Differential length vectors
dl =(dx,dy,dz) .,

= (dr,rd! ,dz)CyI
=(a", "d# " sin(t )d!)

sph

Del Operator:
= (P PR ) = (10 + o+ ) = (@24 (@sin( ) + B0 )

LRV = (A, + AV, +AV,) = (P (1) + TV + 4V

¥ P b . 6 r$ b . & &0 &sin()$
VL (V=|# # # |==|# #H # |=———| # # #
( X % z r r $ z &zs-n(:) & $
V, V, V, (VAR VARY V, & &sn( )V,

Ly =2 :(#x2 + #2 +#f) :(r%#,(r#r" )+ A" +#22)
= (&%, (&#," )+ (&sn( )" # (@n( )#" ) +(&sin( ) #" )

(! =0
GreenOs Theorem $ Q(x, y)dy+ P(x,y)dx = !!(”XQ# "yP)dxdy
enclosing
curve
Divergence Theorem "¥Vd#= 8V ¥nd$
Volume enclosing
surface
StokeOs Theorem ## " V)¥nd$ = ¢V ¥dr
surface enclasin g

curve
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Section 1. Basic concepts and basic mathematics

1.1. History

The knowledge of fluid mechanics is perhaps the oldest ‘scientific’ knowledge that humanity
has. Humanity has interacted with fluids since antiquity. It is thought that our particular branch
of humanity evolved along the shores of Africa. There we would have experienced and

‘understood’ wind and waves.

As our species grew in population and abilities, our link to fluids grew. We harnessed wind for
transportation and water for our crops. This course is designed to help the student begin to
understand fluids in a formal sense. Mathematically, the book will rely on vector calculus and

some basic probability.

1.2. Concept, Nature and sources of vector fields

In Fluid Mechanics we deal with scalars vectors, scalar fields and vector fields. On top of this
we have coordinate systems. Understanding these and how they relate will be critical to your

understanding of fluids mechanics. In a nut shell:

Scalars A number or magnitude (say a =1.25). A scalar does not have any direction associated
with it. An example is the Temperature of the air in the room you are sitting in or the

temperature at various locations in a hurricane.

Vectors: A number with an associated direction (say A = 1.25 North). An example is the wind
in the room you are sitting in or the wind inside of a hurricane. The eye wall might have
sustained winds of 200 MPH - rotating clockwise — but the air inside the eye is often very calm.
The directionality of a vector requires that we describe what happens in each direction. For this
we develop the concept of ‘unit vectors.” Unit vectors are vectors of length one that point in a
specific direction, say in the ‘north’ direction or the ‘x” direction. The unit vectors that you use
depend on the coordinate system that you are using. We will discuss the standard coordinate
systems a little later. (In these notes scalars are notated as small letters while vectors will be
notated with bold-faced capitol letters having a ‘bar’, - , on top. The single exception to this rule

is the ‘unit’ vector which is defined to have length 1 and in effect only contains directional
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information. Unit vectors are symbolized with lower case bold-faced letters having a ‘carrot’, A,

on top. )

Scalar Fields: This is a scalar that depends on where and when it is measured (say
a=3xt+4y+ 7). Scalar fields are more commonly called functions. An example is the

Temperature inside a hurricane or in a our room.
Higher in the air -> colder (usually)

Night -> colder

North -> colder

Texas in the summer -> hot!

In our hurricane and room examples, the temperature changes, depending on the location. In a
room it is usually hotter/colder near the air vent. In electromagnetism the scalars you deal with
might be a functions of time, position and local velocity — 7 free parameters in all. An example

of this would be:

t(xy,zt)=x* +yzt

Vector Fields This is a vector that depends on where and when it is measured (say
A =3xt0+4yp+ 7). Vector fields are functions with directions associated with them. An
example is the wind inside a hurricane. Note that each direction can have a different functional
form, A = f(x,y,z,vx,vy,vz,t))é+ g(x,y,z,vx,vy,vz,t)¢+ h(x,y,z,vx,vy,vz,t)f). ONE OF THE
MOST IMPORTANT THINGS THAT YOU MUST DO WHILE WORKING ON AN

FLUID MECHANICS PROBLEM IS DB KEEP TRACK OF ALL OF THE PARTS, e.g.
OBOOKKEEPINGO While this might be a little boring sounding, it is really not that hard. After

all, if a person with an MBA can do a little bookkeeping, so can you.

This brings us to the concept of coordinate systems In the proceeding paragraphs we have used
two different coordinate systems, spherical (North-south-east-west-height is an example) and

Cartesian (X, y and z). You should already be used to these through your earlier experiences.
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While there are an infinite number of possible coordinate systems, we will only use three,
Cartesian, spherical and cylindrical. (I will attempt to add a generalized discussion of coordinate
systems as a later addendum.) Each coordinate system has a definite well-defined method for
locating a point or position and a method for giving a direction based on the defined unit
vectors. Each also relies on a well-defined origin. Our three main coordinate systems are
shown graphically below. Note that the three unit vectors in each coordinate system are at right
angles to each other and that one can get to any location in the system by simply adding various
lengths of each unit vector. Further note that the cylindrical and spherical coordinate systems are

defined in terms of the Cartesian (X, y, z) coordinate system.

z z z
. . . )
ARE pF
7 1IN
o — /N
< -~ \y < o 4 ’ : 719\y
N P o~ ~ N ) e
Py - ot TPy
X X X it
0% v (55 v/ B vV
Cartesian (x, y, z) Cylindrical (r,! , z) Spherical (" ,#,!)

Each of these coordinate systems have well defined methods for locating a position and giving a

direction.

Almost all coordinate systems that we use are ‘right-hand-rule’. That is if we take our fingers
and point them in the direction of the first unit vector and then bend them in the direction of the
second unit vector our thumb will point in the direction of the third unit vector. (Note that most
screws, bolts etc are right handed i.e. if you want them to move in a direction then point your

right hand thumb in that direction and turn the bolt in the direction your fingers point.)

One can determine the transformation from one coordinate system to the next by simply drawing
the vectors and examining each of the pieces. Let us take the transformation from cylindrical to

Cartesian.
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In the above picture we have divided a vector along r into its two components, one along the x-
axis and one along the y-axis. Simple trigonometry tells us that these are of length

x=r cos !
and
y=rsin!

Thus

r =|r|cos(! )@+|r|sin(! )

r_ iy

ﬁ:|r| cos(! )%+sin(! )

The © unit vector is at right angles fo and thus as can be seen
O="gn(! )%+ cos(! )

Similar results are found for all of the other vectors/scalars leading to the results shown at the

beginningof the book.

Fundamentals of Fluid Mechanics BMJ Goeckner ©5/ 3/ 2010 Page1E6



So now, we have scalar and vector fields and ways to describe specific locations in space.
Hopefully we already know how to add and subtract, multiple and divide scalars (if not read the

supplemental material at the end of this section.)

1.3. Proof of Divergence and Stokes theorems

1.3.1. Divergence (GaussO) Theorem

HH ¥Wd'= B V¥dS $ Standad form
Volume Volumelsurface

HH fd = W fdS

Volume Volumelsurface

HHH wVd =& KV %ds

Volume Volumelsurface

Let us consider the ‘flux’, d!' of a vector field, V, through an infinitesimal surface element,

d3=1d/ . (A is normal to the surface and d! is the area.) Now the only part of the vector that

actually passes through the surface is V¥f= V|- (The rest of the field, V! A=V, does not pass
through.) Thus,

d¥ =V ¥ido

\ Vi

/

To find out how much of the field emanates from a volume, we must consider how much flux

passes through a closed surface surrounding that volume. This is simply,
| =gl =N YRd" = SN ¥dS
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where @ is picked as the outward normal. THIS FLUX IS A MEASURE OF THE
SOURCE/SINK OF THE VECTOR FIELD IN THAT VOLUME. THIS IS A VERY
IMPORTANT CONCEPT. We can use the analogy of a bathtub (or sink). If the tap is on and
the drain is plugged the bathtub will overflow and continue to overflow. If on the other hand the
drain is open and the tap is off, we can continuously pore water in. This is in a nutshell what we

find with the divergence theorem.

We can now look at this equation a bit more closely. Let us consider an infinitesimal volume

shown in the figure. If we consider each of the six sides we find that

¢pH ¥dS

outwdrd normals

HHVH+Rdydz+ V¥ ($0) dydze  ##HV ¥+ Paxdz+

Surface 1 Surface 2 Surface 3
HHV ¥(SP)dxdz+  HH#V ¥ +@)dxdy+ H#V ¥ $D)dxdy
Surface 4 Surface 5 Surface 6
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Accounting for the small change in the vector field across the volume, we find that

Surfacel! V(x,y,zt)" V%ﬁﬂ,y,z,t,&

Surface2 ! V(x,y,zt)" (%0 ,yz,t&

Surface 3! V(x,y,z,t) " (%yo y’ &

Surface4 ! V(xy.zt)" V 0)<yo y,z,t&

— N = _Z &
Surface5 ! V(xy,z1) V%<,y,zo+ ot

= . =% #z &
Surface6 ! V(xy,zt)" Vexyz! St

Where (xo, Yos zo,t) is the center of the volume at time t. We can now do a series expansion of

each term of the individual V, so that

_# n X 0/q — n X _
Surfacel ! V$xO +7,y,z,t& V(xo,y,z,t) +7(XV » +very small terms
n n X

—H# e — —
Surface?2 ! V$xo! 7,y,z,t& V(xo,y,zt)! (,Vv +very small terms

? "x=0

Vaid y %A g Y.
Surface3 ! V$x,y0+7,z,t& V(x,yo,zt)+7( V]

+very small terms
=0

Surface 4 ! V$x A y,z,t/ V(X Yp2t)! 7y(yv +very small terms

ry=0
_# n / — n Z —
Surface5! V x,y,zo+— t V(x,y,zo,t) +—(,V +very small terms
$ 2'& 2 -
_# IIZ O/q — IIZ —
Surface6 ! V x,y,z,! —,t V(XVy,z,t)! —(,V +very small terms
gy B! St Vyz bt —(  rvery

Plugging this into our equation for the outward flux we find

$$—# . dydz+ $$— V| dydz+ $$— Vyl..yzodXdZJf

Surface 1 Surface 2 Surface 3
$$ | dxdz+ $$ ,.,axdy+ $ _ dxdy
Surface 4 Surface 5 Surface 6
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Letting our infinitesimal volume go to zero so that ! x" dx, 'y" dy, !z" dz we find that by

putting the pieces together we get,

L= N+ N+, Jdxdyd:

Volume

= HH$¥V dxdydz
Volume
or
HH¥V A" = 3 ¥dS
Volume $

This is the Divergence Theorem. It is extremely important to the understanding of
electromagnetism. Further it is important for solving problems in electromagnetism. Physically,
the theorem states the total outward flux of a vector field is dirdty related to the source of
the vector field. (Think of a sink that can be filled forever — or for those of you with small

children - floods forever.)

The latter two forms shown at the beginning of the section can be proved from the standard form

by letting
V=1f(xyz)a
Vi=a" V(xy,2)

where a is a constant vector. The exact derivations of these proofs are left as problems.

1.3.2. StokesO Theorem

I Vvyd= |l ["#V]¥ds $ Sandad fom
closed loop endosed
surface
I fd=%]1l ["f]#ds
closed loop endosed
surface
% I V#d= |l ([ds#"]#V)
closed loop g?f;;}d
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Stokes’ Theorem deals with the twist, or shear, of a vector field. Stokes” Theorem can be proved
in much the same way that the Divergence theorem is proved. To examine shear, one must look

at how the field changes as one moves around a loop, as in the figure below.

Hence we look at

b V¥dr

closed loop

Since this loop is entirely in two dimensions we can pick the coordinate system so that we are |l

to the x-y plane. Thus,

6 V¥dr= | V¥dr+ | V¥dr+ | V¥dr+ | V¥dr

closed loop side 1 side 2 side 3 side 4
—_— n $ #y & " $ n #X &
= '! Yo+ 52 dx .! Vyoo Yz dy
side 1 side 2
$. . HY & $ H#X &
+sid!e 3VX%(’ Yo 2 G Sid!e 4Vy00 * 2 Y dy

Expanding, as before, we find

— $ " : $ n -
—_ y * x X
b Vv¥dr= | &/X(x, Yo z) +7#va dx* | &/y(x, yo,z) ?#va )ydy
closed loop side 1 "y=0 side 2%0 " x:O(
$ n ! n ]
+ 1 & (xyo2)* —y#yVX dx+ | ﬁly(xo,y, z) + —X#XVy dy
side 3 2 "y=0 side 4 % 2 " x:O%
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Now flipping integration order and letting ! x,! y" 0, we find

¢ Vdr= | ["va#"va]dxdy

closed loop enclosed
surface

= 11 [$ %V]¥dxdy

enclosed
surface

= 1l [$ %V]¥ds

enclosed
surface

The left-hand side of this equation shows us that we are measuring the twist of the vector field.
The right-hand side of the equation tells us that the twist is related to the curl of the field. Thus,

the curl is a measure of the twist of the vector field.

As with the alternate forms of the divergence theorem, the alternate forms of Stokes’ Theorem,

shown at the beginning of the section, can be proved from the standard form by letting
V=1f(xyz)a
Vi=a" V(xy,2)

where a is a constant vector. The exact derivations of these proofs are left as problems.

1.4. Problems

1.5. Supplemental material

1.6. Vector Mathematics

Vectors also have an algebra associated with them.

1.6.1.1. Vector Addition and Subtraction

Vector addition:

A+B=C
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If we pick the correct coordinate system — these are very easy problems. What we need is to use
an orthogonal coordinate system with unit vectors to describe the direction. Fortunately, in

Cartesian coordinates works well. One must be careful using addition in Cylindrical and

spherical coordinate as the unit vectors vary from point to point.

A= an+ ay¢+ aD
+B=  bX+ b,y+ b,

Yy

C=(a +b)o+(a, +b )9+ (a +b)b

= c X+ cyjb' + c,D

Vector Subtraction works in much the same way except one replaces the ‘b’ with ‘-b’

1.6.1.2. More Advanced Vector Algebra and Calculus
Now we need to begin using our vector algebra and calculus. First the algebra. We have two
forms of multiplication, A¥B and A! B for vectors. Can we mix these operations? Yes but
what happens? E.g. what happens if A¥(B! C) or AA(BeC)? The second one is obvious.
Noting that (B e C) is a scalar and A is a vector operation then the second one is zero. The first

complex term is more difficult. We however can solve it following our few simple rules. First,

Fundamentals of Fluid Mechanics BMJ Goeckner ©5/ 3/ 2010 Pagelb13



BIC=|b b b
c, C C,
:(bycz " b,c, )+ (b, " bxcz)jb'+(bxcy " bycx)m
=(B! C), %+ (B! C) p+(B! C),»
Now

A¥(B! C)=a (B! C),+a(B! C), +a(B! C),
a(be," be)+a(bc, " be)+a(bg " be,)
a a a
=l b, b,
c ¢ ¢
=(A! B)¥C
=" (B! A)YC
="B¥A! C) et

Finally, we have the similar terms A! (B! C) or A ¥(B¥C)? Again the second type is simple
(= 0) — for the same reasons as above. The first form however is more difficult. Can we tell
anything a prior? Yes, we know that the final vector has to be at perpendicular to A. This
means that final vector can have components along B and C but not along A. Hence
A! (B! C)=?B+?C. We can figure these terms out, again, by simple algebra.
® v D

AL(BIC)=| a a, a,

b, " bzcy) (bgc, " be,) (chy " bycx)

oo be)" alos." )

¢(ax bc"bc (bc" bzcy))

+#(a, (b, " bxcz)" a(be, " b))
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This is somewhat of a mess but we notice that each term has two ‘x’ or two ‘y’ or two ‘z’ terms —

so we gather them together and find that

A! (B! C) !Z(b a ¢, ta, C x(a_‘,by +azb1))
| # R S
+Habc,” axbxcu)
+3Z1(b (a,c, +ac,) +c(ab, +azbz))
| ##"##$
+§Z(a)b)cx a}b)c))
Z(b a <, ta, C z(axbx +ayby))

| ### #3
+ﬂazbzcz i azbzcz)

= (axc)C tac, + ach)B " (axbx +a,b, + azbz)c
=B(A¥C)" C(A¥B)

This is the ‘famous’ BAC-CAB formula that you should have learned in previous classes.

Now we need to go back and look at the differentiation operators and consider the means of the

I =g +¢ gt ?', operator. First let us consider a scalar field j, which might be the height on

the side of a hill or mountain range. Then let us consider a path s. How does j change as we

move along the path s? For a very small change along s we find

] _di

! Slim ¢ 0 ds

#]dx #]dy # dz
#xds #yds #z ds

:ﬂa+ﬂb+ﬂc; U=aR+bp+cd
B #y #z
=$j¥U

After a moments consideration one realizes that U is the direction along which the path s

follows. Hence U is the instantaneous tangent to the path s.

Example 1.1
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Let T =x*! y* + xyz+ 273 jK be the temperature variation in a room. In what direction is the

. . dT. .
temperature varying most rapidly? Whegels a maximum? From above we know that
S

d—T: U¥!' T and

ds

I T=(2x" y2R+ (" 2y +x2)p+ (xy)d

to find the maximum, we simply need to maximize the inner product — hence the angle between
U and ! T must be zero. This implies that the direction of maximum temperature change must

be along ! T. Therefore ! T =(2x" yz)R+ (" 2y + xz)§+ (xy)Bis the direction that we seek.

We can look at this is a more general form. Assume that we have a path along a surface in three

dimensions. Can we find a path on the surface in which our scalar field is a constant = f. Hence

af

we seek a path in which 3—f =0. Thus, s =0=U#¥ f, where as before U is the tangent to a
S S

path. Using our knowledge of the inner product we find that z—f:O if and only if U!" f.
S

Therefore ! f is a perpendicular or ‘normal’ to the direction of the constant curve. ! f is

: o . . d
sometimes called the ‘normal’ derivative and |! f| is often written an
n

U A
U w~-_ B
[~ TSy
P
\\
Path f 3

Previously we defined the following derivatives
The gradient ! f

The Divergence ! ¥J
and the Curl I " J.

Is there anything else that we can do? Why of course.
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! I ¥ P

no! uz;efl#here | $u:o
P | 1) vr#) ()
nq.t$wef@ere I n$vdef$#;| ] rg-de@ﬂ
RSN (A ) () BN (RS)

npgjsef%ere | $lt0$#
Lty r¥y(rma) ()

Putting all of the parts together, we find only four that are useful here and two of those are zero.

Of the two that remain the first is easiest to obtain but neither is hard. First,
L1 )= ok, P+ B )

= (i, g+t (i, + g+ )

= (s 45+ )

=1 2n

is simply the Laplacian. The second, and harder one, we have already solved for. We know

from our BAC-CAB rule that A! (B! C)=B(A¥C)" C(A¥B). Therefore replacing

A =! and B=! we find, (keeping the order of differentiation correct)
()=t (0 ¥)#( ¥ )
=1 (1 w)#( %)

Now we need to change course and look at integration.

1.6.1.3. Vector Multiplication

Vector Multiplication is not so easy. There are two main options — with other options used in
more advanced electromagnetic theory. The most useful are the ‘dot,” or inner product, and the
cross product. THESE TWO OPTIONS ARE USED BECAUSE THEY FOLLOW WHAT IS
OBSERVED IN THE PHYSICAL WORLD. CERTAINLY OTHER ‘MULTIPLICATION’
METHODS ARE DEFINABLE BUT THEY ARE NOT USEFUL.

Dot (inner) product:
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A ¥B = |A|B|coq )
=& +& +a ol +b] + b’ coga)
=ab +ab +ab,

where $ is the angle between vector A and vector B. Note that there are two forms of the

equation and that they are equivalent. This provides an easy method for determining angles etc.
Note also that a scalar is the result of this type of multiplication. The law of cosines, and similar

trigonometric laws, can be readily derived from the dot product.

The second important type of multiplication is the cross product.

A1 B=|A|[B|sn(")a,

o P b

b, b, b,
=(ap,#ab )0+ (ab #ab,)p+(ab #ap,)d
:Cén

where Qn is the unit vector orthogonal to A and B. This new vector is out of the plane defined

by the vectors A and B. We can play games and prove how these two types of multiplication
interact. This however will be left to homework problems. Note that the cross product is related
to the ‘outer’ product multiplication of two Tensors (e.g. n dimensional matrices). In
mathematical textbooks, this multiplication is often denoted with a ‘wedge’ symbol (! ). We
will use that same symbolism, rather than the ! or ! symbols to avoid confusion with the letter

X.

Now a scalar field is simply a standard function. As freshmen, we learned how to go beyond
adding subtracting, multiplying and dividing and moved on to differentiation and integration.

We can do the same thing with vector fields.
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1.6.1.4. Differentiation
Let

I(xyzt) = j (x y.zt)0+ | (x y,zt)p+ j,(x y,zt)D
then

LIy, zt) =1 (xy, zt) R0+ (% y.zt)p+! j,(xy.zt)2

[
is an example of scalar differentiation. Note that ! is short hand for |_
X

(0 J¥I(x Y, zt) =1, j (%Y, 2t)0¥0+1 ] (X,y,Zt)0¥p+! j (X y,2t)0¥d
=%y zt)
is an example of inner-product differentiation and

(@) Ixy.zt) =10, (xy.z )8 B+ j (x,y,zt)R" $+1,j,(xy,zt)0" &

=1 dy(xy.zt)B#! j,(x y,2,t)9

is an example of cross-product differentiation. The most common differential vector is the ‘del’

vector, where | =R' +¥' +8',. Other forms of this vector can be found in other coordinate

systems and are derived such that identical results are found independent of coordinate system.

There are two major operations that the del operator has on vector fields, the Divergence
L yd="J (xyzt)+",3,(xy.zt)+",3,(xy.zt)

and the curl

As we will show below, these two operations have physical significance. ! ¥ describes the
source of a diverging vector field while ! " describes the source of a twisting vector field.
WITH ONE EXCEPTION, ALL VECTOR FIELDS ARE ‘PRODUCED BY’ A TWISTING
SOURCE OR A DIVERGING SOURCE OR SOME COMBINATION OF SUCH SOURCES.
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The one exception is a uniform (non zero) field, but as will be seen later in the semester, this is
type of vector field not physically possible for the electric of magnetic fields. (While uniform
fields are nice to use in homework problems and as approximations, a truly uniform field across

all space results in infinite energy — perhaps we can solve the energy crisis — not.)

The final major operation of the del operator is an operation on a scalar field, which is known as

the gradient

Lj :(f"X +¢'y +ﬁ'z)j(x'y,z’t)
S ey (o2t ()

We will return to the Del vector shortly.

1.6.1.5. LINE Integrals:
The work that a force does on an object is “W=Fr" where r is the distance moved. In reality, the
work done depends on the direction of the force. For example gravity does not do work on a box

that moves across a flat floor. So in fact W = F¥r . If the force changes with position, ie is a

vector field, then the work becomes W = I F¥dr, where dr is a vector of infinitesimal length

along the r direction.

Example 1.2
Let F = xyR— y*p and dr = Rdx + ¥y so that
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W = "xydx! y°dy

Let us examine 4 paths from (0,0) to (2,1):

1 y=4x (line)

2: y=4x? (parabolg

3 x=2t% y=t? (parabolg

4: y{0! 1then x{0! 2 (broken line)

A
4
_._____’:_:_57
3,7 -~
AL
2277
|

o

Path2: y=3 x* and dy =5 xdx so that

1
W= j(Zydy— y'dy)
0
g Y2
=Y 3, 3

x =2t3 and dx = 6tdt
Path 3: so that
y=1> and dy =2tdy
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1
w="(2t° 6t°dt! t* 2tdt) =

0

ol

Path 4:

2 2!:1 1
W=W-= | xydx" | y’dy=

0 0

S
3

Thus we find that amount of work done by the force in this field depends on the direction of
travel. This is not unlike sliding a very heavy object across a floor. Distance and direction, e.g

path, do matter.

In some instances — for example if there were no friction — then the path that we took would not
matter. This is an example of a conservative force, e.g. the energy is conserved. (The example
above is a non-conservative force.) This idea of conservative/non-conservative can be extended
to general vector fields. Further, we will come up with generalized rules for conservative/non
conservative field. To do this we will start with
F=I"#=1%6#! ¢ #! @&# Then
"%F=!|$, $, $,| noting $$, =$3,
SH S H SH
=0
The converse of the above is also true, if
I " F=0 then
O=#F $#F =#F $#F, =#F $#F
% F, =# &dx=# &, dz % F =$#' , F,=%#, eflc

F=g "
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For purely historical reasons in electromagnetism, we have chosen to use F =!" # rather than
F =+!" to arrive at our potential ! . In either case, with the exception of the minus sign, the

algebra and the results are the same. (In gravity related potentials, the positive sign is used.)
So now let us consider the work of a conservative force when moving from point a to point b
b—
W=1 Fedr
"a
n b
=" #3$ drF
a

) | # o o S
" (%%$ +5%$ +2%8 ) {kdx+jdy +2d2)

%S dx=1 %S dy=1 %S dz
"(3(b)" $(a))

which is clearly independent of path. This was our original definition of a conservative force.

Gravity, and electrostatic forces are two examples of conservative forces.

Example 1.3
F= (2xy+ 23)123+(x2)¢+ (3sz +1)é

Is this a conservative field? Itisif ! " F=0.
I " F= #, #y #,

(2xy+Z) (X*) (3xZ +1)

=(0$0)0+(32° $32 )9+ (2x $ 2x)B
=0

This implies that F =! " . So whatis ! ?
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W= | F ¥dr
=| "# ¥dr =#

| # 93 gt 48
= (mx# + 6 # +f$z#)>(ﬁdx+¢dy+ﬁijz)

=| $#dx=1 $#dy=1 $#dz
= (2xy+ Z)dx=1 (x?)dy = (3xz2 +1)dz

=x’y+xZ +constin x= x’y+constin y=xz +z+constin z

% # = X’y + xZ>+ z+ constant

Example 1.4
1
The electric field is given by E = 4—% What is the potential?
~®= [ E¥dr = [ -V ¥dr
[ -1 eyare= [ -~ g1 9
Are r? Are r? Arer

which is our standard potential introduced in earlier classes.

1.7. Describing Space

1.7.1.1. Coordinate systems
1.7.1.1.1.Cylindrical
1.7.1.1.2.Spherical
1.7.1.1.3.Generalized curvilinear

1.7.1.2. Points, curves, surfaces and volumes
Understanding how points, curves, surfaces and volumes are described is important for

understanding electromagnetism and for solving problems.
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Using one of our coordinate systems, we can describe any point in real space. The standard
notation is to give the positions as (x,y,z), (r,! ,z) or (",#,! ). For example, the point at x=5 on the
x-axis would be given as (5,0,0). The point at x=0, y=2, z=6 would be given as (0,2,6). These

points can also be described in cylindrical and spherical coordinates as shown in example XX.

A curve or path is a one-dimensional object that can be written as (x(s), y(s), z(s)), where
s is a free parameter. You will note that x, y, and z are now functions of this free parameter and
thus they are allowed to vary as s changes. While this object might follow a path through our
three-dimensional space, the path has only one free parameter and is thus a one-dimensional
object. (In a class on topology, one would learn that one can transfer the curve to a space in
which only one of the components changes with s. The transformation from Cartesian to

cylindrical or spherical is a manifestation of such a topological transformation.)

Surfaces and volumes follow naturally from the definition of a curve. A surface is a two-
dimensional object that can be written as (x(s,t),y(s,t),z(s,t)), where both s and t are free
parameters. (Here, t does not necessarily stand for time; however, either s or t may represent
time.) Finally volumes are three-dimension objects that can be written as
(x(s,t,u),y(s,t,u),z(s,t,u)). Like points and curves, surfaces and volumes can be described in
several different coordinate systems. An example of a coordinate system translation for a

surface is given in example XX.

1.7.1.3. Tangents and Normals
Now that we have developed our basic mathematical operations, we need to return to our
study of points, curves, surface and volumes. The first thing to note is that point in space (X,y,z)
has a natural vector associated with it, namely the vector (x,y,z) that runs from the origin, (0,0,0),

to the point (x,y,z).
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Here, L is the vector describing the position along the curve at parameter s, while L' is the
vector at S+!s. It is obvious that as L'comes closer to L, then ! L comes closer to the
tangent, T, of the curve at point described by the vector L . Thus

_dL

L
s T ds

l's

T

lims" 0

For a two dimensional object, a surface, we have two free parameters. From this, it is easy to

extend our description of tangents to two dimensions. Thus, we have

dL L _dL

i T ==
ds 2

T _AL _dL
! t limt" 0 dt

' As

lims—0

where here our second free parameter is ‘t’. (There are a couple of additional requirements

which we will gloss over. 1) That t and s are independent, i.e.,t! f(s) , 2) That the tangents are
not parallel, i.e.,Tl||T2 , 3) That s and t describe the surface in a single valued manner, i.e., The

same point in space is not described with two different values of s or t.) These two tangents
describe a planar surface that is locally tangent to the surface. Now, if we want to determine the
normal to the surface at that point, we simply take the normalized cross products of the tangents.

(Remember that the tangents have magnitude as well as direction.) Thus,

I
n= % Notice that reversing the order of the cross product will give you the opposite
1 2

sign for the normal. By convention, we will pick the outside normal on closed surfaces in

electromagnetism.
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At this point, we need to look at integration over curves and surfaces. Most of you can perform

an integral of the forms

I f(x)dx

or

I f(xy)dxdy

In the above, the free parameters are assumed to be x and y. Now however, we are dealing with
curves and surfaces that are not always so simple. More general forms of the integrals are:
| f(x(9)ds

or

I f(x(st).y(st))dsdt

To convert to our standard form, we must know the transformation between s and t and x and y.

Example:

Now, what happens if our function is a vector field as opposed to the scalar field given above.

Then we want to look at

| F(x(s))¥ds
or

I F(x(st), y(st)) ¥ndsd

or similar forms.
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1.7.2. Imaginary numbers, Phase and notation
1.7.3. Field lines
1.7.4. Delta functions

1.7.5. SIDE NOTE ON VECTORS

We know that in matrix notation the inner product is
IA$ 'B$
—#p &R &
A¥B #Af& #7&
"A% " B,%

| #g #45 |BS(
=(A A AJBY
"B%

=AB+AB +AB,

What we have above is the form
"

!-AK$! BX$£’ multiply squential
AB :ﬁﬁyﬁByé row elementsof A with
"A%B,% columnelementsof B

! BX A/BX 'AZBX$
=%AB, AB, AB%
#A(Bz A\/Bz AEBZ 0

1.7.5.1. Dirac Delta function
1.7.5.2. Kronicker Delta function

1.7.6. GreensO Theorem and GreensO Functions

1.7.6.1. GreensO Theorems
Form!l I udx+vdy= | ("Xv#"yu)dxdy

Edgeof surface Surface

Formi2 111 (u$ ¥$v#v$ ¥$u)d%= M (u$v#\v$u)¥ds

Volume Edgeof volume

Form!3 1l (u$ ¥$v+$v¥$u)d%= M (u$v)¥ds

Volume Edgeof volume
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All three forms of Green’s Theorem are generalizations of the Divergence theorem and the

fundamental theorem of calculus.
Prove of Form 1

From the fundamental theorem of calculus, we know that,
b
"L E(x) dx=f(b)# f(a).

First, let us consider two functions u(x, y) and V(X, y) . Now we want to look at the surface
integral of ! XV(X, y) over an enclosed area A in the x-y plane.

A
d +

||Cd ||:! XV(X, y) dXdy: ||Cdv(b’ y)#V(a, Y)dy

by the fundamental theorem of calculus. Now let us integrate all the way around the edge of the

area.

[ v(xy)dy= [ “v(b.y)dy- | "v(ay)dy

means'around"
theloopdA

= [*v(b.y)-v(ay)dy
= _[Cd I:axv(x, y)dxdy

Likewise, we can show that
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Mu(xy)dx=# ": ":! J(xy)dxdy

1A

Thus,

Fu(x,y)dx+v(x,y)dy= "Cd ":! V() #1 u(x,y)dxdy
1A

While what we have done is for a rectangle, it also applies to any arbitrarily shaped area. This
can be seen by piecing together the area as in the figure below, and noting that adjacent sides

cancel as they are in opposite directions.

We find that the sides of two adjacent rectangles will cancel as the direction of integration is
opposed. This allows us to ‘build’ our arbitrary structure out of a set of rectangles. What we
have just proven is known as GreenOs Theoren{There is also a way to prove Green’s Theorem
for a general shape.) The surface is some area in the x-y plane and the enclosing curve C is in
the counter-clock-wise direction. The only requirement, which we have brushed over, it that

u(x, y) and V(X, y) must have continuous first partial derivatives at every point in A. (This is a

requirement found in the Fundamental Theorem of Calculus.)

The other two forms of Green’s Theorem can be derived from combinations of the chain rule

L ¥(uv) =1 u¥! v+ul Py
(1 ¥(v u)=t vl u+t )
L ¥(uv)" D ¥(M ou)=ul vt v P

and the Divergence theorem. The exact derivations of these proofs are left as problems.

Example 1.5
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Using our example from a non-conservative force, F =XyX! y2¢ along path

2: y=4x* (parabolg and back path 4: Y{0! 1 then X{0! 2 (broken line). Then the work

required to make the loop is,

This is the same result as one would find from before for the path PATH 2 — PATH 4 in the

earlier example.

Example 1.6

Now let us consider

v=V,,andu=! v, with
V =V.X +Vy§/

Therefore

Lt bv=(a i ) ¥(Vo+ V) =# W

Fundamentals of Fluid Mechanics BMJ Goeckner ©5/ 3/ 2010 PagelEBl



By Green’s theorem

#.u(xy)" 1 v(xy)dxdy= # ¥Vdxdy and
A A

!'u(x,y)dx + v(x,y)dy =1'V.dx#V.dy

1A 1A

Now dF = ¥dx+ ydy and the differential normal in the x-y plane is dl = xdy! @dx from earlier.

Therefore we find that

BV ¥dl = """ ¥Vdxdy.

A A

This is the two-dimensional version of the Divergence theorem.

Example 1.7

Now, if we pick
u=V,,andv =V, with

V =V 0+V,p

then

P¥ " V=#V,$#V, and
V ¥dr =V,dx+V,dy

Now using Green’s Theorem we find

Pv(xy)ax+u(xy)dy=""""1u(xy) #1 v(xy) ey

A

'V ¥dF =""($ %V ) ¥iidxdy

A A

This is Stokes’ Theorem in two-dimensions.

1.7.6.2. GreensO Functions
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1.7.7. HelmhotlzO Theorem (independence of O " O and O¥O fields)
Helwholtz’s Theorem states that any arbitrary vector field is a combination of diverging, twisting
and constant vector fields. This means that physically our sources for the electric and magnetic

fields have to have divergence and Stokes’ like components. From our understanding of each t
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Section 2. Overview of Fluid Mechanics

We OknowO that tleeare four different types of mater in the universe, solids, liquids, gases and
plasmas. Each have distinct physical characteristics. For example, solids will retain their shape
under most conditions. Liquids will fill a volume up to the point at wiingdy would have to

expand. Gases will expand to fill a volume. Plasma hawilgasharacteristics while also

being subject to electromagnetic fields. These additional forces cause plasmas to support waves
and other phenomena that are not possiblesaegaliquids, gases and plasmas all fit within
OFluids.O Fluids are distinct from solids in how they respond to sheer forces and the fact that
they OflowO.

2.1. OLinesO of flow

We can examine flow in a fluid a number of wa/sere we are specifically comoed with
OstreamsO or OlinesO. We have all seen ads in which a smoke stream is seen to pass over a car (
plane orE).

Laminar
flow RET— Pt
n - "N - D
 aeTEEEEEEEsssssananeas ﬂ-.““."";"o“‘;‘!.' K ':5.—'..--...“..’
K NUTTTTRTT YT PPPPPEPITY .._."-.ﬁ,—.ﬁ:}-:':‘ AL B VO T o
. [ 4 LA A

»

RELLL:
o et \ Turbulent
\d

R .,“'/ flow
: 7N\
\_/

There are effectively three main types of lines.

1. OPathline®The path of an individual particle in a flow.

2. OStreamlineB®Path tagent to local direction of flow.

3. OStreaklineDThe path that is formed by accounting for all particles that pass through a

single point.

A fourth line type that is used occasionally is the OtimelineO

4. OTimeline®The time propagation of a line afljacent points.
Under steady state conditions, the first three lines are identical. If the flow is changing, they can
be different. Mathematically we can define them as follows:

Pathline.
Clearly a particle will follow the standard equation of motion

Lr(xy,zt)=v(xy,zt)!' t
Thus the change is position is determined by the current particle velocity. Likewise the
particle velocity will change in response to external forces.

Streamline.
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Here the path that is determined by following the tangent to the local flow velocities. A
simple picture gives one an understanding of thi§ line. First, we plot all of the local velocities in
the flow field. Then we simply connect the linesk

|
rol a4
DS lime o ds
By definition the tangent of the pathline is parallel to the velocity.
T=1!V
Thus
a =1V
dt

dx=1V,(x,y,zt)dt
dy="!V,(xy,zt)dt
dz=1V,(xy,zt)dt

When these lashree equations are solved simultaneously, one finds the pathline.

Streakline.
A streakline is what you always observed with smoke. Here we are following the location of
particles that all come from the same positidyut at different starting times.htis

r (to) =f ((Xo’yo TAN )starting point ’t)

Here at a given time OtO we have a curve that is traced out with the free pargdBsedOt
OrO is the current position vector of the particle that started at t

2.2. Stress Tensor

Forces act throughout fluids, often with the force varying smodtbiy point to point. IF we

have a given surface area across which a force is acting, we can have a number of things happen.
If the force is parallel to the surface normal, the area generally gets pushed forward. If the force

is perpendicular to the noial, the area will in general get twisted. In addition, as these vary
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OsmoothlyO across the surface, and the bigger the area the bigger the total force, we generally
normalize by surface area. We define these as the Normal and Shear stress. (Amaigistyou
expect, they have units of pressure!)

, _dF¥o,
" dA ™"
, _dF¥P
ot dA

Here we have defined the shear along the normal and along a unit tangent. Now, we know that
any surface has two distinct tangents AND at a given point we can have surfaces pointing in
multiple directions. ketOs deal with the multiple normals first. We know that any normal that we
do have, we must be able define in terms of a coordinate system having three independent
directions. For simplicity, we will use the Cartesian coordinate syStemplying we have

' !.!,,. Likewise, for each of the three main directions, we must be able to divide our

X, X1 y,y" Z,Z
tangents along at most two other directi®rand again we will use the Cartesian coordinate
system to subdivide things

XYY X,Z
! )
TY.X1Tyz

/ /

" zZy' z,X

As you might guess, we need to be able to applyf dhese within vector equation and thus we
define a stress tensor

" ! I Y

XX Y, X " Z,X

! ! !

"Xz tyz *zz '&

(and as you might guess, pressure also is a tensor).

2.3. Velocity Distribution

As gas atoms/molecules (or particles) move through out a volume they collide and
randomly distribute their emgy. A basic tenant of statistics is that random processes result in
Normally distributed results. This is know as the central limit theorem, see for example Box
Hunter and Hunter, OStatistics for experimentersO (This title might not be quite cohect.)
normal distribution is given by

p(y) = const — ex%M%

Here ! ? is the population variance, is the population standard deviation, ands the central
value. The constant is usually set such that the total probability is 1. The distribution looks like
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1.2!

/\

Normal Distribution!

p(y)!
o
2}
\
/

e /“— 23%-”\

Y NI

o]l

-51 -41 -3l 2! -1 o! h 04 2! 3! 41 51
y!

2.4. Concept of Te mperature

Maxwell and Boltzman proposed that this same distribution can be used to model the velocity
distribution of particles in thermal equilibrium. (This is known as the Maxwell Distribution,
Boltzman Distribution and the Maxweloltzman Distributior) Using this assumption we have
that the velocity distribution is

\ "I m(V)’ Y
f (V) = const expg———",

# KT g

wherev is the velocity,v is the average or drift velocity (which is often zero)), k is BoltzmanOs
constant, T is the gas temperature in Kelvin and m is a particle mass. Notibe tiemperature
is often stated in units of energy (typically eV). When this is done you are using KT not just T.
Note also that the temperature is a measure of the standard deviation of the velocity distribution
Phence it is a measure of the variatiorthe velocity. We can also rewrite this as an energy
distribution

f(!) =const exp#" L&
("
where the two constants are different.

To get the constant for the velocity distribution, we set the constant such that
n=111 f(v)dv

wheren is the particle density then we find that for our gas particles we get a velocity
distribution of
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)2‘%

" O/'%/Z

Hv)= ”%2/ KT& ex@ 5

The velocity distribution is such that the peak is at the average velocity and is bell shaped.

(%mV(Vo

Problem 1
. . v omog?
Show that if in one dimension, | f(v)dv=n, then const=n o T %
v m $3/2
Also show that if in three dimensions, | f (V)dv’ = n, then const=n 0
: 21 KT70

Typically, the velocity distributions are well behaved and we have distributions as such:

The Maxwellian Distribution

1.2

1!

°ﬁ87 [\

o /“—QVth!-N\

/ NI

I

Maxwellian!

f(v)!

<}
\
/

-5! -4! -3! -2! -1 0! 1 2! 3! 4! 5!
VIVth!

Where

J(mlv)*

flv)= n%zlkT& ¥ 2KT

This is what happens if there are enough collisions to evenly digtibbe energy. In other
cases, however, we may be working in with a system in which the rate of collisions is not large
enough to evenly distribute the energy. Some typical examples are:
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The biMaxwellian Distribution

1.2!

1!

Bi-Maxwellian!

. il

f(v)!
o

\

/

/\

0.2! 4 \
o! 4-/ \\
-51 -41 -3! -2! -1! 0! 1! 2! 3! 41
V!
Where

, 112 *! m(v)zi

$
f(v):(l! )n%#—rl?_rlz exp 2k,
+ :

$ m 12 *!m(v)Z;

s )n%#kTZZ P kT, /

+

The driftingMaxwellian Distribution
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1.2!
1! /\
0.8!
/ \ Drifting Maxwellian!
éo 6! / \
0.4! / \
0.2! / \
J N
5! 41 -3! 2! 1! (o]} 1! 2! 3! 4!
V!
Where

()= gy ey vol”:

“MorkTe OPr T

and the Oburmmn-tail®
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1!

. [ 1\
I EEE= AR
. / \
% N

o!

Bump-on-tail!

f(v)!

-5l -4 -3l -21 -1 ol 1 21 3! a1 51
VI

Where
f(v)=f + fain -

Maxwell

While other distributions are certainly possible, these four comprise most of what is observed in
most fluids.

At this point we can examine the velocity integral in more detail.
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n=11 f(v)dv

=1 f(v)dvydvydv, (Cartisean)
=11 f(v)v2dvsin“d"d# (Spherical)

=431 (v)v2dv

& & FO) 2)
i +
sz szv, Voy +
=451 E&Ll ex ivzdv
0 TRoET* kT 3
+
+
*
% m )32 & .‘I.mv2)

4$(2$k_|_;+ exp{ T jrv dv
"$$$$$#$$$$$%

speed distribution
3/2 & 1.12)
—=f V)= 4%nv ex +
dv specdV) = 49 (SgT* F{ kT

Likewise, we can convert this into energy space to get the energy distribution

/2 "( mv2%
ﬁz exgp—2——"v?dv noting E = 1mv dE = mvdv
’kT& KT 2
| # BB H" HHHHHS
speed distribution

"(E%
=+ 20 n(1kT) 2 JE ex (E'&OdE
| #HH##" HHH#
energy distribution

d "(E%
+ d_g =glE)=2 n(!kT)( 32 E ex E(TI&O

which of course gives us our energy distribution constant from above

We can further use these equations to determine the most probable speed,
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Most probable energy

i E):O
dE

E,.=

D KT

N =

Mean (average) velocity
! stpeed (V)dV =Vaye =0

Mean (average) speed

sgkT' M2

;stpeec(v)dv = Vave™ %z

Mean (average) energy
!

"Eg(E )dE =Egye= ng
0

RMS velocity

3kT
| |V|fspee({V)dV =VRMS =y

2.5. Gas pressure

2.5.1. Ideal Gas Law
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Lets assume that we have a particle in a box of dide&ssume that the particle is reflected
with no loss of energy (why?) when it hits wall A1. Thus= 0 but
M= "my, " my,,
final momentum initial  momentun
- n 2m\/x
Where we have assumed thrat=0=v_. Now let us assume that the particle travels across the

2|
volume without striking anything else and reflects off side ABe round trip time i$ t = v

X

The force applied to side Al is
"M 2my _ my

"t 2, |
and the pressure is
poEme

I I

Putting in more particles we find

mv N mv2
P= 2 T 2

all particles
= mn(v;)
= Zn%n(vi) =2n(E,)

=nkT — the ideal gas law
(Note that this is done inD. If we where to do it in-® we of course get the same result.)

all particles

2.5.2. XYZ Gas Law

Now if we add van der Wa@orce and account for the size of the particles, we get the more
complex version of the gas law

! $
#
# a é $
#P + — &&\V'! b gz NKT
ﬁ v &# particle siz&0
van der Wa
t attraction &

For the most part, the ideal gas law is sufficient to accurately describe our systems.

2.6. Concept of Mean -free path

As atoms/molecules pass through a voluthey collide with other atoms/molecules. A prime
example of this is Brownian motiddthe motion of a dust particle in air that moves in disjointed
fashion.

Fundamentals of Fluid Mechanics BMJ Goeckner ©5/ 3/ 2010 Page2pi4



also knavn as
a random walk

We can calculate the me#ee path, mfp, if we consider the following picture.

Uncharged atoms

/

target

Very small test
particle — say
an electron

D >

Area of block = A

Areaof atom= o < dx >

If we wereto repeatedly fire test particles at the target, a fraction of the test particles will be

scattered by collisions with atoms in the target. The fraction scattered is simply the area ratio.
!

Fraction scattered:—A

where N is the number of atoms in the target. Assumingthaarget is a part of a larger piece

of material, in which we know the density, n, of the material then

nAdxc _ nodx.

Fraction scattered=
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Now let us send a continuous flu&, of test particléor a current density, at the target then

the change id across the target is

! ‘] = ‘]after ) ‘]
=(1" n#dx)J
=" JIn#dx

before

n
before ‘] before

Doy o
dx

#
J =Joexr(! x/$mfp)

1
where! o =—.
nll

We can make approximations of the cross section of the target atom, based on the radius of the
target atom. This is known as the haphere approximation, which is at best imprecise. The

reality is that the interaction, and hence collisjosselated to the target atom electron orbitals

and particle energies, i.e. it is quantum mechanical in nature. From our above discussion, we can
calculate the

Mean frequency of collisions
%
I = =vn#

7]

mfp
And the mean period of collisions
1

| = —

n

Of course the average tision frequency for a distribution of velocities is
(" Y=n{v") noting! =1 (v).

Collisions with walls

We are not really interested in the collision rate of a particle with a wall but rather we interested
in how many particles are hitting the wall. (This may seem like it is just semantics but it is not.)
To determine this we must first consider the fliithe particles in one given direction.

I = (nvz) =" v, f (v)dv

2 NVave

1, e
4 Y #m
(The 1/4" arises from integrating over all the angles.)

Now we can consider how long it might take to completely cover the wall with a monolayer of
particles. This is simply
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1

particle
where Aparicle is the area of a particle

) =
“ monolayer— & A

[Note that when the medree path is on the order of the size of the chamber or longer, the
collision rate of the particles with walls can be given by the effective chamber size divided by
the average speed.]

2.7. Gas Flow

Conservation of Flux (which we q@ve later)

If a gas passes through a series of pipes with various cross sectional areas, then the mass flux is
conserved. Physically this should be obvious. Think of this as the same as saying that we do not
have rarefaction/compression of the gas, mowd have a source/sink for the gas.

1 2 3

Al = A1n1<v1) = A2n2<V2> = A3n3<V3)...

Flow resistance/conductance
If a gas flow through a pipe, we expect some pressure differential to cause the flow. The ratio of

the pressure to the flow is known as the resistance, R.
P
R=—.

The conductance is simpthe inverse of the R,
C—l _ ! #lslarea
R "P Force/area
These equations are very similar to the resistance in a circuit, where we replace voltage with

pressure. Thus for a series of pipes
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'R

otal —

' P :# 'P and so

" " 1
P =———=7F —="7f —
ol Ctotal #I Ci -#I C|
$
1 1
= # —_
Ctotal i Q
or in a similar vane,
|:\)otal = ' R
For Parallel pipes we find
Ctotal :! q and
1 | 1
F\)otal .i R
Pumps

We can think of pumps as simply another conductance, S. After all we are trying to have a
certain! go through the pump and the pump acts as if the back side has a pressure of zero. Here
however, the pump conductance is given a special name, S, fal@spee

If a pump has a pipe connecting it to the chamber, we get an effective pump speed from

1 1 1
—_— 4
Seff S Cpipe
Example:

Given a pipe with a conductance C= 100 L/s and a pump speed of S = 200 L/s we find that the
effective pump speed is 66.6 L/s. This means that we osilyg33% of our possible pumping
ability. This can become critical in the design of a process system.

2.8. Types of gas flow

There are three radically different types of gas flow. They are:

Laminar fluid (viscous) flow
Turbulent fluid flow
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The distinction between Laminar (OlayerQO) and turbulent is often seen in wind tunnel experiments

Molecular flow
on new cars.
Laminar
E R, PGS ’:;':""".":::;g:..:;..
P YR I Ry
-n..\“-'. .r‘i‘:.“ ;‘\‘ L
Turbulen

flow
_.o“.‘_. ...................

nmn= _"‘/——\
flow

One can determine if one is operating in fluid flow or molecular flow by determining the

Molecular (most interactions with walls

Knudsen number, K
Transition orslip' region

meari free path

#>1
% . , : . :
&2<1 Fluid (most interactions with other particli

for alj collisions
! mfp _ %(L 1

- d

Kn=
characteristic distance
In addition we use Reynoldfsmber to describe the smooth or turbulent nature of the flow

across system
Stream Mass
S eeddensgy
/s) (kgfm
(nis) tkafrm) #<1200 Laminar (smooth flow stream:
u I d g{o .
R= - =$ else Transition
n 0
o g/}2200 Turbulent (chaotic flow strean
gas VISCOSIty
(Pas)
Kinetic theory gives

n 1
! Enmvave#mfp
This gives rise to the following diagram:
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A
R
Turbulent Turbulent )
Entirely
Molecular
2200 flow
.. (Flow
Transition streams have
no meaning
1200 here)
Laminar Slip
Viscous Flow
Laminar
0
>
0 ) 0.01 . 1
Viscous Transition Molecular K,

We can calculate the conductance in molecular and fluid flow regimes from the following
equations. (Note these equasaare at least partly experimental approximations.)

EXAMPLE

Fluid Flow through a round tube
Y

P, d P,
< L ¢ >

with the requirements;? P, and L >> d.

Laminar Flow (the most common for us)
__! d'R+PB.
128 L 2 °
Here R and B are in mbar and L and d are in cm, giving C in L/s.

" = gas viscosty

Turbulent Flow

$oescpngant 817
7 '

d $i _§d3P12!P22;4/& R T)
P! R&%# 3324 2L ' &m }

%A molar
olar mass

|l/7* n 2

C=
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Here, M is in g/mole, R is 83.14 mBar L/Mole/K and T is in K.

molar

Fluid Flow through an orifice

P, T l P,

D d

|

with the requirements;P P..
| 1/2
oo P ld#2RTE" #P&ll)* & R&
PIP, 4 é‘i\/lmola, és 1t Fi( /

where ) :% Is the adiabatic constant

Molecular flow thrOlljzgh a round tube

" RT %
! d2 #2 Mmolar& H
= ; wherel-, -1.12is a fudge factor
4 (1 3 L*
)" 4d¥

Momentum flow

Heat flow

2.9. Solving basic equations and viewpoints

We can examine fluids in ways that would not be entirely natural in other areas of Mechanical
Engineering. Specifically we can look at how individual (or small group of) particles move OR
we can examine what happens within a OcontrolO volume. Thesaar@k Lagrange and

Euler descriptions. In the end these two methods will reveal the same answer BUT sometimes
one is easier than another. In Fluid Mechanics, the second, Euler description, is often easier to
understand and ultimately arrive at a usafidwer.

(INEED TO MOVE THIS TO SOMEPLACE ELSEARLIER IN THE NOTES!)

2.9.1. Lagrange description

In the Lagrange description one considers a particle at point P. lingedarticle is at
(X0,Y0,20). It then follows a path given by:
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X= x(xo,yo,zo,t)
y= y(XO’yO1ZO’t)

zZ= z(xo,yo,zo,t)

P (%0,Y0,20,10)

Q(X1,Y1,21,t0)

A second particle, Q, would start at point,¥x,z1), at the same timeg.t It would follow a path
given by:

x=X(X,,Y1,2,,t)
y= y(Xl’yl’Zl’t)
z=2(X,,Y1,2,t)

Here we find that the particles trajectories are dependent on starting positimmesinele
parameter, time. From this, we can arrive at velocity and acceleration.

— . —12
v, =!I Xxla =17X
— —12
v, =lyla =1
— . —12
v,=lzla,=!7z

While clearly we can follova particle or two, we cannot follow the &foparticles that move
OindependentlyO in a fluid. Thus the Lagrange description is rarely feisgd Mechanics.

2.9.2. Euler description Dand the OSubstantive DerivativeO

Notebthis is the same as our total derivatiizaghere in the velocity of a group of particles all
act as if they have the same veloé&yith the velocity changing from locatida location.
Thus,

v, =g, (xy,zt)
v, =g,(xy.zt)
v, =g,(xy.zt)

Fundamentals of Fluid Mechanics BMJ Goeckner ©5/ 3/ 2010 Page2Eb2



where g, is some functional form that describes the (average) velocity as a function of position
and time. Let us now move forward in time, !t. Then

v, +ly = gx(x+vx! Ly+v!tz+v!tt+! t)

v, +lv, = gy(x+vx! Ly+v!tz+yv!tt+! t)

v,+!lv, = gz(x+vx! tLy+tv!tz+v!tt+! t)

expanding (Taylor series) these terms, we find

v, 1V, =g (%Y zt) +(%" 8, +v, 0, +V," 0, +" g, )1 t+O(1 17)
vy + ! Vy = gy(X’ Ys Z’t) + (VX" xGy +Vy"ygy V" Gy * "tgy)! t +O(! tz)
v+, =g, (%Y zt) +(%" 8, V"8, + v, 0, + 7,6, ) t+O(1 )
or cancdlingv, = g, (x,y,zt) etc, wefind

dv, Lim !v, ) ) ) N
TTdt . 1t# 0 It :(VX O TV OtV 0 tgx)_( (V) g,
dy, Lim 'V . ) ) ) )
ay:d_ty: P !_y:(vX O tv,".g,+Vv," g+ tgy):( t+V¥$)gy
_dv, _ Lim !y,

at t# 0 Tt :(Vx"xgz+vy"ygz+vz"zgz+"tgz):("t+v¥$)gz

(This is sometimes referred as the OSubstantive Derivative.O)
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Section 3. BASIC PRINCIPLES OF FLUIDS

3.1. Overview

A fluid is a soup of particle that interaambd as such have collective properties that
individual particles would not have. This means that we must have the particles interacting often
enough to produce this collective behavior.

If we were to try to model the fluid precisely, we would havisow the 0180
particles and all of their interactions. Each of the particles can be represented as delta functions
in velocity and position space. While we can follow the motion of individual particles, which we
have done in class, it is simply imstdde, even with the most powerful computer, to follow all
of the particles. Thus, we at first assume that instead of discrete points iD®age we will
assume that the particles can be modeled as a continuous function-iD #paée. This is
known as kinetic theory. Kinetic theory can be employed in computer models of plasmas, as has
been done successfully. However, it is very difficult to use kinetic theory to derive analytic
equations describing fluids. To do this we must go to a simpleelyBldid Theory. We get
fluid theory by integrating over all velocities. There are several moments of the kinetic
equations that we can obtain. The first two are the most imp&tawihg us conservation of
particles and conservation of momentum (gge We can picture what we are studying in the
following manner:
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Single particle motion

This is the ‘true’
theory of fluid. Individual
particles act as if they are
delta functions in velocity and
position space. NOTE To be
a plasma collective motion
must occur.

v

Single particle motion
Analytic:
Collisions etc

Numerical/simulation:

Monte Carlo — looks at
single particle motion through
a background ‘gas’ (partial
model)

Particle-in-cell — looks
at limited number of particles
interacting with each other —
usually assumes ‘light’ ions

Kinetic Theory

This is the most
complex model that can be
fully handled via computer.
Arrived at by assuming
continuous distribution in
velocity and position space

Fluid Theory

This model is arrived
at by integrating over all
velocity space to obtain a
number of the moments of the
Kinetic model.

v

v

Kinetic Theory
Analytic:

Navier-Stokes
Equation

Numerical/simulation:

Full fledge computer
simulations following full
velocity/position distributions.
Often requires massive
parallel processing or similar.

Fluid Theory
Analytic:

Most phenomena can
be described via fluid
equations. This includes
diffusion, bulk waves.

Numerical/simulation:

Full fledge computer
simulations following position
distributions, average velocity
(r) and energy (r). Often can
be done on a standard PC.

From this we can get Oglobal® modeBi)€hat give overall or averaged processes across the
system.

3.2. Kinetic Theory to Fluid Theory

Because the best that we can mathematically mod#elatic theory, we will begin by looking at
the velocity distribution functiorf (r,v,t) = f(x, y,z,vx,vy,vz,t). The number of particles that are

inside a volume ofixdydzdydv,dv, is simply f (x, y,z,V,,v,,v,,t)dxdydzdydv,dv,. Often the six
coordinates are considered to be independent. Then the rate of change of particléssat poin

fdr 1f dv I

:vwgﬂ+aﬂg0+;

Irdt !vdt It

Lf
()% 1)¥ar

F | f

I't

This is the Boltzmann equation or tNavier-Stokesequation. (In fluid mechanics it is the
NavierStokesE although this depends on which book you reaghlasma theory it is known as
the Boltzmann equation.) If particles are not sourced/sutilegoint then the total number
does not change and hence

df
dt

_:O:(! rf)¥V"‘(! Vf)¥a+%
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This is known as the collisionless Boltzmann equation or the Vlasov equation.
In the last section of this book, we related the velocity distributigh,tt{ a probability
distribution, p(y). Now, we want to return to that concept.

3.2.1. Expectation values

Let us assume that we can randomly pick a OyO from a set, having a probapiityiofing
yo. What value would we expect to d@on averag®for y? If | were to draw 100 yOs from a
basket, we would expect p{¥100 to be y. Assume that | can also pick y», and y. Then the
average of my 100 picks would be

()= (Yo P(Yo) + ¥ P(ys) +¥, P¥s) +yP(3:))
(p(¥o) + P(%1) + P(¥,) + p(¥5))

I yip(y,)
~1op(y)
If I wercle to have a continuous set of yOs then the equation becomes
()= LI
| p(y)dy

as we have already used. (Often we normalize tHeapility such thal p(y)dy=1.) This

averaging is important as when we make a measurement, we are typically making a series of
measurement®even if we donOt knowtXand our result is the average of our series of
measurements.

f(r,v,t) is our velocity and desity distribution function and it is in a very real sense a probability
distributionbwith 6 dimensionsr(v) and one free parameter (t)! (Because of this definition,
andv are truly independent quantiti®y does not depend on the location only f. Thus, if we
where to desire to know the average velocity then we look at

I vE(r,v,t)dv
) | f(r,v,t)dv
Likewise the average of thé is simply
| v*f (r,v,t)dv
(V)= | f(r,v,t)dv

We can do this for all sorts of averages
[rof(rv,t)dr  Irif(rv,t)dr  Trf(r,vtdr

f(r,v,t)dr 1 f(rv,t)dr 1 F(rvt)dr

!vof(r,v,t)dv !vlf(r,v,t)dv !vzf(r,v,t)dv
f(r,vit)av = Tf(r,vt)dv © TE(rvt)dv

However, we are not interested in mosti@m. In fact we typically only look at
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n(r,t) = IV f (r,v,t)dv density

"(r, ): n{v) =1 v*f(r,v,t)dv particle flux
Bow =7 r(v )=4mlv*f(r,v,t)dv total kinetic energy
Eranaon = 3P = $1KT = dmr{(v# (v))*) o
, random kinetic energy/ pressure(P)
=4mp (v#(v)) f(r,v,t)dv
Edirected = E[otal # Erandom = 7mr(v)2 direCted kinetiC energy

(These are known as the zeroth, first, and second moments of the distribution function.)

Why are we bringing this up again? Well we can do the same thing to BoltzmannOs Equation.

3.2.2. Zeroth moment of the Boltzma nn Equation D The Equation of
Continuity (Particle conservation)

L df # N F o (#
/ dv Gain&Loss= f|_ = Ogy ¥ ’f)+ﬁ¥( )+ (t$

=3o( 1)ov G M v+ G

= V) + M v HoE

—) C¥ndv) + OAE¥ dv+((—n§

Now what happens to the central term on the right hand side? First let us assume tHatiforce,
independent of the velocity. (Strictly speaking, this is not truie ag(v! B) .) Then the
integral becomes

$. _F
f)%:iv = E¥&(! ,f))av
F, .y _F '
=—(f), =—(0"' 0)=0
(1, =—(0 0) ~
The distribution goes to zero for physical readbmge donOt want an infinite density. If the
force is dependent on velocity, it is typically just to first order as in the magnetic force. Then

&— ! 0/dv—q&v B)¥! |,

To solve this, we must deal with some wedtlentities. First,
A! (B! C)=B(A¥C)" C(A¥B) and

A¥B! C)=(A! B)¥C="(B! A)¥C....
Thus,
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(VAB)¥V f =(vAB)¥V [f]
=V,[f]¥vAB)
=(V,[f]av)¥B
=(V, A[fV]) ¥B—(fV, A[v]) ¥B
=V, ¥[ fv]AB) - fV_ ¥(v AB)

Flrst we will Iook at the second term on the right.

|, ¥v" B)=#, (B, $V,B)+#, (VB $V,B)+#, (LB $V,B)

=0

Now we can go back to the integral and we find

v Vf)&jv:#q&(v( B)¥ ,f)av
;Eq&! SV ( B))dv

— & ([ ( B)av

surface
at )

=0
Here fv goes to zero on the surface for physical reaBoms donOt want an infinite energyfso
must go to zero fasr thanv.

This leaves the continuity equation

fl. =(V, ¥n(v))+o,n)

paticle
gan/loss

3.2.3. First moment of the Boltzmann equation =~ Momentum
Conservation

Now we multiple BoltzmannOs equation
df F "f

=v¥! f)+—¥! f)+—
vt )+ )+
by mv and integrate over velocity to get

m' v Belv = (Momentum=m iy ¥() 1)+ =) 1)+ Gav

- mv!#' v(v¥) , f))dv+" VQrEnéé() Vf)§9v+ ' v;%%jv;

First we will look at the thirgbart of the righthand side
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If$ br 1 v

& o = &N & (Tav
:ﬁ:&(f)dv:' .&(‘flgv

Which is zero

from before
! -
—!—t.&(f)dv
!
:ﬁ n(v)]
Now for the second term
(v§— dv——(vﬁ—g+E+v) B %é( )/dv -usng thechan rle
—(' fv —g+E+v) B /dv

Thi It ri-
on'fh"e"fgr%? $EB1S S
Noticethatthis

notationis correct
OThisisatensor(matrix)

A v %ol f.m 7y

Om(fv. V¥,+§qg+E+v) B&{dvom(4f§q9+E+v) B&{¥. vdv
'S SIS SS Y

q "m %

=— fve—g+E+v) B d

m & ﬁqg V) &V

surface

' $$$‘$r€’“‘$°f$$$)
q 0/ =idendity tensor
0— (fvI +§—9+E+v) B /de ( fﬁ—g+E+v) B /¥ v dv

q 'm %
=0—( fqe—Qg+E+Vv) B: /¥l dv
m(; ﬁqg ) &{

_ ﬂ * ||m %
_Om(’fﬁ g+E+v) B&{dv

=0 E +E+(v B%
po ﬁqg (V) 2

Finally, we can deal with the first termE

(HOLD ON THIS GETS EASIER!)

"(vy!f))dv =1, ¥" fuvdv
=1 ¥n{w))
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What precisely is this last term? Well let us consider wlisé
V= Vdirected v

Thus
l r¥[n(vv)] =1 r¥[n((vdir +de)(Vdir t Ving ))]

= I r %n((vdirvdir + Vdirvrnd + Vrndvdir + Vrndvrnd ))] bUt

(Vdir> = Vg SO

random

# &
=1 ¥(an|rVd|r ¥0/%an” (V'rfrl_’d;) g +1 r ¥(n(vrndvrnd ))
f) r_a(r)1don|1t o

The last term we have dealt with before. We krioma Maxwellian that
(E)=4m(v®)= kT—f— but for our calculations

V= Vrnd
Thus we find
P = mr(dede>
(Notice thatP is a tensobas might make sen&&Pressure is direction dependent)

Now going back to our momentum conservation equation we find
" _ % o Zal
| Momentum" ! M|C—m-&$/(v¥(#,f))dv+$/-&a ¥#, )£dv+$/ £d

= mz/‘?-#, ¥n(v)(v))+#, ¥%+, ng, %n(E+<v)- B)++it/n(v)(i§

8/40 (V)#, ¥n(v))+mn{v)¥# ((v))+#, ¥P, mg, an(E+(v)- B)+m+it/n(v)(i§

(Note sign error on P)
using the continuity equation

=5 o)+ 02
andrearrangingE

I M| = :m(v)" (V) +m(v) ¥ ((v))+ ¥P#mg#gn(E +(v)$ B)+ moi/f)&l(vm

* * oM - . " -
:,m(v)+f|c#%/+mn(v>¥' () +m ¥p 5
' 0

, /
+#mng#qn(E+( v)$ B)+mn 8(v§ m(v %/
0
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nm(!, (v)+(v)¥' (v))= alfM|C $ r&;ﬁ)& +" ¥P+ mng + gn(E +(v) %B)

momentum momentum
changevia changevia
collisions paticle ganfloss
Noting that
S = (1, () + (¥ (W)

we find
nm%: nm(! AVY+H{v)y¥ r<V>) .
= 4MI. S Mgl +" ¥P mng +gn(E +(v) %B)

momentum momentum

changevia changevia
collisons paticle gainlloss

This is also known as tHkiid equation of motion(NOTE D some authors also call THIS the
Navier-Stokes Equation)

3.2.4. Energy Conservation ( Heat flow equation)

Now we multiply BoltzmannOs equation

?t =vy f)+%¥(! v1=)+%

by $mv® and integrate over velocity to get

gmjv (df)dv AEnergy_s;mUv V¥V, f dv+Jv ( ¥V, f) )dv+fv( jdv)

This is trivial and is left to the reader (yeah right!)

Rather than go through this derivation, we will accept the formula in the book. (We donOt have
time to do this in class now anyway and the first two formula are more important.)
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Section 4. Fluid Statics

Our fluid equations that we developed before are:

fl. =(1, ¥n(v))+".n)

paticle
gan/loss

= {M[; $ 5&(%)&0 + r¥|§L+ mng +gn(E +(v) %B)

momenﬂ!m momentum
c aﬁggwa changevia
collisons  paticle ganfloss

Under static conditions all of the time derivatives are zero, as are all of the collision terms.
Ignoring all electromagnetic fieldand the term{v)¥!  (v), leaves:

! ,¥(_n(v>)=o
| ¥P="mng

Why should we keep just these two termthim £ moment? Well they occur at all points on
earth. The other terms occur on occasion.

For fluids, pressure is isotropic implying that we can wtheelatter equatioas:
" r¥P='|' . ¥pl

=¥ p

=P

= n‘ng

4.1. General concepts

4.1.1. Conservation of flux
We canuse the first of the above equations to show
V, ¥n(v))=0
U
n(v) =T = Congant (Flux)

This means that the flux is constant. We can also make use of the Divergence theorem (and the
physical interpretation) to see that the there is no source or sink of flux in a small volume.

Fundamentals of Fluid Mechanics BMJ Goeckner ©5/ 3/ 2010 Page4E62



4.1.2. Pressure variation s

4.1.2.1. Constant density

We can use the second of the above equations to show
I P=mng

Usudly we st thehaghtin the'Z' direction

and notng g is pointed down - gives
" P=#mng=#$%$g

or
o%P =#mngz=#%$gz

This means that theressure will decrease linearly with height above ground.

4.1.2.2. Variable density

Sometimes we have the situation in which the density changes with position. Aplexdthis
is the atmosphere around the earth. Making use of the ideal gas lam wenee up with an
approximatemeasure of the pressure of the atmosphere.

P
=+ mg=" g 3
or

lip="9
$PdP— T $jz
giving

In(P) = ki'l'z =>pP=Pe ¥

We can do the same thing over agalnut this time assuniat the temperature changes as we
go higher in elevationOHalleyOs LawO makes the assumption that the temperature decreases
linearly with height from sea level to ~45,000 feet. Here the temperature is assumed to be:
T(2)=T,! "z

where T is the temperature a skwel (z=0) and ~ 6.5{C/km. Thus
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| P="mg="#g=" 9

KT
or
1 n g
s—dP = —(—)dz
$D $kT 1II 0/%
giving

In(P):%In(l“ o/%)

— w Uy o/%k
P—Po(l /T)

This is known as the logarithmic pressure law.

4.2. Examples and problem solving

Example 1: Manometers
Manometersnay use any type of liquid to help measure pressure within a closed vessel.

Sometimes, one might use more than one OmeasuringOHiigtadically this HAD been
mercury (Hg) but in more recent times other fluids have gained favor due to the poisoning hazard
from Hg. (Hg was favored because it is very stable, it is fairlyejehkas a very low vapor

pressure and it is plentiful.)

2
5
s A ]
____________ S C
P S S
H1 o
\ /2§ I 2 I

In the above figure we have a liquid (#1 ingmeconnected through a pipe to a second liquid
(#2 in grey). We findhat the liquids meet at a height B, which is below the center of the green

liquid by Hi. The other side of the grey liquid meets vacuum at a height C.
The difference between the presswe the two sides of the grey liquid is given by:
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I'P="mngz=" #gz
or
Pes 8 = #0H,

Now to getthe pressure inside liquidvite do the same thing.

I'P="mngz
PB# A =" $lgH1
thus

Poy a=+3$0H," $gH, =R,

QUESTION:If the top of the tube had not been vacuum, we would have needed to add that
pressure as well to determine the pressure of liquid 1.

QUESTION How would one make a barometer?

Example 2Forces on plane surfaces
We can next examine the force on a planar surface. Examples of planar surfaces include locks

(on dams), dams, ship hulls, propellers and other similar objeet® we will use the force on a
sluice gateloor as an example.
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'P="mngz=" #gz
Thedepth is given by
z= " ysin($)
thus
P(y) = P(0) + #gysin($)
Now the force on the other side of the doaxtimosphac pressure, P(0). Thus the net pressu
on the dooKand accounting for directiomng
P (y)="! "gysin(#)%
The force is simply
F=1P,(y)dA
L B

=" %] d#| dy&sgysin(%9

0 A
=" igsin(99 L (B A?)
wherewe have made the assumption that the gate is length L out of the page.

Example 3: Forces on curved surfaces

Here we will examine the force that is applied to the hull of a saifboating that this could be

any curved surface. First, we note tha&t pnessure acts normal to the surface at every point.
Thus, wecan break the pressure into thoeenponentsalong each of the axes. For the time

being, we are going to reduce this to two by careful choice of coordinate system, as is shown in

the figurebelow. Then
P=PX+Ry+Pz

= P(cos(! )sin(" )& +sin(! )sin(")y + COS(")z)

=PX+Pz

= P(1sin(") X +0sin(")§+cos(")2)

= P(sin(")f( + cos(")i)
Now we can determine the force by integrating the pressure over all surfaces.
F=1PdA

= | P(sin(") %+ cos(") &) dA

=F 0+F®
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The force inthe horizontal direction (X) is:
F, =P, dA=|Psn(")dA
= 1 PdA,

where A is the effective area along the z axblote that we are only looking at the force on one
side here.Yhus

L z
F = 7.-':,ti! #iz”gz
0 0
=2

=3"0lz

Likewise we can do the same for the other component
F,=1P,dA=|Pcos(")dA

=1PdA
where A is the effective area along the x axis. Thus
L X
F =4/ #ix"gz
0 0
= "glxz

Now we note that.xz is the volune displaced by the objeBtthus the water is putting an overall
force equal upward to the weight of the water displaced.

Example 4: Accelerating containers

Now let us consider the case in which a container holding a liquid is being accelerated. We will
consider two caseéBwith all other cases being effecting linear combinations of the one
presented here. Specifically we will consider a container accelemaimgdirection, and a

second container that is spinningor the case of linear acceleratiwe find:

Linear acceleration
I',P=mng+mna
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For now, will assumea has a component along z and another along x. This gives
I P= "(az#g)f)+ "a X
= $XPXXm+ $ZPZZﬁ)

or
do.P = pa,

azl:) = p(az - g)

then integrating gives
P ="a(x #x)
1P="(a,#0)(2,#32)

In the figure above, the pressure will be constant along th®EBoe

0=/a (%" x)+! (2" 9)(z" )
#

“(z"z)_ a

tan$ = =
(%" %) a"g

Rotating acceleration

NEED TO ADD
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Section 5. Point (differential) form of the Fluid equations

and general solutions.

5.1. Control Volume s and general balance of properties
One can define a prepty of a material as either intensive or extensive.

Intensive: This is a property that does not depend on the volume of material that
you have. Examples include density, energy density, thermal conductivity,
specific gravity, heat capacity, viscosigtc

Extensive This is a property that DOES depend on how much material you have.
Examples include: mass (or particle #), Total energy, volume, etc

Mathematically these properties are related by
I = $ d#
or if given in terms of something pe unit mass (')

!=$%’d#

(Examples of the latter woulok heat capacity.)

Herehave defined (without really thinking about it!) a volume over which we are examining
material property. We call this volume t8©NTROL VOLUME . As a fluid flows through
the control volume our extensive values can change.

Central Volume

Fluid at time t=§. The control volume is denoted by theeshed green line (e.g. the central
yellow volume plus the red dashed volume (A))

Central Volume

Fluid at time t=t. Here the fluid has moved to the right afbiiow the green dashed line is still
the same fluid we had befoiat is just moved over a bit and occupies a slightly different
volume.
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We can see that at tinteto, the control volume (denoted by the dashed green line) contains the
fluid marked in yellowand the volume mark with red dash&sshort time later, t<f the fluid

has moved to the righéind is now contained in the same yellow volume plus the gizsred
volume.So what happens to the extensive property?

! Green!dash (t :tO) = %H d#+ ﬁl d#=1 Central (t = t0)"‘ ! A(t = to)

Central A

! Green!dash (t = t1) = ﬁn d#+ $' d#: l Central (t = tl) + l B (t = tl)
Central B

giving rise to

e () )
= (" Central (tl) +" B (tl)) #" C#Vol (to)

= (" C#Vol (tl) # A(tl) +" B (tl)) #" C#Vol (to)
Rearranging and dividing byt gives,

M C#Vol — (" C#Vol (tl)#" C#Vol (tO)) + i B(tl)#" A(tl)
gttt L paartlraaas ) gattras
|

I} 1
The first term in this equation (I) is simply the total derivative
d! #!

C"Vol — I||m C" Vol
dt #.t$ 0 #t
The second term is simply the partial derivative

| =him (" C#Vol (tl)#" C#Vol (to))
't C#Vol $-1%o $t
Now what is the third term?

() () BT S

Ht Ht
1 ! *
=— &\/#t¥ds" &\/#t ¥ds
#tz 5 A 3
= (%\/#t ¥ds" @#t ¥ds
B A
= @\/#t ¥ds

OK what we did aboves the taditional method to get to what we wait is adifficult messb
and we already provatlin a much simpler fashion. Basically:
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al

— =" +# ¥y
dt
=", &Rpdo%+ mnm SMBCE&S\/ ¥ds (Where we have made use of Stokes theorem)
or going o theintendve vadue
d$
— =" $+# ¥
dt

THIS IS KNOWN AS THE CREYNOLDS TRANSPORT THEOREM O

NOTE Pwe have defined the OCONTROL SURFACEO as the surface surrounding the control
volume. It is the surface through which our material pasSemetimes these surface areas are
not quite the samB see for example the rocket ship below.

Contro\surface

EXAMPLE: Use the continuity equation to describe daheass andb) energy flow in a system

ANSWER

dm dE

I =—;le=
d" d"

therefore

a)

I = $ d#= W«d#
=M

thus

dm

= I n
dt ) tM * %nvol!surfaoe v ¥ds

. . dm
noting that mass is often conserved, ezﬁ— =0 so,

| =" .
) tM @onwol surfaoe#v dS

b)

I = $ d#= ﬁed#

=E
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thus
E:!tE+I"' ev ¥ds

dt = control!surface

5.1.1. Continuity equation for steady incompressible fluids

Under the condition that we haveteady flow with an incompressible fluid, the continuity
equation becomes very simple. Steady flowliegpthat all of the time deratives are zero.

Thus,
!:0
;Ko
4 " +# ¥y
dt

$
#HY¥IV=V¥#] +I# ¥ =0
If the fluid is incompressible, this implies that the density is constant. Thus our intrinsic variable
is the density,! . Thus
I=0
V¥l "+ "l ¥3w=0
#
D$! ¥w=0 . )
This last equation is used often in fluid mechabBesd is known as theéb@atationO, D.[From
Latin dilatare, "to spread widE'(It is used often because there are many physical systems that

follow the steady stat®incompressible modell) we break this down into component, we get:
L ¥v" D=#yVv +#V, +#Vv,=0

Physicallybwhat does this imply? If the velocity on one side of our control volume in inward,
then the velocity at the other sides must be outward, so as to balance.

EXAMPLE: Consider steadytwo-dimensional incompressible fluid wity, = sinh(x).

a) What is thegeneraly component of the velocityB) Assuming boundary conditions of
vy=2cosh(x) at y=0, what is the specific solution?

ANSWER
a)
As the fluid is steady and incompressilide= V ¥v =0
Therefore:
P ¥y ="V, +" Vv, +',v,=0

=0
(2#D)

$
"V, = H#Y
= cosh(x)
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We can now integrate to get v
"I v, dy=#"cosh(x)dy
$
v, = #ycosh(x) + g(x)

Here g(x) is some arbitrary function of x. We can get at this function by applying
boundary conditions.

b)

From above

v, =! ycosh(x) + g(x)

At y=0,

V| =t 0cosh(x) + g(x) = 2cosh(x)
y=0

9(x) = 2cosh(x)

Now ourtotal velocity is
v =sinh(x)%+ (2! y)cosh(x) g+ 0

5.1.2. Momentum Equation

5.1.2.1. Angular velocity
Before we start down this path, we need to remember the definition of angular velacdyts
relation to linear velocity
L, r#v
Fo 77
r2
R P D
= i X vy z
r.2
Vo v, Y,

:riz%yvz$ZVy)ﬁ$(XVz$ZVX)¢+(XVV$WX)ﬁ(
=1 Xﬁ+.’ y¢+! zﬁ

This means that thengular velocity and velocity arelated by:

Fo= v )

1
PEETOREY

1
12

! =

z

(v, )
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LetOs assume that we have only one component of the angular velocity.

1 n
! x = r_z(yvz Zvy)
From this, we can back out our velocity
v=0Q! " zp+" yB

and
r =00+ yp+ z8!lnoting hav# r #
Thus
| 1 X Y 4]
:r—z 0 Yy Z
01"z "y
%&p(y” y+2z'.2)! §ov,! 20)+ 0" z! yo)&
1

rzsﬂ (v +z)e=x,
Now let usconsider
I "v="?
H P 9
=| # # #

0 $%z %y
=(%, +%,) 6% (0) p+(0)
= 2%

&

|
I "v=2%
We note that this works for any of the directi@thus we have in general that

f=1igy

5
$,
\'

L
3, $
V, V,

N |-

= % 8($yVZ 0/0$2V)’) ﬁo/($xvz (VQ‘BZVX) ¢+ ($va 0/0$yVX) %

This makes our definition of the curl much more meaningful!

Why did we go to all of this trouble? Well let@dsv consider what happens to the momentum in
a fluid.
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We already know that fluid velocity can change from location to location. Thus we are going to

look at how that change occurs by performing a TaylorOs series expansion of the velocity around
a point

v :(vx,vy,vz)

# I# "% I# "0 1#"0% &
=?XO+(XI XO) V +O( ) (y yO) yVX+O(")2/VX)+(ZI ZO)"ZVX-F()(Hivx)éﬂ
0
# I# "0 I# "0k "o &
g1 0000l o1 ) #0 ) (a2 r0f i

# 1# L°?$ I1# "0 I1# L°?$ &
+% . +(x! %) v, +O("2v, )+ (y! y,)" v, +O("2v, )+ (2! z)" v, +O("2,)(
%) y y (

= 00+ (X! %) W+ (Y! o)+ (2! 2)" v, &0
o+ (X! %)y + (Y1 )"y + (2! 2)" v, 89
o +(x! )" v+ (v! o) v+ (2! )" v, 88

Here we have eliminated the higher order telras they are very small. Now we are going to
split the derivative terms and create all of the cross over termsE

V:(V,V,V)

.

R O CRVRIERY) P TS RN FYCTIS ORI
) X)) ) ) (2! ) ()% %

+[Similar terms] ¥
+[Similar terms]| 2
We can now simplify these termsE THiest term is easyit is a cross product:
(rtrg) #" v‘ =1 —é)x' )($.v, ! $v,)+(y! yo)($va! $va)+(z! 2,)($,v, ! $sz)'(
r ! r ") ‘

What is the second term? It looks like an inner product.

(r! r0)¥"t!8=%§x! xo)("xvx+"xvx)+(y! yo)("yvx+" Xvy)+(z! zo)( sz"‘"sz)%

where
I

"tSz% ) XVX + V )n+( VX + ) va)¢+ (" ZVX + " XVZ)t;)é0
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Now this is repeated for each of the three directidmslicating that we really want a tensor and
not a vector.Additionally, unit analysis indicagghat this needs to be a time derivative of the

tensorS. Thus:
é 2(!,v,) (!yvx+!xvy) (1 v +1,y,) o
&

( v, +! v) 2(!yvy) (!zv +!yvz)

1s
2% y
§( |v) (!yvz+!zvy) 2(!v)

! Y

s 2w) ke (wet)
$ 1
:E$)r| )V_(’ :_L|V’ )_I + Vi )|v+}|v’
2%;\# r;l-r r'(Z_ ( re: F2Y r'(z._ .
$ 1

$ (!erHer) ;! N+ - v, 2(!sz)

# &

NEED TO PROVE IN CYLINDRICAL COORDINATES
This is known as th&train Rate Dyadic(Tensor). In total this leaves:

v:(vx,vy,vz)

=vi(rtr)  #+(rr)¥8S

5.1.2.2. Physicalinterpretation of the Strain RateTensor

! g o Iw e
S:r)zglyx Ly Iyz:
o
e o g
(

s 20)  Dmnrw) D)) Y
LA !'yZ :%g ()va+)yvx) 2()yvy) ()zvy+)yvz)5
oty Ty S0mnm) D) 20m)

First thing that we note is that

L =1
'|] 'Jl

The next thing to note is that diagonalSof the Dildation.
D=Vav=¢ +¢ +¢,
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5.2. Shape changes for control volumes

In general we can have a combination of four motions on our control volume. They are
translation, rotation, Dilatation (sheer), and Angular deformation (sheer).

_ -1
7 ‘ - 1
/ ~ ~ - - )
// So r /i
1 !
’ [~ Yy
SV S , '
’ X ,/ i X
s : | I/
; P Ro_tanon / p ,
Sk point R4 ! -
Pure rotation . Angular Deformation
'~ (shear)

So how do we interpret the components?
5.2.1.1.1.Translation
€ dx P v.dt

When our volume moves, the center moves
dr = dxd+ dyp+ dzd
Now this occurs in a time dtso
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dr _dx. dy
dt dt dt

= v, 0+ vy;'b'+ v, D

o+ Zo
dt

Now the distance traveled is
PP'6=v,dtR+ v, dtp+ v,dtd

5.2.1.1.2.Dilatation (shea)

Dilatation is expansion or contraction of the voluniée increase (or decrease) in size can be
determined by examining the motion of a single particle at point P, (x,y,z). There, the fluid has a
velocity (%,Vy,V2,). At some time later, the particle has moved to PO, (xO,y0,z0). The velocity has
now changed to

V], = (v, + 1, v,dx) o+ (vy +1 yvydy) p+ (v, +1,v,d2) B

The dilataion of the volumehennow given by:

Ix=" vdxdt

ly=" v, dydt

l'z=" v,dzt

(Noting that the rest of the velocity acts to move the centerE)
So,

Lr| =1 x0+ ! yp+! 20

Dilatation
=" v dxdto+" v dydtp+" v,dzlto
= (#,ddlt) B+ %, dydlt) p+ (#,dit) &
or
dr

P =1 vad&+! vdyy+! v,dz

Dilatation

= (1% %+ (*,dy)9+(*,d2)2
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5.2.1.1.3.Rotation

A x
P _ .
GVE‘V@\
73| ly A
2
’ >
’ PE .
/ \\
’
// \~\ dy
\\
4 ~N
/ Se
/ So
/ w /
/ ! /
VA E 0
4 z / \ 4
| e - —>
/ .. ’
,/ | Rotation Vg =P )/
/ point, O /
/ A 4
\\ /
\~ /
\\ ./
S /
\\\ /
~ /
\\ /
S/

The rotation in size can be detened by examining the motion of a single particle at point P,
(x,y,z). There, the fluid has a velocity(%,v;). At some time later, the particle has moved to

PO, (xO,y0,z0). The velocity has now changed to

v, = (vX +1 v dy+! vadz))é+ (vy +1 v dx+! Zvydz) P+ (vZ +1 vdx+! ydey)ﬁ'J

Now we can look down one of the axis, here we have picked the y axis but the same thing works
with the other axisRemember that

faT#V_ ) el Gal ¥

. =38 #v=1 0+! 9+! D

r2

= L o, o, 5 ) 9 o, o )

- Ly v, %6 v, | 0% * v, %6+ v, )P+ * v, % Vv, |D
2 y y y y %

For this case,
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For point P in the picture above=dy andv, =0, so

1
=3
#

%:ll"
$t 2

#

v dy

y'X

$x =1 % NV, dy$t

We can now repeat this with Point ®erer =dx andv_=0, so

v, 1

y —
52l
ry_1, LV, dx
# 2

1
#y = 5! LV, dxtt
Thus in general we arrive at
I'x= ( N dy+" Zvxdz)dt
ly= ( NV dx+" Zvydz)dt MINUS SIGNS ARE MESSED UP AND MISSIN@.
lz= ( Mdx+" yvzdy) dt

f this were a rotating around the center, the change would be in a sinusoidal fashion.
(Noting that the rest of the velocity acts to move the centerE)

So,

Lr =1 x0+! yp+! zD

= ( NV dy+" vadz) doo+ ( NV dx+" Zvydz) dtp+ ( M dx+" yvzdy) dtd
For what is pictured above,

Lr =1 x0+! yp+! 7B
. . MINUS SIGNS ARE MESSED UP AND MISSIN.
= ( yvxdy) doo+ ( vadx) dip
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Example
Rotation around the center point.

5.2.1.1.1.Angular Deformation(shea)

A
dx
-1
< > - “
<i’| - 1 /I
V|, = v, - ,
© lb,,i A
.- | PC /
- “ /
- - /
-7 —/ K
I, ;o Q dy
/ / T
/ : T ly
/ B \ / v
' Vet
/ X I >
/ / =
/ /
1 /
/) /
/ PR -
/ -
/ _-"
/ P
/ -
/ _ - -
/ -
/ _-"
/1 -
l/
At the center of our control volume, the velocity is zero. As we move away from the center, we
will assume that the velocity increases linearly,
1V, in they direction

and
IV, in thex direction.

Thus at the edge of the control volume, the velocity is
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I'x
TH v dy

y X

#
Ix=" vdy t
ly
.
#
ly=",vdx t
In addition, we can also consider the anglesand ! . We can discover these from the tangent
of the angleDat small angles, e.g. small times. Under these conditions,

LV, dx

v, dy#t
I Tan(! ):ﬂ:$yx_y#
dy dy
" $ vt
$/ "By,
dxt
o6 Tan(9) = 2Y = 3
dx dx
" SV Ht
$,%" $,v,

But this can now be related to Strain Rate Tensor.
Ly =4 :%("t# +"t$)

5.3. The Strain Rate Tensor, IS. and the Stress tensor , P

It can be shown that the pressure and the Strain Rate Tensor are related.
For an incompressible fluid,
1 I 1

P=2uS! p

For a compressible fluid,

P=2uS! (p+2u w)i.

Here p is the isotropic pressure and & is the dynamic viscosity.

(Note that the latter equation for a compressible fluid collapses to the incompressible form if
I ¥v=0.

We will not prove this in classE
(I will add the proof at a later point.)
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5.4. Surface Forces on Control Volumes

We can now look at the forces on the surfaces of our control volume. This is simply
F= ' Pyds

Endosng
surface

We can further break this up into the components normal to the surfaces
F,o= ™ P yed!/ 1= j

n

Endosng
surface

and those tangential to the surface
Fo= ™ B Y{P+P)d mi4]

Endosng
surface

Looking at these in terms of individual components we find,
F,= | p.dydz

Endosing
surface

R, = ! p,, dxdz
F, = !. p,, dxdy
F =1 (pyxdxdz+ pzxdxdy)
FTy = 1 (pxydydz+ pzydydx)

Endosng
surface

F.= 1 (pdydz+ p,dxd2)

We can simplify the normal component somewhat. To do this, let us look at a picture of what is
going on.
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/‘ _______
Y
Y
/
'
d
/7
/7
Kgup—— -
|
|
|
|
|
I S
) ARBNNARRS
X
Fn! nax = an:dx + Ny=0
=" p,dydz! " p, dydz
x=dx x=0
= " (p,, +#HP,dx)dydz! " p, dydz
x=0 x=0
='"mm# P dxdydz
Foing, = """'#,B, dxdydz
Foine, = ""#,P, dxdydz

We can repeat the same thing for the tangential forces and we find
F=1 ¥P

(I will add therest of theproof at a later point.)

We can now add this to Navi&tokes to give

fl. =(1, ¥n(v))+"n)

paticle
gan/loss

nm% = nm(! AVYH(v) ¥ r(v))

= #M|. $ m(v)f| +" r¥(2u§$(p+§u' ¥v)T)+mng+qn(E+(v)%B)

momentum momentum
changevia changevia
collisons  paticle ganfoss
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Section 6. Incompressible Inviscid Flow

Our main formulas are the continuity equat{particle conservation)

fl. =(1, ¥n(v))+"n)

paticle
gan/loss

and the conservation of momentum equation (e.g. N&twes)

nm% =nm(9, (v)+ (V) ¥V (v})

= AM|, - né(v)&y +V, ¥(2y§—(p+§uV¥v)fA)+ mng+ gn(E +(v) A B)
m(;mmmm mor’r#mtum

changevia changevia
collisons  paticleganfoss

For most fluidsthe fluid particles do not change and there are no collisions with other particles.
This allows us to set the following terms to zero.

!!M|C =0

momentum

changevia
collisons

fl. =0
paticlegan/loss
Additionally, there are often no charge carriers in the fluid. (Cati@s some chemicalids

you will run into in life DO have charge carriddgxamples are acids and bases.) This allows us
to further simplify our equation

qn(E+(v)! B) =0

This gives a greatly simplified set of basic equations

0= (! , ¥(n<v)) + ",n)
nm% = nm(! AV)+ (v r(v))

I !
=" r¥(2/,1S#(p+§u" ¥v)|)+n*ng

6.1. EulerOs Equation.

Incompressible
Incompressiblemplies that the density is constant, spatially and temporally. We can apply this
to our continuity equation.
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Inviscid
Inviscid implies that the viscosity & is zero. So we can now simplify N&tekes to

nm% =nmA = nlm(! AV) (V¥ (V)

=#" r¥(p'I)+rmg
=#" . p+mng

We now have a very simple formula that we can use to examine our fluid flow.

6.2. EulerOs Equation along a streamline.

Examining an element of fluid following a streamline, we can calculate the forces on that
volume.

A

-
-

>

We can use our shortened version of Naitrkes to arrive at the forces on each of the sides
shown in the figure above.
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pA ==V, p-pg
U
pA, =—d,p— pgsin(B)

pA, =—0,p~ pgcos(f)

where s is along the streamline and n normal to the streamline.

Along the streamline

To figure out what happens along the streamline we first need to ﬁn()w) . A short

examination of the angle betwegandy, tells us that this is simply
'z . /.,

Ts_ sin("”)

This can be plugged into the first of the two depres above to give

A=l T#pl ghz

= #, (v) + (v) ¥, (V)
Often we are in steady flow and the gravitational force is small compared to the other forces.
Making these assumptions further simplifies our equation to

—%asp= (V) ¥, (v)

This tells us that if welecrease the velocity, the pressure must inciease visea-versa.
Normal to the streamline
To figure out what happens along the streamline we first need to ktns(w) A short

examination of the angle betweemandz, tells us hat this is simply
[

Iz
o cos(")
This can be plugged into the second of the two equations above to give
IA, ="#p" !'gcos($)

="#.p" o#,z

= # (V) + (v) ¥, (v)
Again, we are often in steady flow and the gravitational force is small compared to the other
forces. Making these assumptions further simplifies our equation to

LA ="H#p
=(v) ¥#,(v)
We can solve this using centripetal acceleration around theRoiHere(Will add proof later)

TA =1 ="#
R P
This tells us two things.

1) The pressure get higher the further one is from the center of rotation
2) There is no pressure in the normal direction of streamlines which do not derd. )

Fundamentals of Fluid Mechanics BMJ Goeckner ©5/ 3/ 2010 Page6EB8



Now lets go back to our equation for acceleration along the streamline
1
As = _;asp_ gasz

= 0, (V) +(V) ¥9.(V)
If we have a situation in which we have steady state flow, the equation reduces to

= f,0) + (V) ¥, (V)
=0
Note that this is the same equatamithe one we just solved f©except it is a bit more complex
Phaving an additional term.
Multiplying through by ds, we find

(v)¥d(v) = ,—1,dp! gdz
which we can now integrate

I (v)¥d(v)=" !%dp" | gdz

2v)? =" B g7+ cong
#
or
1(v)? + 2 4 gz=cong
!
This isBERNOULL IOsEquation. Remember it is only for
1) Steady flow
2) Incompressible flow
3) Frictionless flow
4) Flow along a streamline.
Please do not over use it! (or abuse it!)
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Section 7. Incompressible viscid Flow

Our main formulas are the continuity equation (particle conservation)

fl. = (1, {n(v))+" n)

and the conservation of momentum equation (e.g. N&twes)

nm% =nm(d, (v)+({v) ¥V (v})

& 2
= 1§M|C - né(ﬁ)&y +V, ¥(2yS—(p+§uV¥v)§4)+ mng +gn(E +(v) AB)
momentum momentum

changevia changevia
collisons  paticle ganfoss

For most fluids, the fluid particles do not change and there are no collisions with other particles.
This allows us to set the followirtgrms to zero.

!!M|C =0

momentum

changevia
collisons

fl. =0
paticlegan/loss
Additionally, there are often no charge carriers in the fluid. (Cati@s some chemical fluids

you will run into in life DO have charge carriddgxamples are acids and bases.) This allows us
to furthersimplify our equation

qn(E+(v)! B) =0

This gives a greatly simplified set of basic equations

0=(1, ¥n(v))+"n)
nm% =nm(! (V) + (V) ¥ (V)

I !
=" r¥(2/,1S#(p+§u" ¥v)|)+n*ng
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7.1. Flow fields entering a tube

I ............................................. l
—p- > >
—> -
— —
—> —>
—p —p
I - — o 1
Enters in Dragslows Edge slows Fully
uniform edge but more and formed
flow total flow center goe: Laminar
constant faster flow

The length over which this happens is related to the diameter of the tube. Typically it is about
140 times the diameter.

7.2. Flow fields between two fixed plates

We can now calculate the flow fields between two fixed plates. Here we will assume that we
have fully formed laminar flow.

Z A Fully formed Laminar flow
*I . _> ........... :.> ........... t> « s+ l
— > —p — >
a —3 y—3 —_—3
v > > >
[_.' y S " ............ .’ ...... ]
s X

Based on the picture, we will assume that there is no change in the x and y directions. (The
plates are infinitely big in both of those directions.) Additionally, we will assume that there is no
time dependencBe.g. the velaity field is fully formed in the location of interest and there are

no other changes.

Assumptions

1) Steady stat¢ —=0

2) Incompressibld n=cong
3) The plates are infinite in the y direction and that there are no flowtieasaalong the

direction of the flow! WV =0
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4) The plates are infinite in the x direction and that there are no flow variations along that

L J : . L
direction= a—v =0. Further there is no flow in the x directibn v, =0 Bnor any
X

pressure variations along!x ", p=0. (Otherwise there would be flow along XE)
5) There is no flow in the-direction! v, =0.

Velocity
Based on these assumptions, our equasonplify to:

0=(1, ¥n(v))+"n)
#

0=! (<V>) vax +' |yVy +" V
=0 -0
and

dv) ! +(V)¥' (v
nmw—nm(.t<l> )¥ (v)) |
(2ué#(p+3y" ¥v) )+mng

0= Woubu’.z vy i m
r &H &p 3“ :0) ‘)" g

=2/J"r¥|5'#"rp+rmg
* 2(!v) (!yvx+!xvy) (!Zv +!v)

- XX X X"z .O
= ¥ (y+tw)  2(y) () S#rp#mg
Tt (hwrty) o 2(0w) 8
+2| /I | O/(I) | ( IOAI) | (0
- L *+ ' + V*+ L + *
A g
|0/? | ( 21 (I ) |(%|) ! ( 8#_1)(26#1:'-8&)
=p- Lo b Al oys 20 (T )+l v+l s O# - o# 1.
) P y}ﬁ; y\*yYy P y:o) o . " 0 g 0
- 0 - lzp D , ¢ P
o %I) | ( | (%I) | ( 2 0/? (0~
- ! + *+ 1 + V*+ L% 0
- & ¥Z ¥x ‘& ¥Z ) ¥2) P
Simplifying

Fundamentals of Fluid Mechanics BMJ Goeckner ©5/ 3/ 2010 Page7£92



an—O
¢ (1,0 ) Prp% gy
cug ez, f) L (Ee O3 o
s ulw) g ees B

Now we need to add that there is no variation in the x and y directions (making the derivatives
zero). So

d(v
m—< >: 0

n
dt

n 0 %"!Xpl(yo ||00/'
— $2 ' | ' $ I
_u$!zvy-(§.ypl()$0.
20 gglpy 2%y

We can now look at each of the parts.
The xcomponent tells us that

p! p(x)
The zcomponent tells us that
l.p="7#g,
$
p=p(y)" #g,2

The ycomponent tells us that
pav, =1 p

Mo, = ) 8 (v)# $o,7(0z
=1, %f (v) #3302 (+C,

pv, = ){l 4 (v)#5 99,2 +Cl} dz

=1 B2°f (y)#%$gzzg'( +Cz
We can integrate over z the last of thegaations to get
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HoLv, =
U

s o s

= ayI:Zp(y):|+ C,
U

uv, = [{o,[(y)]+C, }dz
= ay I:% Zzp(y):l+ Cz+GC,

noting that the y derivative of the gravity term is zero. We can now apply Bragsuming that
the velocity is no slip at the tog,= a, and bottomz= 0, of the fow region to find

_I gzp +C z+C

(
C,=0
. =hisatp(y)gCa
=0
(
C.=)!,isan(y)%

My,

or
w, =9,[32°p(y)]-9,[3ap(y)]z
=[32*~4az]o,p(y)

One thing that needs to be pointed Pass z < a, this implies that the velocity is in the negative
y-direction unless the pressure is decreasing as we move in the ppsliteetionkE

Flow rate

Is there anything else that we can take away from this? One thing that we do know is that the net
flux of fluid must be a constant as we move in the y direction. (If this were not the case, we
would have the fluid piling up @areas where the fluid disappeared. We have made the
assumption that the fluid is incompressibleence this cannot happen here.) So we need to

know the flux of material through an area (also known as the flow rate).

Q= (pm/n/pq)_[v¥ds
where oft@ the mass density, particle density or charge deb!sj,l;y n/ !q) are used.

(Common flow rates are Standard Cubic Centimeters per Minute, Standard Liters per
Second, Gallons per minute, Liters per second, Amps. OStandardO is usedusr gas
fluids and implies the number of particles found in that volume of air degebdensity
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and room temperature. This number is LoschmidtOs numbmiagial) -
2.6867774'16°m®) ,
Here we will consider just the OflowO of the control volumeE thus

Q=1v¥ds

- !;de!:Vy¢¥¢dZ
| "dx 29 # az&(, p(y)dz
y X!;’%%Z#azg(yp(ywz
_ Xi%f#%azz@(yp(Y)‘:
=#" xZa'(,p(y)

Again, we note that the flow rate is negative unless the pressure decreases as we move in the
positive ydirection.

Pressure drop
We can now use our flow rate to determine the functionality of the pressure variation. To make

sure that Q is a constant,
I p(y)=cong =K,
thus
p = pr+ pO
We can determine the value of the constant by measuring the pressure at two points a distance
'y apart.

P =Koyt P
P, = K.Y, + Py
Y>!' % y
el
Sty

Here we note that the pressure must decraase move in the positivedirection for the flow
to go in the positive ylirection. Thus the pressure must decré&agi@ing the minus sign we see
above. We can now go back and add this to our velocity and flow rate equations.

oy |&p|
V, = 5 48Z! zz§—o&y

_ |&p|
Q= &xﬁaﬁ—&y

Sheer stress
The sheer stress can be calculated from the velocity
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Here we note that the velocity only changes in the z direBtaord hence the sheer must be
along that directionE

Iy=3" N, :"Z)ju%z#z &—|§5|

. (Pl
=Lla#2
Hlanzg L2

Averagevelocity
The average velocity can be calculated in two mariberse via flow rate and the other via
direct averaging of the velocity. We will do both.

<vy> =£ ! avydz

——I Zyggiz" z gLfdz

Maximum velocity
The maximum velocity can be calculated by settingdérevative of the velocity to zero.

" P+
!ZVY:!Z)2N@Z Z%LJ

y!.

— " P
=$la” 242

=0
1,
Zmac = 5
" Pl
Vy"max 4u .y
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7.3. Flow fields between two moving plates

X Fully formed Laminar flow

We now consider what happens when one of the plates moves. We could dbnseler
situations,
1) Where the plate moves in the same direction as the flow and
2) Where the plate moves at right angles to the fluid flow.
a. x-direction movement of the plate
b. z-direction movement of the plate
If the plate moves at right angle to the fl&and we are in a mslip condition, the fluid must
also flow in the direction of the plate movement. (At least partially.) This causes some of our
approximations in the premus section to go awd&making the problem much more difficult to
solve. Thus, we will drop thosgtuatiors and focus on the first. In that case, we have the same
assumptions:

1) Steady state " =0

2) Incompressibld n=cong
3) The plates are infinite in the y direction and that there are no flow variations along the

direction of the flow! WV =0

4) The plates are infinite in the x direction and that there are no flow variations along that
direction! —v =0. Further there is no flow in the x directibn v, =0 Bnor any
X

pressure variations along!x " ,p=0. (Otherwise there would be flow along XxE)
5) There is no flow in the-direction! v, =0.

Velocity
This leads to the same general velocity profile:

vy, =1, 32 2p(y)g¢ Cz+C,
We can now apply limit®assuming that the velocity is no slip at the top,a, and bottom,
z=0, of the flow region to find
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0
— 152 9
Wyl I ygzzo p(y)'&"' C, EJ +C,
=0
(
C, =
w,| =1 atp(y)grCa
= l‘lvp

_H \
C=2v) 1 ian(y)e
or
1. 1"y ’ $
v, = E! Y#%ZZp(y)%E#ng &! y1-/¢§ap(y)%/oz
" z
=i &azh,p(y)+ v,

Againasz < a, this implies that the velocity is in the negatidirgction unless the pressure is
decreasing as we move in the positiveinectionE

Flow rate

Is there anything else that we can take away from this? One thing that we do know is that the net
flux of fluid must be a constant as we move in the y direction. (If this were not the case, we
would have the fluid piling up or areas where the fluid disagueaWe have made the

assumption that the fluid is incompressibleence this cannot happen here.) So we need to

know the flux of material through an area (also known as the flow rate).

Q=(!,/n/!,)"v¥ds
where often the mass density, partiobmsity or charge densi(y nin/ !q) are used.

(Common flow rates are Standard Cubic Centimeters per Minute, Standard Liters per
Second, Gallons per minute, Liters per second, Amps. OStandardO is used for gaseous
fluids and implies the maber of particles found in that volume of air at-t®meel density
and room temperature. This number is LoschmidtOs numbmiagial) -
2.6867774'1G° m©))

Here we will consider just the OflowO of the control volumeE thus
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Q=1v¥ds

= !;xdx!:dz{vyjb'w}

"X a Z ,
!o dx!o dZ%_Z_lH%z # az&( yp(y) + avp:

n a Z b
ek el 2

> a

" Xiﬁ&%f#%azz&(yp(y%;—avp +Cong.-

+ 10

Ly #a® a ,
=" X% +—v .
+12u(yp(y) 2 p_

Again, we note that the flow rameight benegative unless the pressure decreases as we move in
the positive ydirection.

Pressure drop
We can now use our flow rate to determine the functionality of the pressure variation. To make

sure that Q is a consi
I p(y)=cong =K,
thus
p = pr+ pO
We can determine the value of the constant by measuring the pressure at two points a distance
'y apart.

P =Koyt P
P, = K.Y, + Py
Y>!' % y
el
Sty

Here we note that the pressure must decrease as we mov@asithe ydirection for the flow
to go in the positive ylirection. Thus the pressure must decré&agi@ing the minus sign we see
above. We can now go back and add this to our velocity and flow rate equations.

V, = 5 482! z &) + 2y

%8y a
Q:&X(a_?’@+gv :_
ylep & 27

p

Sheer stress
The sheer stress can be calculated from the velocity
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i Ipl
v, =54zt 7 2y aV

Here we note that the velocity only changes in the z direBtaord hence the sheer must be
along that directionE

p

— n _") p
== L 2l Py

—4—1,1[a# 2z -

(ol , Vo
Iyt

Average velocity
The averageelocity can be calculated in two mannBrsne via flow rate and the other via
direct averaging of the velocity. We will do both.

<vy> = 1 !jvy dz

——l dz&2u§az" z M+ va%

y a
_ ' p)
_ﬁ 27+ v,
_Q_Q

<Vy> A ax
_ 'p,a
_ﬁazu_y“-ivp

Maximum velocity
The maximum velocity can be calculated by setting the derivative of the ydimaiero.
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*

# .
2 Py Y g P Y o /Ppl Yot Y o
"6 a ['pl P a |p P)iy a; a 'p P

=:l-4/va Y o #a | pl., 2V, %, Vs +4/Jv y+2a
Ta e Phouy ek aia el P
+4pv, 'y+2 alpl.Vv,%

“Ta %ZH y ak

7.4. Flow fields in a cylindrical pipe

A A

Fully formed Laminar flow

Here we consider what happens if we havetoobulentfully formed flow in a cylindrical pipe.
Again, our assumptions are:

1) Steady state " =0

2) Incompressibld n=cong
3) There is no flow in the-direction=v. =0.

4) There is no flow in thé -direction! v. =0
5) There is cylindrical symmetry ",=0
6) The flow is fully formed! ",v,=0
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Velocity
Based on these assumptions, our equations simplify to:

0=(, ¥{n(v))+"n)
#

0=t 4(v))

$1 n $1n

(r Vr) +r % %+ ”zvz;*'
=0 _o

AV~ (1, () + (v ¥ ()

I !
¥(2u8#(p +2u ¥v) I ) +mng

% I o

0=" % 2uS# p+3p;@¥v§l§+rmg

I
=2 ¥S#" .p+mng

’ 0/ 0,
: 2(!v,) ?'r/aLg —'+VZ£ (v, +1,v)
& &r) r 79
o o
=¥ ?l -AL£+—! v£ oy 4V Ay vl

1 I
& &r) r+z) &r'++ r) &'z+ r'+z)

% 1 g
v+l v Pv,+=1 v 2(! v
) (rz zr) &7+ r +z) (zx)
’ O
: re20 (rt )+, i ,AL£+_| v£+' v, 4w
& '&r) r

: % o
=M r‘“!rr-(r)!r./&ia(k+1!+vz’(k+2r‘“!+-0/°—L!+v++i +1 fy?zv++}

' & &r) r %) &r r) ‘& r

r I’( v, +! V)+r#1!+'&? v, +I’I V£+2, ( 2V X)

Applying our assumptions andplifying
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, £0 kO gV V) I=0 ) EOn ;
) r’12”r r" +I’I1" "r iy " " Vv, +" V. /
S €TI0 W
’ /
’ $ g ' $ ko ]
=/’l, '1n n &V#) 1|!|:O ) !ll!l:o&ln !:O r) " $ll ':o lzo /
: r rr& r&T +F #V, +2r #& # Vg + r)+ é 2 Vs +r #sz /
: & %3 f % ( /
: e Fog EO . FO /
’ r!l"rr "rvz+"zvrz+r!l"# "zv#+_ z+2" (" ) /
" 0 0 /
* " -
: LE) ; 0 ;
ortp gt O g /
y o / z
s P T
* 1=0 -
) 0+0+", "y, ; * p - * 0 -
= U 0+0+0 o ;u 0o /!0 o;
’ $ ! " / ! g /
cortt v (A ) +0+20" " vy LR 2P y Iz
] () roragr. vy |
* 0 ; * ,,rp; * O ;
=u, 0 /v, 0 gto 0y
’ r V +( rvz) / ¥ "zp / 3 g, /

We can now Iook at each of the parts.
The r and -component tells us that

p! p(r")
The zcomponent tells us that

l,p= ur"l(! v, + r(! ,sz)) " #g,
Syl gl 49

noneof thisisafundion of z...

$
p=gr (1! ,v,)" #9,(z+ Py

Now, we know that tb pressure can at most be a function Btlzerefore
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pr' (rv,)! #g, =c = congd

(=)
Rearranging we find

! r(r! rvz) = i("gz +Cl)

2
=£;P%+q%fJMO+%

We can now apply limit®assuminghat the flow is a noimfinite flow velocity at the

centerline,r =0:
2

0
r=0 :4_'u(',gz +Cl)+02|n(0)+cs

=0+c,("#)+c,
$#
%c,=0

and now assuming that the velocity is no slip at the wadla , and
2

a
r=a:4_u(!gz+cl)+c3

=0

V.

z

z

z

G :#_u(lgz +Cl)

Combining all of this, we find that

2! 2 ;
w=rM7(@+%m

As before, ae thing thaneeds to be pointealitbas r< a, this implies that the velocity is in the
negativez-direction unless the pressure is decreasing as we move in the positieetionE

Flow rate
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Is there anything else that we can take away from this? One thing that we do know &stleat th
flux of fluid must be a constant as we move in the y direction. (If this were not the case, we
would have the fluid piling up or areas where the fluid disappeared. We have made the
assumption that the fluid is incompressibleence this cannot hpen here.) So we need to
know the flux of material through an area (also known as the flow rate).

Q=(!,/n/1,)"v¥ds
where often the mass density, particle density or charge deémﬁif}n/ !q) are used.

(Common flow rates are Stdard Cubic Centimeters per Minute, Standard Liters per
Second, Gallons per minute, Liters per second, Amps. OStandardO is used for gaseous
fluids and implies the number of particles found in that volume of air degebdensity
and room temperaturel-his number is LoschmidtOs numbearfiagal) -
2.6867774'16° m©))

Here we will consider just the OflowO of the control volumeE thus

Q=1v¥ds

= !;de!:dz{vyjb'w}

"X a Z ,
!o dx!o dZ%_Z_lH%z # az&( yp(y) + avp:

n a Z b
ek el 2

> a

" Xiﬁ%f#%azze(yp(y%;—avp +Cong-

- 10

1] )#a3 a 1
X* +—-V -

Again, we note that the flow rate might be negative unless the pressure decreases asiwe move
the positive ydirection.

Pressure drop
We can now use our flow rate to determine the functionality of the pressure variation. To make

sure that Q is a constant,
I p(y)=cong =K,
thus
p = pr+ pO
We can determine the value of the constant by measuringehsure at two points a distance
'y apart.
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pl = prl + pO

p2:pr2+pO
K, = p,! plz:l'_p
Y.!' % y
_H"p
"y

Here we note that the pressure must decrease as we move in the pas@atign for the flow
to go in the positive ylirection. Thus the pressure must @asebgiving the minus sign we see
above. We can now go back and add this to our velocity and flow rate equations.

1n

= z! 7 | p| v
e &y a

©a’ &
= &X v
Q §12u &y 2 p+

Sheer stress
The sheer stress can be calculated from the velocity
2 | p|

%y a
Here we note thahe velocity only changes in the z directband hence the sheer must be
along that directionE

Vp

_ ) (P
!zy—% N, =", Zlﬂ%z#z &W+av:

- |(|:| Vp
i — —
=t [a#27] Oy +

Average velocity
The average velocity can be calculated in two maribers via flow rate and the other via
direct averaging athe velocity. We will do both.

<v > =§!:vydz

y

_1 a #l n 2 Ip| Z %
_E!Odz&ﬁgaz z 'y+gvp
' p|
=T 2T+_V"
Q_Q
V = — —_—
<y> A ax
_ ‘p,a
Raabras
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Maximum velocity
The maximum velocity can be calculated by setting the derivative of the velocity to zero.

! 0,
Iy, = ZZigaz" ZZKL.%'J’EVF) &

a

H ly a p
=0
*
4 1
a ['pl

*

2
# 14 ty s T Y o ;/P pl, Vo t4my, 'y

rE A [ TP a T TPy ara [
Gty e | bl 2% YA, ty

a |p Puy ak a; alp F

A Y ot | B Y%

a p Py ak

+ ZaP
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