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Abstract

This paper focuses on optimal estimators of the magnitude spectrum for speech enhancement. We present an analytical solution for
estimating in the MMSE sense the magnitude spectrum when the clean speech DFT coefficients are modeled by a Laplacian distribution
and the noise DFT coefficients are modeled by a Gaussian distribution. Furthermore, we derive the MMSE estimator under speech pres-
ence uncertainty and a Laplacian statistical model. Results indicated that the Laplacian-based MMSE estimator yielded less residual
noise in the enhanced speech than the traditional Gaussian-based MMSE estimator. Overall, the present study demonstrates that the
assumed distribution of the DFT coefficients can have a significant effect on the quality of the enhanced speech.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Single-channel speech enhancement algorithms based on
minimum mean-square error (MMSE) estimation of the
short-time spectral magnitude have received a lot of atten-
tion in the past two decades (Ephraim and Malah, 1984;
Ephraim and Malah, 1985; Cohen and Berdugo, 2001). A
key assumption made in the MMSE algorithms is that
the real and imaginary parts of the clean Discrete Fourier
Transform (DFT) coefficients can be modeled by a Gau-
ssian distribution. This Gaussian assumption, however,
holds asymptotically for long duration analysis frames,
for which the span of the correlation of the signal is much
shorter than the DFT size. While this assumption might
hold for the noise DFT coefficients, it does not hold for
the speech DFT coefficients, which are typically estimated
using relatively short (20–30 ms) duration windows. For
that reason, several researchers (Martin, 2002; Martin
and Breithaupt, 2003; Lotter and Vary, 2003; Breithaupt
and Martin, 2003; Porter and Boll, 1984; Chen and Loizou,
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2005) have proposed the use of non-Gaussian distributions
for modeling the real and imaginary parts of the speech
DFT coefficients. In particular, the Gamma or the Lapla-
cian probability distributions can be used to model the
distributions of the real and imaginary parts of the DFT
coefficients. Several have computed histograms of the real
and imaginary parts of the DFT coefficients from a large
corpus of speech and confirmed that the Gamma and
Laplacian distributions provide a better fit to the experi-
mental data than the Gaussian distribution (Lotter and
Vary, 2003; Martin, 2002). This was also confirmed quan-
titatively in Breithaupt and Martin (2003) by using the
Kullback divergence to measure the ability of the Gamma
probability density function (pdf) to fit the experimental
data. A smaller Kullback divergence was found for the
Gamma pdf when compared to the Gaussian pdf, suggest-
ing that the Gamma pdf provides a better fit to the exper-
imental data than the Gaussian pdf.

The use of Gamma or Laplacian distributions, however,
complicates the derivation of the MMSE estimate of the
magnitude spectrum. This is partly because the magnitude
and phases of the DFT coefficients are no longer indepen-
dent when the real and imaginary parts of the DFT
coefficients are modelled by a Laplacian (or Gamma)
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distribution. For that reason, alternative solutions were
explored in (Martin, 2002; Martin and Breithaupt, 2003;
Lotter and Vary, 2003; Breithaupt and Martin, 2003;
Porter and Boll, 1984). For instance, in (Lotter and Vary,
2003) the authors approximated the pdf of the magnitude
of the DFT coefficients with a parametric function, and
used that to derive a MAP estimator of the magnitude
spectrum. The MAP estimator was pursued over the
MMSE estimator since the resulting integrals were too dif-
ficult to evaluate in closed form. In (Martin and Bre-
ithaupt, 2003), the estimators of the real and imaginary
parts of the DFT coefficients were derived separately
assuming Gamma and Laplacian distributions for the
speech DFT coefficients. The two estimators combined
yielded a complex-valued estimator for the signal DFT
coefficients. Experimental results showed that those estima-
tors provided consistently better results than the Wiener
estimator.

In Chen and Loizou (2005), we derived an approximate
MMSE estimator of the speech magnitude spectrum based
on a Laplacian model for the speech DFT coefficients and a
Gaussian model for the noise DFT coefficients. This estima-
tor was derived under the assumption that the magnitude
and phases of the complex DFT coefficients were indepen-
dent. Acknowledging that this assumption does not neces-
sarily hold, we derive in this paper the true MMSE
estimator of the speech magnitude spectrum based on
Laplacian modeling. The derived estimator is implemented
using numerical integration techniques, and compared to
the approximate MMSE estimator (Chen and Loizou,
2005). To further improve the amplitude estimation, we also
incorporate speech presence uncertainty into the Laplacian-
based estimator. The performance of the proposed estima-
tor is compared to the conventional MMSE estimator
(Ephraim and Malah, 1984) as well as the Laplacian estima-
tor proposed in Martin and Breithaupt (2003).

The paper is organized as follows. In Sections 2 and 3,
we derive the Laplacian-based MMSE estimators and in
Section 4 we derive the MMSE estimator under signal pres-
ence uncertainty. In Section 5, we evaluate the performance
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of the proposed estimators, and in Section 6 we present the
conclusions.
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2. Laplacian-based short-time spectral amplitude

estimator

Let y(n) = x(n) + d(n) be the sampled noisy speech sig-
nal consisting of the clean signal x(n) and the noise signal
d(n). Taking the short-time Fourier transform of y(n), we
get:

Y ðxkÞ ¼ X ðxkÞ þ DðxkÞ ð1Þ
for xk = 2pk/N where k = 0,1,2, . . . ,N � 1, and N is the
frame length. The above equation can also be expressed
in polar form as

Y kejhyðkÞ ¼ X kejhxðkÞ þ Dkejhd ðkÞ ð2Þ
where {Yk,Xk,Dk} denote the corresponding magnitude
spectra and {hy(k),hx(k),hd(k)} denote the corresponding
phase spectra of the noisy, clean and noise signals respec-
tively. The MMSE estimator of the magnitude spectrum
Xk is obtained as follows (Ephraim and Malah, 1984):bX k ¼ EfX kjY ðxkÞg; k ¼ 0; 1; 2; . . . ;N � 1
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where E{Æ} denotes the expectation operator, hk , hx(k) for
convenience, p(Xk,hk) is the joint pdf of the magnitude and
phase spectra, kd(k) denotes the noise variance and
p(Y(xk)jXk,hk) is given by
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Following the procedure in Papoulis and Pillai (2001), it is
easy to show for a Laplacian distribution that p(Xk,hk) is
given by

pðX k; hkÞ ¼
X k
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Substituting (4) and (5) into (3), we get:
After substituting (33) and (34), we can express the above
equation in terms of the a priori and posteriori SNRs as
follows:
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Fig. 1. Plot of the joint density p(xk,h) of a zero mean complex Laplacian
random variable (r2 = 1).

Fig. 2. Plot of p(xk)p(h), where p(xk) is given by (9) and p(h) is given by (8)
[kx(k) = 1].

136 B. Chen, P.C. Loizou / Speech Communication 49 (2007) 134–143
where nk , kx(k)/kd(k) and ck,Y 2
k=kdðkÞ denote the a priori

and posteriori SNRs respectively (Ephraim and Malah,
1984). The above equation gives the Laplacian MMSE esti-
mator of the spectral magnitudes, and we will be referring
to this estimator as the LapMMSE estimator. The closed
form solution of the above estimator is unknown to the
authors, and therefore alternative solutions were sought.
To derive such solutions, we needed to make some assump-
tions about the relationship between the magnitude and the
phase pdfs, and this is examined next.

3. Derivation of approximate Laplacian MMSE estimator

It is known that complex zero mean Gaussian random
variables have magnitudes and phases which are statisti-
cally independent (Papoulis and Pillai, 2001). Furthermore,
the phases have a uniform distribution. This is not the case,
however, with the complex Laplacian distributions that are
used in this paper for modeling the speech DFT coeffi-
cients. Further analysis of the joint pdf of the magnitudes
and phases, p(Xk,hk), however, revealed that the pdfs of
the magnitudes and phases are nearly statistically indepen-
dent, at least for a certain range of magnitude values. To
show that, we derive the marginal pdfs of the magnitudes
and phases and examine whether p(Xk,hk) � p(Xk)p(hk).
The marginal pdf of the phases is derived from (5) and is
given by

pðhkÞ ¼
X k

2
ffiffiffiffiffiffiffiffiffiffiffi
kxðkÞ

p Z 1

0

exp � X kffiffiffiffiffiffiffiffiffiffiffi
kxðkÞ

p j coshkj þ j sinhkj
" #

dX k

¼� X k

2j coshkj þ 2j sinhkj

� exp � X kffiffiffiffiffiffiffiffiffiffiffi
kxðkÞ

p ðcoshk þ sinhkÞ
" #1

0

�
ffiffiffiffiffiffiffiffiffiffiffi
kxðkÞ

p
2þ 4j coshk sinhkj

exp �X k

r
ðcoshk þ sinhkÞ

� �1
0

¼
ffiffiffiffiffiffiffiffiffiffiffi
kxðkÞ

p
2þ 4j coshk sinhkj

ð8Þ

The density p(Xk) of the spectral magnitudes is given by
(see derivation in Appendix A):
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where In(Æ) denotes the modified Bessel function of nth or-
der and u(x) is the step function. Figs. 1 and 2 show plots
of the joint density p(Xk,hk) as well as plots of the product
of the magnitude and phase pdfs. Fig. 1 shows the joint
density p(Xk,hk), Fig. 2 shows p(Xk)p(hk) and Fig. 3 shows
the absolute difference between the densities displayed in
Figs. 1 and 2. As can be seen, the difference between the
two densities is large near Xk � 0, but is near zero for
Xk > 2. The plot in Fig. 3 demonstrates that the magni-
tudes and phases are nearly independent, at least for a
specific range of magnitude values (Xk > 2, hk 2 [�p,p]).
We can therefore make the approximation that p(Xk,hk) �
p(Xk)p(hk).

We further analyzed the phase pdf, p(hk), to determine
the shape of the distribution and examine whether it is sim-
ilar to a uniform distribution. Fig. 4 shows the plots of
p(hk) superimposed to a uniform distribution. The density
p(hk) is clearly not uniform, but it oscillates near the
1/(2p) value of the uniform distribution for hk 2 [�p,p].
Despite this difference, we approximated p(hk) with a uni-
form distribution, i.e., p(hk)�1/(2p) for hk 2 [�p,p].

After taking into consideration the above two assump-
tions (statistical independence between Xk and hk, and a



Fig. 3. Plot of the absolute difference between the densities shown in Figs.
1 and 2.
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Fig. 4. Plot of p(h) (solid lines) superimposed to a uniform distribution
(dashed lines).
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uniform distribution for the phases), we approximated the
joint density in (3) with pðX k; hkÞ � 1

2p pðX kÞ; where p(Xk) is
the density of the spectral magnitudes. Finally, after substi-
tuting (9) and (4) into (3) and using (Gradshteyn and
Ryzhik, 2000, Eq. (6.633.1)) we get an expression for the
MMSE estimator in closed form (see derivation in Appen-
dix B):
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where nk and ck are the a priori and posteriori signal-
to-noise (SNR) ratios respectively, C( Æ ) is the gamma
function and F(a,b,c;x) is the Gaussian hypergeometric
function (Gradshteyn and Ryzhik, 2000, Eq. (9.100)). Eq.
(10a) gives the approximate Laplacian MMSE estimator
of the spectral magnitudes, and we will be referring to this
estimator as the ApLapMMSE estimator.

4. Derivation of amplitude estimator under speech

presence uncertainty

In this section, we derive the MMSE magnitude estima-
tor under the assumed Laplacian model and uncertainty of
speech presence. This is motivated by the fact that speech
might not be present at all times and at all frequencies.
We could therefore consider a two-state model for speech
events that assumes that either speech is present at a partic-
ular frequency bin (hypothesis H1) or that is not (hypoth-
esis H0). Intuitively, this amounts to multiplying the
estimator by a term that provides an estimate of the prob-
ability that speech is present at a particular frequency bin.
Following (Ephraim and Malah, 1984; McAulay and
Malpass, 1980), this new estimator is given bybX k ¼ EðX kjY ðxkÞ;Hk

1ÞP ðHk
1jY ðxkÞÞ ð11Þ

where Hk
1 denotes the hypothesis that speech is present in

frequency bin k, and P ðH k
1jY ðxkÞÞ denotes the conditional

probability that speech is present in frequency bin k given
the noisy speech (complex) spectrum Y(xk). The condi-
tional probability PðH k

1jY ðxkÞÞ can be computed using
Bayes’ rule (Ephraim and Malah, 1984; McAulay and
Malpass, 1980):
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where K(Y(xk), qk) is the generalized likelihood ratio
defined by
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Fig. 5. The pdf of the magnitude of the DFT coefficients assuming the real
and imaginary parts are modeled by a Laplacian distribution (r2 = 1). The
plot indicated by ‘+’ shows the pdf computed by numerical integration of
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where qk ¼ P ðHk
0Þ denotes the a priori probability of speech

absence for frequency bin k.
Under hypothesis H0, Y(xk) = D(xk), and given that the

noise is complex Gaussian with zero mean and variance
kd(k), it follows that pðY ðxkÞjH k

0Þ will also have a Gaussian
distribution with the same variance, i.e.,
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Under hypothesis H1, Y(xk) = X(xk) + D(xk), and
pðY ðxkÞjH k

1Þ will have the form:
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where Zr(k) = Re{Y(xk)}, Zi(k) = Im{Y(xk)}, and
pZrðkÞðzrÞ and pZiðkÞðziÞ are given by (see Appendix C)

pZrðkÞðzrÞ ¼
ffiffiffiffi
ck
p

exp 1
2nk

	 

2
ffiffiffiffiffiffiffi
2nk

p
Y k

exp �
ffiffiffiffi
ck
p

zr

Y k
ffiffiffiffiffi
nk

p
� �

þ
�

exp

ffiffiffiffi
ck
p

zrffiffiffiffiffi
nk

p
Y k

� �
þ exp �

ffiffiffiffi
ck
p

zrffiffiffiffiffi
nk

p
Y k

� �
erf

ffiffiffiffi
ck
p

zrffiffiffiffiffi
nk

p
Y k
� 1ffiffiffiffiffi

nk

p
� �

� exp

ffiffiffiffi
ck
p

zrffiffiffiffiffi
nk

p
Y k

� �
erf

ffiffiffiffi
ck
p

zrffiffiffiffiffi
nk

p
Y k
þ 1ffiffiffiffiffi

nk

p
� ��

ð16Þ

where erf( Æ ) is the error function. A similar form of the
above (16) can be also found in Martin (2005). After substi-
tuting (12), (14), and (15) into (11) we get the final estima-
tor that incorporates speech presence uncertainty.
5. Implementation and performance evaluation

5.1. Implementation

Evaluation of p(Xk) in (9) involves an infinite number of
terms, however, computer simulations indicated that
retaining only the first 40 terms in (9), gave a good approx-
imation of p(Xk). This is demonstrated in Fig. 5, which
shows p(Xk) estimated using numerical integration tech-
niques and also approximated by truncating the summa-
tion in (9) using the first 40 terms.

As shown in (10a), the derived ApLapMMSE estimator
is highly nonlinear and computationally complex. The
implementation of (10a) proved to be challenging due to
the infinite number of terms involved in the summations.
In practice, scaling techniques can be used to implement
(10a) to avoid possible overflows or underflows. Instead,
we chose to use numerical integration techniques (Kwon
and Bang, 2000) to evaluate the integrals in (3). More spe-
cifically, after making the assumptions of independence
and uniform phase distribution, we used numerical integra-
tion techniques to evaluate the estimator of the magnitude
spectrum as follows:
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where pX(Xk) is given by (23). The above integrals were
used to evaluate the ApLapMMSE estimator (MATLAB
implementation of the above estimator is available in Chen
(2005)). Numerical integration techniques were also used to
evaluate the integrals involved in the LapMMSE estimator
in (7).

The proposed estimators were applied to 20 ms duration
frames of speech using a Hamming window, with 50%
overlap between frames. The ‘‘decision-directed’’ approach
(Ephraim and Malah, 1984) was used in the proposed esti-
mators to compute the a priori SNR nk, with a = 0.98. The
enhanced signal was combined using the overlap and add
approach. The a priori probability of speech absence, qk,
was set to qk = 0.3 in (13).
5.2. Performance evaluations

Twenty sentences from the TIMIT database were used
for the objective evaluation of the proposed LapMMSE
estimator, 10 produced by female speakers and 10 pro-
duced by male speakers. The TIMIT sentences were down-
sampled to 8 kHz. Speech-shaped noise constructed from
the long-term spectrum of the TIMIT sentences as well as
F-16 cockpit noise were added to the clean speech files at
0, 5 and 10 dB SNR. White noise was also used to corrupt
the sentences at 0, 5 and 10 dB SNR. An estimate of the
noise spectrum was obtained from the initial 100 ms
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segment of each sentence. The noise spectrum estimate was
not updated in subsequent frames.

Objective measures were used to evaluate the perfor-
mance of the proposed estimators implemented with and
without speech presence uncertainty (SPU) and denoted
as LapMMSE-SPU and LapMMSE, respectively. Simi-
larly, the approximate Laplacian estimators implemented
with and without speech presence uncertainty were indi-
cated as ApLapMMSE-SPU and ApLapMMSE respec-
tively. For comparative purposes we evaluated the
performance of the traditional (Gaussian-based) MMSE
estimator (Ephraim and Malah, 1984) with and without
incorporating speech presence uncertainty which were indi-
cated as MMSE-SPU and MMSE, respectively. We also
evaluated the performance of the complex-valued MMSE
estimator derived in Martin and Breithaupt (2003) based
on Laplacian speech priors. Note that in Martin and Bre-
ithaupt (2003), the estimator E[X(xk)jY(xk)] was derived
by combining the estimators of the real and imaginary
parts of the DFT coefficients.

The segmental SNR, log-likelihood ratio (LLR) and
PESQ (ITU-T P.862) measures were used for objective
evaluation of the proposed estimators. The segmental
SNR was computed as

SNRseg ¼ 10

M

XM�1

k¼0

log10

PNkþN�1
n¼Nk x2ðnÞPNkþN�1

n¼Nk ðxðnÞ � bxðnÞÞ2 ð17Þ

where M is the total number of frames, N is the frame size,
x(n) is the clean signal and x̂ðnÞ is the enhanced signal.
Since the segmental SNR can become very small and neg-
Table 1
Comparative performance, in terms of segmental SNR, of the Gaussian-based

Estimator Speech-shaped

�12.4/0 dB �7.4/5 dB

MMSE 0.863 3.712
LapMMSE 1.521 4.706
ApLapMMSE 1.492 4.784
MMSE-Lap

(Martin and Breithaupt, 2003)
1.891 4.124

MMSE-SPU 1.019 4.256
LapMMSE-SPU 1.915 5.218
ApLapMMSE-SPU 1.881 5.532

Numbers in top row indicate the input SNRseg/global input SNR.

Table 2
Comparative performance, in terms of log-likelihood ratio, of the Gaussian-b

Estimator Speech-shaped

0 dB 5 dB

MMSE 1.433 1.11
LapMMSE 0.789 0.615
ApLapMMSE 0.783 0.618
MMSE-Lap (Martin and Breithaupt, 2003) 1.017 0.772

MMSE-SPU 1.113 0.754
LapMMSE-SPU 0.756 0.598
ApLapMMSE-SPU 0.763 0.602
ative during periods of silence, we limited the SNRseg
values to the range of [�10 dB, 35 dB] as per (Hansen
and Pellom, 1998). In doing so, we avoid the explicit mark-
ing and identification of speech-absent segments. Note that
we report the SNRseg values for completeness and for
comparative purposes with prior studies. The SNRseg
measure has been found in (Hu and Loizou, 2006) to yield
a low correlation (q = 0.31) with subjective quality ratings.
The LLR and PESQ measures have been found to yield
much stronger correlations with subjective quality ratings
(Hu and Loizou, 2006).

The log-likelihood ratio (LLR) for each 20 ms frame
was computed as

LLR ¼ log
aT

e Rxae

aT
x Rxax

� �
ð18Þ

where ax and ae are the prediction coefficients of the clean
and enhanced signals respectively, and Rx is the autocorre-
lation matrix of the clean signal. The mean LLR value was
computed across all frames for each sentence. Since the
mean can be easily biased by a few outlier frames, we com-
puted the mean based on the lowest 95% of the frames as
per (Hansen and Pellom, 1998).

Tables 1 and 2 list the segmental SNR values and log-
likelihood ratio values obtained by the various estimators
at different SNRs, and Table 3 lists the PESQ values. Table
4 shows the evaluation of the proposed estimator with
sentences corrupted with stationary white noise. As can be
seen, higher segmental SNR values and higher PESQ values
were obtained consistently by the proposed estimators
MMSE and Laplacian-based MMSE estimators

F-16 fighter

�2.35/10 dB �12.4/0 dB �7.4/5 dB �2.35/10 dB

5.733 1.524 4.127 6.687
7.641 2.265 5.509 7.883
7.482 2.179 5.432 7.854
6.658 3.022 4.812 7.251

5.856 1.845 4.857 6.884
7.785 2.684 5.998 7.995
7.695 2.662 5.852 7.897

ased MMSE and Laplacian-based MMSE estimators

F-16 fighter

10 dB 0 dB 5 dB 10 dB

0.852 1.094 0.86 0.676
0.589 0.602 0.477 0.467
0.603 0.598 0.479 0.479
0.610 0.870 0.693 0.554

0.625 0.85 0.584 0.496
0.584 0.577 0.464 0.463
0.591 0.582 0.467 0.469



Table 3
Comparative performance, in terms of PESQ, of the Gaussian-based MMSE and Laplacian-based MMSE estimators

Estimator Speech-shaped F-16 fighter

0 dB 5 dB 10 dB 0 dB 5 dB 10 dB

MMSE 1.874 2.21 2.544 2.056 2.345 2.686
LapMMSE 1.882 2.448 2.783 2.19 2.587 2.914
ApLapMMSE 1.995 2.404 2.79 2.11 2.543 2.917
MMSE-Lap

(Martin and Breithaupt, 2003)
2.013 2.46 2.512 2.154 2.361 2.510

MMSE-SPU 1.952 2.315 2.634 2.03 2.346 2.70
LapMMSE-SPU 2.095 2.47 2.82 2.151 2.561 2.948
ApLapMMSE-SPU 1.997 2.439 2.81 2.146 2.563 2.943

Table 4
Comparative performance, in terms of segmental SNR, of the Gaussian-
based MMSE and Laplacian-based MMSE estimators in white noise

Estimator White noise

0 dB 5 dB 10 dB

MMSE-SPU 2.915 5.198 6.98
ApLapMMSE-SPU 3.587 5.945 7.875
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(LapMMSE and ApLapMMSE). Statistical analysis
(paired samples t-tests) indicated that the SNRseg values
(Table 1) obtained with the Laplacian estimators (ApLap-
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Fig. 6. Spectrograms of a TIMIT sentence enhanced by the Gaussian and Lapl
signal in quiet, signal in noise, signal enhanced by the Gaussian MMSE est
estimator and signal enhanced by the ApLapMMSE estimator. All estimators
MMSE and ApLapMMSE-SPU) were significantly
(p < 0.005) higher than the SRNseg values obtained with
the Gaussian estimators (MMSE and MMSE-SPU) in all
SNR conditions. The PESQ values obtained with the Lapla-
cian estimators (ApLapMMSE and ApLapMMSE-SPU)
were also found to be significantly higher (p < 0.05) than
the values obtained by the Gaussian estimators (MMSE
and MMSE-SPU) in all SNR conditions except one (0 dB
speech-shaped noise). The PESQ values obtained with
the ApLapMMSE-SPU estimator were not significantly
(p > 0.05) higher than the values obtained by the MMSE-
SPU estimator in 0 dB speech-shaped noise. Further
secs)
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acian MMSE estimators. From top to bottom, are the spectrograms of the
imator (Ephraim and Malah, 1984), signal enhanced by the LapMMSE
incorporated signal presence uncertainty.
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analysis (paired samples t-tests) indicated that the SNRseg
values (Table 4) obtained with the ApLapMMSE- SPU esti-
mator were significantly (p < 0.005) higher than the SRNseg
values obtained with the Gaussian MMSE-SPU estimator.
The Laplacian estimator proposed in Martin and Bre-
ithaupt (2003) also performed better than the Gaussian
MMSE estimator. The difference in performance between
the LapMMSE and ApLapMMSE estimators was very
small and statistically non-significant, suggesting that our
assumptions about the independence of magnitudes and
phase were reasonable and did not cause any significant per-
formance degradation.

The pattern of results was similar with the log-likelihood
ratio objective measure (Table 2). Smaller LLR values
were obtained by the proposed Laplacian estimators com-
pared to the Gaussian-based MMSE estimator for all SNR
conditions. Statistical analysis (paired samples t-tests) con-
firmed that the LLR values obtained with the ApLapMM-
SE estimator were significantly (p < 0.005) lower than the
LLR values obtained with the Gaussian MMSE estimator.
Comparison between the LLR values obtained with the
MMSE-SPU and the ApLapMMSE-SPU estimators indi-
cated that the ApLapMMSE-SPU estimator performed
significantly (p < 0.005) better in all SNR conditions but
two. The difference in performance between the two esti-
mators in 10 dB speech-shaped noise and 10 dB fighter
noise was not statistically significant (p > 0.05).

Informal listening tests indicated that speech enhanced
by the Laplacian MMSE estimators had less residual noise.
This was confirmed by visual inspection of spectrograms of
the enhanced speech signals. Fig. 6 shows the spectrograms
of the TIMIT sentence ‘‘The kid has no manners, boys’’
enhanced by the LapMMSE-SPU, ApLapMMSE-SPU
and MMSE-SPU estimators. The sentence was originally
embedded in +5 dB S/N speech-shaped noise. As can be
seen, the sentence enhanced by the Laplacian MMSE esti-
mators had less residual noise without introducing percep-
tible distortion in the speech signal. The quality of speech
enhanced by the ApLapMMSE and LapMMSE estimators
was nearly identical, consistent with the objective evalua-
tion of these estimators (Tables 1–3).

6. Summary and conclusions

An MMSE estimator was derived for the speech mag-
nitude spectrum based on a Laplacian model for the
speech DFT coefficients and a Gaussian model for the
noise DFT coefficients. An estimator was also derived
under speech presence uncertainty and a Laplacian
model assumption. Results, in terms of objective mea-
sures, indicated that the proposed Laplacian MMSE
estimators yielded better performance than the tradi-
tional MMSE estimator, which is based on a Gaussian
model (Ephraim and Malah, 1984). Overall, the present
study demonstrated that the assumed distribution of the
DFT coefficients can have a significant effect on speech
quality.
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Appendix A

In this Appendix, we derive the PDF of the random var-

iable X ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X 2

r þ X 2
i

q
, where Xr, Xi are the real and imagi-

nary parts respectively of the DFT components of the
clean speech signal, assumed to have a Laplacian probabil-
ity density function of the form:

pX r
ðxrÞ ¼

1

2r
exp � jxrj

r

� �
ð19Þ

where r is the standard deviation. Let Y 1 ¼ X 2
r and

Y 2 ¼ X 2
i . Then, we know (Papoulis and Pillai, 2001) that

pY 1
ðy1Þ ¼ 1ffiffiffi

y1
p px1

ð ffiffiffiffiffiy1

p Þ and so:

pY 1
ðy1Þ ¼

1ffiffiffiffiffi
y1

p
1

2r
exp �

ffiffiffiffiffi
y1

p

r

� �
pY 2
ðy2Þ ¼

1ffiffiffiffiffi
y2

p
1

2r
exp �

ffiffiffiffiffi
y2

p

r

� �
ð20Þ

Let Z ¼ X 2
r þ X 2

i ¼ Y 1 þ Y 2 (Y1 > 0, Y2 > 0), then pZðzÞ ¼
pY 1
ðy1Þ � pY 2

ðy2Þ; where ‘*’ indicates convolution. Thus

pZðzÞ ¼
Z 1

�1
pY 1
ðz� y2ÞpY 2

ðy2Þdy2

¼ 1

4r2

Z z

0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2ðz� y2Þ

p exp �
ffiffiffiffiffiffiffiffiffiffiffiffi
z� y2

p þ ffiffiffiffiffi
y2

p

r

� �
dy2

ð21Þ

After substituting y2 = zsin2t, we get:

pZðzÞ ¼
1

2r2

Z p=2

0

exp �
ffiffiffiffiffi
2z
p

cosðt � p=4Þ
r

 !
dt ð22Þ

Now, let X ¼
ffiffiffi
Z
p

, then we know (Papoulis and Pillai, 2001,
p. 133) that pX(x) = 2xpZ(x2)u(x), where u(x) is the step
function. Substituting h = t � p/4 in the above equation,
we get:

pX ðxÞ ¼
2x
r2

Z p=4

0

exp �
ffiffiffi
2
p

x cos h
r

 !
dh

¼ 2x
r2

Z p=4

0

expðAx cos hÞdh; x P 0 ð23Þ

where A ¼ �
ffiffiffi
2
p

=r. After making use of the generating
function:
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exp
w
2

t þ 1

t

� �� �
¼ ewt=2ew=2t

¼
X1
m¼0

1

m!

wmtm

2m

 ! X1
n¼0

1

n!

wnt�n

2n

 !
ð24Þ
with t = exp(jh) and w = Ax, we can express exp(Axcosh)
in terms of Bessel functions:

expðAx cos hÞ ¼ I0ðAxÞ þ 2
X1
k¼1

IkðAxÞ cos kh ð25Þ

where Ik(Æ) denotes the modified Bessel function of kth
order. Finally, after substituting (25) in (23) and integrat-
ing, we get:

pX ðxÞ¼
2x
r2

p
4

I0 �
ffiffiffi
2
p

r
x

 !
þ2
X1
k¼1

1

k
Ik �

ffiffiffi
2
p

r
x

 !
sin

pk
4

" #
uðxÞ

ð26Þ

where u(x) is the step function.
Appendix B

In this appendix, we derive the approximate Laplacian
MMSE estimator of the magnitude spectrum. We start
from (Ephraim and Malah, 1984):
bX k ¼ E½X kjY ðxkÞ�

¼
R1

0

R 2p
0 X kpðY ðxkÞjX k; hkÞpðX k; hkÞdhk dX kR1

0

R 2p
0

pðY ðxkÞjX k; hkÞpðX k; hkÞdhk dX k

ð27Þ
The p(Y(xk)jXk,hk) term is given by (Ephraim and Malah,
1984)

pðY ðxkÞjX k; hkÞ ¼
1

pkdðkÞ
exp � 1

kdðkÞ
jY ðxkÞ � X ðxkÞj2

� �
ð28Þ

Assuming that Xk and hk are independent and hk is
uniformly distributed in [0 2p], and after using (26), we
get

pðX k ;hkÞ�
1

2p
pðX kÞ ð29Þ

¼ X k

4kxðkÞ
I0 �

ffiffiffi
2
pffiffiffiffiffiffiffiffiffiffiffi
kxðkÞ

p X k

 !
þ 2X k

pkxðkÞ
X1
n¼1

1

n
In �

ffiffiffi
2
pffiffiffiffiffiffiffiffiffiffiffi
kxðkÞ

p X k

 !
sin

pn
4

	 

ð30Þ

Now, substituting (28) and (29) into (27), we get:

bX k ¼
A0k þ B0k
C0k þ D0k

ð31aÞ
where

A0k ¼
Z 1

0

X 2
k

4kxðkÞ
exp � X 2

k

kdðkÞ

� �
I0 �

ffiffiffi
2
pffiffiffiffiffiffiffiffiffiffiffi
kxðkÞ

p X k

 !
I0ð2X kY k=kdðkÞÞdX k

ð31bÞ

B0k ¼
2

pkxðkÞ
X1
n¼1

1

n
sin

pn
4

	 
Z 1

0

X 2
k exp � X 2

k

kdðkÞ

� �
In �

ffiffiffi
2
pffiffiffiffiffiffiffiffiffiffiffi
kxðkÞ

p X k

 !
� I0ð2X kY k=kdðkÞÞdX k ð31cÞ

C0k ¼
Z 1

0

X k

4kxðkÞ
exp � X 2

k

kdðkÞ

� �
I0 �

ffiffiffi
2
pffiffiffiffiffiffiffiffiffiffiffi
kxðkÞ

p X k

 !
I0ð2X kY k=kdðkÞÞdX k

ð31dÞ

D0k ¼
2

pkxðkÞ
X1
n¼1

1

n
sin

pn
4

	 
Z 1

0

X k exp � X 2
k

kdðkÞ

� �
In �

ffiffiffi
2
pffiffiffiffiffiffiffiffiffiffiffi
kxðkÞ

p X k

 !
� I0ð2X kY k=kdðkÞÞdX k ð31eÞ

After using (Gradshteyn and Ryzhik, 2000, Eq. (6.633.1)),
we derive the MMSE estimator in closed form:

bX k ¼
Ak þ Bk

Ck þ Dk
ð32aÞ

where

A¼ kdðkÞ
3
2

2

X1
m¼0

Cðmþ 3
2
Þ

m!Cðmþ1Þ
kdðkÞ
2kxðkÞ

� �m

F �m;�m;1;2
kxðkÞ
k2

dðkÞ
Y 2

k

 !
ð32bÞ

B¼ 8

p
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1

n
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4

	 
 2Y k
kd ðkÞ

	 
n
1
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�nþ3
2
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�
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2
nþ 3

2
Þ
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� �m
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ð32cÞ

C¼ kdðkÞ
2

X1
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1
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� �m
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k2

dðkÞ
Y 2

k
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ð32dÞ

D¼ 8

p

X1
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1

n
sin
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4

	 
 2Y k
kd ðkÞ
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1
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�n
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ð32eÞ

where C( Æ ) is the gamma function and F(a,b,c;x) is the
Gaussian hypergeometric function (Gradshteyn and Ryz-
hik, 2000, Eq. (9.100)). The above terms are given as a
function of the signal and noise variances, but can also
be expressed in terms of the a priori SNR nk(nk = kx(k)/
kd(k)) and a posteriori SNR ck ðck ¼ Y 2

k=kdðkÞÞ using the
following relationships:
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1

kdðkÞ
¼ ck

Y 2
k

ð33Þ

1

kxðkÞ
¼ ck

nkY 2
k

ð34Þ

Finally, after substituting Eqs. (33) and (34) in (32b)–(32e),
we get (10a)–(10e).

Appendix C

In this appendix, we derive the PDF of Y(xk) =
X(xk) + D(xk), where X(xk) = Xr(xk) + jXi(xk) and
D(xk) = Dr(xk) + jDi(xk). The pdfs of Xr(xk) and Xi(xk)
are assumed to be Laplacian and the pdfs of Dr(xk) and
Dr(xk) are assumed to be Gaussian with variance r2

d=2

and zero mean. We assume that pX r
ðxrÞ ¼ 1

2rx
exp � jxr j

rx

	 

,

and pDr
ðdrÞ ¼ 1ffiffi

p
p

rd
exp � d2

r
r2

d

	 

. For simplicity, we neglect

the frequency index xk in the following derivation.

Let Zr = Xr + Dr and Zi = Xi + Di, then Y = Zr + jZi.
The pdf of Zr can be computed by the convolution of the
Laplacian and Gaussian densities, and is given by

pZr
ðzrÞ ¼

Z 1

�1
pX r
ðzr � drÞpDr

ðdrÞddr

¼
Z zr

�1

1

2rxrd
ffiffiffi
p
p exp � rxd

2
r � r2

ddr þ r2
dzr

rxr2
d

� �
ddr

þ
Z 1

zr

1

2rxrd
ffiffiffi
p
p exp � rxd

2
r þ r2

ddr � r2
dzr

rxr2
d

� �
ddr

ð35Þ
After using (Gradshteyn and Ryzhik, 2000, Eq. (2.338.1))
we get:

pZr
ðzrÞ ¼ pZr

ðzrÞ ¼
exp

r2
d

r2
x

	 

2
ffiffiffi
2
p

rx

exp � zr

rx

� �
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� �
erf

zr

rx
� rd
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� �
� exp

zr

rx
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erf

zr

rx
þ rd

rx

� ��
ð36Þ

where erf ( Æ ) is the error function. Finally, after expressing
the above equation in terms of nk and ck using Eqs. (33)
and (34), we get:

pZrðkÞðzrÞ ¼
ffiffiffiffi
ck
p

exp 1
2nk

	 

2
ffiffiffiffiffiffiffi
2nk

p
Y k

exp �
ffiffiffiffi
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� 1ffiffiffiffiffi

nk

p
� �

� exp

ffiffiffiffi
ck
p
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ð37Þ
The probability density for the imaginary part, i.e., pZiðziÞ;
has exactly the same form as that of pZr

ðzrÞ. Assuming inde-
pendence between Zr and Zi we get the following expres-
sion for the conditional density pðY ðxkÞjH k

1Þ at frequency
bin xk:

pðY ðxkÞjH k
1Þ ¼ pðzrziÞ ¼ pZrðkÞðzrÞpZiðkÞðziÞ ð38Þ
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