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Rotation Scheduling: A Loop Pipelining Algorithm
Liang-Fang Chao,Member, IEEE, Andrea S. LaPaugh,Member, IEEE, and Edwin Hsing-Mean Sha,Member, IEEE

Abstract—We consider the resource-constrained scheduling
of loops with interiteration dependencies. A loop is modeled
as a data flow graph (DFG), where edges are labeled with the
number of iterations between dependencies. We design a novel
and flexible technique, calledrotation scheduling, for scheduling
cyclic DFG’s using loop pipelining. The rotation technique re-
peatedly transforms a schedule to a more compact schedule. We
provide a theoretical basis for the operations based on retiming.
We propose two heuristics to perform rotation scheduling and
give experimental results showing that they have very good
performance.

Index Terms—High-level synthesis, loop pipelining, parallel
compiler, retiming, scheduling.

I. INTRODUCTION

FOR REAL-TIME or high-performance computing, a syn-
thesis system needs to have the ability to optimize the

execution rate of a design. Since loops are usually the most
time-critical parts of an application, the parallelism embedded
in the repetitive pattern of a loop needs to be explored. This
paper proposes a generic technique for the scheduling of loops
when resource constraints are present.

A loop can be modeled as adata flow graph (DFG), as
shown in Fig. 1. Each computation in the loop is represented
as a node and a precedence relation as an edge. Each edge has
a number ofdelays (registers). This data-flow graph model
is widely used in many fields, for example, in circuitry [13],
in digital signal processing [9], and program descriptions [1],
[10]. We consider not only DFG’s with interiteration depen-
dencies but alsocyclic DFG’s, where precedence constraints
might form cycles.

Scheduling cyclic DFG’s with resource constraints are more
difficult than schedulingacyclic DFG’s with resource con-
straints. The loops are usually pipelined in order to increase
the execution rate, where the execution periods of several
iterations are overlapped. Loop winding [7] was proposed to
pipeline loops with acyclic DFG’s, where theoretically the
performance can be made arbitrarily good. However, when
pipelining cyclic DFG’s, the cycles confine the depth and
freedom of loop pipelining. In contrast to acyclic DFG’s,
cycles in a DFG provide bounds on the improvement we can
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Fig. 1. Differential equation solver.

achieve by pipelining. In this paper, we propose a generic
technique to optimize a cyclic DFG under resource constraints.

A static schedule of a loop is repeatedly executed for the
loop. Edges without delays represent intra-iteration precedence
relations, for example the thick arcs in Fig. 1(b). Thus, a
static schedule must obey the precedence relation defined by
the directed acyclic graph (DAG)consisting of edges without
delays in a DFG. The path with the longest total computation
time in the DAG is thecritical path, the length of which
defines theiteration periodof the DFG.

The technique ofretiming [13] is an effective technique
to optimize a DFG in order to obtain an equivalent DFG
with shorter iteration period by rearranging delays. Retiming
provides a simple model for loop pipelining and efficient
algorithms. Loop pipelining wraps a loop around, overlapping
operations from different iterations to create a more compact
schedule. It basically reorganizes a loop and changes some
initial values of a loop.

Previous work on loop pipelining for loops with cyclic
dependencies appears in several high-level synthesis systems
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Fig. 2. Two down-rotations of size one for unit-time operations.

[8], [12], [17], [18], [23] and parallel compilers for very-
long-instruction-word (VLIW) machines [6], [10]. Detailed
comparisons of our approach with these methods are discussed
in Section VII. Work on high-level synthesis mostly focuses
on the innermost loops without conditional statements and is
oriented for digital signal processing (DSP) applications. The
algorithms by Leeet al. [12] and in MARS [23] are designed
for time-constrained scheduling. Schedules are first generated
to satisfy time constraints, and operations are rescheduled
selectively to minimize the amount of resources. We consider
resource-constrained scheduling to maximize the execution
rate. Percolation-based scheduling [15], [17] uses a set of
transformations to merge operations into control steps, and the
pipelined loop body is obtained with incremental unfolding.
Cathedral II [8] is especially designed for DSP applications,
where resource constraints are not considered during the
retiming phase.

Our loop pipelining algorithm improves a legal schedule
and performs implicit retiming incrementally by therotation
technique. An existent schedule is partially rescheduled by
rotation to obtain a shorter and valid schedule under resource
constraints. The result of rotation retimes the DFG implicitly to
naturally produce a pipeline schedule. The state of a sequence
of rotations is recorded by a simple retiming (node-labeling)
function. In fact, rotation is a generic technique that can
be used to design a class of heuristic algorithms for loop
pipelining. The two simple heuristics proposed give very good
experimental results.

We use the differential equation solver in [16] as an example
throughout the paper. The behavioral description and DFG
are shown in Fig. 1. Here, we assume that additions and
multiplications take one time unit, and acontrol step (CS), also
calledclock cycle, consists of one time unit. For a resource of
one multiplier and one adder, an optimal schedule for the DAG
part of the DFG is shown in Fig. 2(a). Fig. 2(b) shows a more
compact schedule, in which node 10 has been rotated down
and then pushed up to its new position. This new schedule is
a schedule of the retimed graph , as shown in Fig. 3(a).
Intuitively, node 10, which was a root in the original DFG, is
rotated downinto a leaf. The nodes 1 and 8 in Fig. 2(b) are
rotated down and then rescheduled to their new positions in
Fig. 2(c), which is an optimal schedule for this example. The

(a)

(b)

Fig. 3. Corresponding retimed graphs after rotations.

retimed DFG is shown in Fig. 3(b). We provide theoretical
foundations to support such movement of nodes, and methods
to check the retimed DFG for rescheduling.

Rotation uses a DAG scheduling algorithm, likelist sched-
uling, as a subroutine, and can be easily incorporated into an
existing DAG scheduler. This method can handle chained op-
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erations, multicycle operations, and pipelined functional units.
Since only a part of the DFG is rescheduled in each rotation,
computation time can be saved by only rescheduling the
rotated part. Therefore, the system can perform more rotations,
consider more retimed graphs, and find better solutions faster.
The model of rotations by retiming simplifies the checking
of precedence constraints without reconstructing a DFG after
each rotation. There is no need to construct the retimed graphs
in our procedure. The retimed graphs are drawn in this paper
to help the presentation.

The next section definesdown and up rotations. A basic
rotation algorithm is presented in Section III on DFG’s with
single-cycle and chained operations. An efficient algorithm
is presented to find a pipeline with a shallow depth from a
schedule. In Section IV, the basic algorithm is then refined
to handle multicycle operations and pipelined functional units.
The concept of awrappedschedule is also introduced there. A
couple of heuristics are proposed in Section V. These heuristics
give very good experimental results, which are presented in
Section VI. Comparisons of our approach with many loop
pipelining algorithms are discussed in Section VII. We believe
that the rotation technique lays a good foundation for the
resource-constrained scheduling of loops.

II. DEFINITIONS

A data-flow graph (DFG)is a directed weighted graph
where is the set of computation nodes,

is the edge set which defines the precedence relations from
nodes in to nodes in is the number of delays for
an edge , and is the computation time of a node.

We define oneiteration to be the execution of each node
in exactly once. An edge from to with delays
means that the computation of nodeat iteration depends
on the computation of node at iteration . A static
schedule of a loop is repeatedly executed for the loop. An
edge without delays represents an intra-iteration precedence
relation. A static schedule must obey the precedence relations
defined by the subgraph consisting of edges without delays in
a DFG. Thus, this subgraph must be a DAG. The path with
the maximum total computation time of the DAG defines the
iteration periodof the DFG. The iteration period of the DFG is
the length of the static schedule for the DAG without resource
constraints.

The technique of retiming moves around delays in the
following way. A delay is drawn fromeachof the incoming
edges of , and, then, a delay is pushed toeachof the outgoing
edges of and vice versa. A retiming of a DFG is
a function from to integers [13]. The value is the
number of delays pushed through nodefrom the incoming
edges to the outgoing edges.1 Let be
the DFG retimed by a retiming from , where

for every edge . A retiming is legal if the
value is nonnegative for every edgein . Without loss
of generality, we consider onlynormalizedretiming functions.

1Note that our definition of retiming functions is slightly different from that
by Leiserson and Saxe [13]. In our definition,r(v) is positive if delays are
pushed along the direction of edges. We think this definition is more natural,
especially in loop scheduling.

A retiming function is normalizedif . For
any retiming function , we can normalize it into where

for every in .
A set of nodes in is represented by a zero to one valued

function from to {0, 1}. A node belongs to set if
and only if . This set representation is also used as
a retiming function in our rotation operation.

The operation ofdown-rotationis defined as follows.
Definition 1: The down rotation of on pushes one

delay from each of the incoming edges of to each of the
outgoing edges of . The DFG is transformed into DFG

after set is rotated down.
When a node is rotated down, a delay is pushed from all

of its incoming edges to all of its outgoing edges. Consider a
simple down-rotation of node 10 in Fig. 1(b). This node, a root
of the original DAG, becomes a leaf node in the new DAG,
shown in Fig. 3(a). Thus, intuitively it isrotated down. The
operation ofup rotationon set transforms into by
pushing one delay in the reverse direction. We say that a set

is down rotatableif is a legal retiming for . Not any
subset in is rotatable. It is not hard to show the following
property.

Property 1: A set is down rotatable if and only if every
path from to contains at least one delay.

For example, in Fig. 1(b), the sets {10, 8, 1} and {10} are
down-rotatable sets, but {8, 1}, {1}, and {8} are not. Fig. 3(a)
shows the retimed DFG after {10, 8, 1} is rotated down. The
up-rotatableset is similarly defined. In this paper, we will
focus on the properties of down rotations. Similar properties
and algorithms can be derived for up rotations.

We define the composite of two retimings as
The composite of a sequence of down rotations

is the composite of the retimings of the down-rotation sets.
Therefore, the composite of a sequence of rotations can be
represented by a single retiming function.

The advantage of associating retiming functions with rota-
tions is that the precedence constraints, captured by, of a
retimed graph can be easily examined from the original DFG
and the retiming . In some pipeline scheduling algorithms
[8], [10], at each run, a precedence constraint graph has to
be constructed or weights on graph edges have to be updated.
Using a retiming function to model a sequence of rotations,
no graphs or weights on graph edges are modified in order to
capture precedence relations. Therefore, a lot of computation
time can be spared.

The loop, represented by a DFG, is executedin pipeline if
the execution periods of several iterations are overlapped. A
static schedule describes a loop pipeline at its stable state. The
length of a static schedule corresponds to the minimum cycle
period of the loop pipeline, also called theminimum initiation
interval.

If the nodes in a static schedule are from different
iterations, there are pipeline stages. We call such as
the depth of a loop pipeline. Consider the retimed DFG in
Fig. 3(b). There are two stages in the pipeline: the set of nodes
with is in the first stage, i.e., ; the set of
nodes with is in the second stage, i.e., the rest of
nodes. We have the following property.
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Property 2: Let be a retiming function. The depth of a
loop pipeline represented by a retiming functionis

The depth of a normalized retiming function is .
An algorithm is presented in the next section to reduce the

depth of a given loop pipeline.

III. T HE BASIC ALGORITHMS

In this section, we design a technique to compact a given
schedule of a DFG under resource constraints by the technique
of rotations. The basic rotation algorithm works for control
steps with chained operations. We refine the algorithm for
more general models (multicycle operations and pipelined
functional units) in the next section. After a sequence of
rotations is performed, the depth of a loop pipeline might be
too long. An efficient algorithm is presented in Section III-B
to reduce the depth of a pipelined schedule.

Let be the set of integers . A schedule
is a mapping from to control steps such that the resource

constraints are satisfied. The computation nodestarts its
execution at control step . The DAG scheduleof a DFG

is legal if for every edge ,
if . A static schedule is legal if there exists
a retiming such that schedule is a legal DAG schedule
for the retimed DFG . The following lemma gives a
characterization oflegal static schedule.

Lemma 1: Let be a DFG and be a schedule of the DFG.
is a legal static schedule of if and only if there exists a

legal retiming such that if .
We say that the retiming satisfying this lemmarealizesthe

schedule . A schedule may be realized by several retimings.
In Section III-B, we present an algorithm to find a retiming
with a short pipeline depth for a given schedule.

A. The Basic Rotation Algorithm

For any legal DAG schedule of a DFG, we use the technique
of rotation to compact a schedule to obtain a legal static
schedule. For example, consider the DFG in Fig. 1(b). By
list scheduling which uses the number of descendants as the
weight of a node in the list, the DFG has a schedule of length
eight [see Fig. 2(a)], which is an optimal DAG schedule. We
can rotate down the nodes in the first control step.
Then, we try to push the node 10 up to its earliest possible
control steps according to the precedence constraints of the
DAG of , where , as shown in Fig. 3(a). This
is actually achieved by rescheduling the set of nodes rotated
down, {10}, by list scheduling. We obtain a schedule of length
seven as shown in Fig. 2(b). After another rotation of one
control step, we reschedule the nodes according
to the DAG of , where , as shown in
Fig. 3(b). The optimal schedule in Fig. 2(c) is then obtained
after two rotations of one control step. The retimings obtained
from a sequence of rotations, e.g., , are calledrotation
functions.

Fig. 4 shows the effect of rotation in a global view after
the above two rotations. Fig. 4(b) shows the situation where

(a) (b) (c)

Fig. 4. Entire loop schedules after rotations.

(a) (b)

Fig. 5. R and r both realize the same static schedule.

rotations are performed without rescheduling. The prologue
and epilogue are introduced, and the static schedule is a
schedule for the DAG part of the retimed DFG with

, as shown in Fig. 3(b). Fig. 4(c)
shows the global view of the schedule in Fig. 2(c), where
nodes 1, 8, and 10 are rescheduled according to. Intuitively,
when a node is rotated, each copy of the node is pushed up
by one iteration to a location in the previous location, and the
first copy of the node is pushed into the prologue.

In general, we can find any down-rotatable set, rotate it
down, and reschedule it at the end of the original schedule
according to the DAG of the retimed DFG. Assume thatis
a schedule of length with range [1, ]. Let be the set of
nodes scheduled in the firstcontrol steps. From property one,
we know that is a down-rotatable set for everyin [1 ].
Only the down-rotatable sets are considered. The number
of control steps rotated down in one down rotation is called
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the sizeof a down-rotation. We have a new valid schedule
of the same length with range , i.e.,

if
otherwise.

Notice that is a valid schedule for DFG . Thus, after
any down rotation, there always exists a DAG schedule for the
retimed DFG, which is at least as short as the original one.
The nodes in the lastcontrol steps of can be rescheduled
together with the partial schedulein range [ +1, ] to get a
shorter schedule. The experiments on benchmarks, presented
in Section VI, show that we are able to converge DAG
schedules to the optimal lengths in almost all cases.

In the algorithm description, we usePartialSchedule
to denote a procedure which returns a DAG

schedule of without changing the existent schedulefor
nodes in . In examples throughout this paper, we use
list scheduling for the procedurePartialSchedule
with the number of descendants as the weight function. The
procedureDownRotate performs one rotation of sizeon a
schedule of DFG and returns a new schedule of length

as shown at the bottom of the page.
The basic algorithm can handle single-cycle and chained

operations. It is implemented in an efficient way. Only nodes
in and the nodes connected toare involved in computing
new weights in list scheduling and precedences. We do not
need to construct the DAG of , so a lot of computation
is saved. Any incremental scheduling algorithm which does
not change the scheduled part can serve as the algorithm for
rescheduling.

Section IV will refine the basic algorithm to handle the
pipelined functional units and multicycle operations. In Section
V, a couple of heuristics are designed to apply a sequence of
down-rotations more effectively.

B. Depth of Loop Pipelining

The rotation function of a node is incremented by one
whenever node is rotated down, i.e., shifted up, by one
iteration, as shown in Fig. IV. The length of prologue and
epilogue of a pipeline schedule is proportional to the pipeline
depth. Although a sequence of rotations might produce a
rotation function with a large difference between
and , an efficient retiming algorithm can be applied
to reduce that difference by finding a new rotation function.

For a given static schedule realized by a rotation function
, we present an algorithm to find a loop pipeline with a
2For examples in this paper, we do not shift schedules up after each down

rotation so that the readers can compare the schedules before and after rotation
easily.

shallow depth by a single-source shortest path algorithm. This
algorithm will be used only on the optimal schedules found
by our heuristics. For the differential equation example, an
optimal schedule in Fig. 5(a) is obtained after seven rotations
of size two. We will reduce the depth of the rotation function
accumulated from the sequence of rotations from four to two
by finding a new retiming , as shown in Fig. 5(b). Although

and are not equivalent, they realize the same static
schedule.

For any static schedule, we use a simple integer linear
programming formulation (ILP form) to find a retimingwith
smaller such that the given static schedule is a
DAG schedule of the retimed DFG . From Lemma 1, we
can generate an ILP form, which is the dual of a shortest path
problem [11] and solvable in time [12].

Theorem 2: Let be a schedule of the DFG. There exists
a legal retiming such that for
if and only if there exists a solution for the following LP form:

for every and

for every such that

Proof: The inequality ensures that
, i.e., is a legal retiming of . Since is a legal

retiming, the statement that if
is equivalent to the statement if then

. Since , the
inequality becomes .
Thus, the theorem is proved.

A single-source shortest path algorithm can find a retiming
with small . We construct a graph

from the above LP form, where is a pseudonode
not in . For every inequality in the LP form,
where is either or , we add an edge
to the edge set with length . For every node

in , an edge from to with length zero is added to .
Lemma 3: If there is a negative cycle in the graph,

there is no solution for the LP form in Theorem 2, and
the given static schedule is illegal. Otherwise, the retiming

for every is a solution for the LP
form, where is the length of the shortest path from
node to node in graph .

Proof: If there is a negative cycle in the graph, the LP
form is not consistent and, thus, have no solutions. Assume
that there is no negative cycle in the graph. From the
definition of , for every edge in , we know

. By substituting into the
above inequality, we have . Thus,

DownRotate
begin

;
Deallocation nodes in from schedule ;
Shift up by control steps2;

PartialSchedule ;
Return ; /* : the set of nodes rotated down. */

end
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(a) (b)

Fig. 6. Two rotations of size one for multicycle operations.

is a solution for the LP form in Theorem
2.
Note that the retiming obtained by this algorithm has the
property that , i.e., is normalized.

IV. M ULTICYCLE OPERATIONS AND

PIPELINED FUNCTIONAL UNITS

In this section, we discuss how to use the basic algorithm
to perform down rotations on a schedule when pipelined
functional units and multicycle operations are involved. We
assume that the computation time of a multicycle operation
is an integral multiple of the length of a control step. In our
model for a pipelined functional unit, an operation can start
execution in every control step, i.e., each stage in the pipeline
takes one control step to finish.

When the starting time of a multicycle operation is in the
first control steps, the operation is rotated down by a rotation
of size . If the multicycle operation does not finish before the
th control step, we still rotate the whole node down. The post-

rotation schedule may be longer than the prerotation schedule
because of some multicycle operations. The same is true for
pipelined functional units. We will apply a technique, called
wrapping, to overcome this problem.

Consider the differential equation example with the assump-
tions that a multiplication, an addition, and a control step
takes two, one, and one time units, respectively. Fig. 6 shows
the schedules after the first and second rotations of size one.
Multicycle operations are involved in the second rotation, and
the tail of node 0, denoted by 0’, causes the schedule length
to increase.

We canwrap the tail of node 0 up to the first control step
of the schedule and obtain thewrapped schedulein Fig. 8(b).
There are two conditions to check for a valid wrapping. First,
there are spare resources, which is satisfied here. Second, the
precedence constraints should be satisfied. If the tail of node
0 is wrapped up, a delay should be pushed half way into
node 0, as shown in Fig. 7. The new precedence constraint
from node 0’ to node 3 needs to be satisfied. In general, the
outgoing edges of a wrapped node with one delay are the new
precedence constraints, because they become no-delay edges
after the wrapping.

(a)

(b)

Fig. 7. Corresponding retimed graphs after rotations.

(a) (b)

Fig. 8. Wrapping of multicycle operations.

Thus, the schedule length of a DFG with multicycle oper-
ations is defined asthe length of the wrapped schedule. The
wrapping only needs to be performed after the last rotation.
The rotations in our example still proceed from the unwrapped
version of the schedule. After eight rotations of size one from
the initial schedule, we get a wrapped schedule of length six.

Sometimes, a wrapped schedule can be easily rotated to be
an unwrapped one. A schedule of a loop can be regarded as
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a cylinder of instructions, which are repeatedly executed. We
can consider any control stepas the first control step of the
cylinder by rotating control steps beforewithout rescheduling
them. Therefore, the wrapped schedule in Fig. 8(b) can be
rotated into an unwrapped schedule by rotating down control
step three with control step four as the first control step. The
differences among these schedules are the prologues because
they have different rotation functions.

The rotation for nodes implemented as pipelined functional
units is similar. The only difference is resource allocation.
For a multicycle operation, we have to allocate a resource for
every control step during which this operation is executing.
While, for a pipelined functional unit, we only need to allocate
a resource in the control step in which this operation starts
execution. The usage of the remaining stages in the following
control steps is automatically available. When precedence
constraints are checked, the computation time of a pipelined
operation is the number of stages multiplied by the length of
a control step.

V. HEURISTICS

In this section, we propose two heuristics based on the
technique of rotation scheduling. As described in Section
III-A, any incremental DAG scheduling algorithm can be
incorporated with the rotation technique for rescheduling.
From an initial schedule, rotations can be repeatedly applied
to improve a schedule. At each rotation step, a rotation size
has to be identified to decide the amount of changes from
the previous schedule. A sequence of a given number of
rotations of the same size is called arotation phase. Two
simple heuristics are proposed. The first heuristic performs
several rotation phases of different sizes individually. The
second heuristic performs a sequence of rotation phases of
different sizes. Intuitively, the larger the change, the larger
the improvement. However, the larger the change, the more
time spent on rescheduling. To balance the tradeoffs, the
second heuristic starts from a rotation phase of larger size
and converges to a rotation phase of size one.

For each rotation phase ofsize , a given number, denoted by
, of rotations of size are performed. After a few rotations,

the schedule length might become shorter than the size of
rotation; any further rotation of that size is illegal. Therefore,
a rotation phase of sizestarts with rotations of sizeand then
decreases the rotation size when the schedule length found is
smaller than .

The procedure of a rotation phase of sizeis described
as follows. An initial schedule and a set of current
shortest schedules of length are given as inputs. The
outputs are the resultant scheduleafter all rotations and a

set of shortest schedules of length . For a schedule of
length , a rotation of size with is illegal. During
a phase of size, when the rotation size is larger than the
schedule length , we divide by 2 until

In the worst case whereis large, each node is rotated at
most times in a phase. It takes time to rotate
all nodes down once. The time complexity of a rotation phase
is .

In the first simple heuristic, we start every phase from
the initial list scheduling of the original DFG. Phases of
different sizes are performed according to the length of the
initial schedule. The phases in this heuristic are performed
independently of each other. Hence, the behavior of this
heuristic is more predictable. The larger the value of, the
better the performance in each phase. The larger the value of
, the better the final schedule we obtain. In the algorithm

descriptions, we useFullSchedule to denote a procedure
which returns a DAG schedule of as shown at the bottom
of the page.

Since each phase of different size is performed individually,
we can study the effect of rotation size on the convergence
speed to the optimal schedule length. In general, the conver-
gence speed is faster when the rotation size is large. However,
the speed does not increase monotonically with the rotation
size. Some irregularities exist. If the rotation size is too small,
the corresponding rotation phase may never converge to an
optimal schedule length. Therefore, rotation sizes within a
certain range should be performed to increase the possibility
of reaching an optimal solution. The convergence speed also
depends on the amount of resources available. The more
resources are allocated, the faster the convergence speed is.

In the second heuristic, each phase uses the final rotation
function of the previous phase as an initial retiming function.
Since the schedule is improved from phase to phase, the
rotation function tends to reflect a better DAG structure for the
DFG. These rotation functions give us more faces of the input
DFG, and may expose us to chances of better schedules. The
initial scheduling of a phase is performed on the retimed DFG.
Since rotations of larger size tends to converge to optimal
solutions faster, we perform the phases in decreasing order of
sizes. This heuristic is described at the bottom of the next page.

The time complexity of the two heuristics are ,
assuming that the schedule length is no more than. These
simple heuristics give very good experimental results to be
presented in the next section. In most cases, the two heuristics
get the same results. However, the second heuristic gives better
schedules in one of the cases. The next section will report the
results based on the second heuristic.

Heuristic 1
begin /* : the number of down-rotations in each phase.

: the range of phases of different sizes. */
FullSchedule ;
length of ;

for to do /* For every phase of size*/
RotationPhase ;

end
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VI. EXPERIMENTAL RESULTS

We have experimented with our strategy on several bench-
marks, and the results are very promising. All our results are
as good as or better than other systems which perform loop
pipelining under the same assumptions. In fact, we can prove
all the results except one are optimal. Our results are compared
against the following three systems: Percolation-based sched-
uling (PBS) with loop pipelining [15], [17], MARS design
system [23], and the scheduler by Leeet al. [12]. Cathedral
II is not included for comparison because of insufficient data
in their paper [8].

We use to denote the LB’s we derive for different
resource constraints, to denote our rotation scheduling, and
the number in parentheses is the pipeline depth. The figures
of other systems appearing in the following tables are adopted
from the papers referenced above.

In our experiments, we use a simple list scheduling for
both proceduresFullSchedule andPartialSchedule with the
number of descendants as the weight function. The input
DFG’s are the original DFG’s of the benchmarks. In most
cases, the two heuristics presented in Section V get the same
results, except for the case of Table II, where the
second heuristic gets a better result. The schedules we obtained
usually have shallow pipeline depth, like two or three.

It is assumed that the computation time of an adder for one
addition is 40 ns, the computation time of a multiplier for a
multiplication is 80 ns, and the clock cycle period for a control
step is 50 ns with 10 ns for the latch time of buffers. The
pipelined multiplier, denoted by , is assumed to consist of
2 stages, each of which takes no more than 40 ns. The numbers
in the tables are the number of control steps.

The experiments are done on the five benchmarks in Table
I. The Critical Path (CP) equals the minimum length of
schedules without loop pipelining. The Iteration Bound (IB) is
the theoretical LB on the schedule length, which is the ceiling
of the maximum time-to-delay ratio among all cycles in the
DFG [19].

The results for the elliptic filters3 are shown in Table II,
and the rest of the results are shown in Table III. Our results
compare favorably with those of other systems. Every experi-
ment is finished within seconds on a DEC 5000 workstation in

3As pointed out by [16], there are errors in the DFG of [9]. We derived
the correct DFG from the signal flow graph description of the elliptic filter in
[9].

TABLE I
CHARACTERISTICS OF THEBENCHMARKS

TABLE II
RESULTS FOR THEELLIPTIC FILTERS

C programming language. The experiments for elliptic filters
are performed in 2.5 s, those for the other four benchmarks in
less than 1 s. For the elliptic filters, the number of optimal
schedules found ranges from 15 to 35, depending on the
availability of resources. The first optimal schedule is usually
found within 1 s.

In addition, we compare our results with the theoretical
lower bounds (LB’s) we derive in [4]. Larger LB’s on the
schedule lengths are obtained when we have more strict
resource constraints. For the elliptic filter, we achieve the
derived LB’s, except in the case of . In Table III,
we always meet the LB’s in every resource requirements for
the other four benchmarks.

Heuristic 2
begin /* : as inHeuristic 1. */

FullSchedule ;
length of ;

/* iterative compaction */
for to 1 by do begin /* size- phase */

RotationPhase ;
/* Find a new initial schedule for the next phase */

FullSchedule length of ;
if then ; end;
else if then ;

end
end
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TABLE III
EXPERIMENTAL RESULTS FOR THEOTHER FOUR BENCHMARKS

VII. COMPARISON WITH PREVIOUS WORK

This section surveys and compares our approach with pre-
vious work from the literature of high-level synthesis for very
large scale integration (VLSI) design and parallel compilers
for VLIW machines. The papers [5], [18] on data-flow graph
transformation consider the combination of retiming and alge-
braic transformations without using any particular scheduling
algorithm. Loop pipelining algorithms for high-level synthesis
include Lee, Wu, Gajski, and Lin [12], Wang and Parhi
[23], Goossens, Vandewalle, and De Man [8], Potasman, Lis,
Nicolau, and Gajski [15], [17]. Ebcioglu and Nakatani [6] and
M. Lam [10] are two papers on parallel compilers for VLIW
machines. We believe that our loop pipelining framework can
be applied to this field.

The scheduling algorithms in [12] and [23] are length-
constrained to minimize the amount of resources. The al-
gorithms in [8] and [10] are both length-constrained and
resource-constrained. In order to optimization execution rate,
a chosen schedule length has to be updated iteratively. The
percolation scheduling, developed by Nicolau [14] and used
in both Ebcioglu and Nakatani [6] and Potasmanet al. [15],
[17], minimizes schedule length through a sequence of local
transformations under resource constraints.

Potkonjak and Rabaey [18] and Chao [5] have proposed
transformation-based algorithms to combine retiming and
other algebraic transformation, such as associativity and
distributivity. In our context, algebraic transformation and
retiming can be considered in a preprocessing step to generate
optimized data-flow graphs. Our loop pipelining algorithm
can be applied on the transformed data-flow graphs to obtain
a real schedule with possible modifications on retiming.

The algorithms by Leeet al. [12] and in MARS [23] are
designed for time-constrained scheduling, while we consider
resource-constrained scheduling to maximize the execution
rate. Therefore, the approaches are quite different. In their
algorithm, schedules are first generated to satisfy time con-
straints, and operations are rescheduled selectively to minimize
the amount of resources. The MARS system [23] first finds all
cycles in the DFG and computes the loop bound. A set of cycle
sections is derived to cover all cycles. Resource conflicts are
resolved after the cycle sections are scheduled individually.
The nodes not belonging to any cycle are scheduled at the last
step. Retiming is performed implicitly in MARS. Recently,
the functional pipelining algorithm by Leeet al. [12] uses a
priority function, calledvariability, for rescheduling operations
in an initial as-soon-as-possible pipeline schedule to resolve
resource conflicts.

In Cathedral II [8], a DFG is retimed to meet an estimated
schedule length without resource constraints, and, then, an-
other graph is constructed from the DFG and retiming function
to reschedule the loop entirely under resource constraints.
Iteratively, the estimated schedule length is decreased one by
one from an upper bound obtained from list scheduling. Usual
retiming algorithms only find one retimed graph for a given
schedule length without considering any resource constraints.
However, there are usually a great number of retimed graphs
with the same schedule length. Some are good for certain
resource requirements, but some are not. Our step-by-step
rotation approach enables us to find retimed graphs under
resource constraints.

Percolation-based scheduling (PBS) [15], [17] unfolds (un-
winds) the loop incrementally to find a repeating pattern in
the schedule of the unfolded loop without resource constraints
and then schedules it with resources. The size of the pipeline
schedule can not be predicted until several incremental unfold-
ings are applied. The unfolding of loops is considered in the
front end of our system to generate a data-flow graph with high
execution rate [2], [3], where the size of repeating pattern can
be controlled. Also, only one repeating pattern is found in PBS
without resource constraints. Many repeating patterns can be
generated from our rotation technique, and each is generated
with respect to resource requirements.

A software pipelining algorithm under resource constraints
is proposed by Lam to design optimizing compilers for the
Warp machine [10]. A data/control flow graph is first analyzed
to find connected components, and each connected component
is scheduled individually. The graph is reduced to an acyclic
graph by representing each component as a single vertex. In
connected-component scheduling, the range within which each
operation can be legally scheduled is updated with respect
to the current partial schedule. Thus, the legal ranges of
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operations have to be updated after one more operation is
scheduled. In order to compute such ranges, a given schedule
length has to be provided. Our approach schedules the entire
graph uniformly. Operations from different connected com-
ponents are scheduled under joint resource constraints. This
gives the opportunities of sharing resources among connected
components and exploring alternative schedules for coupled
connected components.

The observation that moving the first instruction to the end
of loop body can achieve the effect of loop pipelining has
been made by Ebcioglu and Nakatani [6] in the context of
parallelizing compilers for a VLIW machine. An enhanced
percolation scheduling algorithm is used to reschedule the
entire loop body after each move. Our algorithm moves a set
of instructions/operations legally and only reschedule these
operations. All these features are based on the framework we
developed to relate retiming with loop pipelining. Therefore,
each rotation step of our algorithm is efficient and simple.
From the retiming function which realizes a pipeline schedule,
the correlation between the new loop body and the old loop
body is clear.

VIII. C ONCLUSION

In this paper, we presented a theoretical foundation and
experimental results for a new transformation, calledrotation,
for data-flow graphs. This technique is simple and easy to
implement. It can be incorporated with any incremental DAG
scheduling algorithm without pipelining.

We showed the effectiveness of the technique of rotation
scheduling under various resource constraints in our exper-
iments. In addition, through a sequence of rotations, many
optimal schedules can be found, which expose more chances
of optimization for the following stages of high-level synthesis,
e.g., connection binding, allocation, or data-path generation.

Rotation is a generic technique for loop pipelining. Although
strictly speaking, it is a restricted form of retiming, the
concept of rotation is easier to manipulate in an optimization
process. We have demonstrated its effectiveness by very
simple heuristics, based on the procedureRotationPhase.
There are a class of heuristics to be developed by varying
the parameters .

An approach is proposed to reduce the depth of loop pipelin-
ing after a large number of rotations. Since our algorithm
focuses on improving the schedule length of the repeating
part, it may not work well for a loop with a small number
of iterations, though most DSP applications require a large
number of iterations, such as recursive filters.

The rotation technique can be extended to handle nested
loop pipelining. We schedule loops from inside out. The inner-
most loop is scheduled and pipelined first and partitioned into
the prologue, static schedule, and epilogue. When rotations are
applied on the outer loop, the static-schedule part is treated
as a compound node, which occupies several functional units
and takes several control steps to complete. The prologue,
epilogue, and the compound node are also represented in the
data-flow graph of the outer loop. Therefore, the schedules of
the inner and outer loops blends together. Similar approaches
have been used in [6] and [10].

As described in Section III-A, any incremental scheduling
algorithm which does not change the scheduled part can serve
as the algorithm for rescheduling. The proposed framework
of loop pipelining can be incorporated with other incremental
scheduling algorithms with capabilities to handle other forms
of resource constraints, such as interconnection costs [22] and
register costs or extensions to more complicated models, such
as conditionals [20].
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