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Abstract

Given a distributed computation and a global predicate,
predicate detection involves determining whether there ex-
ists at least one consistent cut (or global state) of the com-
putation that satisfies the predicate. On the other hand,
computation slicing is concerned with computing the small-
est sub-computation—with the least number of consistent
cuts—that contains all consistent cuts of the computation
satisfying the predicate. In this paper, we investigate the
relationship between predicate detection and computation
slicing and show that the two problems are equivalent.
Specifically, given an algorithm to detect a predicate b in a
computation C, we derive an algorithm to compute the slice
of C with respect to b. The time-complexity of the (derived)
slicing algorithm is O(n|E|) times the time-complexity of
the detection algorithm, where n is the number of processes
and E is the set of events. We discuss how the “equiva-
lence” result of this paper can be utilized to derive a faster
algorithm for solving the general predicate detection prob-
lem.

Slicing algorithms described in our earlier papers are
all off-line in nature. In this paper, we also give an on-
line algorithm for computing the slice for a predicate that
can be detected efficiently. The amortized time-complexity
per event of the algorithm is O(n(c + n)) times the time-
complexity of the detection algorithm, where ¢ is the average
concurrency in the computation.

1. Introduction

Writing correct distributed programs is a non-trivial task.
Not surprisingly, distributed systems are particularly vul-
nerable to software faults. Testing and debugging is an ef-
fective way of improving the dependability of a software
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prior to its deployment. Software bugs that do persist af-
ter extensive testing and debugging have to be tolerated at
runtime to ensure that the system continues to operate prop-
erly. Detecting a fault in an execution of a distributed sys-
tem (e.g., violation of mutual exclusion) is a fundamental
problem that arises during testing and debugging as well as
software fault tolerance.

In this paper, we focus on detecting those faults that
can be expressed as predicates on variables of processes.
For example, “no process has the token” can be written as
no_tokeni Ano_tokens - - -Ano_token,,, where no_token;
denotes the absence of token on process p;. This gives rise
to the predicate detection problem which involves determin-
ing whether there exists a consistent cut (or global state) of a
distributed computation that satisfies given global predicate.
(This problem is also referred to as detecting a predicate un-
der possibly modality in the literature.) For example, a pro-
grammer debugging an implementation of a distributed mu-
tual exclusion algorithm may want to test whether a given
execution of the system contains a global state for which
two or more processes are in their critical sections.

Detecting a global predicate in a distributed computa-
tion is a hard problem in general [18, 7]. The reason is the
combinatorial explosion in the number of possible consis-
tent cuts. Given n processes such that each process exe-
cutes at most k events, the number of possible consistent
cuts in the computation could be as large as O(k™). Find-
ing a consistent cut that satisfies the given predicate may,
therefore, require looking at a large number of consistent
cuts. Many approaches to predicate detection exploit the
structure of the predicate to detect it efficiently in a given
computation. (Hereafter, when we say that an algorithm
is efficient, it means that its (worst-case) time-complexity is
polynomial in input size.) Polynomial-time algorithms have
been developed for several useful classes of predicates (e.g.,
conjunctive predicates [7], relational predicates [4] and so
on).

In our earlier papers [8, 13], we introduce the notion of
computation slice. Intuitively, slice is a concise represen-



tation of consistent cuts satisfying a certain condition. The
slice of a computation with respect to a predicate is the sub-
computation with the least number of consistent cuts that
contains all consistent cuts of the computation for which
the predicate evaluates to true. We show in [8] that slice
is uniquely defined for all predicates. Suppose the number
of consistent cuts of the slice is much smaller than those of
the computation. Then, clearly, in order to detect a fault,
rather than searching the state-space of the computation, it
is more effective to search the state-space of the slice. We
also identify a class of predicates, called regular predicates,
for which the slice is lean [8, 13]. That is, the slice for
a regular predicate contains precisely those consistent cuts
for which the predicate evaluates to true.

As an illustration, suppose we want to detect the predi-
cate (1 = 1) A (z3 < 3)A (z1 * 22 + 23 < 5) in the com-
putation shown in Figure 1(a). The computation consists of
three processes p1, p2 and ps hosting integer variables z1,
x4 and x3, respectively. The events are represented by cir-
cles. Each event is labeled with the value of the respective
variable immediately after the event is executed. For ex-
ample, the value of variable x; immediately after executing
the event ¢ is 2. The first event on each process (namely
a on pi, g on py and w on p3) “initializes” the state of
the process and every consistent cut contains these initial
events. Without computation slicing, we are forced to ex-
amine all consistent cuts of the computation, thirty in total,
to ascertain whether some consistent cut satisfies the pred-
icate. Alternatively, we can compute the slice of the com-
putation with respect to the predicate (z; > 1) A (23 < 3)
as follows. Immediately after executing b, the value of
becomes —1 which does not satisfy 1 > 1. To reach a
consistent cut satisfying x; > 1, ¢ has to be executed. In
other words, any consistent cut in which only b has been
executed but not ¢ is of no interest to us and can be ig-
nored. The slice is shown in Figure 1(b). It is modeled
by a partial order on a set of meta-events; each meta-event
consists of one or more “primitive” events. A consistent cut
of the slice either contains all the events in a meta-event or
none of them. (Intuitively, any consistent cut of the compu-
tation that contains only a partial set of events in a meta-
event is of no relevance to us.) Moreover, a meta-event
“belongs” to a consistent cut only if all its incoming neigh-
bours are also contained in the cut. We can now restrict
our search to the consistent cuts of the slice which are only
six in number, namely {a,q,r u,v}, {a,q,r u,v,b,c},
{a7 q,7,U, v, UJ}, {a7 q,7,U, v, ba ) ’LU}, {a7 q,r,u,V,w, S}
and {a,q,r,u,v,b,c,w,s}. The slice has much fewer
consistent cuts than the computation itself—exponentially
smaller in many cases—resulting in substantial savings.

The predicate detection problem is only concerned with
determining whether there exists at least one consistent cut
of the computation that satisfies the given predicate. Com-
putation slicing, on the other hand, is concerned with com-
puting (a succinct representation of) all consistent cuts of
the computation for which the given predicate evaluates to
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Figure 1. (a) A computation and (b) its slice
with respect to (z; > 1) A (z3 < 3).

true. Clearly, detecting a predicate is no harder than com-
puting its slice in the sense that the predicate detection prob-
lem can be easily solved given the slice for the predicate (it
suffices to test for the emptiness of the slice). In this paper,
we prove the converse that detecting a predicate is no easier
than computing its slice. In other words, given an algorithm
A for detecting a predicate b, there exists an algorithm B for
computing the slice for b such that the time-complexity of B
is at most O(n|E|) times the time-complexity of A, where
n is the number of processes and F is the set of events. As
a corollary, it can be derived that there exists a polynomial-
time algorithm for detecting a predicate if and only if there
exists a polynomial-time algorithm for computing its slice.
Some examples of predicates for which we can now com-
pute the slice efficiently include relational predicates [4] and
co-linear predicates [7].

At first glance, it may seem that we are not any better
off than we were before. After all, if predicate detection is
equivalent to computation slicing, then how can slicing be
used to improve to speed-up predicate detection? The fol-
lowing example illustrates that slicing can indeed facilitate
predicate detection. Suppose we want to detect a predicate
b which is a conjunction of two clauses b; and b,. Further,
suppose both b, and by are relational predicates given by
x1+ a2+ Fxy, <candys +y2 + - +yn < d,
respectively, where for each 4, z; and y; are variables on
process p;, and ¢ and d are constants. (Relational predicates
are useful because they can be used to express conditions
such as “at most & processes are in their critical sections at
the same time”.) Although both b, and b5 can be indepen-
dently detected in an efficient manner [4], the same does not
apply for b. In particular, if the computation does not con-
tain any consistent cut satisfying b, or bs, then it also does
not contain any consistent cut satisfying 5. On the other



hand, if the computation contains a consistent cut satisfying
b1 and also a consistent cut satisfying b, then it does not
imply that it also contains a consistent cut satisfying b. This
is because the set of consistent cuts that satisfy b; may be
disjoint from the set of consistent cuts that satisfy b,. In
fact, we are not aware of any algorithm that can detect b
efficiently. Therefore, to detect b, without computation slic-
ing, we are forced to use techniques such as breadth first
search [5], depth first search [1], and partial-order meth-
ods (a model-checking technique) [19]. None of the above
techniques take advantage of the fact that 5; and b, can be
detected efficiently albeit independently. Using computa-
tion slicing technique, however, we can proceed as follows.
First, we compute slices of the computation for b, and b,,
say 57 and .S, respectively. Next, we compose the slices S
and S, together to obtain the slice .S, which contains consis-
tent cuts common to both S; and S> [13]. Both steps have
polynomial-time complexity. Finally, to detect b, clearly, it
suffices to search the state-space of the slice S. In case only
a small number of consistent cuts satisfy b, the state-space
of S is likely to be small resulting in exponential speed-up.
Note that if a relatively large number of consistent cuts sat-
isfy a predicate, then almost all techniques for detecting the
predicate would fair well on average. The technique based
on computation slicing is most useful when only a relatively
small number of consistent cuts satisfy the predicate. In that
case, by spending only polynomial amount of time in com-
puting the slice we can potentially throw away exponential
number of consistent cuts, thereby obtaining an exponen-
tial speed-up overall. Our experimental results indicate that
slicing can indeed lead to an exponential improvement over
existing techniques for predicate detection in terms of time
and space [14]. Thus, the result of this paper, rather than di-
minishing the benefits of computation slicing, actually en-
hances them by expanding the class of predicates for which
the slice can be computed efficiently in polynomial-time.

Observe that other techniques for reducing the time-
complexity [19] and/or the space-complexity [1] of predi-
cate detection are orthogonal to slicing, and as such can be
used in conjunction with slicing. Slicing can also be em-
ployed to reduce the search-space for detecting a predicate
under other modalities including definitely, invariant and
controllable [5, 13, 7] and their nestings, which generates
a subset of temporal logic [17]. Other applications include
tool for debugging a distributed program and a more effec-
tive visualization of a distributed computation using event
abstraction [10]. For instance, a programmer can use slic-
ing to focus his attention on only faulty consistent cuts of a
computation, which may provide a valuable insight into the
bug that caused the fault. An examination of the structure
of the slice may be used to locate potentially problematic
events.

The algorithms described in our earlier papers [8, 13, 17]
for computing a slice are all off-line in nature; they assume
that the entire set of events is available a priori. While this
is quite adequate for applications such as testing and debug-

ging, for other applications such as software fault tolerance,
it is desirable that the slice be computed incrementally in
an on-line manner; as and when a new event is generated,
the current slice is updated to reflect its arrival. The reason
is that for software fault tolerance, it is important to detect
the fault as early as possible before it can cause any severe
damage. If the slice is computed only after a certain num-
ber of events have been collected and then analyzed for the
presence of a faulty consistent cut, it may be too late for any
meaningful recovery. At the same time, whenever an event
arrives, the cost of incrementally updating the slice should
be less than the cost of recomputing the slice from scratch
using an off-line algorithm. The on-line algorithm is also
useful when slicing is used to visualize a computation in
progress. For instance, when debugging an implementation
of distributed mutual exclusion algorithm, the programmer
may want to “look” at only those consistent cuts that vio-
late mutual exclusion. In this paper, we give an efficient
incremental algorithm to compute the slice for a predicate
given an efficient (off-line) algorithm to detect the predi-
cate. The amortized time-complexity per event of the algo-
rithm is O(n(c + n)) times the time-complexity of the de-
tection algorithm, where c is the average concurrency in the
computation. We define average concurrency in the com-
putation to be the ratio of the number of concurrent pairs
(including reflexive pairs) to the number of events. The av-
erage concurrency of a computation lies between 1 and | E|.

To summarize, in this paper, we prove that the problem
of detecting a predicate in a computation is equivalent to the
problem of computing the slice for the predicate. In addi-
tion, we give an efficient on-line algorithm for computing
the slice for a predicate that can be detected efficiently. Due
to the lack of space, the proofs of all lemmas and theorems
can be found elsewhere [15].

2. Model and Notation

We assume a loosely-coupled system consisting of n
processes denoted by P = {p1, pa, . . ., p, } COMmunicating
via asynchronous messages. We do not assume any shared
memory or global clock. Processes execute events. Events
on the same process are totally ordered. However, events
on different processes are only partially ordered. Therefore,
traditionally, a distributed computation is modeled as a par-
tial order on a set of events [11]. In this paper we relax the
restriction that the order on events must be a partial order.
More precisely, we use directed graphs to model distributed
computations as well as slices. Directed graphs allow us to
handle both of them in a uniform and convenient manner.

Given a directed graph G, let V(G) and E(G) denote the
set of its vertices and edges, respectively. A subset of ver-
tices of a directed graph forms a consistent cut if the subset
contains a vertex only if it also contains all its incoming



neighbours. Formally,

C'is a consistent cut of G £

Ve, f eV(Q): (e, f) €E(G): feC = ec ()

Note that a consistent cut either contains all vertices in a
strongly connected component or none of them. Let C(G)
denote the set of consistent cuts of a directed graph G. Ob-
serve that the empty set () and the set of vertices V(G) triv-
ially belong to C(G). We call them trivial consistent cuts.
Also, let P(G) denote the set of pairs of vertices (u, v) such
that there is a path from « to v in G. We assume that every
vertex has a path to itself.

A distributed computation (or simply a computation)
(E, —) is a directed graph with vertices as the set of events
E and edges as —. To limit our attention to only those
consistent cuts that can actually occur during an execution,
we assume that P((E, —)) contains at least the Lamport’s
happened-before relation [11]. A distributed computation
in our model can contain cycles. This is because whereas
a computation in the traditional or happened-before model
captures the observable order of execution of events, a com-
putation in our model captures the set of possible consistent
cuts. Intuitively, each strongly connected component of a
computation constitutes a meta-event.

Let proc(e) denote the process on which event e occurs.
The predecessor and successor events of e on proc(e) are
denoted by pred(e) and succ(e), respectively, if they ex-
ist. When two events e and f occurred on the same process
and e occurred before f in real-time, then we write ¢ — f,
and let = be the reflexive closure of . We assume the
presence of fictitious initial and final events on each pro-
cess. The initial event on process p;, denoted by L ;, occurs
before any other event on p;. Likewise, the final event on
process p;, denoted by T, occurs after all other events on
p;. We use final events only to ease the exposition of the
slicing algorithms given in this paper. It does not imply that
processes have to synchronize with each other at the end of
the computation. For convenience, let | and T denote the
set of all initial events and final events, respectively. We
assume that all initial events belong to the same strongly
connected component. Similarly, all final events belong to
the same strongly connected component. This ensures that
any non-trivial consistent cut will contain all initial events
and none of the final events. Thus, every consistent cut of a
computation in the traditional model is a non-trivial consis-
tent cut of the corresponding computation in our model and
vice versa. Only non-trivial consistent cuts are of interest to
us.

A global predicate (or simply a predicate) is a boolean-
valued function on variables of processes. Given a consis-
tent cut, a predicate is evaluated on the state resulting after
executing all events in the cut. If a predicate b evaluates to
true for a consistent cut C, we say that “C' satisfies b”. We
leave the predicate undefined for the trivial consistent cuts.
A global predicate is local if it depends on variables of a
single process.

Example 1 Consider the computation depicted in Fig-
ure 2(a). It has three processes, namely pi, po and ps.
The events ey, fi1 and g; are the initial events, and the
events ey, f4 and g4 are the final events of the computa-
tion. The cut A = {e,eq,es3,¢€4, f1,91} IS noOt consis-
tent because g4 — e4 and e4 € A but g4 ¢ A. The
cut {ey, es, f1, f2, 91} is consistent. The events ey, f; and
g1 belong to the same strongly connected component or
meta-event. Processes p1, p2 and ps host integer variables
x, y and z, respectively. The predicate x < 1 is local
whereas the predicate  + y < z is not. The consistent
cut {ey, f1, 91} satisfies © + y < z but the consistent cut

{61,@2af17f2791}d088 not. O
3. Background

The notion of computation slice is based on the
Birkhoff’s Representation Theorem for Finite Distributive
Lattices [6] which we describe next.

3.1. Birkhoff's Theorem

We first describe some concepts needed to understand
the theorem. A lattice is called distributive if its meet oper-
ator distributes over its join operator [6]. An element of a
lattice is called join-irreducible if it cannot be expressed as
join of two distinct elements (of the lattice), both different
from itself [6]. Let L be a lattice and JZ (L) be the set of its
join-irreducible elements. In case L is a distributive lattice,
it satisfies an important property that every element in L can
be expressed as join of some subset of elements in JZ(L)
and vice versa [6, Birkhoff’s Theorem]. In other words,
JZ(L) completely characterizes L. This is significant be-
cause | JZ(L)| is generally much smaller—exponentially in
many cases—than |L|. Hence if some computation on L
can instead be performed on JZ(L), we obtain a signifi-
cant computational advantage.

Consider a computation (E, —) Recall that the set of
consistent cuts of (E, —) is denoted by C((F,—)). For
reasons of clarity, we abbreviate C((E, —)) by C(E). Itcan
be proved that C(E) forms a distributive lattice under the re-
lation C; its join and meet operators correspond to set union
(V) and set intersection (N), respectively [12]. We show
that the set C(E) satisfies no additional structural property
[8, 13]. Further, the set of join-irreducible elements of C(E)
is isomorphic to the set of strongly connected components
of (£, —) [8, 13].

Example 2 Consider the computation shown in Fig-
ure 2(a). The (distributive) lattice spanned by the set of its
consistent cuts is shown in Figure 2(b). Each consistent cut
is labeled with the number of events that have to be executed
on each process to reach the cut. The join-irreducible ele-
ments of the lattice have been drawn with thick boundaries.
(They have exactly one incoming edge in the Hasse dia-
gram.) The lattice has eight join-irreducible elements which



:w : trivial consistent cut

Q : join-irreducible element
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Figure 2. (a) A computation, (b) the lattice of its consistent cuts, (c) the smallest sublattice that
contains all consistent cuts satisfying the predicate = + y — z < 1, and (d) the poset induced on the

set of join-irreducible elements of the sublattice.

is same as the number of strongly connected components of
the computation. It can be verified that every consistent cut
of the computation can be written as the join of some subset
of these eight join-irreducible elements and vice versa. For
instance, R (in Figure 2(b)) can be expressed as the join of
UandV. O

Now, consider a subset D C C(E). We say that D forms
a sublattice of C(F) if D is closed under set union and set
intersection. That is, given two consistent cuts from D, the
consistent cuts obtained by their set union and set intersec-
tion also belong to D. It can be proved that any sublattice of
a distributive lattice is also a distributive lattice [6]. Thus if
D is a sublattice of C(E), then, using Birkhoff’s Theorem,
JZI(D) completely characterizes D. This forms the basis
for the notion of computation slice.

3.2. Computation Slice

Informally, a computation slice (or simply a slice) is a
concise representation of all those consistent cuts of the
computation that satisfy a given predicate. For a compu-
tation (E, —) and a predicate b, we use Cy(E) to denote the
subset of those consistent cuts of C(E) that satisfy b. Let
T, (E) denote the set of all graphs on vertices E such that
for every graph G € Z,(E), Co(E) C C(G) C C(E). We
now define computation slice formally.

Definition 1 (slice [13]) A slice of a computation with re-
spect to a predicate is a directed graph with the least num-
ber of consistent cuts such that the graph contains all con-
sistent cuts of the computation for which the predicate eval-



uates to true. Formally, given a computation (£, —) and a
predicate b,

L

Sis aslice of (E, —) for b
VG :GeIy(E):|C9) <|C(@))

We use slice((E, —), b) to denote a slice of (E, —) with
respect to b. Note that (E,—) = slice((E, —),true).
Therefore a computation can be viewed as a slice. Like-
wise, a slice can be viewed as a computation at some level
of abstraction [9].

We show in [13] that slice of a computation is uniquely
defined for every predicate in the sense that if two graphs
S and T constitute a slice of (E,—) for b (as per the
definition) then C(S) = C(T"). Moreover, S and T will
have identical meta-events. The main idea behind the proof
is as follows. We show that there exists a unique subset
D C C(F) satisfying the following conditions. First, D
contains Cp(E), that is, C,(E) C D. Second, D forms
a sublattice of C(E). Last, among all sublattices that ful-
fill the first two conditions, D is the smallest one. From
Birkhoff’s Theorem, JZ(D), the set of join-irreducible el-
ements of D, completely characterizes D. We call the par-
tially ordered set (or poset) induced on the elements of
JZ(D) by the relation C as the slice of (£, —) with re-
spect to b. Each join-irreducible element gives rise to a
meta-event. Alternatively, the slice can also be represented
by a directed graph drawn on the set of events E such that
its set of consistent cuts is given by D. Such a graph can
be obtained by simply forming a strongly connected com-
ponent out of each meta-event. The poset representation of
a slice—given by a partial order on the set of meta-events
(e.g., Figure 1(b))—is better for presentation purposes. On
the other hand, the graph representation—given by a di-
rected graph on the set of events (e.g., Figure 2(d))—is more
suited for developing slicing algorithms.

Example 3 Consider the lattice of consistent cuts depicted
in Figure 2(b). The consistent cuts that satisfy the predi-
cate x + y — z < 1 have been shaded in the figure. Fig-
ure 2(c) depicts the smallest sublattice that contains these
consistent cuts. The consistent cuts P and ¢ do not sat-
isfy the predicate but have been included to complete the
sublattice. The join-irreducible elements of the sublattice
have been drawn with thick boundaries. There are, in total,
seven join-irreducible elements, namely 7, U, V, W, X, Y
and Z. Figure 2(d) portrays the partial order induced on
the set 7 = {T,U,V,W, XY, Z}. There is a one-to-one
correspondence between the set of join-irreducible elements
and the set of strongly connected components of the graph
shown in Figure 2(d). It can be verified that every consis-
tent cut in the sublattice can be expressed as join of some
subset of 7 and, furthermore, the join of every subset of 7
is a consistent cut of the sublattice. m|

Every slice derived from the computation (E,—) has
the trivial consistent cuts (¢ and E) among its set of consis-

tent cuts. A slice is empty if it has no non-trivial consistent
cuts [13]. In the rest of the paper, unless otherwise stated, a
consistent cut refers to a non-trivial consistent cut. Efficient
algorithms for computing the slice for many useful classes
of predicates such as regular predicates and their comple-
ments can be found elsewhere [8, 13, 14, 17].

4. The Two Problems

In this section, we study the relationship between the fol-
lowing two problems:

Containing Cut (CONTC) Given a directed graph G and
a predicate b, does there exist a consistent cut of G that
satisfies b?

Computing Slice (COMPS) Given a directed graph G and
a predicate b, compute the slice of G with respect to b.

We say that CONTC and COMPS are equivalent if the
following holds for every predicate b: given an algorithm
U for solving CONTC(G, b) for all G, we can derive an
algorithm V for solving COMPS(H, b) for all H such that
the time-complexity of V' is within a polynomial factor of
the time-complexity of U, and vice versa. We say that an
algorithm is efficient if its (worst-case) time-complexity is
polynomial in input size. Also, a predicate is efficiently de-
tectable if there exists an efficient algorithm to detect the
predicate in a computation.

Note that since both CONTC and COMPS are NP-
complete problems in general, they are equivalent in an-
other sense: given an algorithm U to solve CONTC(G, b)
for all G and b, we can derive an algorithm V to
solve COMPS(H,c) for all H and ¢ such that the time-
complexity of V' is within a polynomial factor of the time-
complexity of U, and vice versa. This notion of equivalence
is weaker than our notion of equivalence. This is because if
we want to solve an instance of COMPS, say for G and b,
then, using the transformation that exists between any two
NP-complete problems, we may be required to solve an in-
stance of CONTC for a predicate different from b.

4.1. The Main Result: Equivalence of COMPS and
CONTC

From the definition of slice, clearly, it follows that the
slice for a directed graph with respect to a predicate (not
necessarily regular [8]) is non-empty if and only if the graph
contains a consistent cut that satisfies the predicate. For-
mally,

CONTC(G,b) = slice(G,b) is non-empty

Therefore COMPS(G,b) is at least as hard as
CONTC(G,b). We now prove the converse. Consider a
directed graph G and a predicate b. Now, G and slice(G, b)
are directed graphs on identical sets of vertices. However,



Input: (1) a directed graph G, (2) a predicate b, and
(3) an algorithm to evaluate CONTC(H, b)
for an arbitrary directed graph H

Output: the slice of G with respect to b

1 K =G,
2 for every pair of events (e, f) do
3 if NOt(CONTC(Gle, f],b)) then
Il set K to Kle, f]

4 add an edge from e to f in K;

endif;

endfor;

5 output K;

Figure 3. An algorithm to solve COMPS using
an algorithm to solve CONTC.

more pairs of vertices are “connected” in slice(G, b) than in
G. In the next lemma, we give a complete characterization
of the pairs of vertices that are “connected” in slice(G, b).
Let Gle, f] denote the directed graph obtained by adding an
edge frometo f in G.

Lemmal There is a path from an event e to an event f
in slice(G, b) if and only if no consistent cut in C(G) \
C(Gle, f]) satisfies b.

Lemma 1 is useful provided it is possible to ascertain ef-
ficiently whether some consistent cut in C(G) \ C(Gle, f])
satisfies b. To that end, we show that the set C(G) \
C(Gle, f]) actually forms a sublattice and therefore can be
captured faithfully using a directed graph. Let @[e, f] de-
note the directed graph obtained by adding an edge from f
to L, and an edge from T, to e. It suffices to show the
following:

~

Lemma2 C(Gle, f)) \ {0,E} = C(G)\C(Gle, f])
Combining the two lemmas, we obtain the following:

Theorem 3 There is a path from an event e to an event f in
slice(G, b) if and only if no consistent cut in Ge, f] satis-

~

fies b, that is, CONTC(Ge, f], b) evaluates to false.

Figure 3 depicts the algorithm for solving COMPS us-
ing an algorithm that solves CONTC. The algorithm con-
structs a directed graph that is transitively closed.

Theorem 4 The time-complexity of the algorithm for solv-
ing COMPS described in Figure 3is O(|E|*T'), where E is
the set of events and O(T") is the worst-case time-complexity
of solving CONTC.

In order to reduce the time-complexity of the algorithm,
we construct a graph that is not transitively closed but

Input: (1) a directed graph G, (2) a predicate b,
o (3) a process p,, and
(4) an algorithm to evaluate CONTC(H, b) for an
arbitrary directed graph H

Output: Fy(e) for all events e on py

1 for each process p; do
/I compute Fy(e)l¢] for all events e on p,.

2 f=1;
3 for each event e on p, do

/[ visit events in the order given by EN
4 while CONTC(Gle, f],b) do

/I advance to the next event on p;
5 f = suce(f);
endwhile;

6 Fy(e)[i] == f;

endfor;

endfor;

Figure 4. An algorithm to compute Fj(e) for
all events e on process p,.

whose set of consistent cuts is the same as that of the slice.
Such a graph is called the skeletal representation of a slice
[13]. For an event e, let F(e) denote a vector of events; the
it" entry of the vector refers to the earliest event f on pro-
cess p; such that there is a path from e to f in the slice [13].
(We assume that every event has a path to itself.) We now
construct a graph with the following edges. First, there is
an edge from an event to its successor, if it exists. Second,
there is an edge from an event e to every event in Fy(e).
We show in [13] that the graph so obtained has the same set
of consistent cuts as the slice. Further, it has only O(n|E|)
edges, where n is the number of processes. It is easy to ver-
ify that F;, is order-preserving which means that if e — f
then Fy(e)[i] = F,(f)[i] for each process p; [13]. Conse-
quently, it is possible to compute Fy(e)[:] for all events e
on a single process by scanning the computation once from
left to right. The algorithm is presented in Figure 4. The
next theorem establishes that the time-complexity of the al-
gorithm is O(n|E|T).

Theorem 5 The time-complexity of the algorithm for com-
puting F(e) for all events e in Figure 4 is O(n|E|T"), where
n is the number of processes, E is the set of events and
O(T) is the worst-case time-complexity of solving CONTC.

4.2. Applications of the Result

Predicate detection is an important problem in dis-
tributed systems. Efficient detection algorithms have been
developed for several useful classes of predicates. Ex-
amples include stable predicates [2], observer-independent
predicates [3], conjunctive predicates [7], linear predicates
[7], relational predicates [4], and their complements such



as co-stable predicates and co-linear predicates [16]. In our
earlier papers, we give efficient algorithms for computing
the slice for regular predicates [8], co-regular predicates
[13], linear predicates and k-local predicates for constant
k [14]. Using the result of this paper, it is now possi-
ble to compute the slice efficiently for many more classes
of predicates including stable and co-stable predicates, ob-
server independent predicates, co-linear predicates, and re-
lational predicates. For instance, an observer independent
predicate can be detected in O(n|E|) time using the algo-
rithm presented in [3]. This implies that its slice can be
computed in O(n?|E|?) time using the algorithm given in
Section 4.1. It is possible that a faster and more efficient
slicing algorithm exists for an observer-independent pred-
icate, which perhaps exploits the specific properties of the
class of observer-independent predicates. Our result is still
useful because it gives a ready-made algorithm for comput-
ing the slice.

Since the problem of predicate detection is NP-complete
in general [18, 7], the problem of computing the slice is
also NP-complete. For such predicates, we can still com-
pute an approximate slice efficiently; an approximate slice
may be bigger than the actual slice but much smaller than
the computation itself. Using our algorithms for composing
slices in [13] and the result of this paper, it is now possible
to compute an approximate slice in polynomial-time for a
predicate composed from “efficiently detectable” predicates
using A and Vv operators. An example of such a predicate
is (x1 Va2) A (g Vag) A A (1 V ), Where z;
is a boolean variable on process p;. This is significant be-
cause our experimental results show that using an approxi-
mate slice instead of the computation can lead to an expo-
nential improvement over existing techniques for predicate
detection in terms of time and space [14].

5. An On-LineAlgorithm to Computethe Slice

In this section, we present an on-line algorithm for com-
puting the slice for a predicate for which the slice can indeed
be computed efficiently in an off-line manner. Our on-line
slicing algorithm is basically derived from the off-line al-
gorithm for computing the slice described in Figure 4. On
generation of a new event in the system, our on-line algo-
rithm updates the current slice to reflect the arrival of the
new event.

Before discussing the algorithm, we state our assump-
tions and describe some notation. We assume that a newly
arrived event is “enabled” in the sense that all events that
happened-before it have already arrived and been incor-
porated into the slice. This can be achieved by buffering
the new event—in case it is not “enabled”—and process-
ing it later when it becomes “enabled”. Whether an event
is “enabled” can be determined efficiently by examining its
Fidge/Mattern’s vector timestamp.

Initially, the computation consists of only the fictitious—
initial and final—events. Let the k" arriving event, k& > 1,

be denoted by e(*), and let G(*) denote the resulting compu-
tation. Sometimes we represent the computation more ex-
plicitly using (E(*), —) whenever necessary, where E*)
denote the set of events and — denote the set of edges in
G™) . Without loss of generality, assume that G*) is a
transitively closed graph and thus — is a transitive relation.
Note that — on the set of non-fictitious events defines the
Lamport’s happened-before relation. Clearly, every non-
trivial consistent cut of G(*~1 is a consistent cut of G'(¥)
as well. Furthermore, every consistent cut of G(*) that is
not a consistent cut of G(*~1) contains e(*).

The on-line algorithm, whenever a new event arrives,
computes the new slice by updating F}(e) for each event e.
We use Fb(k) to refer to the value of F;, for the computation
G®). Now, in order to incorporate an event into the slice,
we may have to recompute the entry F;(e)[i] for each event
e and every process p;. First, we show that the new value
for an entry cannot move “backward” in the space-time dia-
gram. Let p;, denote the process on which the event e®) oc-
curkrecli. Anevent e € E*—1 is said to be a critical event if
Fb( - )(e)[ik] = T,,. Intuitively, no nonfinal event on p;,
is reachable from e in slice(G*~1),b). This may change,
however, on arrival of e(*) because ¢(*) is an event on p;, .
Let critical(k) denote the set of all events in E(*~1) that
are critical with respect to e(*). Formally,

Lemma 6 Given an event e € E*~1) and a process p;,

)
(e & P Ep ¢V
(i = i) A (e € critical(k)) =
FF ()i € {e®, T} (6.2)

Lemma 6 may greatly restrict the amount of work that
needs to be done in order to recompute Fj. In particular,
to determine the new value of F}(e)[i] for an event e and a
process p;, rather than starting the scan from _L;, we can in-
stead start the scan from the old value of F}(e)[é]. The next
lemma specifies the conditions under which either F(e)]:]
will not change or can be determined cheaply.

Lemma 7 Given an event e € E(*~1) and a process p;,

(e — e®) A ((z #ip) V(e d critical(k))) =

1 (7.1)
FED(e)li) = P (o)l

(e — e®) A ((i = i) A(e € mm'ad(k))) =

7.2

FP(e)fi] = e® o

Lemma 7 implies that F} needs to be (re)computed only

for two kinds of events in E(¥). First, for the newly arrived

event e(*), Second, for those events in £~ that did not

happen-before e(*). Actually, F}, for the newly arrived event
can be determined rather easily.



Lemma 8 Given a process p;,

i#in = B (™)l = B V(T (8.)
1 =1 =
F ()] = minge®, FF (T, )uy 2

Figure 5 shows the algorithm to update the slice on ar-
rival of a new event. We now analyze the time-complexity
of the algorithm. For a set of events X, let X; denote the
subset of those events that occurred on process p;. Note
that for an event e in E(*=1) if e(*) — ethene € T; oth-
erwise, when e was incorporated into the slice, it was not
“enabled”—a contradiction. As a result, events in F(+~1)
that did not happen-before e(*) consists of either those
events that are concurrent with e(*) or the final events. Now,
let C(*) contain those events from E(*) that are concurrent
with e®). It can be verified that, given processes p; and
Pz, the number of times an instance of CONTC is invoked
at line 11 is given by O(|Ei(k)| + |C§k)|). This is because
between two consecutive invocations of CONTC, either e
or f advances to its next event. Further, whereas e, if dif-
ferent from T, is constrained to be concurrent with e(*),
there is no such constraint on f. Summing over all possible
values for i and 2, CONTC is invoked O(n|E®*)|) times.
This gives us a time-complexity of O(n|E|T) for updating
the slice, which is same as that of computing the slice from
scratch. (Note that the earliest event on a process that did
not happen-before e(*)—at line 6—can be determined in
O(1) time using the Fidge/Mattern’s vector timestamp.)

To reduce the time complexity further, we proceed as
follows. Suppose, at line 11, CONTC(G®[e, f], b) eval-
uates to true and f — e(®). It can be verified that, in that
case, CONTC(G™® e, g, b) will also evaluate to true for all
events g such that g — e(*). Formally,

Lemma 9 Consider an event e € E*~1) and a process p;.
Further, let f be an event on p; with f — e such that

FFE @i £ f. Then,

((CONTC(@W e, f],b) evaluates to true) /\) N
(g —e®))

CONTC(G™®]e, g], b) evaluates to true

Therefore, when the condition of the while loop at
line 11 evaluates to true and f — e(®), rather than advanc-
ing f to succ(f), we can advance f directly to the earli-
est event on p; that did not happen-before e(*). This re-
duces the number of times an instance of CONTC is eval-
uated to O(|C™| + |C{¥| + 1). The modification is de-
scribed in Figure 6. Now, summing over all possible val-
ues for i and z, when e(®) arrives, CONTC needs to be
invoked O(n|C*)| 4 n?) times to update the slice. Next,
summing over the arrival of |E| events, the total number
of times CONTC is invoked is given by O(n|C| + n?|E|),
where C is the set of concurrent pairs of events in the com-
putation. Assuming that the time-complexity of solving

Input: (1) a computation G(%) = (E(*) | ),
o (2) a predicate b,
(3) for each event e € E(k—1)| Fy(e) currently set
to Fb(kfl)(e), and
(4) an algorithm to evaluate CONTC(H, b) for an
arbitrary directed graph H

Output: for each event e € E(F), Fy,(e) now set to Fé’“)(e)

/I compute F, for the new event
1 Fy(e®) = Fyp(Tq, )
2 foreach event e in E() do
Il'is e a critical event?
3 if Fy(e)lir] = T4, then Fy(e)[ix] := e®); endif;
endfor;

i

for each process p, do
for each process p; do
let e be the earliest event on p, so that e /4 e(F);
f = Fy(pred(e))[i];
done = false;
while not(done) do
Il Fy is order-preserving and Lemma 6
10 £ = max{f, Fy(e)[il};
11 while (f # T;)and
CONTC(G®)[e, ],b) do
/[ advance to the next event on p;

© 0o ~NOOA

12 f = suce(f);

endwhile;
13 Fy(e)li] = f;
14 if e= T, then done := true;

else

/I advance to the next event on p,.

15 e := succ(e);

endif;

endwhile;
endfor;
endfor;

Figure 5. An on-line algorithm to update Fj(e)
for all events e on arrival of a new event.

12a if f — e(k) then
12b set f to the earliest event on p; so that f 4 e(F);
12c else f := succ(f);

endif;

Figure 6. Improving the time-complexity of the
algorithm in Figure 5.

CONTC increases with the number of events, the overall
time-complexity is given by O(n|C|T + n?|E|T), where
O(T) is the worst-case time-complexity of solving CONTC
for a computation consisting of |E| events. Note that the



time-complexity of executing lines 1-3, over |E| events,
is given by O(|E|?), which can be ignored assuming that
T = Q(|E]). Finally, the amortized time-complexity for
updating the slice once—on arrival of an event—is given
by O(n(c +n)T), where ¢ = |C|/|E| denotes the average
concurrency in the computation. Formally,

Theorem 10 The time-complexity of the algorithm to up-
date the slice on arrival of a new event, described in Fig-
ure 5 and Figure 6, amortized over | E| events, is O(n(c +
n)T'), where n is the number of processes, ¢ is the average
concurrency in the computation and O(T) is the worst-case
time-complexity of solving CONTC for a computation con-
sisting of | E'| events.

In case c is low, say O(n), the on-line algorithm has an
amortized time-complexity of O(n2T). In this case, there-
fore, rather than computing the slice from scratch when-
ever an event arrives, it is much faster to update it using
the incremental algorithm. The (on-line) algorithm in this
section only assumes that the predicate can be detected ef-
ficiently; no other assumption is made about the structure
of the predicate. For a special class of predicates, however,
namely regular predicates [8], we have developed a much
faster O(n?) amortized time-complexity algorithm to com-
pute the slice in an on-line manner.

6. Conclusion and Future Work

In this paper, we show the equivalence of two problems
in distributed systems, namely predicate detection and com-
putation slicing. We also give an efficient on-line algorithm
to compute the slice for a predicate that can be detected ef-
ficiently. The on-line algorithm, however, is centralized in
nature. All events have to be sent to a daemon which is
then responsible for updating the slice. Clearly, the central
daemon may become a bottleneck which restricts the scala-
bility of the algorithm. As future work, we plan to develop
a more distributed algorithm for computing the slice.
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