
Queuing SystemsA queuing system is a fa
ility 
onsisting of oneor several servers designed to perform 
ertaintasks or pro
ess 
ertain jobs and a queue ofjobs waiting to be pro
essed.
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Queuing systemsQUEUING PROCESS is a sto
hasti
 pro
essX(t), in whi
hstates = # of jobs in the system(waiting + being served).Arrival ) X(t) in
reases by 1End of servi
e ) X(t) de
reases by 1Chara
teristi
s:� Distribution of interarrival times� Distribution of servi
e times� Number of servers� Limited or unlimited 
apa
ity 2



Queuing systemsSINGLE-SERVER BERNOULLIQUEUING PROCESSIt is a queuing pro
ess with:� one server;� unlimited 
apa
ity;� arrivals a

ording to a Binomial 
ountingpro
ess;PA = P farrival during any frameg� servi
e 
ompletions a

ording to a Binomial
ounting pro
ess (while there are jobs in thesystem);PS = P ( 
ompleted servi
eduring any frame ����� server is busy )� arrivals independent of servi
e times. 3



Bernoulli queuing pro
essRemarks:� Fastest servi
e = 1 frame.� PA, PS are 
onstantIt is a Markov 
hain.TRANSITION PROBABILITIESP(0! 0) = 1� PAP(0! 1) = PAFor all i � 1,P(i! i� 1) = PS(1� PA)P(i! i+ 1) = PA(1� PS)P(i! i) = PAPS + (1� PA)(1� PS)4



Bernoulli queuing pro
essARRIVAL RATE = �A = PA=�SERVICE RATE = �S = PS=�Then�A = E(interarrival time) = 1=�A�S = E(servi
e time) = 1=�S:Modi�
ation: LIMITED CAPACITYThat is, X(t) � C with probability 1.Then8>><>>: P(i! j) are un
hanged for i � C;P(C ! C � 1) = (1� PA)PS;P(C ! C) = 1� (1� PA)PS:Example: telephone with 2 lines. 5



M/M/1 Queuing Pro
essLet � be small, then PA = �A� and PS = �S�are small. Hen
e,P(0! 0) = 1� �A�P(0! 1) = �A�P(i! i� 1) � PS = �S�P(i! i+ 1) � PA = �A�P(i! i) � 1� �A�� �S�M/M/1 PROCESS is a queuing pro
ess whi
his� 
ontinuous time� Markov� transition probabilities as above� with independent in
rements 6



M/M/1DistributionsIn an M/M/1 pro
ess,Interarrival times are Exponential(�A),mean = 1�A = �AServi
e times are Exponential(�S),mean = 1�S = �S
7



M/M/1Steady-state distribution of X(t)Let �i = lim PfX(t) = ig (i.e., steady-stateprobabilities), where � is small (ignore �2).Solve ( �P = �P�i = 1For i = 0,�0 = �0(1� �A�)+ �1�S�+�A�0 = �S�1 8



M/M/1, steady-state distributionFor i > 0,�i = �i�1�A�+�i(1��A���S�)+�i+1�S�+(�A+ �S)�1 = �A�0+ �S�2 = �S�1+ �S�2+�A�1 = �S�2et
...Get "Balan
e equations": �A�i = �S�i+1 .This distribution of X(t) is shifted Geometri
,i.e.�i+ 1�i = �A�S = r; �i = (1� r)ri; r � 09



M/M/1Here r = �A�Sis the arrival-to-servi
e ratio, or utilization.X(t) + 1 is Geometri
(1� r).Consequen
es.For r < 1,� P(X > x) = rx+1� P(X = x) = (1� r)rx� E(X) = r1�r� STD(X) = pr1�rIf r � 1, the system gets overloaded. 10



M/M/1Response Time and Waiting TimeResponse time T is the time a job spends inthe systemT = X+1Xn=0(nth servi
e time);E(T) = E(X + 1)�S = �S1� rWaiting timeW is the time a job spends wait-ing before its servi
e startsW = XXn=0(nth servi
e time);E(W) = E(X)�S = r�S1� r 11



Servi
e time S = T �W , with E(S) = �S, soE(T) = E(W) + �S



M/M/1Number of JobsExpe
ted number of jobs in the system isE(X) = r1� rThe number of jobs getting servi
eXs � Bernoulli(r), soE(Xs) = rThe number of waiting jobs Xw = X �Xs, soE(Xw) = E(X) � E(XS) = r21� r 12



M/M/1Summary of M/M/1 resultsDistribution of the number of jobs�x = P fX = xg= rx(1� r) for x = 0;1;2; : : :E(X) = r1� rvar(X) = r(1� r)2where r = �A=�S = �S=�A 13



M/M/1Performan
e 
hara
teristi
sE(T) = �S1� r = 1�S(1� r)E(W) = �S r1� r = r�S(1� r)E(X) = r1� rE(Xw) = r21� rP fserver is busyg = rP fserver is idleg = 1� r 14


