*Note:  The information below can be referenced to: Bowick, C., RF Circuit Design, Howard W. Sams & Company, Indianapolis, IN, 1982.  ISBN:  0-672-21868-2.
The Smith Chart
The Smith Chart is probably one of the most useful graphical tools available to RF circuit designers today.  This chart was developed back in the Thirties by a Bell Laboratories engineer by the name of Phillip Smith.  Smith wanted an easier method of solving the tedious repetitive equations that often appear in RF theory.  Today the development of the Smith Chart is still widely in use.  See Figure 4-29 for the basic Smith Chart.
Plotting Impedance Values
The Smith Chart at any point represents a series combination of resistance and reactance of the form:





Z = R + jX

To locate the impedance Z = 1 + j1

· First find the R = 1 constant resistance circle.
· Then follow it until it crosses the X =1 constant reactance circle.

· At the junction of these two circles will represent the needed impedance value. 

· Refer to Figure 4-30 and notice that this particular point is located in the upper half of the chart.  Why?  Because X is a positive reactance or an inductor.

·  Now locate the point 1 – j1.  As you can see this point is in the lower half of the chart.  Why?  Because X is a negative quantity and thus represents a capacitor.

Therefore, the junction of R = 1 is a constant resistance circle and the X = -1 is a constant reactance.
So, to find any series impedance of the form R ± jX on the Smith Chart, simply find the junction of the R = constant and the X = constant circles.  

In Figure 4-31 the impedance values plotted are very small numbers.  If you have to plot an impedance of Z = 100 + j150 ohms, you will not be able to do so accurately.  So, in this case you must use a process called normalization.  This involves dividing the impedance to be plotted by a convenient number that will place the new normalized impedance near the center of the chart where increased accuracy in plotting is achieved.  
Example:
Plot the impedance Z = 100 + j150.


Let’s divide Z by 100 resulting in an impedance value of Z = 1 + j1.5.

This impedance value is much easier to plot.  *Note:  All impedances must be divided by the same number to correctly meet the normalization process.

Impedance Manipulation on the Smith Chart
What happens when a series capacitive reactance of –j1.0 ohm is added to an impedance of Z = 0.5 + j0.7 ohm?  Mathematically, you will end of with a result of:




Z = 0.5 + j0.7 – j1.0




    = 0.5 –j0.3 ohm

This represents a series RC quantity.   Refer to Figure 4-32 for a graphical illustration.

What has happened is that we have moved downward along the R = 0.5-ohm constant resistance circle for a distance of X = -j1.0 ohm.  The new plotted impedance point is

 Z = 0.5 – j0.3 ohm, as shown in Fig. 4-32.  In Figure 4-33 we have added a series inductance to a plotted impedance value which causes a move upward along a constant resistance circle to the new impedance value.  Therefore, the addition of a series capacitor to a plotted impedance moves that impedance downward (counterclockwise) along a constant resistance circle for a distance that is equal to the reactance of the capacitor.  The addition of any series inductor to a plotted impedance moves that impedance upward (clockwise) along a constant resistance circle for a distance that is equal to the reactance of the inductor.  
Conversion of Impedance to Admittance
The Smith Chart can also be used to convert any impedance (Z) to an admittance (Y), and vice-versa.  In mathematical terms, an admittance is simply the inverse of an impedance, or
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The admittance (Y) contains both a real and an imaginary part, similar to the impedance (Z).  Therefore,





Y = G ± jB




(4-10)


G = the conductance in mhos.


B = the susceptance in mhos.

Figure 4-34 illustrates the circuit representation. 

*Note:  Susceptance - is positive for a capacitor and negative for an inductor


 Reactance – is negative for a capacitor and positive for an inductor
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Y = G + jB


Figure 4-34.  Circuit representation for admittance.
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Figure 4-34.  Circuit representation for admittance.
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Take equation 4-9 to find the inverse of a series impedance of the form Z = R + jX.  How can you use the Smith Chart to perform the calculation for you without the use of a calculator?  

· Fist work the problem out mathematically

· Plot the results on the Smith Chart

· Compare to see how the two functions are related

Example:
Take the series impedance Z = 1 +j1.

The inverse of Z is:
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Plot the points 1 + j1 and 0.5 – j0.5 on the Smith Chart.  Notice the graphical relationship between the two.  This is illustrated in Figure 4.35.  Notice that the two points are located at exactly the same distance (d) from the center of the Smith Chart but in opposite directions (180°) from each other.  The same relationship will hold true for any impedance and its inverse.  Therefore, you can find the reciprocal of an impedance or an admittance by simply plotting the point on the Smith Chart, measuring the distance (d) from the center of the Smith Chart to that point, and then plotting the measured result the same distance from the center but in the opposite direction (180°) from the original.  
There is another approach that can be used to achieve the same result which is to rotate the Smith Chart itself 180° while fixing the starting point in space.  This procedure is illustrated in Figure 4-36 (Smith Chart Form ZY – 01 – N) ° where the rotated chart is done in black.  You can see that the impedance plotted (solid lines on the red coordinates) is located at Z = 1 + j1 ohms, and the dotted lines on the black coordinates as Y = 0.5 – j0.5.  In order to obtain the admittance coordinates the chart has been rotated 180°.  The upper half of the admittance chart represents negative susceptance (-jB) which is inductive and the lower half is of the admittance chart is positive susceptance (+jB) which is capacitive.  As you can see nothing has been lost in the rotation process. 
Admittance Manipulation on the Smith Chart
Figure 4-37 illustrates the addition of a shunt capacitor.  Now we will begin with an admittance of Y = 0.2 – j0.5 mho and add a shunt capacitor with a susceptance (reciprocal of reactance) of +j0.8 mho.  Parallel susceptances are added together in order to find the equivalent susceptance.   The result of this calculation is:




Y = 0.2 – j0.5 +j0.8




    = 0.2 + j0.3 mho

Plot this point on the admittance chart and notice what has been done.  You have moved along a constant conductance circle (G) downward (clockwise) a distance of jB = 0.8 mho.   In other words, the real part of the admittance has not changed, only the imaginary part has.  In Figure 4-38 a shunt inductor is added to an admittance which moves the point along a constant conductance circle upward (counterclockwise) a distance (-jB) equal to the value of its susceptance.  
Now superimpose the impedance and admittance coordinates and combine Figs. 4-32, 4-33, 4-37, and 4-38 you can obtain the useful chart that is illustrated in Figure 4.39.  This chart is a graphical illustration of the direction of travel along the impedance and admittance coordinates, which results when the particular type of component that is indicated is added to an existing impedance or admittance.  See Example 4-6 which will illustrate this point.  
Example 4-6:


What is the impedance looking into the network shown in Figure 4-40?  Notice that the problem has been simplified, due to the fact that shunt susceptances are being illustrated rather that shunt reactances. 

Solution:

This problem is very easily handled on a Smith Chart.  So, there will be no calculations to be performed.  The solution is illustrated in Figure 4-42.  

Steps to Follow:

1. Break the circuit down into individual branches down as shown in Figure 4-41.

2. Plot the impedance of the series RL branch where Z = 1 + j1 ohm.  This is point A in Figure 4-42.  

3. Next, follow the rules diagrammed in Figure 4-39; begin by adding each component back into the circuit-one at a time.

*Note:  The following constructions (Figure 4-42) should be performed:

· Arc AB = shunt L = -jB = 0.3 mho

· Arc BC = series C = -jX = 1.4 ohms

· Arc CD = shunt C = +jB = 1.1 mhos

· Arc DE = series L = +jX = 0.9 ohm
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The impedance at point E (Figure 4-42) can be read directly off the chart Z = 0.2 + j0.5 ohm. 
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Impedance Matching on the Smith Chart:
The Smith Chart is also an excellent candidate for an impedance matching tool.  If a load  impedance is given and given the impedance that the source would like to see, simply plot the load impedance and begin adding series and shunt elements on the chart until the desired impedance is achieved.  This same technique was applied in example 4-6.

Two-Element Matching:
Let’s consider example 4-7 to begin our study of a Smith Chart impedance-matching procedure.  The following equations may be used to simplify the procedure:


For a series-C component:
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For a series-L component:
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For a shunt-C component:
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For a shunt-L component:
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Where:
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,

X = the reactance as read from the chart,

B = the susceptance as read from the chart,

N = the number used to normalize the original impedances that are matched.
Example 4-7:
Design a two-element impedance-matching network on a Smith Chart to match a 25 – j15 ohm source to a 100 – j25 ohm load at 60 MHz.  The matching network must also act as a low-pass filter between the source and the load. 

Solution
This source is a complex impedance; therefore it wants to “see” a load impedance that is equal to its complex conjugate.  So the first step is to force the 100 – j25 ohm load to appear as an impedance of 25 + j15 ohms.  

Actually, the source and the load impedances are both too large to plot on the Smith Chart, so normalization is necessary in this case.  
Steps for solving this problem:

1. First choose a convenient number (N = 50) and divide all impedances by this number.  Your results should be 0.5 + j0.3 ohm for the source impedance and 2 – j0.5 for the actual load impedance.  

2. Now plot these two values on the Smith Chart, as illustrated in Figure 4-44, where at point A, ZL is the normalized complex conjugate of the load impedance, and at point c, ZS* is the normalized complex conjugate of the source impedance.  
3. Next your matching network must also be a low-pass filter that will force you to use some form of series-L, shunt-C arrangement.  The only way to accomplish this is to take the path as shown in Figure 4-44.  By following the rules of Figure 4-39, the arc AB of Figure 4-44 is a shunt capacitor with a value of +jB = 0.73 mho.  The arc BC is a series inductor with a value of +jX = 1.2 ohms.  

4. Now change the shunt capacitor from a susceptance into an equivalent reactance by taking the reciprocal
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Now unnormalize all impedance values by multiplying them by the number N = 50-the value originally used in the normalization process.  Therefore:
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      The component values are:  
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See Figure 4-43 for the final circuit.
[image: image21.emf]Figure 4-43.  Final circuit for Example 4-7.
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Figure 4-43.  Final circuit for Example 4-7.
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Three-Element Matching
For three-element matching you are able to choose the loaded Q for the network.  How can circuit Q be represented on a Smith Chart?

The Q of a series-impedance circuit is simply equal to the ratio of its reactance to its resistance.  Therefore, any point on a Smith Chart has a Q associated with it.  Alternately, if you were to specify a certain Q, you could find an infinite number of points on the chart that could satisfy that Q requirement.

Example:
The following impedances located on a Smith Chart have a Q of 5: 




R + jX = 1 ± j5






= 0.5 ± j2.5






= 0.2 ± j1






= 0.1 ± j0.5






= 0.05 ± j0.25

These values are plotted in Figure 4-45 and form the arcs shown.  Therefore if any impedance located on these arcs must have a Q of 5.  Similar arcs for other values of Q can be drawn with the arc of infinite Q being located along the perimeter of the chart and the Q = 0 arc (actually a straight line) lying along the pure resistance line located at the center of the chart.  
The procedure for designing a three-element impedance matching network for a specified Q is summarized as follows:

1. Plot the constant-Q arcs for the specified Q.

2. Plot the load impedance and the complex conjugate of the source impedance.

3. Determine the end of the network that will be used to establish the loaded Q of the design.  For networks, the end with the smaller terminating resistance determines the Q.  For Pi networks, the end with the larger terminating resister sets the Q.

4. For T networks: (See Figure 4-18 for a three-element T network.)





[image: image22.wmf]R

R

s

L

>



[image: image23]
       Move from the load along a constant-R circle (series element) and intersect the Q         
curve.  The length of this move determines your first element.  Then, proceed 
from this point to 
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       Find the intersection (I) of the curve and the source impedance’s R = constant circle,  
and plot that point.  Move from the load impedance to point (I) with two 
elements.  The series element is first and then the shunt element.  Move from 
point   
(I) to 
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 along the R = constant circle with another series element.  
5. For the Pi networks (See Figure 4-17)
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      Find the intersection (I) of the Q curve and the source impedance’s G = constant    
circle, and plot that point.  Move from the load impedance to point (I) with two  
elements.  Start first with a shunt element and then with a series element.  Move from 
point (I) to 
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 along the G = constant circle with another shunt element.
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Move from the load along a constant G circle (shunt element) and intersect the Q 
curve.  The length of this move will be determined by your first element.  Then 
proceed from this point to 
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 in two moves.  Your first move will be with the series 
element and then with the shunt element.  
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Example 4-8:


Design a T network to match a Z = 15 + j15-ohm source to a 225-ohm load at 30MHz with a loaded Q of 5.  
Solution


Follow the steps below:

· Draw arcs for Q = 5.

· If necessary normalize the impedances if they are too large to be located on the chart. Divide by a convenient value (choose N = 75) for normalization.
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* Note:  The construction details for the design are shown in Figure 4-46.

· Plot the load impedance and the complex conjugate of the source impedance.  

· Since the design statement specifies a T network, the source termination will determine the network Q.  
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- Follow step 4 above.

· Plot point (I).  This is the intersection of the Q = 5 curve and the R = constant circuit that passes through
[image: image35.wmf]Z

s

*

.  
· Move from the load impedance to point I with two  elements

· Element 1 = arc AB = series L = j2.5 ohms

· Element 2 = arc BI = shunt C = j1.15 mhos

· Then, move from point I to 
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 along the R = constant circle.  
· Element 3 = arc IC = series L = j0.8 ohm

· Use equations 4-11 through 4-14 to find the actual element values.  

· Element 1  = series L:
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· Element = shunt C:
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· Element 3 = series L:
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· The final network is illustrated in Figure 4-47.
[image: image40.emf]Figure 4-47.  Final circuit  for Example 4-8.
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Figure 4-47.  Final circuit  for Example 4-8.
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Multi-Element Matching
There is no Q constraint, in multi-element matching networks; therefore the Smith Chart becomes an actual treasure trove of infinite number of possible solutions.  There is an optimum solution for getting from point A to point B on the Smith Chart; however the optimum solution will not be the only solution.  A two element network will get you from point A to point b with the least number of components and the three element network will provide a specified Q by simply taking another route.  However, if you are not interested in a Q, there are 3-, 4-, 5-, 10-, and 20 element (and more) impedance matching networks that are easily designed on a Smith Chart by following the constant-conductance and constant resistance circles until you arrive at point B, which, in our case, is usually then complex conjugate of the source impedance.  The illustration of this point can be found in Figure 4-48.  As you can see:

· Solution 1 starts with a series-L configuration and taking 9 elements in order to arrive at point B.  
· Solution 2 starts with a shunt-L procedure and takes 8 elements to arrive at point B. 
· Solution 3 starts with a shunt-C arrangement and takes five elements to reach point B.  
The element reactances and susceptances can be read directly from the Smith Chart, and equations 4-11 through 4-14 can be used to calculate the actual component values.  
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Figure 4-40.  Circuit for Example 4-6.
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Figure 4-41.  Circuit is broken down into individual branch elements.
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Figure 4-18.  The three-element T network.
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Figure 4-17.  The three-element Pi network.
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