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Abstract
This paper develops an exact formula for the fill rate of a single-stage inventory system that uses
a general periodic review base-stock policy. For normal demand, we present a fill-rate expression

that uses the standard normal PDF and CDF, and develop two approximations for the fill rate.
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1 Introduction

We consider a single-stage inventory system supplying external demands and receiving stocks from
an ample supply. Time is divided into periods of fixed length; a period can be a day or a week
depending on the situation. In each period, demands arrive and are either filled or backlogged.
The system operates under a general periodic-review base-stock policy. Under this policy, the
inventory position (defined as amount on-hand + on-order — backlog) is reviewed once every R
periods. If the inventory position is below a base-stock level 7, an order is placed to raise the
inventory position back to 7. An order placed at the beginning of a review period t is delivered
at the beginning of period ¢ + L (L and R are positive integers). Random demand occurs after
the order placed L periods ago arrives in a period. The demands in different periods are assumed
to be independent and identically distributed. All excess demands are backlogged. The inventory
system we study in this paper is widely used in practice and is discussed under the names “Fixed-
Time Period Models” [6], “Periodic Review (P) Systems” [9], and so on in popular introductory
operations management textbooks. When R = 1, the general periodic review policy becomes the
well studied periodic-review base-stock policy in the research literature.

This paper studies the system’s fill rate, the long-run average fraction of demand satisfied

immediately using on-hand stocks. We develop a formula for the exact fill rate for general demand

! Corresponding author. Tel: 4+1 972 883 6288; fax: +1 972-883-2089. Email address: jun.zhang@utdallas.edu.



distributions. This result allows us to establish sensitivity results on the fill rate with respect to
the lead time L and the review cycle R. In particular, we show that the fill rate decreases in L and
R. Further, for a fixed vulnerable period L 4+ R, we demonstrate that the fill rate decreases in L
and increases in R. When demand is normally distributed, we develop an exact fill rate expression
using only the standard normal distribution function and density function. Our exact formula
for normal demand can be easily implemented in commercial spreadsheet software using built-in
functions (i.e., no macros). We also develop two approximate formulas for normally distributed
demand. The first approximate formula is based on basic properties of normal distributions and
the second formula is based on a logistic distribution approximation. Our approximation using
the logistic distribution only involves elementary functions and the corresponding fill rate can be
computed using a non-programmable calculator. Our exact and approximation formulas for the fill
rate can be used to quickly determine base-stock levels to achieve a specified target service level.

One may think that a general periodic review system can be converted into the standard periodic
review system by redefining the period-demand to be the demand over R periods. However, this
mapping will not work when L is not a multiple of R. To see this, consider the general periodic
review system with L = 2 and R = 3, normal demand with a mean 2000 and a standard deviation
200, and 7 = 8658. The fill rate for such a general periodic review system is 77.63%. In order to map
the general periodic review system into the standard periodic review system, we redefine the time
units such that one period in the standard periodic review system is equal to three periods in the
general periodic review system. Under this definition, the period-demand mean is 2000 x 3 = 6000
and the period-demand standard deviation is 200v/3 = 346.4. Because L < 3, the lead time can
be rounded to zero or one in the standard periodic review system. If L is rounded to zero, the fill
rate would be 1.0; if L is rounded to one, the fill rate would be 44.3%. Therefore, it is necessary to
develop the fill rate formulas for the general periodic review system.

There is a literature on formulas for the fill rate under different inventory replenishment policies.
Most of it concerns the fill rate with a demand process consisting of independent and identically
distributed normal random variables; see, for example, Johnson et al. [8] for a review. Sobel
[15] develops the expression for the fill rate of general demand distributions under the periodic-
review base-stock policy. Our formula extends his work to the general periodic review policy (in
the meantime, we point one inconsistency in his development). The policy we consider in this

paper is similar to the (R,T") policy studied by Rao [11]. However, time is continuous in his



model and he does not evaluate the fill rate. For a fill-rate constrained continuos review inventory
problem, Agrawal and Seshadri [1] develop bounds for the order quantity and reorder point that are
independent of the lead time demand distribution. Their analysis is based on an exact expression
of the fill rate for the continuous review system. Boyaci and Gallego [5], and Shang and Song [14]
study continuous-review service-constrained serial inventory systems where the lead time demand
for the end product is Poisson distributed. In their models, the fill rate coincides with the Type-1
service level (which is relatively easier to evaluate) under the Poisson demand assumption. Different
from their work, we evaluate the fill rate for general demand distributions.

The rest of this paper is organized as follows. Section 2 introduces the general review inventory
model and provides fill rate formulas for general demand distributions. §3 presents an exact formula

and two approximations for normally distributed demand. We conclude the paper in §4.

2 Exact Fill Rate for General Demand Distributions

We first introduce some notation. At the beginning of period ¢, let x; denote inventory level, that
is, x; is the on-hand physical inventory if x; > 0, and —z; is the amount of backlogged demand if
x; < 0. Let o; be the number of items purchased from an outside supplier in period ¢t. Let D; be the
demand in period ¢, and let D1, Do, --- be independent, identically distributed, and nonnegative
random variables with distribution function G and finite mean p. To avoid trivialities, it is assumed
that G(0) < 1. Let G®*)(.) denote the k-fold convolution of G(-), i.e., the distribution function of
Z;?:l Dj, and let G%(a) =1 (0) if a > (<)0.

The following chronology of events occurs during each time period ¢: The inventory position is
reviewed; the previously ordered items o;_j arrive; the order size o; is chosen, and finally demand
occurs. Let y; be the inventory in period t after deliveries of previously ordered goods but before
demand occurs: y; = ¢+ 0;— 1. For ease of exposition, define a|b as a modulo b for integers a and b.
Moreover, without loss of generality, let period ¢ with ¢|R = 0 be a review period, that is, periods
0,R,2R,... are review periods. Clearly, if t{|R # 0, o = 0. Because excess demand (if any) is
backlogged, the inventory dynamics are x+y1 = y — D¢. The on-hand inventory that is available to
satisfy demand in period ¢ is (y;)™ = max{y;,0}. The fill rate, 3, is the long-run average fraction

of demand that can be satisfied immediately from on-hand inventory. So,

5= lim E SF  min{(y)*t, Di}
e St Dy

: (1)



The expectation and limit exist in (1) for the base-stock policies that are analyzed in subsequent

sections.

Let 7 be the base-stock level, then o = (7 — y)" if {{R = 0 and o; = 0 otherwise for ¢ =

1,2,---. Without loss of generality, the initial inventory is never higher than 7, i.e., xg < 7. As a

consequence, for every t > L,
L+[(t—L)|R]

yo=7— S Dig where (t—L)R=0,1,--- ,R—1
k=1

The following theorem gives an exact fill rate formula for our inventory system.

Theorem 1

8= Rlu / (G (b) — GEHR) (b)]db.

Proof. By (1),
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where the third equation follows from the elementary renewal theorem (see, e.g.,

[1

(2)

2], p. 358) and

the law of large numbers, the fifth equation is a result of grouping {y;} according to the values of

(t — L)|R, and all other equations are based on straightforward algebra.

Let Hj = Zte{t:(th)\R:j} min{(yt)JF’ Dt}v j=0,1,---,R—1. Using (2)7 for all j € {07 L, R—

1}, it can be shown that

Jim B[H;/(T/R)] = E {min{ (r— Li D), DLHHH



Let (1) make explicit the dependence of S on 7. Then

= = L+j N
B(T):M;Hj:l_M;{E{[DL+j+l_(T_;Dk)+] }}

Put K(7) = p[l — ()], then
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Since 3(0) = 0, K(0) = p[1 — £(0)]. Therefore,

B(r)=1-K(r)/u=1-[K / K'(a)dal /= 52 / GO b) — GEP (b, w

Theorem 1 characterizes the dependence of the system fill rate on the base-stock level (7),

demand distribution (G), review period (R), and lead time (L).

When R = 1, Equation (3) becomes the fill rate formula provided in [15]. However, one should

note that, in [15], there is an inconsistency between the fill rate definition and the proof of Theorem

1. In [15], y; is used in the fill rate definition [(3) on page 43], but x; is used to derive the fill rate

formula in the proof of Theorem 1 (line 9, page 44). However, because of the chronology differences

between his model and the present model, substituting x; in the proof by 1 of our model results

in the same fill rate formula. Formulas (4) and (5) in [15] remain valid here if R = 1.



We next establish the sensitivity results on the fill rate with respect to the lead time L and the

review cycle R. First, we present a technical lemma.
Lemma 1 Let GP)(b) =1 — GP)(b). Then N G (b)db is concave in L.

Proof. Standard algebra shows that [ G (b)db = E[D™) A 7], where a A b = min{a,b} and
D) = Dy + -+ Dyp. Because all D;s are nonnegative i.i.d. random variables, {D(L) . L €
It} € SIL(sp), that is D(F) is stochastic linear in L in the sample path sense ([13], Example
4.3). Note that a A b is increasing and concave in a, so {DU A7 : L € It} € SICV (sp), that
is, DY) A 7 is stochastic increasing and concave in L in the sample path sense ([13], Proposition
3.2). Consequently, [/ G (b)db = E[D™F) A 7] is increasing and concave in L from the definition

of stochastic concavity. ]

Theorem 2 For a given 7, (i) (R,L) > B(R,L + 1), (i) B(R,L) > B(R+ 1,L), (iii) B(R,L) <
BR+1,L—1).

Proof. By Theorem 1,

B(R,L)— B(R,L+1) = Rlu /O GUAR () — GO ()] db —

RL /T [G(L+R+1)(b) _ G(L+1) (b)]db
K Jo

Then, B(R, L) > B(R, L + 1) follows directly from the fact that [ (G (b)db is concave in L.

In order to show (ii), note that

1 T B T B
R, L)-B(R+1,L) = ———— GUEHR) () —G ) (b)]db—R / GUEAEAD) () —GUEAR) (b)) db}.
BRD)=B(R+1.1) = o [ 16E 00 -GB ek || ) (5))ab)
(4)

From the concavity of [ (G (b)db in L, we obtain

/T[G(L+R)(b) _ G(L+R—1)(b)]db > /T[G(L+R+1)(b) _ GL+R) (b)]db,
0 0

/T[@(L+R—1)(b) — GUAR=2) (p)]db > /T[G(L+R+1)(b) — GEFR) (b)) db,
0 0

Q

/ G )~ GO )b > / QU (B) — G ()],
0 0

Combining the above R inequalities with (4) yields (R, L) > S(R + 1, L), which proves (ii).
(iii) can be proved similarly by noticing that S(R+1,L—1)—8(R, L) = m{R N (G (b) —
GED(0))db — [J[GE(b) — G (b)]db}. ™



While claims i and ii are intuitively clear, claim iii is not as obvious. Indeed, in most operations
management textbooks, a periodic review policy is fully characterized by the vulnerable period
L + R; see, for example, [6]. However, according to claim iii of Theorem 2, how the vulnerable
period is allocated between L and R can greatly impact the system’s fill rate for a given base-stock
level. In particular, as L decreases (while keeping L + R constant), the system’s fill rate increases.
This is because for a shorter L, an inventory shortfall can be quickly corrected as soon as the
shortfall is identified. However, for a longer L, even though the inventory shortfall can be quickly
identified, it cannot be corrected as quickly which yields a larger backlogged demand. Note that
Moses and Seshadri [10] have observed the fact that OM textbooks make a mistake in computing
the safety stock for non-zero lead time inventory problems with lost sales. From Theorem 2, we see
that, to improve the system’s fill rate for a given base-stock level, a manager can reduce the lead
time or the review cycle length (claims i and ii); however, when facing the choice of shortening the
lead time or the review cycle, the manager should reduce the lead time before reducing the review

cycle, other factors, including L + R, being equal (claim iii).

3 Normal Demand

In practice, demands are usually assumed and characterized as normally distributed. Many re-
searchers also investigate the fill rate of an inventory system with normally distributed demands.
This section specializes (3) for the normal demand distribution with mean p and standard deviation

o and gives two easy-to-use approximations.

3.1 An Exact Expression

Let ®(-) and ¢(-) denote the distribution and density function, respectively, of a standard normal
random variable (with mean 0 and variance 1), and let b(a,j) = (a—ju)/(0+/7). The normality and
independence of demand imply that sums of demands are normally distributed; that is, G(5)(a) =

®[b(a,S)] for S € I'". So, formula (3) yields

g = E}M /T{<I>[b(a, L) - @fb(a. L + R)] }da (5)
- {af / de—oVI TR / O;L;R x)daz] . (6)



It is well known that [ [1 — ®(z)]dz = ¢(t) + t®(t) — ¢ (see, e.g. [7], [15], and [17]). This
equation implies
/t " D(2)dr = 6(s) — o(t) + sB(s) — LD(L). (7)
It follows from simple algebra after substituting (7) into (6) that
= Rlﬂ{aﬁ{aﬁ[b(ﬂ L)) = ¢[b(0, L) } = oV + B{6lb(r. L + B)] = 6[b(0. L + )]}
+ (7 = L {@b(r, )] - @fe(r, L+ R) |

+ Rud[b(r, L + R)] + Lu®[b(0, L)] — (L + R)u®[b(0, L + R)]}. (8)

Equation (8) involves the density function and the distribution function of the standard normal
distribution. It can be easily implemented in commercial spreadsheet software (such as Microsoft

Excel) using built-in functions, and will be used subsequently to develop an approximation.

3.2 An Approximation

We now develop a simple approximation for the fill rate using basic properties of the density function
and the distribution function of standard normal distribution. It is easy to see that ¢[b(0, L)] ~ 0,
o[b(0,L + R)] ~ 0, ®[b(0,L + R)] ~ 0, and ®[b(0, L)] ~ 0. Moreover, the base-stock level 7 is
usually set to protect the demand for L + R periods. Consequently, we expect that 7 > Lu, which
implies ¢[b(7, L)] ~ 0, ®[b(r, L)] ~ 1. With these assumptions, we obtain the following simple
approximation for the fill rate.

B = Rlu{ — oV L+ Reb(r,L + R)] + (T — Lp){l — ®[b(r, L+ R)]} + Ru®[b(t, L + R)]}- 9)

Put 7= (L + R)u+ 2L + Ro. Substituting it into (9) and simplifying, we obtain

By=1- };\/L T+ Rolé(z) — 25(2)].

It is easy to verify that /L + Ro[¢(z) — 2®(2)] is the system’s expected backlogged orders per
order cycle. Consequently, (9) coincides with the modified fill rate (also known as ~ fill rate) used

by researchers (see, e.g., [8]) to simplify the fill rate computation.

3.3 An Approximation Based on Logistic Distributions

Equation (9) still involves computing the normal density function and the normal distribution

function. In this subsection, we develop a closed-form approximation that only involves elementary



functions by approximating normal distributions with logistic distributions.
A logistic distribution with mean p and variance o2 has a CDF: F(z) = 1/ [1 + e_(‘”_m)/’“],

where m = p and r = ov/3/7. Also,

/ t F(z)dz = rLog(1 4 =™/ (10)

—00

Due to the closed-form expression of ffoo F(z)dz in (10), we use logistic distributions to ap-
proximate normal demand distributions to develop a closed-form expression for the fill rate. If
demand in our fill rate model is normally distributed, then G*) and GE+R) are normal distribu-
tion functions with parameters (L, Lo?) and ((L + R)u, (L + R)o?). If we approximate G) and
GUHR) with logistic distributions with the same means and variances, then, from (6) and (10), we

obtain the following fill rate approximation that only involves elementary functions.

) (e Ly G=(LtR)w)n
Prog = 7 — VBLoLog(1 +e vite ) —/3(L + R)oLog(l +e V3o )|, (11)
T

3.4 Performance of the Approximations

To examine the performance of the two approximations, we conducted extensive computational
studies. Our computational studies (see [16] for details) indicate that, when 7 > (L + R)u, both
approximations perform well. Further, both approximations perform well when the demand coeffi-
cient of variation is low or when the fill rate is high. In general, both approximations perform better
for higher values of R and lower values of L for a given L + R. Because managers usually set very
high fill rate targets for their customer service levels, both (9) and (11) are good approximations for
the fill rate of finished goods . However, it has been widely recognized in the literature ([2], [3], [4],
and [14]) that the internal service level of a supply chain (the service level provided by upstream
stages to downstream stages) need not be very high in order to optimize the inventories of a supply
chain. Our computational studies show that our approximations are effective in estimating internal

service levels as long as the demand coeflicient of variation is low.

4 Conclusion

The results of this research will serve as a starting point for studying the multi-echelon inventory
positioning problems with general review intervals and fill-rate constraints. It would be also inter-
esting to investigate the impact of the proposed approximations on the stock-level or the inventory

cost estimate in the future.
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