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1 Compute the Pressure

The solution of the wave equation is given by
7TW . w
P(rt) = 2—62(f1<7”) —ifa(r))e”, (1.1)

since, P(r,t) = [(B1+¢1(r ))H( )(k:T) + (B +ca(r))
B2+Cl( )—f-CQ(T))Jo(kT)—f—Jm(BQ B1+CQ( ) ( )) (k’?”)] [ Jm(BH—BQ—i—
( Y+ca(r))Jo(kr)+Re(By— By +co(r) —ci (7 )) o(kr)]}Heos(wt)+isin(wt)] =
D (fi(r)— zfg(r)) wt where we have used that B; = By = B = — TILIEO cr(r),
Jm(ci(r)+ea(r)) =0, Im(ca(r)—ci(r)) = =2Tm(ci(r)), Re(ca(r)—ei(r)) =0
and Re(cy(r) + ca(r)) = 2Re(c1(r)).
We have defined f; and f, as

fi(r) = [(= lim Re(cy(r)) + Re(er(r))) Jo(kr) = Tm(er(r)Yo(kr)] - (1.2)

r—00

HE (kr))e™t = {[Re(B, +

fa(r) = rliralo Jm(cy(r))Jo(kr). (1.3)

Recall also that, )
Re(cy(r)) = /0 sYy(ks)e 22 ds (1.4)
Jm(ey(r)) = /07‘ ng(kJS)e_%ds. (1.5)

For simplicity, denote
,
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a = — lim Re(ci(r)) = — lim sYo(ks)e 202 ds (1.6)
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and
T 2

g:= —TILIgO Jm(cy(r)) = —Tllrgo sJo(ks)e 22 ds. (1.7)
Then, we compute in MATLAB 0
fi(r) =A{la + Re(er(r))]Jo(kr) — Im(er(r))Yolkr)} (1.8)
far) = =BJo(kr). (1.9)
The real part of the solution is given by
Plrt) = %[ Fu(r) cos(wt) + fo(r) sin(wt)] (1.10)
and, the amplitude and phase are given by
fa(r)

\/f1 24+ fo(r 0(r) = arctan (1.11)

fa(r)

2 Compute the amplitude of the displacement

The force acting on one of the TF prongs will be the difference between the
pressure on the outside surface of the right tine of the tuning fork minus the
pressure on the inside surface of the right tine of the tuning fork

W :
Wf (y)e™!

(2.1)
where the outside surface is at ©1 = W + ¢/2 and the inside surface is at
xo = ¢g/2 and P(x,y,t) is the pressure wave in the coordinate system of the
beam and 7' is the thickness.

f<y7t) = T[P(xo,y,t)—P(xl,y,t)] = T[P({L‘07y)—P(I1,y)]>€th =

We express P in the tuning fork cartesian coordinate system by taking
r=/(z —t,)? + (y — t,)? hence,

P(z,y) = P(\/(z —t.)* + (y — t,)?) = 5x[A(V(z —t)* + (y — 1)) —
ifa(/(w = ta) + (y — 1,)?)].

Therefore, f(y) = T[P(zr,y) — P(zr,y)] = FET{fi(re) —ifo(rr)] —
[fi(rr) = ifo(rr)] = T{[f1(re) — fi(re)] — ilfo(re) — fo(rr)]}, where rp =
Viep =62+ y—1t,)? and rp = \/(zp — t,)? + (y — t,)?, 1, = g/2, and




And hence

:WWT{

f(y) [f1(re) = filre] = ilfa2(re) = fa(re)]} (2.2)

where r;, and rg as described. By the EB-damping document, the real part
of the steady state solution of the Euler-Bernoulli equation is given by

u(y,t) = @, (y)B(xo, yo) cos(wt — 6(z0, yo)), (2.3)
0.57/c2W |
V (@2—w?)24+4(yw)?

)@, (y)d
and M, (xo,y0) = ;W or |M.(xo,y0)|> =

2yw(

where B(zo,y0) = M, (x9,y0)|, tan(d) = 2%“(% H(WLWQ);(M*)

(i foLT[fl(\/(fUL —29)* + (¥ — w)?) — fl(\/(l“R —x0)? + (y — 90)2)]<Do(3/)dy)2

pA i @3 (y)dy
( 1 fo \/ (zr — -TO)Z + (y - 90)2) - f2(\/(xR — 960)2 + (y - ?/0)2)]‘190(1/)613/)2
pA i @2(y)dy

where x;, = g/2 and xgp =W + g/2.

3 Compute the current intensity

The value of the constant «; can be obtained from measured values of the

quality factor and the resistence R, i.e. a; = l\ / % Using the form of wu,

we obtain that the velocity of the tip of each tine is given by

%(L, t) = —w®.(L)B(xo, yo) sin(wt — 6(x0, Yo))-

Therefore, the signal (which is a current intensity) generated by the tun-
ing fork in response to the vibration when the laser beam is focused at (o, yo)
is given by
du L du R

L) ——=(L)

[(ﬂﬁo,yo):al W( ) di



where duy/dt(L) and dur/dt(L) are the amplitude of the velocity of the
right and left tines, respectively. When zq = 0, ds—f(L,t) = ‘ZL—tR(L,t), hence
in MATLAB we compute

du
where
C =war®,.(L)constlW (3.2)
and 05/
constl = Smje (3.3)
V(W —w?)? +4(yw)?
W =10"2(y — DawwWr/(2r0?). (3.4)



Standard TF (STF) | Huge TF (HTF)
Comments SI unit
Frequency f Hz 32761.10 4249.6
Angular Frequency w=2f 1/s
Speed of sound c m/s 346
Width of beam o m 0.05 x 1073
Thickness of tine T m 0.34 x 1073
Width of tine W m 0.6 x 1073
Length of tine L m 3.8x1073
Gap between tines g m 0.3 x 1073
Quality factor Q - 16064
Young’s modulus E N/m? = Pa | 7.87 x 1010
Moment of Inertia I= T}’gs m? 6.12 x 10715
Cross-sectional area A=TW m? 2.04 x 1077
Density of quartz p kg/m3 2.6 x 103
Resistance R Q 111 x 103
Absorbtion coefficient | acrr(2f) m~? 1.31 x 1072
Laser Power Wy, W 61.7 x 1073
Damping coeflicient =135 1/s 7.22
Spring constant k 2‘2/;' N/m 2.63 x 10*
STF HTF
Comments SI unit
WE constant W = ﬁ — 1)w%aeffWL mjzvsz 2.38 x 109
Piezoelectric constant | a;, = 1 "ﬁs 5.64 x 1076




