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Faces can be represented efficiently as a weighted linear combination of the eigenvectors of a covariance
matrix of face images. It has also been shown [J. Opt. Soc. Am. 4, 519-524 (1987)] that identifiable faces
can be made by using only a subset of the eigenvectors, i.e., those with the largest eigenvalues. This low-
dimensional representation is optimal in that it minimizes the squared error between the representation

of the face image and the original face image.

The present study demonstrates that, whereas this

low-dimensional representation is optimal for identifying the physical categories of face, like sex, it is
not optimal for recognizing the faces (i.e., discriminating known from unknown faces). Various low-
dimensional representations of the faces in the higher dimensions of the face space (i.e., the eigenvectors
with smaller eigenvalues) provide better information for face recognition.

1. INTRODUCTION

Computational models of face recognition must ad-
dress several difficult problems. First, faces must be
represented in a way that makes available informa-
tion that is sufficient to distinguish a particular face
from all other faces. Faces pose a particularly difficult
problem in this respect because all faces are similar
to one another in that they contain the same set of
features (e.g., eyes, nose, mouth) arranged in roughly
the same configuration. Early attempts to model face
recognition! generally attempted to use a geometric
coding in which measurements of the relations be-
tween facial features were coded and used for recog-
nition purposes. These features, however, discard im-
portant information about the texture and shape of
the face? and about subtle variations in the form and
configuration of the facial features®. Recent research
on computational modeling of faces has found it use-
ful to employ a simpler representation of faces that
consists of a normalized pixel-based representation of

faces. This representation has been used to code com-
plete faces®>~? partial faces'®, and the subcomponents
of faces?. Whereas these approaches do not create
an invariant three-dimensional representation, when
they are used with full faces, they provide detailed in-
formation that is useful for distinguishing faces both
at the configural level (i.e., the relationship between
features) and at the featural level. Thus, geometric
representations are coded implicitly, but texture and
detailed shape information are also preserved. These
pixel-based codings are generally used in conjunction
with models that represent faces, explicitly or implic-
itly, as a weighted combination of eigenvectors.3%9:10
We discuss these models below in the context of the
tasks to which they have been applied.

The second major problem that computational
models must address is that effective computational
modeling of faces requires not only the ability to rec-
ognize faces but also the ability to process faces in a
variety of other ways. Because the terms to be used
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for these other tasks have several meanings in differ-
ent disciplines and in everyday language, we start by
offering a definition of each term as it is used in this
paper. “Recognition” is the categorization of a face as
known or unknown. Whereas this task can be viewed
as a categorization, it is important to note that this
categorization is based not on any physical similar-
ities between faces within a category but rather on
a particular instance of experience with the face. In
other words, a particular familiar face may be more
physically similar to a particular unfamiliar face than
to any other familiar face. A final point to note is that
the definition of recognition that we use in this pa-
per does not assume that the face is identifiable to
the model as an instance of a particular person but
rather assumes only that familiar or learned faces can
be distinguished from unfamiliar or unlearned faces
by the model. This distinction also holds in human
memory. We are often absolutely certain that we rec-
ognize a person (or know the person from somewhere)
but are completely unable to recall any other infor-
mation about the person, such as their name or the
place with which we associate them. Generally this
happens when the person is seen out of context . For
example, when we run into a local grocery store clerk
at a movie theater, we know the face is familiar but
are unable to access who the person is or where we
have seem him /her before.

Beyond recognition, it is also useful to be able to
extract physically based categorical information from
unknown or unfamiliar faces. We are able to look at
any unfamiliar face and make judgments about the
sex, race, and approximate age of the person pic-
tured. For lack of a better term, we will call this
task categorization of visually derived semantic infor-
mation after Bruce and Young’s psychological model
of human face processing.11 In contrast to recogni-
tion, categorization in terms of visually derived se-
mantic information is presumably based on the fact
that faces within a particular category are more phys-
ically similar to one another, in some way, than are
faces between categories. Therefor, e.g., female faces
should be more similar to one another in some respect
than female faces are to male faces.

The final distinction we make is between the kind
of information that is needed for recognition and the
kind of information that provides a best likeness of
a face. Human face recognition works reasonably
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well even in suboptimal conditions. We can recog-
nize faces from blurry photographs and from pho-
tographs revealing only partial information about the
face. Nonetheless we can also judge how good a like-
ness a particular picture is of a face and can determine
the degree to which additional information improves
or decreases the likeness.

The present studies use a principal components ap-
proach toward quantifying and describing the infor-
mation that is most useful for these tasks. In this ap-
proach faces are represented as a weighted combina-
tion of eigenvectors that are extracted from a covari-
ance matrix derived from a set of faces. The eigenvec-
tors act as features in some traditional senses of the
word because a face is constructed or put together by
combining or adding together the (weighted) eigen-
vectors. Two aspects of this approach differ in useful
ways from more traditional ideas of feature represen-
tation of aces. First, these eigenvectors are dependent
on the statistical properties of the set of faces used
to reconstruct the covariance matrix. This is an im-
portant characteristic of human face recognition. For
example, it is well known that people are better able
to recognize faces of their own race than faces of other
races. We have modeled this recently as a problem
in perceptual learning by using a principal compo-
nents approach.” By this account, faces of different
races can be thought of as different statistical cate-
gories of faces (i.e., different races of faces may differ
in norms for, e.g., face shape and eye/hair color).
When a covariance matrix of faces is constructed by
using a majority of faces of one race and a minority of
faces of another race, the eigenvector representation,
which is dependent on the statistical characteristics
of the stimulus set, will capture subtle variations in
the form and configuration of the majority-race faces.
However, this representation will be less able to cap-
ture featural inforamtion that is useful for discrimi-
nating among minority-race faces. Thus, according to
this model, the difficulties that we have in recognizing
other-race faces arise from the inappropriate use of a
set of features that are derived from, and hence op-
timized for, discriminating among faces of one’s own
race. A principal components approach models this
general process in a relatively natural way.

A second advantage of using eigenvectors to repre-
sent faces is that, because they span the entire face,
they can capture more global aspects of the faces than
can local feature-based descriptions. Models that use
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representations of local features must generally add
in an explicit mechanism to represent configurational
information in faces.

We demonstrate that, within the principal compo-
nents framework, different bands of eigenvectors are
differentially useful for recognition and categorization
along visually derived semantic dimensions. In par-
ticular, a low-dimensional representation of faces in
the lower dimensions of the space®!® (i.e., a rep-
resentation that use a subset of eigenvectors with
the largest eigenvalues) has been proposed as a way
of representing face images optimally in the least-
squares error sense. Whereas this representation min-
imizes the physical similarity (squared) error between
the original and low-dimensional representation, we
show that it is not necessarily the most efficient repre-
sentation for the task of recognition. In some cases, a
low-dimensional representation of faces in the higher
dimensions of the space (i.e., the dimensions associ-
ated with the eigenvectors with smaller eigenvalues)
can give equally good, if not better, information for
face recognition. We shall likewise provide a simula-
tion and a visual demonstration, consistent with ear-
lier work®, of the importance of the lower-dimensional
eigenvectors for the prediction of general physical cat-
egories such as the sex of a face.

2. PriNncIiPAL COMPONENTS APPROACH

The principal components approach to representing
faces has been presented in detail elsewhere®:10 so
we present only a short history and summary here.
What is frequently forgotten in the current literature
is that the approach is completely consistent with
much older work by Kohonen!? on autoassociative
memory matrices, which he applied to the storage
and retrieval of face images. Briefly, in this concep-
tualization, a digitized image of each face is coded as
a vector that comprises pixel elements concatenated
from the rows of the face image. Thus, the ith face is
represented by a J x 1 vector (where J is equal to the
width times the height of the face image in pixels)
and is denoted by a;. For convenience, normalized
vectors are assumed (i.e., ala; = 1). From the face
vectors, an autoassociative matrix is constructed as

follows:
(1) W= Z a;al .
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Recall (i.e., reconstruction) of a face from the matrix
is achieved as follows:
(2) 5, = Wa,-

where a; is the estimate of a;. The quality of this
estimate is evaluated by computing the cosine be-
tween the original and reconstructed image vectors;
formally:

3)

o~ aT
a;a a;a

Iall llall [l -

Because each term a;a’ of Eq. (1) is an outer prod-
uct, the matrix W is semipositive definite. The eigen-
decomposition of this autoassociative matrix which is
equivalent to principal components analysis*, can ex-
pressed as:

T
(4) W => \p,p;
J
where p; is the jth eigenvector of W, JA; is the
eigenvalue associated with the jth eigenvector, and r
is the rank of W. Hence, Eq. (2) can be rewritten as

T
(5) a; =) X\ x(afp;) xpj -
J

Therefore, faces can be represented as a set of
weights or coefficients on the set of eigenvectors. We
refer to the set of coefficients that describes a partic-
ular face as its coefficient profile®.

The storage capacity of this matrix is approxi-
mately 15% of its dimensionality'®. This estimate
is for random vectors, however, and faces are highly
correlated. The correlated nature of the face images
decreases the capacity estimate. On the other hand,
the Widrow-Hoff error-correction rule (or delta rule,
as it is sometimes called) is frequently applied iter-
atively to optimize the quality of recall across the
stimulus set. This increases the capacity of the ma-
trix. In Eq. (5) this is equivalent to dropping the
eigenvalues when reconstructing the images. In any
case, because the dimension of our images, and nearly
all of the face stimuli used in related work, are very
large compared with the number of stimuli, this limit
is not generally a problem.

cos(a;,a)

3. HISTORY OF THE APPLICATION OF THE
APPROACH
Kohonen'? demonstrated that the autoassociative

memory could act as a content-addressable memory.
He demonstrated this by storing face images in the
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memory and by reconstructing and displaying pixel
vector reconstructions when noisy or incomplete face
vectors were given as memory keys. In general, these
reconstructions are convincingly similar to the orig-
inal stored pixel vectors. Formally, this amounts to
cosines between the original and reconstructed image
vectors that are generally close to 1.0.

3.1. Recognition

Kohonen, however, did not demonstrate that the au-
toassociative matrix can act as a system for recog-
nizing faces. To do so, it is necessary to show that
the model can distinguish between learned and novel
faces. Because all faces are highly correlated, recon-
struction of novel faces using Eq. (2) generally pro-
duces images that are clearly facelike and that gener-
ally resemble the unlearned original face. To demon-
strate that the model is able to distinguish learned
from new faces, the quality of the reconstructions for
the learned faces should, on the average, exceed the
quality of the reconstructions for the unlearned faces.
This was shown recently in a study® that compared
cosines between original and reconstructed face im-
ages for both learned and novel faces. On the average,
cosines for the learned faces exceeded those for the
novel faces, indicating that the model, within capac-
ity limits, could distinguish learned from novel faces
by using these cosines. We will provide a detailed ex-
planation of this recognition testing procedure in the
context of the simulations’ Method section below.

3.2. Low dimensional representation

Recently, Sirovich and Kirby!® proposed a low-
dimensional representation of faces using a subset of
the first n eigenvectors, where (n < r) and r is the
rank of the matrix. This representation is optimal in

4. SIMULATION 1
4.1. Stimuli

One hundred fifty-nine faces were digitized from
slides with a resolution of 16 gray levels. The faces
were those of young Caucasian adults; roughly half
were male and half were female. None of the slides
presented people with facial hair or glasses. The im-
ages were aligned so that the eyes were at approxi-
mately the same height. The images were cropped
around the face to eliminate clothing. Each face was
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the least-squares sense and hence minimizes the er-
ror of the reconstructed images. Sirovich and Kirby
demonstrate convincingly, both mathematically and
visually, that only a subset of the terms of Eq. (5)
are needed to produce a good likeness of the original
learned face. In some cases no perceptible differences
can be seen between reconstructions made with the
use of a subset of eigenvectors and the original faces.
Whereas this representation is optimal in the least-
squares error sense, the results of the simulations that
we present below show that this representation is per-
haps not the most useful one for recognition. The re-
search is motivated by an informal observation that
we made with the use of an XWindow-based tool
for constructing faces from the eigenvector!*. We
noted that, in eliminating eigenvectors from the re-
constructed faces, the likeness or general quality of
the face decreased more by eliminating some ranges
of higher eigenvectors (i.e., those with smaller eigen-
values) than by eliminating the more important lower
eigenvectors (i.e., those with larger eigenvalues). For
example, Fig. 1(a) displays an original face in the
left panel, a reconstruction eliminating the first 20
eigenvectors in the center panel, and a second recon-
struction eliminating the first 40 eigenvectors in the
right panel. The identity of the face is barely com-
promised in these two reconstructions. On the other
hand, Fig. 1(b) displays the original in the left panel,
the face displayed with the first 20 eigenvectors in
the center panel, and the face displayed with the first
40 eigenvectors in the right panel. Most human ob-
servers would have difficulty identifying the faces in
these two reconstructions. This observation led us to
examine the importance of different ranges of eigen-
vectors for recognition.

151 pixels wide and 225 pixels long, and so was repre-
sented by a 33,975-pixel vector consisting of the con-
catenation of the pixel rows. The simulations were
carried out on a Sun MicroSystems SparcStation and
on a Convex C-1 Vector computer.

4.2. Method

An autoassociative memory was constructed with 100
randomly chosen faces (50 male and 50 female) from
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the original set. The remaining 59 pictures were re-
served as novel faces for testing purposes. The au-
toassociative matrix was decomposed into its eigen-
vectors. In each part of this simulation, all 159 faces
were reconstructed with Eq. (5) by using a range of
eigenvectors. These ranges were as follows: a.) eigen-
vectors 1-15; b.) eigenvectors 5-20; c.) eigenvectors
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(D)

FIGURE 1. (a) Left panel contains the original face. The center panel contains the face
reconstructed by eliminating the first 20 eigenvectors. The right panel contains the face
rescontructed by eliminating the first 40 eigenvectors. (b) Left panel contains the original
face. The center panel contains the face reconstructed with the first 20 eigenvectors. The
right panel contains the face reconstructed with the use of the first 40 eigenvectors

10-25; and so on, up to and including r.) eigenvectors
85-100. Finally, a control simulation was carried out
with the use of the entire set of eigenvectors.

The matrix was tested for accuracy using signal
detection methodology'®. Essentially, this procedure
defines the signal as the old or learned faces and the
noise as new or unlearned faces. By setting a quality
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False Mean Mean
Eigenvector Hit Alarm Percent Cosine Cosine
Range d' Rate Rate  Correct Old New
1-15 1.69 091 0.35 81.1 0.97 0.95
5-20 0.95 0.62 0.25 66.6 0.23 0.19
10-25 0.88 0.62 0.27 66.1 0.18 0.15
15-30 1.26 0.63 0.16 70.4 0.16 0.12
20-35 1.42 0.69 0.17 74.2 0.15 0.11
25-40 1.41 0.75 0.22 76.1 0.13 0.09
30-45 1.69 0.81 0.22 79.8 0.12 0.08
35-50 1.62 0.78 0.19 79.2 0.11 0.07
40-55 1.67 0.76 0.15 79.2 0.10 0.07
45-60 1.88 0.79 0.14 81.7 0.10 0.06
50-65 2.04 0.77  0.08 82.3 0.09 0.06
55-70 2.03 0.79 0.10 83.0 0.09 0.06
60-75 1.76 0.79 0.17 80.5 0.08 0.05
65-80 1.92 0.80 0.14 82.3 0.08 0.05
70-85 1.60 0.73 0.15 76.0 0.07 0.05
75-90 1.64 0.69 0.12 76.1 0.07 0.05
80-95 1.32 0.72 0.22 74.5 0.07 0.05
85-100 1.00 0.72 0.22 68.5 0.06 0.05
1-100 >4.00 0.99 0.01 98.7 1.00 0.97

TABLE 1. Recognition as a Function of Eigenvector Range

of reconstruction (or cosine) criterion, the procedure
divides the faces into old and new faces by assigning
faces for which the quality of reconstruction measure
exceeds the criterion to the old face group, and as-
signing those less than the criterion to the group of
new faces. The procedure was implemented as fol-
lows: 1.) All faces were reconstructed in all of the
eigenvector ranges noted above by using Eq. (5). 2.)
The quality of the reconstructions was measured as
the cosine between the original and reconstructed im-
ages [Eq. (3)]. 3.) The mean of the cosines between
original and reconstructed faces for the learned and
novel faces was calculated; as was the mean cosine be-
tween original and reconstructed faces. The mean of

4.3. Results

Table 1 contains the d', hit and false alarm rates, and
the overall percent correct classifications, as well as
the mean cosines between original and reconstructed
images for the old and new faces. Several things
are worth noting. First, as might be expected from

these two means was used as the criterion or thresh-
old for deciding whether a face was to be classified as
old or new. The distributions of cosines for old and
new faces were approximately normal, making this a
sensible criterion. 4.) Model responses were catego-
rized as hits (i.e., old faces that the model assigned
to the old category) and false alarms (i.e., new faces
that the model assigned to the old category). 5.)
d' was calculated as z(hit rate) — z(false alarm rate).
This amounts, simply, to the distance in z-score units
between the means of the old and new cosine distri-
butions. High d's indicate little overlap between the
distributions for old and new faces, and hence high
discriminability, whereas low d's indicate much over-
lap and, hence, poor discriminability.

earlier work'?, the average physical similarity of the
original face to the reconstructed face (as measured
by the cosine between the original and reconstructed
faces) decreases as the range of eigenvectors used
shifts from the eigenvectors with larger eigenvalues
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to those with smaller eigenvalues. The reconstruc-
tions of both the old and new faces at the top of this
range (1 — 15) were nearly perfect. Reconstructions
at the lower part of the eigenvector range, however,
were very dissimilar to the original faces with aver-
age cosines only slightly above zero. Figure 2 shows
the falloff of the quality of the reconstructions as a
function of the eigenvector range.

The second point to note is that the quality of
the reconstructions was consistently higher for the old
faces than for the new faces, across the eigenvector
ranges. Error bars are not included in Fig. 2 because
even with the lowest of the d's in Table 1 the model’s
ability to discriminate old from new faces is signifi-
cantly greater than chance (Binomial test, N = 159,
p < .05).

The third and most important point to notice from
Table 1 is that despite this general monotonic in-
crease in error of reconstruction as the range of eigen-
vectors changes to include only those in the higher di-
mensions of the face space, the ability of the model to

5. SIMULATION 2

It has been shown ® that certain eigenvectors contain
information relevant to physical categories of faces
like race and sex. Using an autoassociative network
with Caucasian and Japanese faces, O’Toole et al.®
found that the first, second, and seventh eigenvec-
tors contained most of the information useful for pre-
dicting the race of the face. In particular, the mean
coefficients for these three eigenvectors differed sig-
nificantly for Caucasian and Japanese faces. By us-
ing only the coeflicients for the second eigenvector,
along with a threshold rule, the race membership of
167 Caucasian and Japanese faces was predicted with
88.6% percent accuracy. This study, however, looked
only at the usefulness of the first seven eigenvectors
in predicting race membership. The present simu-
lation examined the full range of eigenvectors and
provides a demonstration of the importance of a rel-
atively small number of eigenvectors (those with rel-
atively large eigenvalues) in controlling the sex of the
reconstructed faces.
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discriminate between old and new faces does not sim-
ilarly decrease. There is a dropoff in discriminabil-
ity in the second two eigenvector ranges and then a
steady increase in discriminability that peaks in the
50-70 range. The pattern of d' values is illustrated in
Fig. 3.

4.4. Discussion

While the reconstructions of the faces were physically
more similar to the originals for the lowest range of
eigenvectors, this information was not necessarily the
most efficient for discriminating the learned from un-
learned faces. In general, any of the 15-eigenvector
ranges between 45 and 80 provided better informa-
tion for discriminating learned from unlearned faces
than did the first 15-eigenvector range. Intuitively,
this makes sense because the eigenvectors with the
larger eigenvalues are likely to convey information
that is common to all the faces, whereas the eigenvec-
tors with the smaller eigenvalues are likely to convey
information about individual faces. This information
about individual faces is likely to be the most useful
for recognition.

5.1. Method and Results

The usefulness of each eigenvector coeflicient for dis-
criminating faces based on sex was examined. There
are a variety of methods for accomplishing this. One
of the simplest ways is to use the value of the coeffi-
cients or weights of each of the faces on each of the
eigenvectors for predicting the sex of the faces. As-
signing zeros to female faces and ones to male faces,
we computed the point biserial correlation coefficient,
r, and the proportion of explained variance 72 be-
tween sex and the eigenvector weight for each of the
159 faces. This is equivalent to performing a t-test
using sex as an independent variable and the weights
as a dependent variable. In other words, we wished to
examine the degree of relationship between the inclu-
sion of individual eigenvectors in the reconstruction
and the sex of the face. Figure 4 shows the cumulative
proportion of explained variance (i.e., r?) for sex clas-
sification across the eigenvectors'6. Only eigenvector
coefficients that correlated significantly (significance
of r test, p < .05) are included. Of the 100 eigen-
vectors, 12 showed a significant correlation between
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FIGURE 2. Mean quality of reconstructions, as measured by cosine between the original
and reconstructed images, for the old and new faces as a function of eigenvector range.
As the range moves from eigenvectors with larger to smaller eigenvalues, the quality of
reconstructions falls of exponentially. However, the quality of reconstruction for old faces
exceeds that for new faces in all eigenvector ranges, indicating an ability to discriminate
between learned and new faces by using the quality of reconstruction.

sex and eigenvector weight. Of these, 5 appear in
eigenvectors with the 15 highest eigenvalues. Addi-
tionally, as can be seen in Fig. 4, the largest amount
of explained variance of sex prediction occurs in the
eigenvectors with the largest eigenvalues. In particu-
lar, the second eigenvector was the best predictor of
the sex of the face (r = .66; r? = .38). A striking
demonstration of the importance of this eigenvector

in determining the sex of the face appears in Fig. 5.
Figures 5(a) and 5(b) contain the first and second
eigenvectors, respectively. Whereas the second eigen-
vector appears monsterlike, adding it to the first, as is
displayed in the Fig. 5(c), creates a masculine-looking
face. However, subtracting the second eigenvector
from the first, as is displayed in Fig 5(d) produces a
feminine looking face.
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FIGURE 3. Recognition ability of the model as measured by d'. Recognition performance
drops off initially as the range moves from eigenvectors with larger to smaller eigenvalues
but rebounds in the higher ranges, exceeding the initial d’ value.

6. GENERAL DISCUSSION AND CONCLUSION

This study shows that in choosing an optimal rep-
resention for faces within the principal components
approach, the particular task to be performed must
be taken into account. The base physical similarity of
the represented images to the originals does not pro-
vide the best measure of useful information for distin-
guishing faces from one another. A low-dimensional
representation of the faces in the dimensions of the
space associated with small eigenvalues provides good
information for the identification of specific faces, for
discriminating between learned and novel faces, and
also for the human judgment of similarity between
the reconstructed face and the target. It is interest-
ing to compare these findings with some other theo-
retical models of face processing. For example, Bruce

and Young!!, in their often-cited model of face pro-
cessing, distinguish between identity-specific seman-
tic codes and visually-derived semantic codes. They
draw the distinction in a box and arrows framework.
This distinction seems to apply directly to the present
model. Clearly, the network model spontaneously im-
plements the dissociation between the two varieties
of of visual information in faces to which identity-
specific and facial-category labels would be appropri-
ately associated. Therefore, the model can be seen as
more parsimonious than a box and arrow model.
One important implication of this paper is to stress
the importance of the task at hand when discussing
the optimal properties of a model. The least-squares
criterion seems particulary well adapted when the
problem is to reconstruct a face, or to derive some
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FI1GURE 4. Cumulative proportion of explained variance for sex prediction as measured by
r2 between sex and eigenvector weight for each eigenvector. Weights on the eigenvectors
with the largest eigenvalues account for most of the explained variance.

type of common semantic information (e.g., sex,
race). However, the same criterion leads to ignoring
the identity-specific information required to minimize
confusions between new and old faces when the task
is to recognize faces.
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