Distrib. Comput. (2007) 20:141-162
DOI 10.1007/s00446-007-0031-3

A family of optimal termination detection algorithms

Neeraj Mittal - S. Venkatesan- Sathya Peri

Received: 28 January 2005 / Accepted: 20 April 2007 / Published onl
© Springer-Verlag 2007

Abstract  Animportant problem in distributed systems is
to detect termination of a distributed computation. A com-

ine: 30 June 2007

in active state orpassive state. Only an active process can
send an application message. An active process can become

putation is said to have terminated when all processes haymssive at anytime. A passive process becomes active only
become passive and all channels have become empty. In thos receiving an application message. A computation is said
paper, we present a suite of algorithms for detecting termito haveterminated when all processes have become passive

nation of a non-diffusing computation for an arbitrary com-
munication topology under a variety of conditions. All our
termination detection algorithms hamgtimal message com-
plexity. Furthermore, they haveptimal detection latency
when message processing time is ignored.

Keywords Monitoring distributed systemTermination
detection Arbitrary communication topologyOptimal
algorithm- Diffusing and non-diffusing computations
Simultaneous and delayed initiationSingle-hop and
multi-hop application messages

1 Introduction

One of the fundamental problems in distributed systems i
to detect termination of an ongoing distributed computation

The problem arises, for example, when computing shortedt

paths between pairs of nodes in a network. The distribute
computation is modeled as follows. A process can either b
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and all channels have become empty. The problem of ter-
mination detection was independently proposed by Dijkstra
and Scholten11] and Francez12] more than two decades
ago. Since then, many researchers have worked on this pro-
blem and, as a result, a large number of algorithms have
been developed for termination detection (e.4,9[10,14—
16,21,23-26,29,30,32]). Note that termination is a stable
property. Thus a simple approach for detecting termination
is to repeatedly take a consistent snapshot of the under-
lying computation using any of the algorithms described in
[1,5,13,18], and then test the snapshot for the termination
condition. More ef cient algorithms have been developed
which do not depend on taking consistent snapshots of the
computation. Most of the termination detection algorithms
gan be broadly classi ed into four categories, namedyn-
putation tree based, invigilator based, double wave based
ndsingle wave based.
d In the computation tree based approach, a dynamic tree is
maintained based on the messages exchanged by the under-
E/ing computation. A process not currently “participating”
in the computation, on receiving an application message,
remembers the process that sent the message (and joins the
dynamic tree) until it “leaves” the computation. This creates a
parent-child relationship among processes that are currently
“part” of the computation. A process may join and leave the
tree many times. Example of algorithms based on this idea
can be found in11,30,4].

In the invigilator based approach, a distinguished process
called thecoordinator, is responsible for maintaining cur-
rent status of all processes either directly or indirectly. The

@ Springer
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coordinator may either explicitly maintain the number of pro-  Table 1 shows the (worst-case) message complexity and
cessesthat are currently “participating” in the computation odetection latency for the best algorithm in each of the four
may only know whether there exists at least one process thalasses and for our algorithms. The table also indicates
is currently “participating” in the computation (ascertainedassumptions, if any, made about the communication topo-
via missing credit/weight1]5,24] or some other mechanism logy. The complexity expressions given in the table are deri-
[21]). Many algorithms in this class assume that the topologywed under the assumptions that: (1) application messages
contains a star and the coordinator is directly connected tare only exchanged between neighboring processes in the
every processl, 24]. These algorithms can be generalizedtopology, and (2) message transmission timéid) unit
to work for any communication topology at the expense ofand message processing time is ignored. (The latter assump-
increased message complexity. tion is only used to analyze the detection latency of a

The next two classes of algorithms are based on the notictermination detection algorithm and not to prove its
of wave [31]. A wave is a control message or a subset ofcorrectness.) Most termination detection algorithms are ana-
control messages that sweep through the entire system visdyzzed under these two assumptioesy(, [11,23,4,8]). Hen-
ting all processes on the way. As the wave travels througheforth, in this paper, all complexity expressions are
processes, it collects their local snapshots, which are thgoresented or derived under the above two assumptions unless
combined to obtain a snapshot of the entire system. otherwise stated. Later, in Secti@6, we present a more

In the double wave based approach, two (possibhdetailed analysis of the detection latency of our termination
inconsistent) snapshots of the computation are taken in suatetection algorithms in terms of both message processing
a way that there ist least one consistent snapshot lying time and message transmission time. When message proces-
between the two snapshots. The interval between the twsing time is considered explicitly, it turns out that our ter-
snapshots is then tested for any possible activity. In case thmination detection algorithms are no longer latency-optimal
interval isquiescent (no activity took place), termination can for all communication topologies (but are still message-
be announced. It can be proved that evaluating the terminaptimal).
tion condition for either of the snapshots is actually equiva- In[21], Mahapatra and Dutt consider the case when appli-
lent to evaluating the condition for any consistent snapshatation messages can be exchanged between arbitrary
lying between the two snapshof.[Various algorithms dif-  processes. For some algorithms in parallel computing, even
fer in the manner in which they test for quiescence of amon-neighboring processes may be required to exchange
interval and emptiness of channels. Examples of algorithmapplication messages with each othgr Later, in Sectiorb,
based on this idea can be found $§14,23,25]. we describe how to maintain optimality of our termination

In the single wave based approach, a snapshot of the cordetection algorithm when application messages may travel
putation is rst tested for consistency. If the test evaluates tanultiple hops.
true, then the snapshot is analyzed for the termination condi- Chandy and Misra€] prove that any termination detec-
tion. The consistency test is such that if the snapshot is ndton algorithm, in the worst case, must exchange at least
consistent then the test will de nitely evaluate to false. It isM control messages, whehé is the number of application
possible that the test may evaluate to false even if the snapiessages exchanged. Also, in the worst-case, the detection
shot is consistent. However, if the snapshot is taken after thatency of any termination detection algorithm measured in
computation has terminated, then the test is guaranteed terms of message hops 3, where D is the diameter of
evaluate to true. Various algorithms differ in the manner inthe communication topology. Algorithms derived from the
which they test for consistency of a snapshot and emptinesomputation tree based approach typically have optimal mes-
of channels. Examples of algorithms based on this idea casage complexity but non-optimal detection latency (eld., [
be found in [L6,23,29]. 17]). On the other hand, algorithms that use the invigila-

In addition, termination detection algorithms can also beor based approach typically have optimal detection latency
classi ed based on two other attributes: (1) whether the distribut non-optimal message complexity (e.45,p4,21]). (The
buted computation starts from a single process or from mulmessage-complexity is optimal only when the diameter of
tiple processesd{ffusing computation versusnon-diffusing  the communication topology is constant.) To our knowledge,
computation), and (2) whether the detection algorithm shouldat present, there is no termination detection algorithm that
be initiated along with the computation or can be initiatedhas optimal message complexity as well as optimal detec-
anytime after the computation has startsch(itaneousini-  tion latency forall communication topologies. The message
tiation versugdelayed initiation). Delayed initiation is useful complexity of a termination detection algorithm measures
when the underlying computation is message-intensive anthe overhead imposed by the algorithm on the system during
therefore it is preferable to start the termination detectiornits execution. Its detection latency measures the delay incur-
algorithm later when the computation is “close” to termina-red between when the computation terminates and when the
tion. termination is actually detected (and announced). Clearly,
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Table1 Comparison of various termination detection algorithms (assliffusing computationsimultaneousinitiation andsingle-hop application
messages unless indicated otherwise)

Termination detection algorithm Message complexity Detection latency Communication topology
Computation tree based (e.dL1]) o) O(N) Any

Invigilator based (e.g.24]) o) o Diameter is constant
Modi ed invigilator based (e.g., 4]) O(MD) o(D) Any

Double wave baséde.g., P]) O(MN) O(D) Any

Single wave baséde.g., R3)) O(MN) Oo(D) Any

Our algorithm om) o) Any

Our algorithm (non-diffusing computation) O(M + N) o) Any

Our algorithm (non-diffusing computation

and delayed initiation) O(M + E) 0o(D) Any

Our algorithm (non-diffusing computation

and multi-hop application messages) O(MH + N) O(D) Any

N number of processes in the systeBynumber of channels (or links) in the communication topoldglynumber of application messages
exchanged by the underlying computatidh,number of application messages exchanged by the underlying computation after the termination
detection algorithm begarl) diameter of the communication topology, average number of hops traveled by application messages)
complexity expression is optimal T
8lgnoring message processing time

bInvigilator based adapted for arbitrary communication topology

®Wave is collected using a breadth- rst-search spanning tree to ensure optimality of detection latency

it is desirable to minimize both message complexity andermination detection algorithms have very low message

detection latency of a termination detection algorithm. overhead as well. Speci cally, a message has to carry only
Note that, for a general non-diffusing computation, anyone integer whose maximum value is bounded By @hich

termination detection algorithm must exchange atIdastl  is independent of the number of messages exchanged by the

control messages in the worst-case, wheris the number  underlying computation. Intuitively, we achieve optimality

of processes in the system. Chandrasekaran and Venkatesaith respect to message-complexity and detection-latency

[4] prove another lower bound on message-complexity: ifat the same time by combining computation tree based and

the termination detection algorithm is initiated anytime afterinvigilator based approaches.

the computation has started, then the algorithm, in the worst The paper is organized as follows. In Setwe discuss

case, must exchange at le&stontrol messages, whekeis  the system model and notation used in this paper, and des-

the number of communication channels (or links) in the topo<ribe the termination detection problem. SectBxuhescribes

logy. They also show that delayed initiation is not possiblean optimal termination detection algorithm for the case when

unless all channels are rst-in- rst-out (FIFO). the detection algorithm has to be initiated along with the
Our contributions in the paper are as follows. We presentomputation. Sectiod describes the modi cations requi-

three message-optimal and latency-optimal terminatiomed to handle the case when the detection algorithm can be

detection algorithms for arbitrary communication topologiesnitiated at any time after the computation has commenced.

under varying assumptions such as (1) whether the initiaSection5 describes the modi cations required to handle the

tion is simultaneous or delayed and (2) whether applicatiowase when application messages can be exchanged between

messages are single-hop or multi-hop. Our rst algorithmarbitrary processes. Finally, we present our conclusion and

assumes that the initiation is simultaneous and applicatioautline directions for future research in Segt.

messages are single hop. Our second algorithm, which is

derived from the rst algorithm, assumes that the initiation

may be delayed but application messages are single-hop.System model and problem statement

Our third algorithm, which is again derived from the rst

algorithm, assumes that the initiation is simultaneous bu2.1 Model and notation

application messages may be multi-hop. A message-optimal

and latency-optimal termination detection algorithm for theWe assume an asynchronous distributed system consisting

case when initiation may be delayed and application messf N processe® = {pi1, p2, ..., Pn}, Which communicate

sages may be multi-hop can be obtained by combining theith each other by exchanging messages over a communica-

modi cations used for second and third algorithms. All our tion network. There is no common clock or shared memory.
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Processes are non-faulty and channels are reliable. Messag@ The termination detection problem
delays are nite but may be unbounded.

We do not assume that the underlying communicatiorThe termination detection problem involves detecting when
topology is fully connected. Two processes can communian ongoing distributed computation has terminated. The dis-
cate directly with each other only if they are neighbors intributed computation is modeled as follows. A process can
the topology. If two processes are neighbors in the topologype either in aractive state or gpassive state. A process can
then we say that there is a channel between them. We assursend a message only when it is active. An active process
that all channels are bidirectional. We usdo refer to the can become passive at anytime. A passive process becomes
number of channels in the communication topology. active on receiving a message. The computation is said to

Processes execuégents and change their states.lécal  haveterminated when all processes have become passive
stateof a process, therefore, is given by the sequence of evenésd all channels have become empty.
it has executed so far starting from iinial state. Events are To avoid confusion, we refer to the messages exchanged
eitherinternal or external. An external event could besand by the underlying computation application messages, and
event or areceive event. An event—internal or external— the messages exchanged by the termination detection algo-
causes the local state of a process to be updated. In additiaithm ascontrol messages. Unless indicated otherwise, we
an external event causes a message to be sent (send eventescribe our termination detection algorithms assuming that
received (receive event). application messages are only exchanged between neighbo-

Events on a process are totally ordered. However, eventing processes, that is, application messagesiagbe-hop.
on different processes are only partially ordered by the LamThis is consistent with the assumption made by most ter-
port’'s happened-before relatiohd], which is de ned as the mination detection algorithms (e.g4,11,17,23)). Later, in
smallest transitive relation satisfying the following proper-this paper, we discuss the case when application messages

ties: may be exchanged between arbitrary processes, that is, when
application messages areillti-hop.
1. ifeventseandf occur onthe same process, awtcur- In this paper, when a process sends a control message,

red beforef in real time there happened-beforé, and ~ We distinguish between two cases—whether the process has

2. if eventse and f correspond to the send and receive created the message itself or is simply forwarding the mes-

respectively, of a message thehappened-beforé. sage it has received from a neighboring process to another
neighboring process. In the former case, we say that the pro-

cess hagenerated the control message. Further, we refer
Q the messages in the latter case desivative control
essages.

A snapshot of the system is a collection of local states,
one from each process. A local state of a process can
captured by the set of events that have been executed so farss . o . .
on that process. (An empty set of events denotes the initial It is desirable that the termination detection algorithm

state.) Therefore, in terms of events, a snapshot, which is a& chgt?]gehas flew control messagles.tasTphos?.blﬁ ' t?r? tis, the
referred to as aut, is a set of events satisfying the following algorithm has .OW message. C°'.“p exity. . € hig eT € mes-
property: sage complexity of a termination detection algorithm, the

higher the overhead imposed by it on the system during
Sis a snapshot £ execution. Clearly, the overhead imposed by a termination
detection algorithm should be minimized. Further, once the
underlying computation terminates, the algorithm should
detect it as soon as possible, that is, the algorithm has low
detection latencyZ1]. For computing detection latency, it is
&r_pically assumed that each message hop takes at most one

(ve, f : eand f are on the same process
e—> H)Aa(feS = ecy

We say that a snapshpaisses through an event if it is the

last event on that process to be contained in the snapsh 4 e .
A snapshot that contains the receive event of a message ' unit and message processing time is negligib/81.

not its send event is not a valid snapshot of the system. SudAnally. the amount of control information carried by any
a snapshot is called anconsistent snapshot. Conversely, Message—application or control—is minimal, that is, the
we say that a snapshot (or cutidansistent if the following ~ 2190rithm has low bit-message complexity.

holds: A computation is said to bdiffusing if only one process
is active initially; otherwise it is1on-diffusing. If the termi-
Sis a consistent snapshot = nation detection algorithm has to be initiated along with the
Ve, f:(e— f)A(feS = ec9 computation, then we refer to it @amultaneous initiation.

On the other hand, if the termination detection algorithm can
Next, we formally de ne the termination detection pro- be initiated anytime after the computation has started, then
blem. we refer to it agielayed initiation.
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3 An optimal algorithm for simultaneous initiation triggered by the receipt of the latter application message are
triggered by the former application message. We refer to the
In this section, we rst describe the main idea behind ourformer application message as an engaging application mes-
algorithm, and then give its formal description. Later, wesage and to the latter as a non-engaging application message.
prove the correctness of our algorithm and also show that Observe that the set of engaging application messages
it is message-optimal and latency-optimal. Our approach isnposes a parent—child relationship among processes “cur-
based on combining computation tree based and invigilataently participating” in the computation. Speci cally, if a pro-
based approaches. This allows us to achieve the best of batkss is active or has not yet receivedaknowledgment
approaches, namely optimal message-complexity of compumessage for every application message it has sent so far, then
tation tree based approach and optimal detection latency dfis “currently a part” of the computation and is referred to

invigilator based approach. as a non-quiescent process. Otherwise, it is “not currently a
part” of the computation and is referred to as a quiescent pro-
3.1 The main idea cess. At any time, the computation tree, which is dynamic,

consists of the set of processes that are non-quiescent at that
We rst describe the main idea behind the algorithm assutime.
ming that the underlying computation is a diffusing compu-

tation. We relax this assumption later. Invigilator based approach: Now, consider a termination
detection algorithm using the invigilator based appro@dh [
3.1.1 Detecting termination of a diffusing computation (The algorithm described here is actually a simpli ed version

of the algorithm presented i2]] but, nevertheless, captures
First, we brie y explain the mainidea behind the computationthe main idea.) One process is chosen to act as the coor-
tree based and the invigilator based approaches. Then vaénator. The coordinator is responsible for maintaining the
discuss how to combine them to obtain the optimal algorithmcurrent status of all processes in the system either directly
or indirectly. Suppose a process receives an application mes-

Computation tree based approach: Consider atermination sage. In case the coordinator does not already know that it is
detection algorithm using computation tree based approadturrently active, it sends a control message indicating “l am
[4,11]. Initially, only one process, referred to as timitia-  now active” to the coordinator. Once the process knows that
tor, is active and all other processes are passive. A procedhie coordinator has received the control message, it sends
on receiving an application message, sendsamowledg-  an acknowledgment message to the sender of the applica-
ment message to the sender as soon as it knows that all action message. On the other hand, if the process has already
vities triggered by the application message have ceased. Th#formed the coordinator that it is currently active, then it
initiator announces termination as soon as it has received ammediately acknowledges the application message. Once a
acknowledgment message for every application message ifprocess becomes passive and has receivettiamowledg-
has sent so far and is itself passive. The algorithm has optimahent message for every application message it has sent so
message complexity because it exchanges exactly one contfal, it sends a control message indicating “I am now passive”
message, hamely trecknowledgment message, for every to the coordinator. Intuitively, if the underlying computation
application message exchanged by the underlying compunas not terminated, then, as per the coordinator, at least one
tation. The detection latency, however, is far from optimal.process is currently active. When the coordinator is directly
Speci cally, a chain of pendingcknowledgment messages connected to every process in the system, the algorithm has
(hereatfter, referred to as acknowledgment chain) may optimal message complexity (at most three control messages
grow to a length as long adl, whereM is the number of for every application message) and optimal detection latency
application messages exchanged by the underlying comp@which isO(1)). When the topology is arbitrary, however, for
tation. (The reason is that a process may appear multipleommunication between the coordinator and other processes,
times on aracknowledgment chain as is the case with the a static breadth- rst-search (BFS) spanning tree rooted at the
algorithm of {].) coordinator has to be constructed. Every control message that

The detection latency of the algorithm can be reduced process sends to the coordinator (along the BFS spanning
from O(M) to O(N) (assumingM = Q(N)) as follows tree) may cause up tB additional (or derivative) control
[11]. Suppose a process has not yet senaaknowledg-  messages to be exchanged, thereby increasing the message
ment message for an application message it received earliecomplexity toO(M D).
In case the process receives another application message,
it can immediately send aacknowledgment message for Achieving the best of the two approaches: As explained
the latter application message. For termination detection puebove, in the computation-tree based approach, a process
poses, itis suf cient to assume that all computation activitiesreports its status, when it becomes quiescent, to its parent.
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146 N. Mittal et al.

On the other hand, in the invigilator based approach, a praot to affect the message complexity adversely. Note that
cess reports its status, when it becomes quiescent, to tleprocess may have multiple chains adknowledgment
coordinator (directly or indirectly). The main idea is to res-messages emanating from it. As a result, there may be mul-
trict the number of times processes report their status to thiple processes that are at a distancBdfom it, all of which
coordinator—to achieve optimal message complexity—andyenerataletach messages destined for it. This may increase
at the same time, restrict the length ofacknowledgment  the message complexity signi cantly. To that end, we propa-
chain—to achieve optimal detection latency. gatedetach messages upward along aoknowledgment
Whenever a process reports its status to the coordinatarhain in a “modi ed” convergecast fashion. If a process has
as many aP control messages may have to be exchangedilready sent @etach message to its parent since last beco-
As aresult, to achieve optimal message complexity, the nunming non-quiescent, then it ignores any subsequdetdach
ber of times when processes report their quiescent status toessage it receives from any of its other children (in the com-
the coordinator should be bounded®yM /D). The restof  putation tree). Clearlyat most one detach message is sent
the time processes should report their quiescent status to th@ireach non-quiescent interval. As a result, the total number
respective parents in the computation tree. To ensure optimaf detach messages exchanged by the termination detection
detection latency, the length of @cknowledgment chain  algorithm is upper-bounded by the total number of applica-
should be bounded b® (D). The main problem is to deter- tion messages exchanged by the underlying computation.
mine, while the computation is executing, when a proces
should choose the former over the latter. In our algorithm

fault, i i i ) o
a process, by default, is supposed to report its status to Ivmg an engaging application messae learns that the

il it | hat the | h of hain of i )
gilr(irgwt;gg ;;eia;rrrfegsj tese setg?ttin Ofrin(wz i?";l;s Eggg::glength of theacknowledgment chain has become at least
g ges, g ' D. Let the lastD + 1 processes along the chain be deno-

suf ciently long, that is, the length of the chain has becometed A — 5 As per our algorithm
©(D). Atthat time, it starts reporting its status to the coordi- YPj = Peo: Pey. -+ Pep = Pi- AS P 9 ’

. . . .. pi generates aetach message and sends the message to
nator. Speci cally, it rst sends ast_active message signi- its parent The detach messaae is propadated uoward
fying that “my computation subtree is currently active” to P Pep_s- ge s propag P

the coordinator. It waits until it has received an acknowledg-aII the way top;, which is at a distance ob hops from

ment from the coordinator in the form of a@ck_st_active " Process;, on receiving thedetach message, sends an

. . L st_active message to the coordinator. The coordinator, on
message. The receipt of thek_st_active message implies

. . o receiving thest_active message, sends atk_st_active
that the coordinator is aware of some activity in the systemmessa eto: On receiving thack st active messagen:
and therefore will not announce termination as yet. It then gety;. 9 - 9P

. sends aracknowledgment message to its parent, say pro-
sends anacknowledgment message to its parent, thereby cesspy, thereby breaking the chain. Numbers in the paren-
breaking the link with its parent and shortening #aknow- P y 9 ' P

. . . . h how th nce in which vari ntrol m
ledgment chain. Later, when it becomes quiescent, it sendé eses show the sequence ch various control messages

. L . are exchanged. It is possible thad, ;, has another child,
anst_passive message indicating “my computation subtree :
o . namely procesg,, which also sends defach message to
has now become passive” to the coordinator.

To measure the length of @tknowledgment chain, we Peo_y destmgd forpj - Onreceiving the secortach mes-

. . sage pc,_, Simply ignores the message and does not forward

piggyback an integer counter (referred to as hop counter) Ol? to its parentp
licati hat tsth t length -2t .

every application message that represents the current leng Note that process is still attached to its paremic,, ;.

of an acknowledgment chain. On receiving an application .
. Now, suppose the chain grows further Bymore processes
message, if a process learns that the length oateow- : .
and is now given byoe, (= Pj), Peys - - - Pep (= Bi)s Pepass

ledgment chain has become at leaBt, then it resets the .
. .1 - Peyp - AS per our algorithmpe,, generates detach mes-
value of the hop counter to zero. Further, it sends a speu%[a e which is propagated via proce to
control message, referred to adetach message, to the pro- g, propaga P BEB_1. - - Peps

. : pi. Process;, on receiving the rstdetach message, breaks
cess at a distance @ from it along theacknowledgment the link with its parentp thereby reducing the length of
chain but in the reverse direction. The objective afedach the chain emangtin frf)D—l_’ y g g .
message is to instruct the intended recipient that it should1 g from.
break the link with its parent, become the “head” of the chain
and report its status to the coordinator instead of reportingnformation description: The computation starts from the
to its parent. (The details of how this happens are discusseditially active process. As the computation exchanges appli-
in the previous paragraph.) The reason is that the overheation messages, a tree (sometimes referred to as computa-
incurred on exchanging control messages with the coordindion tree) is induced on processes by engaging application
tor, namelyst_active, ack_st_active andst_passive, can  messages. A tree grows whenever a process in the tree gene-
now be amortized over enough number of processes so aates an engaging application message and shrinks whenever

Example 1 Figurelillustrates the main idea behind our ter-
{Tsmination detection algorithm. Suppose procpson recei-
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to coordinator

t-active(d) detach, st_active andack_st_active messages), the chain
ack,,ow,edgme,,t(g)T ’ is reduced to a length smaller thBn Therefore the detection

ack_st_active(5)

Pe, = Dj latency of our algorithm i© (D).

3.1.2 Generalizing to a non-diffusing computation

Assume that two or more processes are active initially, that
is, there are multiple initiators of the computation. Intuiti-
vely, the coordinator should announce termination only after
im(l) Tdefach@) every initiator has informed it that the computation trigge-
red by it has terminated. The coordinator, however, does not
know how many initiators of the computation are there. The-
Fig. 1 Anillustration of the termination detection algorithm refore, every process, on becoming quiescent for the rst
time (including the case when it is quiescent to begin with),

. — . . gends annitialize message to the coordinator. The coordi-
an engaging application message in the tree is acknowled- o . .
nator announces termination only after it has received an

ged. Once the height of a subtree rooted at a process—for.,.” .
. . [nitialize message from every process (and, of course, a mat-
which the value of the hop counter is zero—becomes at, . . .
ching st_passive message for evergt _active message).

leastD, within O(D) message hops, the process OletaChe?heinitiavlize messages are propagated to the coordinator in
itself from its parent and the subtree rooted at the process 9 propag

becomes aeparate computation tree. A root process, which a convergecast fashion, thereby resulting in d{iN) more
has detached itself from its parent, reports its status to the ©5580€s.
coordinator, and every other process reports its status to its
parent in the tree. Whenever a tree becomes empty, its ro8t2 The algorithm
process informs the coordinator about it. Once all trees have
become empty, which happens once all application messagésformal description of the termination detection algorithm
have been acknowledged, the coordinator announces terniiDA-SI for simultaneous initiation is given in Figg, 3,
nation. Our termination detection algorithm ensures that thand 4. Actions AO-A8 described in Fig® and 3 capture
coordinator announces termination if and only if there is nahe behavior of a process as part of the computation tree.
non-empty computation tree in the system. Actions B1-B3 given in Fig4 describe the behavior of a
process as part of the BFS spanning tree. The main func-
Message-complexity: Our algorithm exchanges ve tion of a process as part of the spanning tree is to propagate
different types of control messages, nameabknowledg-  messages, namelyitialize, st_active, ack_st_active and
ment, detach, st_active, st_passive andack_st_active.  st_passive, back and forth between the coordinator and its
One acknowledgment message is exchanged for everydescendants in the spanning tree. For ease of exposition of
application message. Also, a process sends at most ottee algorithm, we assume that whenever a process wants to
detach message for every engaging application message fiend a control message to the coordinator (for instance, the
receives. Therefore the total number adknowledgment initialize message), it sends that message to itself. The mes-
anddetach messages is upper-bounded Iy ZThe number sage is then handled either by action B1 or by action B2,
of st_active messages generated by all processes combinethd propagated upwards to the coordinator. Likewise, when
is given by O(M/D). This is because a process sends ara process receives ack_st_active message from its parent
st_active message only when it knows that there are at leash the spanning tree, it either propagates that message to one
O(D) processes in its computation subtree. Eattactive  of its children in the spanning tree or sends the message to
message is sent on the BFS spanning tree and, therefoitself. In the latter case, the message is handled by action A6.
may result in at mosD control messages being exchanged. In the formal description our algorithm, whenever a pro-
Finally, the number ofst_passive messages as well as the cess becomes non-quiescent, we classify it eitherrasta
number ofack_st_active messages is equal to the numberprocess or a non-root process. (The classi cation for pro-
of st_active messages. Thus the message complexity of outessp; is captured using variableoot;.) The classi cation
algorithm isO(M). depends on how a process becomes non-quiescent. If a pro-
cess s initially active, thenitis classi ed as root. If a process
Detection-latency: Our algorithm ensures that whenever becomes non-quiescent on receiving an application message
the length of a chain of pendirarknowledgment messages with the counter value ob — 1 (which is reset to zero on
grows beyond B, within 3D 41 message hops (consisting of incrementing), then the process is classi ed as root as well.

Peo,

” detach(2’) Py = Di
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Termination detection algorithm for process p;:

Variables:
D: diameter of the topology;
state; := my initial state; // whether | am active or passive
missing; == 0; // number of unacknowledged application messages
hops; == 0; // hop count: my distance from a root process
parent; := L; // process which made me non-quiescent
independent; := true; // if root, can | detach myself from my parent?
pending; = 0; // the number of unacknowledged st_active messages

/] Actions of process p; as part of the computation tree

Useful expressions:
quiescent; 2 (state; = passive) A (missing; = 0);
root; 2 not(quiescent;) A (hops; = 0)

(AO0) Initial action:
call sendIfQuiescent( ); // send an initialize message if passive

(A1) On sending an application message m to process p;:
send (m<hops;) to process pj;
missing; := missing; + 1; // one more application message to be acknowledged

(A2) On receiving an application message (m<count) from process p;:
if not(quiescent;) then // a non-engaging application message
send (acknowledgment) message to process p;;
else // an engaging application message
parent; := pj;
hops; := (count + 1) mod D;

if root; then
send (detach) message to parent;; // instruct root of my parent s subtree to detach
independent; := false; // but I am still attached to my parent
endif;
endif;

state; := active;
deliver m to the application;

(A3) On receiving (acknowledgment) message from process p;:
missing; := missing; — 1; // one more application message has been acknowledged
call acknowledgeParent( ); // send acknowledgment to my parent if quiescent
call sendIfQuiescent( ); // send initialize/st_passive message if quiescent

(A4) On changing state from active to passive:
call acknowledgeParent( ); // send acknowledgment to my parent if quiescent
call sendIfQuiescent( ); // send initialize/st_passive message if quiescent

Fig. 2 Termination detection algorithm TDA-SI for simultaneous initiation

In all other cases, a process s classi ed as non-root. Note thattact or has been broken—is captured using the variable
the same process may be classi ed as root and non-root at difndependent; .
ferent times during its execution. However, the classi cation We next prove that the termination detection algorithm
does not change during a single non-quiescent interval. TDA-SI described in Figs2, 3, and4 is safe and live.

When a process becomes non-quiescent as a root, it does
not immediately break its link with its parent, if it exists. 3.3 Proof of correctness
It breaks the link only after receiving detach message
from one of its children in the computation tree. ReceiptMany of our proofs involve induction on either the depth or
of a detach message implies that the computation subtreghe height of a vertex in a tree. Recall that ttepth of a
rooted at the process contains at ldagtrocesses. Asaresult, vertexv in a tree, denoted bgepth(v), is the length of the
the process can start reporting its status to the coordinat@ath from the root of the tree ta Also, itsheight, denoted
instead of its parent. The status of the link—whether it isby height (v), is the length of a longest path fromto a leaf.
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Termination detection algorithm for process p; (continued):

(A5) On receiving (detach) message from process p;:

if (root; A not(independent;)) then // should | handle detach message myself?
independent; := true; // | can now detach myself from my parent
send (st_active) to myself; /* send st_active message to the coordinator

(the message is handled by action B2) */

pending; := pending; + 1;
else if not(root;) then // detach message is meant for the root of my subtree

if (have not yet forwarded a detach message

to parent; since last becoming nonquiescent) then
send (detach) message to parent;;

endif;

endif;

(A6) On receiving (ack_st_active) message from myself;
pending; := pending; — 1; // one more st_active message has been acknowledged
call acknowledgeParent( ); // may need to send acknowledgment to my parent

(A7) On invocation of acknowledgeParent( ):
if (quiescent; or
(root; Aindependent; A (pending; = 0))) then
if (parent; # L) then // do I have a parent?
send (acknowledgment) message to parent;;
parent; := L;
endif;
endif;

(A8) On invocation of sendlfQuiescent( ):

if (root; A independent; A quiescent;) then // should | send initialize/st_passive message?
if (have not yet sent an initialize message) then
send (initialize) message to myself; /* send initialize message to the coordinator
(the message is handled by action B1) */
else send (st_passive) to myself; endif; /* send st_passive message to the coordinator

(the message is handled by action B2) */
endif:

Fig. 3 Termination detection algorithm TDA-SI for simultaneous initiation (continued)

The two de nitions can be easily generalized for vertex in aevery st_active message that a process receives. Later, on
forest. receiving anack_st_active message, the process uses the

A process, on sending at_active message to the coor- queue to forward thack_st_active message to the appro-
dinator, expects to receive @ok_st_active message even- priate process, which is either itself or one of its children. The
tually. Note that it is easy to route @i_active/st_passive  nextlemma can be proved by a simple induction on the depth
message from a non-coordinator process to the coordinaf a process in the BFS spanning tree. The lemma states that
tor. However, routing arack_st_active message from the if a process receives a matchiagk st active message for
coordinator to the process that generated the correspondiitg st_active message, then the coordinator “knows” that its
st_active message is non-trivial. One approach to achievesubtree is “active”

this is by piggybacking the idgntity of the generating Process arnma 1 A process receives a matching ack_st_active
on thest_active message which can then be used to approm%%‘gle for its st_active message only after the st_active

priately route the correspondingck_st_active message. message has been received by the coordinator.
This, however, increases the message overhe@dltg N).

Moreover, with this approach, every process needs to knofy™@ The lemma can be proved by a simple induction on
the set of descendants of each of its children in the statit® depth of a process in the BFS spanning tree using the
spanning tree. Instead, we employ the following mechanisnPServation that every process sendskineack_st_active
Every process on the BFS spanning tree propagategthe MeSSage to the sender of tkth st_active message. O
ack_st_active message to the sender of tkih st_active We say that a processdagiescent if it is passive and has
message. This can be accomplished by maintaining a FIF@ceived aracknowledgment message for every applica-
gueue at each process that records the (immediate) sendertioih message it has sent so far. We partition the events on a
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Termination detection algorithm for process p; (continued):
// Actions of process p; as part of the BFS spanning tree

Variables:
father;: parent in the BFS spanning tree;
sons;: number of children in the BFS spanning tree;
activity; = 0; // activity counter: number of active subtrees
whoSent; :== empty queue; /* records the sender of each st_active message
(k”‘ ack_st_active message is sent to the process
from which k'" st_active message was received) */
Useful expressions:
coordinator;
terminated;

2 (father; = pi);
£ (have received sons; + 1 initialize messages) A(activity; = 0);
(B1) On receiving (initialize) message from process p;:
if coordinator; then
if terminated; then announce termination; endif;
else if (have received sons; + 1 initialize messages) then
send (initialize) message to father;;
endif;

(B2) On receiving (st_status) message (st_status € {st_active, st_passive}) from process p;:
if coordinator; then
if (st_status = st_passive) then activity; := activity; — 1;
else
activity; := activity; + 1;
send (ack_st_active) message to process p;;// acknowledge the st_active message
endif;
if terminated; then announce termination; endif;

else
if (st_status = st_active) then
enqueue p; to whoSent;; // record the sender
endif;
send (st_status) message to father;; // forward st_status message to my father
endif;

(B3) On receiving (ack_st_active) message from father;:
p := dequeue whoSent;;
send (ack_st_active) message to process p; /* send k" ack_st_active message to the process from
which k'™ st_active message was received */

Fig. 4 Termination detection algorithm TDA-SI for simultaneous initiation (continued)

process into two categorieguiescent andnonquiescent. An  vals. Speci cally, given two nonquiescent intervalandy,
event is said to be quiescent if the process becomes quiethere is an edge fromto y in the forest, denoted by — v,
cent immediately after executing the event; otherwise it isf an engaging application message sent dukiigreceived
nonquiescent. A maximal sequence of contiguous quiesceduringy. Let NQI denote the set of all nonquiescent inter-
events on a process is calleduaescent interval. The notion  vals. It can be veri ed thatNQI, —) is indeed a forest of
of nonquiescent interval can be similarly de ned. An inter- trees. For an interva{, let proc(x) refer to the process on
val is created as soon as its starting event is executed, andvidhich events irx are executed. The next lemma proves that
completed once its last event is executed. An execution of & the computation terminates eventually, then the execution
process can be viewed as an alternating sequence of quiescehevery process ends with a quiescent interval.
and nonquiescent intervals. ) .
q . o . Lemma 2 Assume that the underlying computation even-
We also partition the set of application messages intg . .
. . . C o tually terminates. Then, every nonquiescent process even-
two categoriesengaging andnon-engaging. An application )
. . L L tually becomes quiescent.

message is said to leegaging if its destination process, on
receiving the message, changes its status from quiescentfpoof Assume that the underlying computation has termi-
nongquiescent; otherwise it is non-engaging. nated. Therefore once a process becomes quiescent it stays

Observe that the set of engaging application messagegiiescent. This implies that the set of nonquiescent intervals
induces a forest (of trees) on the set of nonquiescent inteNQI is nite. The proof is by induction on the height of
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a nonquiescent interval in the forgdtlQl, —). A process Proof The execution of a process can be viewed as an alter-
acknowledges a non-engaging application message immaating sequence of quiescent and nonquiescent intervals. If
diately. Thus it is sufcient to show that every engaging a process is initially passive, then the execution starts with
application message is eventually acknowledged. Consider quiescent interval; otherwise it starts with a nonquiescent
a nonquiescent interval € NQI with proc(x) = p;. interval. Also, if the underlying computation eventually ter-
minates, then, from Lemni the execution of every process

Base case [height(x) = 0]: In this case, all application €nds with a quiescent interval.

messages sent mare non_engaging_ Therefore process From PrOpOSitiors, every process sends amitialize mes-
eventually becomes quiescent. sage in the rst quiescent interval. But the rst interval for

an initially active process is a honquiescent interval. It can
be veri ed that an initially active process does not send any
st_active message in the rst nonquiescent interval. This is
because a process sendssaractive message only when it
detaches itself from its parent in the computation tree (action
Ab).

Finally, it can be veri ed that after the rst quiescentinter-
val, if a process sends a@t_active message in a nonquies-
cent interval, then it sends ast_passive message in the
following quiescent interval. O

Induction step [height (x) > 0]: Consider a nonquiescent
interval y with x — y. Clearly, height(y) < height(x).
Therefore, using induction hypothesigs;,oc(y) eventually
becomes quiescent. This, in turn, implies tpatventually
receives anacknowledgment message for the engaging
application message it sends duritp proc(y). Sincey is
chosen arbitrarily, we can infer thpt eventually receives an
acknowledgment message for every engaging application
message it sends durixg Thereforep; eventually becomes

quiescent. o We refer to the difference between the number of

F the algorith ds iaitiali st_active andst_passive messages received by the coordi-
rom he aigorithm, a process sends/amalize mes- 44 a5 theactivity counter. Using Proposition4 and
sage when it becomes quiescent for the rst time ('nC|Ud'ng|_emma5 it follows that:

the case when it is quiescent to begin with). The following
proposition can be easily veri ed: Corollary 6 The activity counter at the coordinator always
has a non-negative value. Moreover, immediately after pro-

Proposition 3 Assume that the underlying computation  cessingan st_active message, the value of the activity coun-
eventually terminates. Then, every process eventually sends  tey s positive,

an initialize message. Moreover, a process sendsan initialize
message only when it is quiescent for the first time. Also, from Lemmab, it follows that:

Itis important for the correctness of our algorithm that theCorollary 7. Assume that the underlying computation even-
coordinator receivest_active andst_passive messages in tualy terminates. Then, for every st active message the
correct order. If channels are FIFO, then this can be achievegpordinator receives, it eventually receives a matching
easily. If one or more channels are non-FIFO, then the algoSt_Passive message.
rithm has to be slightly modi ed. Details of the modi cations
required are described in Se8t5. For now, assume that all
channels are FIFO. We have,

We are now ready to prove the correctness of our algo-
rithm. First, we prove that our algorithm is live.

N _ _ Theorem 8 (TDA-SI is live) Assume that the underlying
Proposition 4 Thest_activeand st_passive messagessent  computation eventually terminates. Then, the coordinator
by a process are received by the coordinator in the order in eventually announces termination.

which they are sent.
Proof To establish the liveness property, it suf ces to show
The following lemma establishes that if the computationthat the following two conditions hold eventually. First, the
terminates then every process sends an equal number @dordinator receives alhitialize messages it is waiting for.

st_active andst_passive messages in alternate order. Second, the activity counter at the coordinator becomes zero
_ permanently.
Lemma 5 Each process sends a possibly empty sequence of Note thatinitialize messages are propagated to the coor-

st_active and st_passive messagesin an alternatefashion,  dinator in a convergecast fashion. From Proposifipeven-
starting with an st_active message. Furthermore, if the  tually every process sends amitialize message. It can be
underlying computation eventually terminates, then every  easily veri ed that every process on the BFS spanning tree
st_active message is eventually followed by an st_passive  will eventually send arnitialize message to its parent in the
message. spanningtree. As aresult, the rstcondition holds eventually.
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For the second condition, assume that the underlying com- (qeis a quiescent event om) A (Ige — ge)A
putation has terminated. Then, from Lem&yavery process
eventually becomes quiescent and stays quiescent thereaf-
ter. This implies that every process sends only a nite num- = { — is transitive }
ber of st_active and st_passive messages. Therefore the
coordinator also receives only a nite number sff active
and st_passive messages. Furthermore, from Coroll&y (qe — announce)
the coordinator receives an equal numbesbfactive and
st_passive messages.

(ge — lgej) A (Igej — announce)

(qeis a quiescenteventgn) A (Ige — gqe)A

In other wordsgeis a quiescent event gn thathappened-
beforeannounce and is executed aftéqge . This contradicts

. . . . our choice olqgs.
Finally, we prove that our algorithm is safe, that s, it never a9

announces false termination. Case2 Process; sends ammcknowledgment message for
m before becoming quiescent. This happens only when
Theorem 9 (TDA-SI is safe)The coordinator announces  receives arack_st_active message for thet_active mes-
termination only after the underlying computation haster-  sage it sends in the current non-quiescent interval (which
minated. starts withmge). Let the receive event of the_active mes-
sage on the coordinator be denotedrloy: (see Fig.5c).

Proof Consider only those processes that become active &S0, let the send event aick(m) on processi be denoted
least once. Lemnnounce denote the event on executing by sndi. Using Lemmal, r cuc — snd;. Therefore we have,
which the coordinator announces termination, anddet

denote theast quiescent event on procepsthat happened- (rcue — snd;) A (snd; — Igej) A (Igej — announce)
beforeannounce. Such an event exists for every process.
This is because the coordinator announces termination only
after it has received alhitialize messages it is waiting for.
Th|s '|n turn, happens pnly after every process has sept an From Corollary6, immediately after executingcue, the
initialize message, which a process does only when it is 2 . .
quiescent, value of the activity counter at the coordinator is greater

. . o than zero. For the coordinator to announce termination, its
Consider the snapsh8tof the computation consisting of L N
activity counter should be zero. This implies that the coor-
all Ige events. Assume, on the contrary, that the computa-. ) . .
. . dinator receives a matchingf_passive message fronp;
tion has not terminated f@and that some process becomes . o
. : later but before announcing termination. Cleafy,sends
active aftelS. Let NQE denote the set of nonquiescent events . . . .
) : o this st_passive message only on executing some quiescent
executed in the future d&. Consider aninimal eventmqge event aftemge. This again contradicts our choice lofg
in NQE—minimal with respect to the happened-before rela- qe- g .|:|
tion. Formally,

= { — istransitive }

I Cvc — announce

We next prove that TDA-SI is both message-optimal and

(¥x : x € NQE : x /> mge) latency-optimal.

Clearly,mge occurred on receiving an engaging application

message, say. Moreover,m is a message sent from the 3.4 Proof of optimality

past of Sto the future ofS. Otherwise, it can be shown that

mge is not a minimal event iMNNQE—a contradiction. Let Foranon-quiescentintervalvith proc(x) = p;, lethops(x)
m be sent by procespj to processp;. Also, let Snd(m) denote the value of the Variakﬂ@ps dUring the intervak.
andrcv(m) correspond to the send and receive events ofrom the algorithm (action A2),

m, respectively. Thensnd(m) — Iqge;j. This implies that

p; becomes quiescent after sendimgTherefore itreceives Xy = hops(y) = (hops(x) +1) mod D ()
the acknowledgment message fom, denoted byack(m),

before executingge;. This is depicted in Figha. There are To prove the optimality of TDA-SI, the following propo-
two cases to consider: sition is useful.

Case 1l Processp; sends theacknowledgment message Proposition 10 For a non-quiescent interval x € NQI with
for m on executing a quiescent event, sgy(see Fig.sb).  hops(x) = O, if height(x) > D, then proc(x) eventually
Clearly, theacknowledgment message creates a causal pathreceivesa detach messageduring x (that is, before theinter-
from getolqgej. We have, val x ends) and vice versa.
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Fig. 5 Proving the safety of TDA-SI

The above proposition holds as long as ds&nowledg-  Therefore the total number afetach messages is upper-
ment message for an engaging application message doé®unded byM. Every process sends at most anéialize
not “overtake” anydetach message sent earlier. Clearly, no message. Furtheinitialize messages are propagated to the
“overtaking” occurs if all channels are FIFO. In case one orcoordinator in a convergecast fashion. Hence the total number
more channels are non-FIFO, the algorithm TDA-SI has to bef initialize messages exchanged by processes is given by
modi ed slightly to ensure that Propositidd holds. Details  O(N).
of the modi cations required are described in S&ct We Everyst_active andst_passive message hasto be propa-
now show that our algorithm is message-optimal. gatedto the coordinator along the BFS spanning tree and, the-
refore, may cause up 0 additional (or derivative) control
messagesto be exchanged. Likewisegeln st_active mes-
sage may also cause upda@dditional control messagesto be
exchanged. From Lemn&aevery process generates an equal
number ofst_active and st_passive messages. Moreover,
the number ofack_st_active messages a process receives
is equal to the number oft_active messages it sends. Thus
Proof Our algorithm exchanges six different types of controlit is suf cient to show that the total number oft_active
messages, namelgcknowledgment, detach, initialize, messages generated by all processes combined is bounded
st_active, st_passive andack_st_active. We now bound by M/D.
each of the six types of control messages. Observe that a process sendssaractive message only

The number ofacknowledgment messages is same as when it is non-quiescent and, moreover, it sends at most
the number of application messagds A process sends at one st_active message per non-quiescent interval (action
most onedetach message per engaging application messageA5). We, therefore, bound the number of non-quiescent inter-

Theorem 11 (TDA-SI is message-optimaBssume that the
underlying computation eventually terminates. Then, the
number of control messages exchanged by the algorithmis
given by ®(M + N), where N is the number of processes
in the system and M isthe number of application messages
exchanged by the underlying computation.
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vals in which anst_active message is sent. LétC NQI Lemma 12 Once the underlying computation terminates,
denote the set of those non-quiescent intervals during whicévery processbecomesquiescent within O (D) message hops,
an st_active message is sent. Also, observe that a processhere D isthe diameter of the communication topol ogy.

sends arst_active message during a non-quiescent INeTproof Assume that the underlying computation has termi-

val only if the interval is created on receiving an engaginqqated. Consider two processpsand p; that are still non-

application message (action AS). In other words, if a Ioro'quiescentjust after the computation terminates. We say that

cess is non-quiescent to begin with, it does not send an
;t_achve message during the (initial non—qwgscent)messaget@j but p; has not yet sent an acknowledgment for
!nterval. LetNl < NI anote the SEt_ of non-.qwgscent that message. Now, consider any chain formed using “wai-
intervals created on receiving an engaging application me§|rng on” relationships that starts from procggsand whose
sage. We have, length is at least R. Clearly, the chain consists of a pro-
cesspk such thatpg is at a distance of at modd from
pi in the chain anchopsc = 0. From the algorithm py
receives adetach message withirD message hops of ter-
mination. After receiving the@etach messagepy sends an
st_active message to the coordinator for which it receives a
xel = hops(x)=0 (3)  Matchingack_st active message within @ message hops.
After receiving theack_st_active messagepx sends an
We de nechildset (x) as the set of those non-quiescent inter-acknowledgment message to its parent, if it has not already
vals which are at a distance of at m@t- 1 message hops done so, causing the chain to break and become shorter. In
from x in the forestNQI, ), and refer to it as thehildset ~ Other words, within ® + 1 message hops of termination,
of x. Clearly,childset(x) € NI. Note that a process sends all chains of “waiting on” relationships are reduced to length
an st_active message during a non-quiescent interval onlysmaller thanD. Clearly, once that happens, all processes
after it has received at least odetach message. Thus, from become quiescent withiD message hops. o
Proposition10, (3) and the de nition ofl, height(x) is at Finally, we have,
leastD which implies that:

iﬁi is waiting on p; if p; has sent an engaging application

| NI € NQ and|NI| <M )

Consider a non-quiescent intervake NQI . From the algo-
rithm (action A5),

Theorem 13 (TDA-SI is latency-optimalOnce the under-
x el = |childset(x)| > D (4) lying computation terminates, the coordinator announces
termination within O (D) message hops.

Since(NQI, ) is a forest, from§), (1) and the de nition  proof From Lemmal2, every process becomes quiescent
of childset, within O(D) message hops after the computation has termi-
nated and stay quiescent thereafter. Thereforéndiblize,
(X, y} S DAX #y) = childset(x)Nchildset(y) =0 st active and st_passive messages are generated within
(5) O(D) message hops of termination and no more messages
are generated after that. Since the coordinator is at most
D message hops away from any process, the coordinator

We have, . o . .
receives allinitialize, st_active and st_passive messages
( U childset(x)) C NI within O(D) message hops of termination soon after which
xel it announces termination (action B2). O

using (5 . . L
= { 90} In the next section, we discuss modi cations to our ter-

( > |Chi|dS€t(X)I) <IN mination detection algorithm required in case one or more

xel channels are non-FIFO.
= {using (4) and @) }

D x|l < (z |chi|dset(x)|) <M 3.5 Dealing with non-FIFO channels
Xel
= {algebra} To prove the correctness and optimality of the algorithm
1] < M/D TDA-SI, we make the assumption that all channels are FIFO

in two places. First, to ensure that the coordinator receives

st_active and st_passive messages in the order in which
We now show that our algorithm is latency-optimal. Thethey are sent (Propositia}). Second, to ensure that thek-

next lemma states that once the underlying computation hasowledgment message for an engaging application mes-

terminated, no process stays non-quiescent for a “long” timesages does not “overtake” angfetach message sent earlier

This establishes that TDA-SI is message-optimal. O
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(PropositioriL0). In case one or more channels are non-FIFOMessage processing time can no longer be ignored if, for ins-
the following modi cations to the algorithm can be used to tance, the number of messages that a process has to handle in
ensure that both propositions still hold. the worst-case, before termination can be announced, grows
linearly with the number of processes. In that case, the detec-
tion delay due to message processing overhead will grow
linearly with the number of processes in the system. On the

asanst_passive message, when itis notnecessarytodistin—Other hand, the detection delay due to message transmis-

guish between the two. In the modi ed algorithm, the coor-S1o" overheqd will grow linearly with the diameter of the
dinator acknowledges aflf_status messages, that is, both communication topology. As a result, whéyD becomes

st_active andst_passive messages. Further, a process doe§Uf c.ient'ly large, message progessing overhead ,Wi” stgrt
not send the nexst_status message until it has received an dominating message transmission overhead. In this section,

acknowledgment for its previoust_status message. This we present an analysis of the detection latency by explicitly

can be accomplished by maintaining a FIFO queue at eac%onadermg message processing tir@6,21). We assume

process. When a nest_status message is generated by athat messages are processed in the order in which they are

process, the message is buffered until the process has séﬁ?e'ved along a channel. To avoid confusion between the

all previousst_status messages and, moreover, has receilc/Ms "process and “processing”, we sometimes use the

ved acknowledgments for all of them. It can be veri ed thatter\r/rc/hnode instead of procesls ) . . h | at
the above two modi cations do not affect the correctness €n a message arrives along an incoming channef at a

and message-optimality of our algorithm. However, they may??de' ;:S processimg may bs del?yid because of tV‘I’O redason§
increase the detection latency. Speci cally, it is possible tha '|rst, there are a large number of other messages already wal-

when the underlying computation terminates the queue stiﬁIng t(_) be proces§ed at_the node. Second, messages confinue
contains a large number at_status messages. To prevent to arrive at other incoming channels and the node chooses to

the queue from becoming too long, we can proceed as fol2r0CESS them rst, thereby “ignoring” some incoming chan-

lows. A process, on generating sh active message, checks nel for a long time. Although both scenarios are possible in
to see if the queue contains m_status message. If the an asynchronous distributed system, they do not occur often

queue is non-empty, then the process simply discards tHQ practice. Typically, the system maintains a limited amount
(new)st_active message and also deletes the ktsstatus of buffer space for each channgl to.store messages that have
message, which will be ast_passive message, from the not Peen processeq by th.e appllcatloq yet. leewlse, the pro-
queue. Intuitively, the “new’st_active message “cancels” bab|!|ty Fhat Some incoming channel is nqt serviced by the
the “old” st_passive message. A similar optimization can appl_lcatlon for a I_ong _tlme even though it has a message
be performed when ast passive message is generated. waiting to be received is very small. Therefore we make the

This ensures that the queue never contains more than Oﬁ%jlowmg ;WO_ rr(]aarl]lsnc asbsum[f)tmns. The rﬁt assun:)ptlon_l_s
pendingst_status message. concerned with the number of messages that may be waiting

to be processed at a node at any given time.

Ensuring that the coordinator receives st active and
st_passive messages in order: For convenience, we use
st_status message to refer to at_active message as well

Ensuring that the acknowledgment message for an enga- ) o

ging application message does not overtake any detach mes- Assumption 1 (bouqd_ed buffer) At any give time, thg num-.
sagesent earlier:  In the modi ed algorithm, evergletach ber of messages yvaltlng to be processgd along an incoming
message is acknowledged. Speci cally, a process, after seff'@nnel atanode is boundedBywhereB is some constant.

ding adetach message to its parent, waits until it has recei-  The second assumption is concerned with the fairness of
ved an aCknOW|Edgment (fOI’ ttaetach message) from its processing messages at a node.

parent before sending thecknowledgment message for

the engaging application message. The notion of quiescenéSUMPtion 2 (bounded wait) Assume thatamessage recei-
is now rede ned as: a process is quiescent if it is passive€d along an incoming channelat a node is waiting to be

has received aacknowledgment message for every appli- Processed. Then, the node may process at iastessages
cation message it has sent so far has received an ack- along each of itether incoming channels before processing

nowledgment for every detach messageit hassent sofar. It~ Ny message received along the chaenelhereW is some
can be veri ed that the aforementioned modi cations do notconstant.

affect the correctness and optimality of our algorithm. Assume that the computation has terminated. Tables-
cribes the states through which the system passes before ter-
3.6 Computing detection latency whély D is large mination is announced. Note that each of the property de ned

in the table is stable in the sense that the property continues
Inthe analysis of the detection latency in S8ct, we assume  to hold once it becomes true. As we are interested in compu-
thatmessage processingtime is negligible and can be ignoretthg the detection latency in the worst-case, we assume that
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Table 2 States through which a system passes once the computation terminates but before termination is announced

Property satis ed by the system state Earliest time at which the
property becomes true

Po : the computation has terminated to
P1 : all nodes have received and procesaekinowledgment messages for their non-engaging application messages
P, : all root nodes with large computation subtrees have received and processed at |efefaohenessage to
Ps : all root nodes with large computation subtrees have broken their links with their parents t3
P4 : all processes have become quiescent ta
Ps : the coordinator has announced termination tg

tiy1 > tj foreachi =0, ..., 4. We bound the length of the boundt; —t1, we proceed as follows. Observe that@gdtach
intervaltj 1 — tj foreachi =0, ..., 4. messages amgenerated before the computation terminates.
Let rp and . denote the worst-case message processing detach message has to travelhops along a chain of una-
and transmission time, respectively. Also, for a procass cknowledged application messages in the reverse direction.
let §; denote the degree of procepsin the communica- Letthe chain of processes through whictietach message
tion topology. We rst boundt; — to. Note thatacknow-  passes be given by, pi,, - .., piy. Wherepj, generates a
ledgment messages for non-engaging application messagefetach message intended f@, . When adetach message
are sent before the computation terminates. These messagesves at a procesp;;, where O< j < D, it is processed
take at most time to arrive at their respective destination within O(B W (s; +Gij) p) time. As a result, onceyj,
processes. Once atknowledgment message arrives at a generates @etach messagep;, receives and processes a
node, sayp;, itis processed withil® (B W §; 7p) time. LetA detach messages WithiE'J-D=l O(tc + BW (s +Gij) 7p)
denote the maximum degree of a node in the communicatiotime. Therefore, using7j, we have:
topology. Sincel; < A, we have:

'[1—1‘0=O(TC+ BWATp) (6) D
tp—t1= > O(zc+BW (s, +G) 1p)
We now bound; — t;. We de ne thefan-out of a com- =

munication topology as the minimum &f - D and 2N and

: D
denote it byF. Formally, = O(Drc+ BW1p D (s, +G)))
F 2 min{A-D,2N} =t

Intuitively, we use fan-out to capture the worst-case delay
experienced by a message traveling a distance of at bost
hops along any tree of the topology. For a procpsslet Using a similar argument, we can show thgat to, t4 — t3
s denote the degree qgfi in the BFS spanning tree. Note andts — t4 are all bounded byD(Dzc + B W F 1p). The
that, at timets, all unacknowledged application messagesamain idea is that once a proper® holds, where 2< i <
are engaging in nature. Let denote the degree @ inthe 5, propertyP 11 holds after some messages have traveled
computation tree (more precisely, forest) induced by unackat mostO(D) hops. Further, the number of such messages
nowledged application messages at timeéNote that botls is small (speci cally,0(1)). Combining the bounds on all
andc; are at mostA. Let Q denote some subset of nodes.intervals, it follows thatts — tg is bounded byO(Dz. +
WhenQ contains at modD nodes, the following inequalities BW F 7).

can be easily veri ed: When message processing is considered explicitly, the
lower bound on detection latency of a termination detection
Z s <F and Z a<kF (@ algorithm for a communication topology is no longer given

pi€Qand|QISD pi€QandiQISD by Q(D). But rather it is given by the minimum amount

Aftert;, a procesg; can receive a message along an inco-of time it takes to perform a broadcast (or a convergecast)
ming channel only if the channel is a part of either the BFSon that topology 21]. Therefore our termination detection
spanning tree or the computation tree. In other words, &after algorithm is latency-optimal whenever the lower bound on
pi can receive messages along at ngpstc; incoming chan-  the time-complexity of a doing a broadcast on a communi-
nels. Further, at, all messages received along the remainingcation topology i€2 (F). Some examples of such topologies
incoming channels have already been processegbyo include chain, ring, star and a grid.
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4 An optimal algorithm for delayed initiation received, the process starts executing the termination detec-
tion algorithm and also sendsmarker message along all
If the underlying computation is message-intensive, then it iffs outgoing channels. Note that the coordinator should not
desirable not to initiate the termination detection algorithmannounce termination at least until every process has recei-
along with the computation. It is preferable, instead, to ini-ved amarker message along all its incoming channels and
tiate it later, when the underlying computation is “close” totherefore has colored all its incoming channels. Otherwise,
termination. This is because, in the latter case, the (worssome uncolored channel may contain an application message
case) message-complexity of the termination detection algdhat neither the sender nor the receiver is aware of and the
rithm would depend on the number of application messagesiessage may arrive after the termination is announced. This
exchanged by the computatiafter the termination detec- will violate the safety of the detection algorithm. To that end,
tion algorithm has commenced. As a result, with delayedve rede ne the notion of quiescence as follows: a process is
initiation, the termination detection algorithm generally quiescent if it is passive, has receivedaaknowledgment
exchanges fewer number of control messages than wittnessage for every application message it has sent since it
simultaneous initiation. started executing the termination detection algorithm, and
To correctly detect termination with delayed initiation, we all its incoming channels have been colored. A formal des-
use the scheme proposed #).[The main idea is to distin- cription of the termination detection algorithm TDA-DI for
guish between application messages sentby a prbefise  delayed initiation is given in Figb.
it startedtermination detection and messages sent byfter Once the coordinator starts the termination detection algo-
it startedtermination detection. Clearly, the former messages rithm, all incoming channels are colored withi(D) mes-
should not be “tracked” by the termination detection algo-sage hops. The following theorem can be proved in a similar
rithm and the latter messages should be “tracked” by thenanner as Lemm2
termination detection algorithm. Note that delayed initiation
is not possible unless all channels are FIFO. This is becau%;e
if one or more channels are non-FIFO then an applicatio |
message may be delayed arbitrarily on a channel, no process Moreover, using the de nition of quiescence and the fact
would be aware of its existence, and this message may arrifat all channels are FIFO, it follows that:

at the destination after termination has been announced. The-

refore we assume that all channels are FIFO. We also assurh€Mma 15 If all processes are quiescent, then no channel

that each process knows all its neighboring processes (th§@"tains an application message that was sent by a process
is, outgoing channels). beforestarting the termination detection algorithm.

mma 14 Once the underlying computation terminates,
processes eventually become quiescent.

In order to distinguish between the two kinds of applica-
tion messages, we usenaarker message. Speci cally, as
soon as a process starts the termination detection algorithra@mma 16 If all processes are quiescent, then the under-
it sends amarker message along all its outgoing channels.lying computation has terminated.

Therefore, when a process receivesarker message along

From the above lemma, we can infer that:

Proof Assume that all processes are quiescent. Therefore

. 8very application message that was sent by a proafess
received along that char.mell from row on has t(.) be aCknowétarting the termination detection algorithm has been ack-
ledged as per the termination detection algorithm. On th

. . o ?lowledged. This implies that no channel contains an appli-
other hand, if a process receives an application message Aion message that was sent by a proaéiss starting the
an incoming channel along which it has not yet received 3

K then that hould not b K ermination detection algorithm. Moreover, from Lemira
arker message, en Mat Message SHOUE no* be acknoWs cnannel contains an application message that was sent by

Ile(tjgtgd ?nd sho:ld be simply dethvlered tohthe a?{'?“c?t'o?a processefore starting the termination detection algorithm.
ntutively, amarker message sentalong achannel” Ushes, , jy,q words, all channels are empty (of application mes-

any m—trgr_]sn application messages on that_chanqel. For eaggges)_ Moreover, since all processes are quiescent, they are
of exposition, we assume that initially all incoming chan-

o passive as well. O
nels areuncolored. Further, a process, on receivingraar-
ker message along an incoming chanmelprsthe channel Intuitively, TDA-DI announces termination once it detects
along which it has received thearker message. that all processes have become quiescent, and vice versa.

To initiate the termination detection algorithm, the coor-Therefore its liveness follows from Lemnid and its safety
dinator sends anarker message to itself. When a processfollows from Lemmalé.
receives amarker message, as explained before, it colors The only additional messages exchanged by TDA-DI are
the incoming channel along which tmearker message is marker messages. Therefore the message-complexity of
received. Additionally, if it is the rstmarker message tobe TDA-DI is O(M + E), whereM is number of application
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Termination detection algorithm for process p;:

// Modi cation of TDA-SI: the algorithm for simultaneous initiation.

// Changes: one new action C1 and new de nition for quiescence. The actions A1-A8 and B1-B3 remain the
// same and are executed only after the commencement of the termination detection algorithm.

// Application messages received along an uncolored channel are not acknowledged and are simply delivered to
// the application, whereas those received along a colored channel are handled using action A2.

Variables:
startDetection; := false; // am | executing the termination detection algorithm?

Useful expression:
// we have to rede ne what it means for a process to be quiescent
quiescent; 2 (state; = passive) A (missing: = 0) A (all incoming channels have been colored);

(C1) On receiving (marker) message from process p;:
if not(startDetection;) then
send (marker) message along all outgoing channels;
startDetection; := true;
endif;
if (pi # p;) then
color the incoming channel from process p;;
endif;
if quiescent; then
call sendIfQuiescent( );
endif;

Fig. 6 Termination detection algorithm TDA-DI for delayed initiation

messages exchanged by the distributed computatierthe  complexity and detection-latency when application messages

termination detection algorithm has started &idthe num-  can be exchanged between arbitrary processes. We describe

ber of channels in the communication topology. Note thathe modi cations assuming simultaneous initiation. The

M may be as large abl in the worst case. Therefore the ideas in this section can be easily combined with the ideas

wor st-case message complexity of the termination detectionin the previous section to maintain optimality with delayed

algorithm with delayed initiation is actually more than thatinitiation as well.

of the algorithm with simultaneous initiation. However, we  We assume that an application message sent by process

expect theaverage message complexity to be much lower in p; to processp; travels along a shortest path from to

the case of delayed initiation because much fewer applicatiop;. We also assume that aagknowledgment or detach

messages will need to be tracked on average. message thap; sends top; travels along the path taken by
Also, assuming that the termination detection algorithnthe application message in reverse direction.

is started before the underlying computation terminates, the

detection !atency of TDA-DI i@(_D). _This is begause, on_ce 5.1 Modi cations to our algorithm

the coordinator starts the termination detection algorithm,

within O(D) message hops, all processes start the termin

tion detection algorithm and all incoming channels becom

colored. After this, similar to Lemm&2 and Theoreni3, it

can be proved that all processes become quiescent and t

mination is detected withi® (D) message hops. Elsewhere,

When application messages can be exchanged between arbi-
?rary processes (and not just neighboring processes), each
link in an acknowledgment chain may consist 0B (D)

%'essage hops in the worst-case. As a result, the length of

o . . . eacknowledgment chain in terms of number of message
we show that any termination detection algorithm designe

for simultan initiation can be transformed into a termin ops may be as large & D?). This means that the worst-
orsimuttaneous infiiation can be transtormedinto a terminag, , o, yatection latency of our algorithm@g D?), which is
tion detection algorithm for delayed initiation with minimal

. Con it ’ ® clearly suboptimal.
Impact on its performance]. To achieve latency-optimality, instead of incrementing the

hop counter by one every time an application message is

5 An optimal algorithm when application messages exchanged, we increment the counter by the number of hops

are multi-hop in the path taken by the application message. Observe that,
with this modi cation, the value of the hop counter can
In this section, we describe modi cations required to ouractually become more thad. The counter is reset to zero
algorithm to ensure optimality with respect to messageas soon as its value becomes greater than or equBl. to
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This ensures that the value of the counter never exceedsessages, each of which travels a distance of one hop. Howe-
2D, which, in turn, implies that the length of thecknow-  ver the transformation is not correct for the following reason:
ledgment chain in terms of number of message hops neveBuppose an application message from progede process
exceeds D. pj travels via processepy;, Pk, - --» Pkg_;- Then, before

As before, when a process resets the hop counter, its behidre transformation, each procegsg, where 1< | < d, basi-
vior is similar to that of a root process in TDA-SI. Spe- cally acts as a relay; it does not become active on receiving
ci cally, it generates adetach message that is propagated the application message. However, after the transformation,
upwards to the closest root process in the computation treeach procesgy,, where 1< | < d, has to become active on
which is at a distance of at leaBt message hops from it. receiving the corresponding application message to satisfy
Further, it maintains its link with its parent and reports itsthe rules of the computation. Another approach is to assume
status to it until it receives detach message from one of its that an “intermediate” application message does not really
children in the computation tree. spawn any activity in the system in the sense that a passive

Clearly, our modi cations ensure that the detection latencyprocess on receiving such a message stays active for a very
of the resulting algorithm iD(D) in the worst-case. We short while during which it simply forwards the message to
now show that the modi ed algorithm has optimal messagethe next process. However, Chandy and Misra’s lower bound
complexity as well. We refer to the modi ed algorithm as proof [6] assumes that each application message is capable
TDA-SI-MH. of spawning independent activity in the system and therefore
the proof does not carry over to the system obtained after the
transformation.

Note that, if there exists a computation state reachable
from the initial state after which the termination detection

’ algorithm A exchanges an in nite number of control mes-

sage generated by a process may not be amortized OVers%fges, then the lower bound trivially holds. Therefore assume
leastD appllca}tlgn messages. Th!S is becauseabigow- that, after each computation state reachable from the initial
/edgment chainis cut as soon as its length becomes at Ieas$ttate, the termination detection algorittdrexchanges only
D in term of number of message hops and not in terms 05 nite number of control messages after which it does not

number of application messages. In cht, in the wo'rst Cas%'xchange any control message until the computation executes
the length of _thegcknow/edgment chain may c_on5|st of an event. Our lower bound proof uses the following lemma.
only one application message (that travels a distande of

message hops). As a result, it may appear that TDA-SI-MH-emma 17 Consider two processes p; and pj that are at
is no longer message-optimal. We show that our algorithnglistance of H hops from each other. Assume that the system
is still message-optimal if we count a control message (sucts in a state in which only p; and p; are active, all other
as anacknowledgment message or detach message) that processesare passive and all channels are empty. Then there
travels a distance af message hops akdifferent control ~ €xist an execution o of the system (starting from the given
messages. This is also consistent with the way we courfate) and a process px € {pi, p;} such that (1) after o only
st_active, st_passive andack_st_active messages in the Pk isactive, all other processes are passive and all channels
analysis of TDA-SI-MH. are empty, (2) no application message is exchanged during

Let H denote theaverage number of hops traveled by an o, and (3) at least [H /2] control messages are exchanged
application message. It is given by the ratio byanarbitrarytermination detectionalgorithm.Aduringo.

total number of hops traveled by all application messages _ _ :
fotal number of application messages - Proof We consider two executions of the computation from

Note that 1< H < D. When application messages are onlythe given state: one in which both processes become passive

exchanged between neighboring processes, clddrl 1.  and one in which only one of them becomes passive.

We show that the message complexity of the modi ed algo- In the rst execution of the computation, denoted by

rithm is®(MH + N), which we prove is optimal. both processeg; and pj become passive without genera-
First, we show that the worst-case message complexitiing any application message. Clearly, once that happens, the

of an arbitrary termination detection algorith#nis given by ~ computation terminates. Consider an executipof the ter-

Q(MH+N), thereby proving the optimality of TDA-SI-MH. mination detection algorithrd from the state resulting after

It suf ces to show that the worst-case message complexitgxecutinge; such that (1) after;, no more control messages

of any termination detection algorithmé(M H) when the are exchanged, and (2) some process announces termination

computation is diffusing. Note that one may be tempted ton r1. Such an execution exists because, by assumption, the

think that the lower bound trivially follows from Chandy and termination detection algorithm exchanges only a nite num-

Misra'’s lower bound proofff] by replacing each application ber of messages in any computation state and, moreover, it

message that travels a distanceldfops withd application is live. Let p; be a process that announces termination in

5.2 Proof of message-optimality

Note that, in TDA-SI-MH, ast_active or st_passive mes-
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71. Processp; can announce termination only after “lear- distance ofH hops because of which the termination detec-
ning” that bothp; and p; have become passive. Otherwise, tion algorithm is forced to exchang&(H) control messages.

it can be shown that the termination detection algorithm is Consider two processgg and p;j that are at a distance
not safe. Note that, in an asynchronous distributed systenof H hops from each other. Assume that the system is in a
the knowledge that some process has become passive cstateX in which only one process, sgy, is active, all other
only be acquired through a (possibly empty) causal chain gbrocesses are passive and all channels are empty. (This state
messaged|. Let K denote the set of processes that “learn”may be the initial state of the system.) Now, supppasgends
during the executiorr; of the algorithm that bottp; and  an application message i which makesp; active. Since

pj have become passive. The $etis non-empty because the termination detection algorithm eventually stops exchan-
p: € K. Foraprocespy € K, let first(px) denote theear-  ging control messages, the system eventually reaches a state
liest event onpx when py acquired that knowledge during Y—via an executiom;—in which bothp; andp; are active,
71. Consider a procespmin € K such thatfirst(pmin) is  all other processes are passive and all channels are empty. We
a minimal event, with respect te-~, among all events in can now apply Lemma7to system stat¥. Thus there exists
{first(px) | px € K}. Note thatpmin is at a distance of an executionr; of the system that takes the system to a state
at least[H /2] hops from eithemp; or pj. Without loss of ~ Z suchthat (1) irZ only one procesgk € {pi, p;} is active,
generality, assume tha, is at a distance of at leagitl /2] all other processes are passive and all channels are empty,
hops fromp; . For pmin to “learn” thatp; has become passive, (2) no application message is exchanged dusingnd (3)
there should be causal chain of messages starting from what least (H) control messages are exchanged dusing

pi becomes passive and endingfatst (pmin) such that all

Combining the two executions, we can conclude that there

messages in the chain are sent durind-etC denote the set exists an execution of the system, which is given by,

of processes through which this chain pasgesn¢ludesp;
but does notincludemin.) Clearly,C contains atleastH /2]

processes. Moreover, from the wayin is chosen, each pro-

cess inC sends itdirst control message during without

followed byoy, such that (1) exactly one application message
is exchanged during, (2) the application message travels
a distance ofH hops, (3) at leas2(H) control messages
are exchanged during, and (4) the system state afteris

knowing that the other procegg has become passive. isomorphic to the system state befose

Now, consider the second execution of the computation, The last property implies that the above-described
denoted byky, in which only procesg; becomes passive construction can be repeatad infinitum, thereby proving
but p; remains active. Processes @hclearly cannot dis- the lower bound. O
tinguish between executiong and«; of the computation
when they send their rst control message duringThere-
fore there exists an executiep of the termination detection
algorithm from the state resulting aftes such that (1) at
least[H /2] processes send a control message dutingnd
(2) no control message is sent afteruntil the computation
executes an event. The required execusiaf the system is
given by followed by 7. O

Next, we show that TDA-SI-MH has optimal message-
complexity.

Theorem 19 (TDA-SI-MH is message-optimal)Assume
that the underlying computation eventual ly terminates. Then,
the number of control messages exchanged by the modified
algorithmisgiven by ©(MH + N), where N is the number
of processes in the system, M is the number of application
messages exchanged by the underlying computation and H

We are now ready to prove the lower bound on messagis the average number of hops traveled by the application
complexity of a termination detection algorithm. Our proof messages.

is based on the proof of lower bound on message complexity, ot The structure of the proof is quite similar to the struc-
of a termination detection algorithm given in T&l] for the ture of the proof for Theorer L. We present it for the sake
case wherH = 1. of completeness.

Our algorithm exchanges six different types of control
messages, namelgcknowledgment, detach, initialize,
st_active, st_passive andack_st_active. We now bound
each of the six types of control messages.

Clearly, the number ofacknowledgment messages is
equal to the total number of hops traveled by all application
messages collectively, which is given ByH. A process
sends at most ondetach message per engaging applica-
Proof The proof is constructive by nature. We construct ation message. Therefore the numberdefach messages is
system execution in steps. In each step, the underlying conpper-bounded byl H. Every process sends at most ame
putation exchanges one application message that travelstialize message. Furtheiitialize messages are propagated

Theorem 18 (lower bound on message-complexi§onsi-
der adiffusing computation and assumethat the computation
eventually terminates. Then, the worst-case message-
complexity of any termination detection algorithm is given
by ®(MH), where M isthe number of application messages
exchanged by the underlying computation and H isthe ave-
rage number of hops traveled by the application messages.
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to the coordinator in a convergecast fashion. Hence the totédaveled by application messages. Also, as opposed to our
number ofinitialize messages exchanged is given®gN).  algorithm, Mahapatra and Dutt’s algorithrd]], which is
Every st_active andst_passive message has to be pro- also latency-optimal, has worst-case message complexity of
pagated to the coordinator along the BFS spanning tree an@(M D + N) irrespective of the average number of hops
therefore, may have to travel a distance of uptmnessage traveled by application messages. Therefore Mahapatra and
hops. Likewise, amck_st_active message may have to tra- Dutt’s algorithm R1] is message-optimal only for those com-
vel adistance of up tB message hops. From Lemfavery  putations for whickH is ® (D). On the other hand, our algo-
process sends an equal numbesbfactive andst_passive  rithm is message-optimal for all computations.
messages. Moreover, the number afk_st_active mes-
sages a process receives is equal to the numbeir attive
messages it sends. Thus it is suf cient to show that the tot

number of st_active messages generated by all processels hi h ted th lorithms for termi
combined is bounded byl H/D. This in turn would imply n i IS f)jai)er,t_we ive presente rede ahgorl lms or el_rnk;ll-
that the total number ofst active, st passive and nation detection when processes and channels are reliable,

ack st _active messages exchangeddgM H). ;:]md all c?annlels are bldlrect|or|1al..tAII th(rjee of thg algorithms
Observe that a process sendssaractive message only ave optimal message complexity under varying assump-

when it is non-quiescent and, moreover, it sends at most onPns: Moreover, they have optimal detection latency when

st active message per non-quiescent interval. We, thereMessage processing time is ignored. Algorithms TDA-SI and

fore, bound the number of non-quiescent intervals in whichTDA'Sl'M'_| have to be initiated along with the computation.

anst_active message is sent. Létc NQI denote the set The former algorithm is optimal When application messages
of those non-quiescent intervals during whichstnactive are only excha_\nged_ between nelg_hbo_rlng processes, whe-
message is sent. For two non-quiescent intepvalsdy with reas the latter is optimal when application messages can be
X > y, the distaﬁce betweenandy is given by thenumber exchanged between arbitrary processes. Algorithm TDA-DI

of hops traveled by the engaging application message thafan be initiated at any timafter th_e computation has started.
createdy (and was sent during). Our proof uses the notion I—_|owever, all channels are_req.uwed to be FIFO for the algo-
of childset of a non-quiescent interval, which was de ned inrlthm to work correctly, which is also necessary to solve the

the proof of Theorem 1. It can be veri ed that: problem. . oo
All of our algorithms have three limitations currently.

. i First, all processes need to know the diameter of the commu-
Xy} € DA #y) = childseteonchildset(y) =% pication topology within a constant factor. (Itis not necessary
(9)  toknowthe exactvalue of the diameter as long as the estimate
is within a constant factor of the actual value.) Second, they
Also, lettotal hops(x) denote the total number of hops trave- are asymmetric in the sense that one of the processes acts
led by application messages that created non-quiescent intefs a coordinator and is responsible for maintaining the state

aqi Conclusion and future work

vals inchildset (x). From the de nition ofl, of the system. Third, our algorithms have optimal detection
latency only when message processing time is ignored. An
xel = totalhops(x) > D (10)  interesting (but challenging) research problem is to design
a message-optimal termination detection algorithm that has
We have, optimal detection latency even when message processing
time is explicitly considered, is fully symmetric, and in which
{using 9) } the amount of knowledge a process needs to have about the

5" totalhops(x) < MH system is minimizedd2].

xel Acknowledgements We would like to thank the anonymous referees

= {using (10) } for their numerous and valuable suggestions, which greatly helped us

i i h i | .
D x [1] < 3 totalhops(x) < MH in presenting the paper in a clear manner.
xel

= {algebra}
1< MH/D
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