of channels in the communication topology. Note that
M̄ may be as large asM in the worst case. Therefore the
worst-case message complexity of the termination detection
algorithm with delayed initiation is actually more than that
of the algorithm with simultaneous initiation. However, we
expect theaverage message complexity to be much lower in
the case of delayed initiation because much fewer application
messages will need to be tracked on average.

Also, assuming that the termination detection algorithm
is started before the underlying computation terminates, the
detection latency of TDA-DI isO(D). This is because, once
the coordinator starts the termination detection algorithm,
within O(D) message hops, all processes start the termina-
tion detection algorithm and all incoming channels become
colored. After this, similar to Lemma12and Theorem13, it
can be proved that all processes become quiescent and ter-
mination is detected withinO(D) message hops. Elsewhere,
we show that any termination detection algorithm designed
for simultaneous initiation can be transformed into a termina-
tion detection algorithm for delayed initiation with minimal
impact on its performance [28].

5 An optimal algorithm when application messages
are multi-hop

In this section, we describe modi�cations required to our
algorithm to ensure optimality with respect to message-

complexity and detection-latency when application messages
can be exchanged between arbitrary processes. We describe
the modi�cations assuming simultaneous initiation. The
ideas in this section can be easily combined with the ideas
in the previous section to maintain optimality with delayed
initiation as well.

We assume that an application message sent by process
pi to processp j travels along a shortest path frompi to
p j . We also assume that anyacknowledgment or detach
message thatp j sends topi travels along the path taken by
the application message in reverse direction.

5.1 Modi�cations to our algorithm

When application messages can be exchanged between arbi-
trary processes (and not just neighboring processes), each
link in an acknowledgment chain may consist of�(D)

message hops in the worst-case. As a result, the length of
theacknowledgment chain in terms of number of message
hops may be as large as�(D2). This means that the worst-
case detection latency of our algorithm is�(D2), which is
clearly suboptimal.

To achieve latency-optimality, instead of incrementing the
hop counter by one every time an application message is
exchanged, we increment the counter by the number of hops
in the path taken by the application message. Observe that,
with this modi�cation, the value of the hop counter can
actually become more thanD. The counter is reset to zero
as soon as its value becomes greater than or equal toD.
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This ensures that the value of the counter never exceeds
2D, which, in turn, implies that the length of theacknow-
ledgment chain in terms of number of message hops never
exceeds 2D.

As before, when a process resets the hop counter, its beha-
vior is similar to that of a root process in TDA-SI. Spe-
ci�cally, it generates adetach message that is propagated
upwards to the closest root process in the computation tree,
which is at a distance of at leastD message hops from it.
Further, it maintains its link with its parent and reports its
status to it until it receives adetach message from one of its
children in the computation tree.

Clearly, our modi�cations ensure that the detection latency
of the resulting algorithm isO(D) in the worst-case. We
now show that the modi�ed algorithm has optimal message-
complexity as well. We refer to the modi�ed algorithm as
TDA-SI-MH.

5.2 Proof of message-optimality

Note that, in TDA-SI-MH, ast_active or st_passive mes-
sage generated by a process may not be amortized over at
leastD application messages. This is because theacknow-
ledgment chain is cut as soon as its length becomes at least
D in term of number of message hops and not in terms of
number of application messages. In fact, in the worst case,
the length of theacknowledgment chain may consist of
only one application message (that travels a distance ofD
message hops). As a result, it may appear that TDA-SI-MH
is no longer message-optimal. We show that our algorithm
is still message-optimal if we count a control message (such
as anacknowledgment message or adetach message) that
travels a distance ofd message hops asd different control
messages. This is also consistent with the way we count
st_active, st_passive andack_st_active messages in the
analysis of TDA-SI-MH.

Let H denote theaverage number of hops traveled by an
application message. It is given by the ratio
total number of hops traveled by all application messages

total number of application messages .

Note that 1� H � D. When application messages are only
exchanged between neighboring processes, clearly,H = 1.
We show that the message complexity of the modi�ed algo-
rithm is�(M H + N ), which we prove is optimal.

First, we show that the worst-case message complexity
of an arbitrary termination detection algorithmA is given by
�(M H+N ), thereby proving the optimality of TDA-SI-MH.
It suf�ces to show that the worst-case message complexity
of any termination detection algorithm is�(M H) when the
computation is diffusing. Note that one may be tempted to
think that the lower bound trivially follows from Chandy and
Misra’s lower bound proof [6] by replacing each application
message that travels a distance ofd hops withd application

messages, each of which travels a distance of one hop. Howe-
ver the transformation is not correct for the following reason:
Suppose an application message from processpi to process
p j travels via processespk1, pk2, . . . , pkd−1. Then, before
the transformation, each processpkl , where 1� l < d, basi-
cally acts as a relay; it does not become active on receiving
the application message. However, after the transformation,
each processpkl , where 1� l < d, has to become active on
receiving the corresponding application message to satisfy
the rules of the computation. Another approach is to assume
that an “intermediate” application message does not really
spawn any activity in the system in the sense that a passive
process on receiving such a message stays active for a very
short while during which it simply forwards the message to
the next process. However, Chandy and Misra’s lower bound
proof [6] assumes that each application message is capable
of spawning independent activity in the system and therefore
the proof does not carry over to the system obtained after the
transformation.

Note that, if there exists a computation state reachable
from the initial state after which the termination detection
algorithmA exchanges an in�nite number of control mes-
sages, then the lower bound trivially holds. Therefore assume
that, after each computation state reachable from the initial
state, the termination detection algorithmA exchanges only
a �nite number of control messages after which it does not
exchange any control message until the computation executes
an event. Our lower bound proof uses the following lemma.

Lemma 17 Consider two processes pi and p j that are at
distance of H hops from each other. Assume that the system
is in a state in which only pi and p j are active, all other
processes are passive and all channels are empty. Then there
exist an execution σ of the system (starting from the given
state) and a process pk ∈ {pi , p j } such that (1) after σ only
pk is active, all other processes are passive and all channels
are empty, (2) no application message is exchanged during
σ , and (3) at least �H/2� control messages are exchanged
by an arbitrary termination detection algorithm A during σ .

Proof We consider two executions of the computation from
the given state: one in which both processes become passive
and one in which only one of them becomes passive.

In the �rst execution of the computation, denoted byκ1,
both processespi and p j become passive without genera-
ting any application message. Clearly, once that happens, the
computation terminates. Consider an executionτ1 of the ter-
mination detection algorithmA from the state resulting after
executingκ1 such that (1) afterτ1, no more control messages
are exchanged, and (2) some process announces termination
in τ1. Such an execution exists because, by assumption, the
termination detection algorithm exchanges only a �nite num-
ber of messages in any computation state and, moreover, it
is live. Let pt be a process that announces termination in
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τ1. Processpt can announce termination only after “lear-
ning” that bothpi and p j have become passive. Otherwise,
it can be shown that the termination detection algorithm is
not safe. Note that, in an asynchronous distributed system,
the knowledge that some process has become passive can
only be acquired through a (possibly empty) causal chain of
messages [6]. Let K denote the set of processes that “learn”
during the executionτ1 of the algorithm that bothpi and
p j have become passive. The setK is non-empty because
pt ∈ K . For a processpx ∈ K , let first (px ) denote theear-
liest event onpx when px acquired that knowledge during
τ1. Consider a processpmin ∈ K such that first (pmin) is
a minimal event, with respect to→, among all events in
{ first (px ) | px ∈ K }. Note that pmin is at a distance of
at least�H/2� hops from eitherpi or p j . Without loss of
generality, assume thatpmin is at a distance of at least�H/2�
hops frompi . For pmin to “learn” thatpi has become passive,
there should be causal chain of messages starting from when
pi becomes passive and ending atfirst (pmin) such that all
messages in the chain are sent duringτ1. LetC denote the set
of processes through which this chain passes. (C includespi

but does not includepmin.) Clearly,C contains at least�H/2�
processes. Moreover, from the waypmin is chosen, each pro-
cess inC sends itsfirst control message duringτ1 without
knowing that the other processp j has become passive.

Now, consider the second execution of the computation,
denoted byκ2, in which only processpi becomes passive
but p j remains active. Processes inC clearly cannot dis-
tinguish between executionsκ1 andκ2 of the computation
when they send their �rst control message duringτ1. There-
fore there exists an executionτ2 of the termination detection
algorithm from the state resulting afterκ2 such that (1) at
least�H/2� processes send a control message duringτ2, and
(2) no control message is sent afterτ2 until the computation
executes an event. The required executionσ of the system is
given byκ2 followed byτ2. �	

We are now ready to prove the lower bound on message
complexity of a termination detection algorithm. Our proof
is based on the proof of lower bound on message complexity
of a termination detection algorithm given in Tel [31] for the
case whenH = 1.

Theorem 18 (lower bound on message-complexity)Consi-
der a diffusing computation and assume that the computation
eventually terminates. Then, the worst-case message-
complexity of any termination detection algorithm is given
by �(M H), where M is the number of application messages
exchanged by the underlying computation and H is the ave-
rage number of hops traveled by the application messages.

Proof The proof is constructive by nature. We construct a
system execution in steps. In each step, the underlying com-
putation exchanges one application message that travels a

distance ofH hops because of which the termination detec-
tion algorithm is forced to exchange�(H) control messages.

Consider two processespi and p j that are at a distance
of H hops from each other. Assume that the system is in a
stateX in which only one process, saypi , is active, all other
processes are passive and all channels are empty. (This state
may be the initial state of the system.) Now, supposepi sends
an application message top j which makesp j active. Since
the termination detection algorithm eventually stops exchan-
ging control messages, the system eventually reaches a state
Y —via an executionσ1—in which bothpi andp j are active,
all other processes are passive and all channels are empty. We
can now apply Lemma17to system stateY . Thus there exists
an executionσ2 of the system that takes the system to a state
Z such that (1) inZ only one processpk ∈ {pi , p j } is active,
all other processes are passive and all channels are empty,
(2) no application message is exchanged duringσ2 and (3)
at least�(H) control messages are exchanged duringσ2.

Combining the two executions, we can conclude that there
exists an executionσ of the system, which is given byσ1

followed byσ2, such that (1) exactly one application message
is exchanged duringσ , (2) the application message travels
a distance ofH hops, (3) at least�(H) control messages
are exchanged duringσ , and (4) the system state afterσ is
isomorphic to the system state beforeσ .

The last property implies that the above-described
construction can be repeatedad infinitum, thereby proving
the lower bound. �	

Next, we show that TDA-SI-MH has optimal message-
complexity.

Theorem 19 (TDA-SI-MH is message-optimal)Assume
that the underlying computation eventually terminates. Then,
the number of control messages exchanged by the modified
algorithm is given by �(M H + N ), where N is the number
of processes in the system, M is the number of application
messages exchanged by the underlying computation and H
is the average number of hops traveled by the application
messages.

Proof The structure of the proof is quite similar to the struc-
ture of the proof for Theorem11. We present it for the sake
of completeness.

Our algorithm exchanges six different types of control
messages, namelyacknowledgment , detach, initialize,
st_active, st_passive andack_st_active. We now bound
each of the six types of control messages.

Clearly, the number ofacknowledgment messages is
equal to the total number of hops traveled by all application
messages collectively, which is given byM H . A process
sends at most onedetach message per engaging applica-
tion message. Therefore the number ofdetach messages is
upper-bounded byM H . Every process sends at most oneini-
tialize message. Further,initialize messages are propagated
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to the coordinator in a convergecast fashion. Hence the total
number ofinitialize messages exchanged is given byO(N ).

Everyst_active andst_passive message has to be pro-
pagated to the coordinator along the BFS spanning tree and,
therefore, may have to travel a distance of up toD message
hops. Likewise, anack_st_active message may have to tra-
vel a distance of up toD message hops. From Lemma5, every
process sends an equal number ofst_active andst_passive
messages. Moreover, the number ofack_st_active mes-
sages a process receives is equal to the number ofst_active
messages it sends. Thus it is suf�cient to show that the total
number ofst_active messages generated by all processes
combined is bounded byM H/D. This in turn would imply
that the total number ofst_active, st_passive and
ack_st_active messages exchanged isO(M H).

Observe that a process sends anst_active message only
when it is non-quiescent and, moreover, it sends at most one
st_active message per non-quiescent interval. We, there-
fore, bound the number of non-quiescent intervals in which
an st_active message is sent. LetI ⊆ NQI denote the set
of those non-quiescent intervals during which anst_active
message is sent. For two non-quiescent intervalsx andy with
x 
→ y, the distance betweenx andy is given by thenumber
of hops traveled by the engaging application message that
createdy (and was sent duringx). Our proof uses the notion
of childset of a non-quiescent interval, which was de�ned in
the proof of Theorem11. It can be veri�ed that:

({x, y} ⊆ I )∧(x �= y) ⇒ childset (x)∩childset (y) = ∅
(9)

Also, lettotalhops(x) denote the total number of hops trave-
led by application messages that created non-quiescent inter-
vals inchildset (x). From the de�nition ofI ,

x ∈ I ⇒ totalhops(x) � D (10)

We have,

{ using (9) }
∑
x∈I

totalhops(x) � M H

⇒ { using (10) }

D × |I | �
∑
x∈I

totalhops(x) � M H

⇒ { algebra }

|I | � M H/D

This establishes the theorem. �	
Note that, to achieve optimality, our algorithm does not

require the knowledge ofH , the average number of hops

traveled by application messages. Also, as opposed to our
algorithm, Mahapatra and Dutt’s algorithm [21], which is
also latency-optimal, has worst-case message complexity of
O(M D + N ) irrespective of the average number of hops
traveled by application messages. Therefore Mahapatra and
Dutt’s algorithm [21] is message-optimal only for those com-
putations for whichH is �(D). On the other hand, our algo-
rithm is message-optimal for all computations.

6 Conclusion and future work

In this paper, we have presented three algorithms for termi-
nation detection when processes and channels are reliable,
and all channels are bidirectional. All three of the algorithms
have optimal message complexity under varying assump-
tions. Moreover, they have optimal detection latency when
message processing time is ignored. Algorithms TDA-SI and
TDA-SI-MH have to be initiated along with the computation.
The former algorithm is optimal when application messages
are only exchanged between neighboring processes, whe-
reas the latter is optimal when application messages can be
exchanged between arbitrary processes. Algorithm TDA-DI
can be initiated at any timeafter the computation has started.
However, all channels are required to be FIFO for the algo-
rithm to work correctly, which is also necessary to solve the
problem.

All of our algorithms have three limitations currently.
First, all processes need to know the diameter of the commu-
nication topology within a constant factor. (It is not necessary
to know the exact value of the diameter as long as the estimate
is within a constant factor of the actual value.) Second, they
are asymmetric in the sense that one of the processes acts
as a coordinator and is responsible for maintaining the state
of the system. Third, our algorithms have optimal detection
latency only when message processing time is ignored. An
interesting (but challenging) research problem is to design
a message-optimal termination detection algorithm that has
optimal detection latency even when message processing
time is explicitly considered, is fully symmetric, and in which
the amount of knowledge a process needs to have about the
system is minimized [22].
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