
RANDOM VARIABLESRandom variable = fun
tion of an out
omeX = f(out
ome)S ! 8>>>>>><>>>>>>: real numbersintegers(0;1)(0;+1)et
.(domain ! range)Random variable is a quantity that depends on
han
e.A value of a random variable be
omes knownon
e an experiment is 
ompleted and its out-
ome is obtained. 1



Random variablesExample: toss 3 fair 
oins.Let X = number of headsPossible values: f0;1;2;3g, andP fX = 0g = 1=8P fX = 1g = 3=8P fX = 2g = 3=8P fX = 3g = 1=8(Same model for good/defe
tive items, pass/fail,girl/boy = Bernoulli trials) 2



Random variablesSummarize: Probability mass fun
tion pmfx pX(x) = P fX = xg0 1=81 3=82 3=83 1=8TOTAL 1Properties:0 � p(x) � 1Xx p(x) = 1 3



Random variablesRANDOM VARIABLES���������	 ?���������R(mixed)DISCRETE CONTINUOUSFinite or 
ountable The whole intervalnumber of values of possible valuesExamplesnumber of jobs exe
ution timein a queue waiting timenumber of errors temperaturenumber height, weightof failures (0;1;2; :::) intensityproportion distan
eof failures (0; 1N ; 2N ; :::) miles per gallonhigh jump long jump 4



Random variablesDistribution of a random variable X= 
olle
tion of probabilitiesP fX 2 Ag= Xx2A pX(x)Examples: P fX = 3g, fX > 10g,P fX is an even number g
5



Random variablesCumulative distribution fun
tion (CDF) of Xis FX(x) = P fX � xg = Xy�x pX(y)Properties:F(x) is nonde
reasingJumps by p(x) at the point xF(�1) = 0, F(+1) = 1Computing probabilities:P fa < X � bg= F(b)� F(a) 6



Random ve
tors andjoint distributionIf X, Y = random variables, then(X; Y ) = random ve
torIt has a joint pmfp(x; y) = P f(X; Y ) = (x; y)g= P fX = x \ Y = ygFrom p(x; y), the marginal pmf of X and Y arepX(x) = P fX = xg =Xy p(x; y)pY (y) = P fY = yg =Xx p(x; y) 7



From pX(x) and pY (y), in general, one 
annot
ompute p(x; y).



Random ve
torsIndependen
eRandom variables X and Y are independentif p(x; y) = pX(x)pY (y)i.e., fX = xg and fY = yg are independent eventsfor all x and y.So,- to show independen
e, verify this equality forall x and y;- to show dependen
e, �nd one pair (x; y) vio-lating it 8



EXPECTATION ANDMOMENTSExpe
tation of a randomvariableLet X = random variable.E(X) = its expe
tation, the average value, themeanX is random. It takes di�erent values withprobabilities P(x).E(X) is 
onstant, non-random. 9



Expe
tationExample 1: Bernoulli(p), p = 1=2.X = ( 0 with probability 1=21 with probability 1=2 ) E(X) = 1=2Example 2: Bernoulli(p), p = 1=3.X = ( 0 with probability 2=31 with probability 1=3 ) E(X) = 1=3
10



Expe
tationDe�nition (Dis
rete distribution):� = E(X) =Xx xP (x) (
enter of mass)Expe
tation of a fun
tion Y = g(X)Eg(X) =Xx g(x)P(x)
11



Varian
e of a randomvariableExample. Consider two �nan
ial deals.#1: P(480) = P(520) = 0:5#2: P(0) = P(1000) = 0:5Same E(X) = 500.In #1, values of X are 
lose to E(X).Low variability.In #2, values of X are far from E(X).High variability.Market term: high volatility 12



Varian
eDe�nitionVarian
e of X = Var(X) = E fX � E(X)g2Dis
rete 
ase: Var(X) =Xx (x� �)2P(x)Standard deviation � = qVar(X).X, � = E(X), � are measured in units�2 = Var(X) is measured in squared unitsVarian
e of the pro�t = 1 mln. squared dollarsVarian
e of the enrollment = 1000 squaredstudents 13



Expe
tation and varian
ePropertiesE(aX + b) = aE(X) + b - alwaysE(X + Y ) = E(X) + E(Y ) - alwaysE(XY ) = E(X)E(Y ) - for independent X, YVar(aX + b) = a2Var(X) - alwaysVar(X + Y ) = Var(X) + Var(Y )- for independent X, YIn general,Var(X+Y ) = Var(X)+ Var(Y )+2Cov(X; Y )- always 14



Expe
tation and varian
eCovarian
e of X and YCov(X; Y ) = E fX � E(X)g fY � E(Y )gProperties:Cov(X;X) = Var(X)Cov(X; Y ) = 0 for independent X, YIndependent ) un
orrelated, butUn
orrelated 6) independent, in general 15


