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Abstract— The idea of combined timing and frequency syn-
chronization and channel estimation is quite desirable since the
synchronization and channel estimation tasks can affect each
other. This paper addresses training signal based combined
timing and frequency synchronization and channel estimation
for OFDM systems. The proposed scheme consists of two stages.
At the first stage, coarse timing and frequency offset estimates are
obtained. Based on these estimates, a (coarse) channel response
estimate is obtained. The timing and frequency offset estimates
at the second stage are obtained by a maximum likelihood
(ML) realization based on sliding observation vector. Then a
ML channel estimation is performed. The simulation results
show that the proposed combined approach performs quite well
and circumvents the problem of mismatch among individual
synchronization tasks.

I. INTRODUCTION

OFDM systems are much more sensitive to synchroniza-
tion errors than single carrier systems. Several approaches
have been proposed for timing synchronization (e.g. [1]-
[2]) and frequency synchronization (e.g. [3]-[4]), separately.
These separate frequency synchronization methods assume
perfect timing synchronization, which may not be guaran-
teed, and timing estimation errors may affect frequency syn-
chronization. In order to evaluate actual performance, joint
timing and frequency synchronization approaches (e.g., [5]-
[6]) are desirable. Coherent OFDM systems require channel
estimation. Previous work on OFDM channel estimation (e.g.
[8]-[9]) assume perfect synchronization. However, this may
not be guaranteed and synchronization errors can deteriorate
the channel estimation performance [10]. Hence, a desirable
approach which reflects a more accurate performance is to
address synchronization and channel estimation tasks together.

In this paper, we consider a combined approach for esti-
mation of timing offset, frequency offset, and channel for an
OFDM system using a training signal. The joint estimation of
timing offset, frequency offset and channel impulse response is
broken down into two stages. At the first stage, coarse timing
offset estimation and coarse frequency offset estimation are
performed. At the second stage, the ML realization of the
fine joint timing and frequency offset estimation is performed
based on the sliding observation vector (SOV) and using the
coarse sync parameters. Then an ML-based channel estimation
is performed. The simulation results show that the proposed
combined approach performs quite well and circumvents the
problem of mismatch among individual synchronization tasks.

II. SIGNAL MODEL

The complex baseband samples of an OFDM symbol, at the
sampling rate 1/T (N times sub-carrier spacing), are given by

s(k) =
1√
N

N−1∑
n=0

cn exp(j2πkn/N), − Ng ≤ k ≤ N − 1 (1)

where cn is modulated data (zeros for null sub-carriers), N is
the number of IFFT points, Ng is the number of cyclic prefix
(CP) samples and j =

√−1. Consider a frequency selective
multipath fading channel characterized by the sample-spaced
channel impulse response (CIR)

h(k) = exp(jφ)
∑

l

hl p(kT − τl − t0), k = 0, 1, . . . , K−1 (2)

where p(t) is the combined response of transmit and receive
filters, t0 is a delay to make the filter response causal, {hl} are
complex path gains of the channel, {τl} are the path delays, φ
is an arbitrary carrier phase and K is the effective maximum
channel delay spread in samples. Assuming perfect sampling
clock and no oscillator phase noise, the received sample can
be given by

r(k) = exp(j2πkv/N)

K−1∑
l=0

h(l)s(k − l) + n(k) (3)

where v is the carrier frequency offset normalized by the
sub-carrier spacing, {n(k)} are independent and identically
distributed, zero-mean complex Gaussian noise samples with
variance σ2

n, −Ng + K − 1 ≤ k ≤ N − 1 and Ng > K.
Define the following for a training symbol with Ng samples

of CP part and (β + 1) samples of the useful part:

rγ(ε)
�
= [r(ε − γ) r(ε − γ + 1) . . . r(ε + β)]T

h
�
= [h(0) h(1) . . . h(K − 1)]T

W γ(v, ε)
�
= diag{e j2π(ε−γ)v

N , e
j2π(ε−γ+1)v

N , . . . , e
j2π(ε+β)v

N }
nγ(ε)

�
= [n(ε − γ) n(ε − γ + 1) . . . n(ε + β)]T

s(m)
�
= [s(m) s(m − 1) . . . s(m − K + 1)]T

Sγ(ε)
�
= [s(ε − γ) s(ε − γ + 1) . . . s(ε + β)]T (4)

where 0 ≤ γ ≤ Ng − K + 1 and −Ng + γ + K − 1 ≤ ε ≤ 0.
If the training symbol is designed to have the same length as
a data symbol, then β + 1 = N . The (γ + β + 1 = N ′) length
received samples vector, rγ(ε), can be given by

rγ(ε) = ej2πεv/NW γ(v) · Sγ(ε) · h + nγ(ε) (5)

where W γ(v)
�
= W γ(v, 0). In the following, the subscript γ

will be omitted for simplicity.
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III. MAXIMUM LIKELIHOOD-BASED SYNCHRONIZATION

AND CHANNEL ESTIMATION

Assume that an OFDM training symbol {s(k) : −Ng ≤ k ≤
β} is used for timing synchronization, frequency synchroniza-
tion and channel estimation. For a received observation vector
r(ε) and parameters ε, v and h, the likelihood function can
be given by

Λ(r(ε); ε̃, ṽ, h̃) =
1

(πσ2
n)N′ · exp{−1

σ2
n

‖ r(ε) − W (ṽ)S(ε̃)h̃ ‖2}
(6)

where ε̃, ṽ, and h̃ are trial values of ε, v, and h and ‖ · ‖2

represents the norm-square. The conventional ML estimation
of ε, v, and h can be obtained by maximizing the likelihood
function (6) as follows:

(ε̂, v̂, ĥ)ML = argmaxε̃,ṽ,h̃Λ(r(ε); ε̃, ṽ, h̃). (7)

In order to define the observation vector r(ε) for the above
ML estimation, a coarse timing estimation is required. At this
moment, let us assume that the coarse timing estimation has
been performed and the coarse timing offset is ε and the
observation vector is r(ε). If −Ng + γ + K − 1 ≤ ε ≤ 0,
the observation vector contains training signal only and the
ML model (7) holds accurately. If ε < −Ng + γ + K − 1

or particularly ε > 0, the observation vector contains some
portion of training signal and some portion of unknown data
signal. Then all trial signal vectors, which are composed of
training signal only, will not match the observation vector and
the above ML model (7) is no longer accurate. In other words,
the observation vector with ε < −Ng + γ + K − 1 or ε > 0

will not be a valid observation vector for the ML model (7).
We will denote the ML model (7) as FOV (fixed observation
vector). The coarse timing estimation may not guarantee the
condition −Ng + γ + K − 1 ≤ ε ≤ 0. Consequently, the FOV
model may no longer hold.

This leads us to another approach denoted as SOV-ML
standing for the ML model with a sliding observation vector.
The likelihood function for SOV-ML can be given by

Λ(r(ε̃); ε̃, ṽ, h̃) =
1

(πσ2
n)N′ ·exp{−1

σ2
n

‖ r(ε̃)−W (ṽ)Sh̃ ‖2}. (8)

The trial signal vectors are composed of trial values ṽ
and h̃ and fixed training signal matrix corresponding to the
exact timing point (i.e. S

�
= S(0)). Note that the trial value

of ε impacts on the signal model (particularly S(ε)) in the
likelihood function of FOV while the impact of the trial value
of ε is shifted from the signal model to the received vector
in SOV. The trial values of ε are embedded in sliding the
observation vector within a window around the coarse timing
point. In SOV, the observation vector at ε̃ = 0 is the valid one
while at other values of ε̃ it is not. So when the sliding window
is large enough, SOV has always one valid observation vector.

Both (6) and (8) require initial coarse timing estimation.
Both jointly estimate ε, v, and h to maximize the corre-
sponding likelihood functions. This joint estimation of all
parameters is associated with very high complexity. In an
attempt to reduce the complexity, we resort to a sequential
approach where h̃ in the likelihood function is replaced by
the CIR estimate ĥ and then ε and v are jointly estimated
by maximizing the resulting likelihood function. The ML

(SOV) estimates of the timing point and the normalized carrier
frequency offset, denoted by ε and v̂ respectively, are then
given by

(ε, v̂)ML = argminε̃,ṽV(r(ε̃); ĥ, ε̃, ṽ) (9)

where

V(r(ε̃); ĥ, ε̃, ṽ) = r
H

(ε̃)r(ε̃) − 2 · �[r
H

(ε̃)W (ṽ)Sĥ] + ĥ
H

S
H

Sĥ. (10)

The superscript H denotes the Hermitian transpose. Depend-
ing on the given set of parameters, the corresponding metrics
to be minimized are given by

V|(ĥ,ε̃)(r(ε̃); ṽ)
�
= −2 · �[rH(ε̃)W (ṽ)Sĥ] (11)

V|ε̃(r(ε̃); ĥ, ṽ)
�
= V|(ĥ,ε̃)(r(ε̃); ṽ) + ĥ

H
SHSĥ (12)

V|ĥ(r(ε̃); ε̃, ṽ)
�
= rH(ε̃) r(ε̃) + V|(ĥ,ε̃)(r(ε̃); ṽ) (13)

V(r(ε̃); ĥ, ε̃, ṽ) = V|ĥ(r(ε̃); ε̃, ṽ) + ĥ
H

SHSĥ. (14)

A. Coarse timing and frequency estimation
The first synchronization task is to detect the presence of

the training symbol, especially for the burst transmission. We
use a training symbol consisting of P + 1 identical parts with
M samples in each part. The first one with the time indexes
[−M,−M + 1, . . . ,−1] can be considered as the CP. Normal-
ized sync detection metrics give more robust sync detection
performance [7]. Hence, we use the following normalized
autocorrelation function as our sync detection metric:

C(r(k), M)
�
=

N ′
∣∣∣∑β−M

i=−γ r∗(k + i) · r(k + M + i)
∣∣∣

(N ′ − M) ‖ r(k) ‖2
. (15)

If the metric value reaches above a threshold, the sync flag
is declared. The threshold value is usually set by the missed
detection and the false detection probability.

After sync detection, the coarse timing point may be taken
as the sync detected point or the one that has maximum sync
detection metric within a time window starting from the sync
detected point. Due to the repetitive training structure, the
metric C(r(k), M) would give a plateau if 0 ≤ γ < Ng−K +1

is used. Hence, we use γ = Ng in (15) to avoid the metric
plateau. To avoid ISI and ICI caused by positive timing offsets,
the coarse timing point can be advanced by some amount λc

(> 0). The advantage of timing advancement is discussed in
[12].

For the repetitive training structure used in the sync detec-
tion, the channel output training signal still keeps the repetitive
structure in the absence of noise. Consequently, the frequency
offset estimation which utilizes the repetitive structure would
be robust against the timing offset and the dispersive channel.
Suppose the coarse timing point is within [−M + K − 1,
−M + K, . . . , 0]. Define a new observation variable:

u(k)
�
=

P−2∑
p=0

r∗(k + p · M) · r(k + p · M + M). (16)

Applying MVU principle with Gaussian assumption and high
SNR approximation leads to the following coarse frequency
offset estimator

v̂c =
N

2πM
arg{

M−1∑
k=0

u(k) } (17)

where the estimation range is − N
2 M

< v̂c ≤ N
2 M

.
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B. Fine timing and frequency estimation

The ML estimates (ε, v̂)|(εc,v̂c) which is based on the coarse
estimates (εc, v̂c) can be obtained from (9) as

(ε, v̂)|(εc,v̂c) = argmin(ε̃,ṽ){V(r(ε̃); ĥ, ε̃, ṽ) : (18)

εc − T1 ≤ ε̃ ≤ εc + T2, v̂c − F1 ≤ ṽ ≤ v̂c + F2}.
Equation (18) can be implemented by first finding ṽ that

minimizes the metric for each ε̃, denoted by v̂|ε̃, and then
choosing the pair (ε̃, v̂|ε̃) that has minimum metric, denoted
by V(εc,v̂c). By using (11), an ML estimate of v for a trial
timing point ε̃ is obtained as

v̂|ε̃ = argminṽ{V|(ĥ,ε̃)(r(ε̃); ṽ) : v̂c − F1 ≤ ṽ ≤ v̂c + F2} (19)

with the corresponding minimum metric V|(ĥ,ε̃)(r(ε̃); v̂|ε̃).
Then, by using (13), an ML timing estimate is obtained as

εf = argminε̃{V|ĥ(r(ε̃); ε̃, v̂|ε̃) : εc − T1 ≤ ε̃ ≤ εc + T2} (20)

and the fine estimates are given by (εf , v̂f ) with v̂f = v̂|εf
.

The realization of (18) requires the knowledge of CIR which
is not affected by the (coarse) timing and frequency offsets.
[12] presents a method to estimate the required CIR for (18).
Let this CIR estimate based on the (εc, v̂) be ĥ(εc, v̂c). This
estimate is valid if the coarse timing offset is within the
range −K4 ≤ εc ≤ K3 where K3 + K4 + 1 = M . To extend
the coarse timing offset range for which the CIR estimation
works, we consider three candidates of coarse timing offset,
namely {εi : i = −1, 0, 1} with εi = εc + i · M . For each
set (εi, v̂c), realizing (18) results in a candidate set of fine
estimates (εf , v̂f )i together with the corresponding minimum
metric V(εi,v̂c). The fine estimates are then obtained as

(εf , v̂f ) = argmin(εf ,v̂f )i
{V(εi,v̂c) : i = −1, 0, 1}. (21)

The allowable coarse timing offset range is now extended to
−M −K4 ≤ ε ≤ M +K3 which is usually more than sufficient
for the SNR of interest.

After obtaining εf and v̂f , fine estimation stage can be
iterated for further improvement. At this time, ambiguity
resolution will no longer be required, i.e., no need to consider
three candidate sets. The final estimates can be taken from the
last iteration or from the iteration with minimum metric.

1) Implementation of fine frequency estimation: Define
r̂ref

�
= Sĥ whose elements are {r̂ref (k)}, where ĥ is obtained

from [12] used in the chosen set among {εi, v̂c} (or, if at further
iteration of the fine synchronization, it is obtained from [12]
with previous εf and v̂f ). Then, (11) can be realized as

V|(ĥ,ε̃)(r(ε̃); ṽ) = −2 · Re[

β∑
k=−γ

q(k) e−j2πṽk/N ] (22)

where q(k)
�
= r̂∗ref (k) r(ε̃ + k). After obtaining {q(k)} for a

trial point ε̃, (19) can be implemented in an iterative way using
(22) as follows: Set F1 = F2; v̂0 = v̂c; ∆0 = F1/J1

for i = 1 : 1 : J2

ṽk = v̂i−1 + k · ∆i−1

v̂i = argminṽk{V|(ĥ,ε̃)(r(ε̃); ṽk) : k = −J1 : 1 : J1}
∆i = ξ · ∆i−1/J1

end

v̂|ε̃ = v̂J2 . (23)

Depending on the coarse frequency estimation performance,
the value of F1 can appropriately be set for complexity
reduction. The parameters (J1, J2, ξ) give a trade-off between
accuracy and complexity. Alternatively, (19) can be imple-
mented by FFT and interpolation as in [11].

C. Estimation of channel frequency response
The fine timing point will be most of the time at the correct

point and hence, the channel estimation performed then can
be based on the (β + Ng − K + 2) length received vector r,
(i.e., with γ = Ng − K + 1), as follows:

ĥf = (SH
γ Sγ)−1SH

γ W H
γ (v̂f )rγ(εf ). (24)

If we have knowledge of the number of nontrivial channel
taps K, the channel estimation can further be improved by
using the K largest energy taps out of K estimated taps [9].
To account for the occasional occurrence of εf > 0 which
will cause ISI, the fine timing estimate is advanced by some
amount λf (> 0). In this case, ĥf which is obtained above
with no timing advancement can be modified as

ĥf (λf ) = e−j2πv̂f λf /N [01×λf , ĥ
T

f ]T . (25)

Finally, N point FFT of ĥf (λf ) gives the sub-channel
frequency response estimates.

IV. PERFORMANCE ANALYSIS

Let ∆h = ĥ − h and C∆h = E[∆h∆hH ]. Following the
method from [11] and assuming that E[∆h(k)] = 0, we obtain
E[v̂] = v and

var[v̂] � sH s

2N SNR (yH y)

+
yHSC∆hSHy + 4π2

N2
sH s

N SNR tr{WSC∆hSHW}
2(yHy)2

(26)

where y
�
= 2π

N
WSh, W �

= diag{−Ng+K − 1, −Ng+K, . . . ,

β}, and s
�
= [s(0), s(1), . . . , s(N −1)]T . Equation (26) indicates

that the frequency estimation accuracy depends on the channel
response, the training symbol and the channel estimation error.

Similarly, the channel estimation MSE, for a particular
∆v

�
= v̂ − v and h, can be given by

MSE[ĥ(k)] �
[

sHs (SHS)−1

N SNR
+ {I − S

H
W (∆v)S(S

H
S)

−1}

· {hh
H − (S

H
S)

−1
S

H
W

H
(∆v) Shh

H}
]

k,k

(27)

Equation (27) indicates that the channel estimation accuracy
depends on the frequency estimation accuracy.

V. SIMULATION RESULTS AND DISCUSSIONS

OFDM system parameters are N = 64, 52 used sub-carriers,
Ng = 16, and QPSK modulation. The training symbol is
composed of P + 1 = 5 identical parts and each part is
generated by 16 point IFFT of length-16 Golay complementary
sequence. The channel path gains {hl; l = 0, 1, . . . , 7} are
WSSUS complex Gaussian with sample-spaced path delays
and K = 8, t0 = 0. The channel power delay profile is
with a -3 dB per tap decaying factor. Other parameters are
λc = 4, λf = 2, v = 1.6, F1 = 0.1, J1 = 10, J2 = 5,
ξ = 2, T1 = K3 = 4, T2 = K4 = 11, K ′ = K = 8 and
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Fig. 1. The performances of the reference schemes
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Fig. 2. The performances of the reference schemes at different fixed timing
offsets and SNR value of 10 dB

K = 8 unless stated otherwise. One packet is composed of
one training symbol and 5 data symbols and the results are
obtained from 105 simulation runs.

As an illustration of the impacts of errors from one of
the tasks of synchronization and channel estimation on the
others, two reference schemes are evaluated. The first ref-
erence scheme consists of the timing offset estimation from
[6] with 90% maximum point averaging, the frequency offset
estimation from [4] and the ML-based channel estimation
used in [11](same as (24) with γ = 0). The second reference
scheme consists of the timing offset estimation from [6] with
90% maximum point averaging, the MLE#2 frequency offset
estimation from [4] and the channel estimation used in [11].
In MLE#2 frequency offset estimation, an FFT pruning factor
of 4 is used and a quadratic interpolation is performed to get a
fine frequency offset estimate. Fig. 1 presents the performances
of the two reference schemes. Fig. 1(a) indicates that the
timing offset estimation would definitely introduce ISI and
ICI since the mean of timing offset is greater than zero. Fig.
1(b) shows that the frequency offset estimator MLE#2 (Ref.
2) fails to give reliable estimate. Fig. 1(c)(d) indicate that both
reference schemes fail. The reason is better explained in Fig. 2
where the frequency offset estimation, the channel estimation
and the BER performances of both reference schemes are
presented for different fixed timing offset values at SNR =
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Fig. 3. Timing offset estimation performance

10 dB. The results show that errors in one task can affect the
other tasks in synchronization and channel estimation and this
fact should be taken into consideration in the design/derivation
of the synchronization and channel estimation methods.

Fig. 3 (a) presents the timing offset variances where “Finek”
denotes the kth iteration at the fine synchronization stage. The
estimation performance is much improved in the fine stage
but more iteration does not improve timing estimation further.
Fig. 3 (a) also includes the performance with known CIR. The
corresponding variance for SNR of 15 dB and above are not
present for no timing offset is observed in the simulation. The
average normalized interference power caused by the timing
estimation (calculated as in [7]) is presented in Fig. 3 (b).
Same trend as in the variance performance is observed.

Fig. 4(a) shows the frequency offset estimation MSE per-
formance. More iteration of the fine synchronization improves
the frequency estimation performance although it does not
improve the timing estimation. Hence, if more than one
iteration is used, the fine timing estimation part can be
skipped after the first iteration. We have also evaluated the
performance of the fine frequency estimation with [4] as
a coarse estimation, and a slight improvement is observed.
The result denoted by “Fine (selected)” is obtained from the
iteration with the minimum metric among the 5 iterations. It
has a slight improvement over “Fine5” case. The performance
of the fine frequency estimation with known CIR is also
included as a lower bound. The performance gap can be
viewed as the sensitivity of the fine synchronization to the
channel estimation errors. Fig. 4(a) also includes the Cramer-
Rao bound in AWGN channel (CRB1) and the CRB in AWGN
channel with perfect phase synchronization (CRB2). Fig. 4(b)
presents the channel estimation MSE performance. In the case
of the coarse synchronization only, in order to account for
some timing offsets and not to miss some channel taps, K ′ =
Ng is used. Clearly, all cases of the fine stage have much better
performance than the coarse synchronization only case. More
iterations at the fine stage have slightly improved channel
estimation and “Fine(selected)” case has the best performance.
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Fig. 5. BER performance of the proposed method with: (a) Matched
parameters (b) Mismatched parameters

The channel estimation performance of the proposed method
is quite close to the theoretical performance obtained with
known sync parameters.

In Fig. 5(a), BER performance curves are presented. The
fine stages have better BER than the coarse stage due to
better synchronization and channel estimation. More iteration
in the fine stage slightly improves the BER especially at
moderate and low SNR values. “Fine (selected)” case has
a marginally better BER than other cases. The BER of the
proposed approach for a packet containing one training symbol
and one data symbol is also listed. It reflects more about the
snap-shot synchronization and channel estimation errors effect.
The results indicate that the proposed scheme performance is
quite close to the performance with known sync parameters
and known channel response. We have evaluated the proposed
method with the designed maximum channel delay spread K ′

and the designed number of the most significant channel taps
K (which is denoted by “MST” in the figure) different from
their actual values. The BER curves are given in Fig. 5(b).
Due to the noise contamination from the extra taps, a slight
performance loss is observed. However, considerable perfor-

mance improvement over the coarse stage is still achieved. We
have also evaluated the proposed approach in the HiperLAN
channel model-A (non-sample-spaced path delays). The results
show the same trend and hence, are omitted.

VI. CONCLUSIONS

In synchronization and channel estimation tasks, errors from
one task can affect the other tasks. Separately addressing
each individual task may not reflect actual performance. This
has motivated the development of the proposed combined
approach for synchronization and channel estimation tasks.
The proposed approach consists of two stages. At the first
stage, robust sync detection and simple coarse synchronization
tasks are accomplished by using the repetitive structure of
the training symbol. At the second stage, an ML estimation
of timing and frequency offsets based on sliding observation
vector (SOV) is realized by using the coarse estimates of the
sync parameters and the CIR. Then ML channel estimation
is performed. The simulation results show that the proposed
combined approach performs quite well and circumvents the
problem of high sensitivity of one task to errors in other tasks.
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