
EXPECTATION ANDMOMENTSExpe
tation of a randomvariableLet X = random variable.E(X) = its expe
tation, the average value, themeanX is random. It takes di�erent values withprobabilities P(x).E(X) is 
onstant, non-random. 1



Expe
tationExample 1: Bernoulli(p), p = 1=2.X = ( 0 with probability 1=21 with probability 1=2 ) E(X) = 1=2Example 2: Bernoulli(p), p = 1=3.X = ( 0 with probability 2=31 with probability 1=3 ) E(X) = 1=3
2



Expe
tationDe�nitionDis
rete 
ase: � = E(X) =Xx xP (x)(
enter of mass)Continuous 
ase: � = E(X) = Z xf(x)dxExpe
tation of a fun
tion Y = g(X)Dis
rete 
ase: Eg(X) =Xx g(x)P(x)Continuous 
ase: Eg(X) = Z g(x)f(x)dx 3



Varian
e of a randomvariableExample. Consider two �nan
ial deals.#1: P(480) = P(520) = 0:5#2: P(0) = P(1000) = 0:5Same E(X) = 500.In #1, values of X are 
lose to E(X).Low variability.In #2, values of X are far from E(X).High variability.Market term: high volatility 4



Varian
eDe�nitionVarian
e of X = Var(X) = E fX � E(X)g2Dis
rete 
ase: Var(X) =Xx (x� �)2P(x)Continuous 
ase: Var(X) = Z (x � �)2f(x)dxStandard deviation � = qVar(X).X, � = E(X), � are measured in units�2 = Var(X) is measured in squared unitsVarian
e of the pro�t = 1 mln. squared dollarsVarian
e of the enrollment = 1000 squaredstudents 5



Expe
tation and varian
ePropertiesE(aX + b) = aE(X) + b - alwaysE(X + Y ) = E(X) + E(Y ) - alwaysE(XY ) = E(X)E(Y ) - for independent X, YVar(aX + b) = a2Var(X) - alwaysVar(X + Y ) = Var(X) + Var(Y )- for independent X, YIn general,Var(X+Y ) = Var(X)+ Var(Y )+2Cov(X; Y )- always 6



Expe
tation and varian
eCovarian
e of X and YCov(X; Y ) = E fX � E(X)g fY � E(Y )gProperties:Cov(X;X) = Var(X)Cov(X; Y ) = 0 for independent X, YIndependent ) un
orrelated, butUn
orrelated 6) independent, in general 7



Expe
tation and varian
eX E(X) Var(X)Bernoulli(p) p p(1� p)Binomial(n; p) np np(1� p)Geometri
(p) 1=p (1� p)=p2Neg:Binomial(r; p) r=p r(1� p)=p2Poisson(�) � �Uniform(a; b) (a+ b)=2 (b� a)2=12Normal(�; �) � �2Exponential(�) 1=� 1=�2Gamma(r; �) r=� r=�2X E(X) Var(X)8



Central Limit TheoremLet X1; : : : ; Xn = random variables from anydistribution with � = E(Xi) and �2 = Var(Xi)As n!1,(X1+ � � �+Xn)� n��pn �! Normal(0;1)That is,P ((X1+ � � �+Xn)� n��pn < x) �! FNormal(0;1)(x)Examples:Binomial(n; p) � Normal(�; �) for large nNeg.Bin.(r; p) � Normal(�; �) for large rGamma(�; �) � Normal(�; �) for large �where � = E(X), �2 = Var(X) 9


