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Abstra
tThe large laten
y of memory a

esses in modern 
omputers is a key obsta
le in a
hieving highpro
essor utilization. As a result, a variety of te
hniques have been devised to hide this laten
y. Thesete
hniques range from 
a
he hierar
hies to various prefet
hing and memory management te
hniquesfor manipulating the data present in the 
a
hes. In DSP appli
ations, the existen
e of large numbersof uniform nested loops makes the issue of loop s
heduling very important. In this paper, we propose anew memory management te
hnique that 
an be applied to 
omputer ar
hite
tures with three levels ofmemory, the s
heme generally adopted in 
ontemporary 
omputer ar
hite
ture. This te
hnique takesadvantage of a

ess pattern information that is available at 
ompile time by prefet
hing 
ertain dataelements from the higher level memory before they are expli
itly requested by the lower level memory orCPU. It also maintains 
ertain data for a period of time to prevent unne
essary data swapping. In orderto take better advantage of the lo
ality of referen
es present in these loop stru
tures, our te
hniqueintrodu
es a new approa
h to memory management by partitioning it and redu
ing exe
ution to ea
hpartition, so that data lo
ality is mu
h improved 
ompared with the usual pattern. These 
ombinedapproa
hes { using a new set of memory instru
tions as well as partitioning the memory { lead toimprovements in average exe
ution times of approximately 35% over the one-level partition algorithmand more than 80% over list s
heduling and hardware prefet
hing.

�This work is partially supported by grants NSF MIP95-01006, NSF ACS 96-12028 and JPL 961097



1 Introdu
tionMemory laten
y is be
oming an in
reasingly important performan
e bottlene
k as the gap betweenpro
essor and memory speeds 
ontinues to grow. While 
a
he hierar
hies are an important step towardaddressing the laten
y problem, they are not a 
omplete solution. Te
hniques that 
an 
ope with thelarge laten
y of memory a

esses are essential for a
hieving high pro
essor utilization. A number ofdi�erent solutions have been proposed. Prefet
hing data into the 
a
he nearest to the CPU before it isrequired 
an tolerate the long memory laten
y, making this an e�e
tive solution. The previous resear
h onprefet
hing 
an be 
lassi�ed into three 
ategories: prefet
hing based on hardware [6,10,23℄, software [12,14℄, or both [5, 15, 29℄. Hardware-based prefet
hing te
hniques, requiring some support units 
onne
tedto the 
a
he, rely on the dynami
 information available during program exe
ution. In 
ontrast, softwareprefet
hing s
hemes depend on 
ompiler te
hnology to analyze a program stati
ally and insert expli
itprefet
h instru
tions into the program 
ode. One advantage of software prefet
hing is that mu
h 
ompile-time information 
an be explored in order to e�e
tively issue the prefet
hing instru
tion. Furthermore,many existing loop transformation approa
hes 
an be used to improve the performan
e of prefet
hing.Bian
hini et al developed a runtime data prefet
hing strategy for software-based distributed shared-memory systems [2℄. Walla
e and Bagherzadel proposed a mathemati
al model and a new prefet
hingme
hanism. A simulation on the SPEC95 ben
hmarks showed an improvement in the instru
tion fet
hingrate [24℄. Mowry proposes a new 
ompiler algorithm [13℄ for inserting prefet
hes into multipro
essor 
ode.This algorithm attempts to minimize overheads by only issuing prefet
hes for referen
es that are predi
tedto su�er 
a
he misses. In their work, the ALU part of the s
hedule is not 
onsidered. Nevertheless, solely
onsidering the prefet
hing is not enough for optimizing the overall system performan
e. As we pointout in this paper, too many prefet
hing operations may lead to an unbalan
ed s
hedule with a very longmemory part. In 
ontrast, our new algorithm gives more detailed analyses of both the ALU and memoryparts of the s
hedule. Moreover, partitioning the iteration spa
e is another useful te
hnique for optimizingthe overall system performan
e.On the other hand, several loop pipelining te
hniques have been proposed. For example, Wang andParhi presented an algorithm for resour
e-
onstrained s
heduling of DSP appli
ations when the numberof pro
essors is �xed and the obje
tive is to obtain a s
hedule with the minimum iteration period [25℄.Wolf et al studied 
ombinations of various loop transformation te
hniques (su
h as �ssion, fusion, tiling,inter
hanging, et
) and presented a model for estimating total ma
hine 
y
le time, taking into a

ount1



software pipelining, register pressure and loop overhead [28℄. Passos and Sha proved that in the multi-dimensional 
ase (e.g., nested loops), full-parallelism 
an always be a
hieved by using multi-dimensionalretiming [16℄. Modulo s
heduling by Ramanujam [20℄ is a te
hnique for exploiting instru
tion level paral-lelism (ILP) in the loop. It 
an result in high performan
e 
ode but in
reased register requirements [11℄.Rau and Ei
henberger have done resear
h on optimum modulo s
hedules, taking into 
onsideration theminimum register requirement. They 
onsider not only the data 
ow, but also the 
ontrol 
ow of theprogram [8, 22℄. None of the above resear
h e�orts, however, in
ludes the prefet
hing idea or 
onsidersthe data fet
hing laten
y in their algorithms.We will restri
t our study to nested loops with uniform data dependen
ies. Even if most loop nestshave linear dependen
ies, the study of uniform loop nests is justi�ed by the fa
t that an linear indexloop nest 
an always be transformed into an uniform loop nest. This transformation (uniformization [7℄)greatly redu
es the 
omplexity of the problem. In our model, we assume a system with a three-levelmemory hierar
hy. It will take less time to a

ess data from a lower level memory than a higher levelmemory, i.e., a

ess to data from the �rst level memory is fastest while that from the third level memoryis slowest. We also assume a pro
essor 
onsists of multiple ALU and memory units. The ALUs are for
omputations. The memory units are for performing memory operations to prefet
h data from a higherlevel memory to a lower level memory. In our method, three s
hedules exist for di�erent levels, the ALUs
hedule for the ALU 
omputations, the �rst level s
hedule for the �rst level memory operations andthe se
ond level s
hedule for the se
ond level memory operations. The longest of these three s
hedulesdetermines the overall system s
hedule length. Given a uniform nested loop, our goal is to �nd the overallsystem s
hedule with the minimum length. This goal 
an be a

omplished by overlaying the prefet
hingoperations as mu
h as possible with the ALU operations, so that the ALU 
an always keep busy withoutwaiting for the operands. In order to implement prefet
hing, we �nd the best balan
e among these threes
hedules.To in
rease the data lo
ality, one good method is to group the elemental 
omputation points. Relatedwork 
an be found in the loop tiling and the one-level partition te
hniques. Loop tiling is mainly appliedto the distributed system to redu
e 
ommuni
ation time. Wolf and Lam proposed a loop transformationte
hnique for maximizing parallelism or data lo
ality [27℄. Boulet et al introdu
ed a 
riterion for de�ningoptimal tiling in a s
alable environment. In his method, an optimal tile shape 
an be determined andthe tile size obtained from the resour
es 
onstraints [18℄. Another interesting result was produ
ed byChame and Moon. They proposed a new tile sele
tion algorithm for eliminating self interferen
e and2



simultaneously minimizing 
apa
ity and 
ross-interferen
e misses. Their experimental results show thatthe algorithm 
onsistently �nds tiles that yield lower miss rates [3℄. Nevertheless, the traditional tilingte
hniques only 
on
entrate on redu
ing 
ommuni
ation 
ost. They do not 
onsider how to best balan
ethe 
omputation and 
ommuni
ation s
hedules. There is no detailed s
hedule 
onsideration in theiralgorithms. Spe
ial 
ases o

ur in DSP and image pro
essing appli
ations, where there exist a largenumber of uniform nested loops. Thus, detailed 
onsideration of how to s
hedule the loop body eÆ
ientlyis very important to these appli
ations.The one-level partition te
hnique in [9, 26℄ 
ombines two aspe
ts of instru
tion level parallelism andmemory a

ess laten
y redu
tion to de
rease the overall s
hedule for uniform dependen
e loops. Inorder to well overlay the prefet
h operations with the CPU operations, a balan
e between them is foundunder the �rst level memory size 
onstraint. However, the algorithm in [9℄ assumes that only a twolevel memory hierar
hy is present. No analysis is performed with three or more levels of memory, as isthe 
ase in most 
ontemporary 
omputer ar
hite
tures. Moreover, this algorithm does not 
onsider thememory 
onstraints in the �rst level memory. The memory size required by this algorithm might be solarge that it 
annot produ
e any feasible result in the experiment when su
h 
onstraints exist. Althoughthe algorithm in [26℄ 
onsiders the �rst level memory 
onstraints, it also assumes only two levels inthe memory hierar
hy. Our studies have shown that the one-level partition te
hnique 
annot take fulladvantage of the se
ond level memory in su
h an ar
hite
ture. For instan
e, assume that 3 
lo
k 
y
lesare needed to fet
h data from the se
ond to the �rst level memory, 7 
lo
k 
y
les to fet
h data fromthe third to the se
ond level memory, and 10 
lo
k 
y
les to fet
h data from the third to the �rst levelmemory. Suppose also that whenever a blo
k is brought into the �rst level memory dire
tly from thethird level memory, a 
opy is kept in the se
ond level memory. Our experiments have shown that theone-level partition te
hnique produ
es poor results on su
h three-level memory hierar
hy systems. Withthe DPCM �lter as a ben
hmark, using the one-level partition te
hnique for the �rst level memory anddynami
 s
heduling for the se
ond level memory will result in almost the same average a

ess time as themodel in whi
h no se
ond level memory exists. The one-level partition te
hnique resulted in an averagefet
hing time of 9.968 
y
les/fet
h when the iteration spa
e is large. In other words, the CPU alwayshas to load data from the third level memory, whi
h has a 
ost of 10 
y
les/fet
h. On the 
ontrary, ourtwo-level partitioning te
hnique, by appropriately 
hoosing the partition shape and size, 
an prefet
h allthe data into the se
ond level memory before the �rst level memory needs to a

ess them. These prefet
hoperations exe
ute in parallel with the ALU 
omputations. Therefore, the average fet
hing time 
an be3



regarded as 3 
y
les/fet
h in this 
ase. The lower average fet
hing time is the key to better performan
eunder the �rst level memory size 
onstraint, whi
h is demonstrated by the experimental results.In this paper, we apply the idea of partitioning to the extra levels in the memory hierar
hy. Inboth the �rst and se
ond level memories, we adopt the partition te
hnique and make extensive use of
ompile time information about the usage pattern of the information produ
ed in the loop to generate anapproximated \balan
ed s
hedule" in the �rst and se
ond level s
hedules in order to minimize the overallaverage exe
ution time and make better use of the se
ond level memory. This paper presents methodsfor de
iding the best partition in both levels in order to a
hieve this goal. The new algorithm ex
eedsthe performan
es of existing algorithms by optimizing both the ALU and memory s
hedules in the �rstlevel and taking into 
onsideration a balan
e between the s
hedules of the two levels. In the situation ofno memory 
onstraint, the results produ
ed by our algorithm will 
ome within one instru
tion time unitof the theoreti
 lower bound. Experiments show the improvement 
an rea
h about 35% over the one-level partitioning algorithm with memory 
onstraints and more than 80% over the traditional hardwareprefet
hing s
heme or list s
heduling.Se
tion 2 will introdu
e the terms and basi
 
on
epts used in this paper. Se
tion 3 des
ribes the idea oftwo-level partitioning. The next se
tion presents the algorithms used to implement the two-level partition
onstru
t, while Se
tion 5 is a 
omparison of the new te
hnique with a number of existing approa
hes. Asummary se
tion that reviews the main points 
on
ludes the paper.2 Basi
 IdeaOur te
hnique 
an be applied to the uniform nested loop whi
h exists in a lot of DSP appli
ations.Moreover, more general linear index loops 
an be uniformized �rst, then use our te
hnique to opti-mize the s
hedule. For a linear parameterized re
urren
e equation in the form of U(z) = f(V(I(z -#z); :::) with #z = A � z + B � p + C (where z is the loop index ve
tor, p is the size parameter ve
torof the equation, A;B;C are all integer 
onstant matri
es), it is non-uniform if the number of di�erentdependen
es depends on size parameter p. A system of linear re
urren
e equations is a �nite set ofequations in the above form. It has been proved that any system of linear re
urren
e equations 
an betransformed into the normal form in whi
h all the 
omputation equations are fully indexed, and havethe same index dimension. In the normal form, all the equations 
an be 
lassi�ed into input equations,
omputation equations and output equations. The uniformization of 
omputation equations is try to �nd4



a �nite set of integral ve
tors (independent on p), A1; A2; : : : ; At, su
h that any #z 
an be expressed asa non-negative integral 
ombination of these ve
tors, i.e., #z = tPj=1�j � Aj; with �j 2 N. With a setof su
h ve
tors, the linear re
urren
e 
an be transformed into a set of uniform re
urren
es. The detailedanalysis of uniformization 
an be found in [7℄ and [19℄.The te
hnique in this paper is majorly used to optimize the s
hedule of the 
omputation re
urren
es.Another work done by A. Agarwal et al [1℄ and F. Rastello et al [21℄ 
on
entrates on the input and outputequations. They use data footprint to 
apture the 
ombined set of data a

esses made by referen
eswithin ea
h uniformly interse
ting 
lass. A data partition size is sele
ted to minimize the 
ommuni
ationin multipro
essors with 
a
hes. In DSP appli
ation, the major overhead of memory referen
es is 
ausedby the intermediate data in 
omputation equations.2.1 Loop nest representationIn a uniform nested loop, an iteration is the exe
ution of the loop body on
e. It 
an be represented bya graph 
alled multi-dimensional data 
ow graph (MDFG).De�nition 1 A multi-dimensional data 
ow graph (MDFG) G =(V, E, d) is an edge-weighted dire
tedgraph, where V is the set of 
omputation nodes, E � V � V is the set of dependen
e edges, and d is afun
tion from E to Zn representing the multi-dimensional data dependen
e (delay ve
tor) between twonodes, where n is the depth of the nested loop.It is worthwhile to note that MDFG 
an be thought of as the 
omputationally �ner-grained des
riptionof data dependen
e than the Data Dependen
e Graph (DDG) or Statement Dependen
e Graph (SDG).The node in MDFG represents an ALU 
omputation, thereby 
onsumes one basi
 ALU 
omputation timeunit. On the 
ontrary, a node in DDG or SDG represents a statement, whi
h may 
onsume un
ertainnumber of ALU 
omputation time units depending on the 
omplexity of the statement. Therefore, itis mu
h easier to use MDFG instead of DDG or SDG when s
heduling the 
omputation. Furthermore,Most DSP �lters, su
h as IIR, two dimensional �lter, et
, 
an dire
tly modeled by MDFG.Consider the example in Figure 1. The FORTRAN 
ode derived from the IIR �lter equation is shownin Figure 1(a). An equivalent MDFG is presented in Figure 1(b). The graph nodes represent two kinds ofoperations: nodes denoted by an 'A' followed by an integer are additions, while nodes labeled 'M' followedby an integer represent multipli
ations. Noti
e that dependen
e ve
tors are represented by pairs (dx; dy),5



where dx 
orresponds to the dependen
e distan
e in the Cartesian axis representing the outermost loopand dy 
orresponds to the innermost loop.
DO 20  m = 1, M

y ( n , m ) = x ( n , m ) + c ( 0 , 1 ) * y ( n , m - 1 ) +

c ( 0 , 2 ) * y ( n , m - 2 ) + c ( 1 , 0 ) * y (n - 1 , m ) +

c ( 1 , 1 ) * y (n - 1 , m - 1 ) + c (1 , 2 ) * y (n - 1 , m - 2 ) +

c ( 2, 0 ) * y (n - 2 , m) + c ( 2 , 1 ) * y (n - 2 , m - 1) + 

c (2 , 2 ) * y (n -2 , m -2)

20                CONTINUE

10       CONTINUE

DO 10 n = 1 , N
Loop Index

Loop
Body

(a) FORTRAN 
ode of an IIR �lter
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(b) MDFG representationFigure 1: The MDFG representation of IIR �lterIterations are identi�ed by a ve
tor~i, equivalent to the nested loop index and starting from (0; 0; : : : 0).An edge with delay (0; 0: : : : ; 0) represents an intra-iteration dependen
e, and an edge with non-zerodelay (d(e)) represents an inter-iteration dependen
e. We will use delay dependen
e to represent thedependen
e among di�erent iterations, i.e., the non-zero edge's weight. The exe
ution of the entire loopwill s
an over all loop indi
es. All iterations 
onstitute the iteration spa
e. Ea
h iteration is a node inthe iteration spa
e. Ea
h inter-iteration dependen
e is an edge between the 
orresponding nodes in theiteration spa
e.2.2 Partitioning the iteration spa
eRegular exe
ution of nested loops pro
eeds in either a row-wise or 
olumn-wise manner until the endof the row or 
olumn is rea
hed. However, this mode of exe
ution does not take full advantage of eitherthe referen
e lo
ality or the available parallelism, sin
e dependen
es have both horizontal and verti
al
omponents. The exe
ution of su
h stru
tures 
an be made to be more eÆ
ient by dividing the iterationspa
e into regions 
alled partitions that better exploit spatial lo
ality. This observation 
an be appliedto both the �rst and se
ond level memories.Provided that the total iteration spa
e is divided into partitions, the exe
ution sequen
e will be de-termined by ea
h partition. That is to say, ea
h partition is exe
uted in turn from left to right. Withinea
h partition, iterations are exe
uted in row-wise order. At the end of a row of partitions, we move upto the next row and 
ontinue from the far left in the same manner.6



Assume that the partition in whi
h the loop is exe
uting is the 
urrent partition. Then the nextpartition is the partition adja
ent on the right side of the 
urrent partition along the X-axis. The se
ondnext partition is adja
ent to and lies on the right side of the next partition, with the de�nitions of thirdnext partition, fourth next partition, et
, similar. The other partitions are all partitions ex
ept those onthe 
urrent row. In the two-level partition algorithm, the iteration spa
e will be partitioned on two levels.The �rst level partition 
onsists of a number of iterations, and the se
ond level partition is made up of anumber of �rst level partitions.We use two partition ve
tors, Px and Py, to identify a parallelogram as the partition shape. Assumewithout loss of generality that the angle between Px and Py is less than 180Æ, and Px is 
lo
kwise of Py.Then the partition shape and size 
an be denoted by the dire
tion and the length of these two ve
tors.To satisfy the partition exe
ution order, there 
annot exist the data dependen
e 
y
le between di�erentparititons. Two partition ve
tors must sastify the follow property to maintain the data dependen
es.Property 1 It is a legal partition shape if and only if the 
ross produ
ts de � Px � 0; de � Py � 0; 8data dependen
e de in MDFG.2.3 Ar
hite
ture modelOur te
hnique is designed for use in a system 
ontaining a pro
essor with multiple ALUs and memoryunits. The �rst level memory is also lo
ated in the pro
essor. The se
ond and third level memories areo�-
hip memories. The �rst level memory has the tightest memory size 
onstraint and the fastest a

essspeed. The se
ond level memory has medium memory size and a

ess speed. The third level memory hasthe largest memory size and slowest a

ess speed. This ar
hite
ture is similar to the real system withL1 
a
he, L2 
a
he and main memory. Our te
hnique is to load data into the �rst level memory beforeits expli
it use so that the overall 
ost of a

essing data 
an be minimized. Therefore, overlapping theALU 
omputations and the memory a

esses will lead to a shorter overall exe
ution time. The goal ofour algorithm is to tolerate the memory a

ess time by overlapping the ALU 
omputations as mu
h aspossible.Our s
heme is a software-based method in whi
h some spe
ial prefet
hing instru
tions are added to the
ode when it is 
ompiled. When the pro
essor en
ounters these instru
tions during program exe
ution,it will pass them to the spe
ial hardware memory units for handling. The fun
tion of the memory unit isthe same in both two levels: get the data ready before the lower level 
a
he needs to referen
e them. Two7
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Figure 2: The ar
hite
ture modeltypes of instru
tions, prefet
h and keep, are supported by memory units. The keep instru
tion keeps thedata in the 
a
he for use during a later partition's exe
ution. In the �rst level memory, depending on thepartition size and di�erent delay dependen
es, the data will need to be kept for di�erent amounts of time.The advantage of using keep is that it 
an eliminate the time wasted for unne
essary data swapping.In the �rst level memory, some data may need to be kept for di�erent amount of time. We use thenumber of partitions to denote this time. It is re
e
ted in the names of di�erent kinds of keep operations.If a delay dependen
e starts from an iteration in the 
urrent partition and terminates in the mth nextpartition, a keep m memory operation is used to keep this data in the �rst level memory for the time ofm partition exe
utions . Delay dependen
es that go into other partitions result in the use of prefet
hmemory operations to fet
h data in advan
e. In the se
ond level, only keep 1 operations exist.Note that the lower level memories in the ar
hite
ture model 
annot be seen as pure 
a
hes, be
auseissues su
h as 
a
he 
onsisten
y and 
a
he 
on
i
t are not 
onsidered here. In other words, the lowerlevel memory 
an be thought as a fully asso
iative 
a
he with some memory units 
onne
ted to it.Corresponding to ALU and memory units, there are ALU and memory s
hedules in one-level partitionalgorithm [26℄. To form the ALU s
hedule, Multi-dimensional rotation s
heduling algorithm [17℄ is usedto obtain the s
hedule of a single iteration. Then this s
hedule is simply dupli
ated for ea
h iterationin the partition. The memory s
hedule is formed by 
onsidering all the memory opertions in the entirepartition. The partition size is sele
t to balan
e the ALU and memory s
hedules su
h that the longmemory laten
y is e�e
tively tolerated. 8



3 Two-level partitionIn reality, 
ontemporary 
omputer systems always have more than two levels of memory. It is ne
essaryto study s
heduling with more levels of memory. In our model, we use three levels of memory, not onlybe
ause it is the most 
ommon 
ase, but be
ause we 
an apply the same idea to a memory hierar
hy withmore than three levels.We �rst 
onsider the situation with dynami
 s
heduling (FIFO) in the se
ond level memory. Assumingthat the a

ess time from the third to �rst level memories is 10 time units, that from the se
ond to�rst level memories is 3 time units and that from the third to se
ond level memories is 7 time units,Table 1 gives the average a

ess time of the �rst level memory for two di�erent ben
hmarks underdi�erent iteration spa
e sizes. This a

ess time in
ludes the time from the third to �rst level memoriesand from the se
ond to �rst level memories. In the experiment, the �rst level memory size is the memoryrequirement, while the size of the se
ond level memory is ten times larger than that of the �rst. Usingthe relative se
ond level memory size 
an make us 
on
entrate on the e�e
t of more memory levels andten times larger is a reasonable assumption.In the table, we use two di�erent ben
hmarks (DPCM and WDF) and two di�erent algorithms (one-level partition algorithm and pen-tiling algorithm, whi
h is introdu
ed in the experiment se
tion) tode
ide the �rst level partition. The table lists the partition size psize, denoted by two ve
tors, and the�rst level memory requirements mreq for ea
h ben
hmark and algorithm with the ben
hmark's name.The average a

ess time is listed for ea
h iteration spa
e. For example, 30� 30 in the table indi
ates thetwo dimensional loop with ea
h dimension equal to 30.one-level partition algo Pen-tiling algo one-level partition algo Pen-tiling algoDPCM 50� 50 6.211 DPCM 6.212 WDF 30� 30 7.097 WDF 8.548psize = (4; 0) 100� 100 7.884 psize = (6; 0) 8.427 psize = (1; 0) 50� 50 8.819 psize = (2; 0) 9.456�(-16; 8) 400� 400 9.872 �(-12; 6) 9.904 �(-12; 4) 100� 100 9.709 �(-6; 2) 9.860mreq = 267 800� 800 9.968 mreq = 265 9.976 mreq = 50 400� 400 9.981 mreq = 48 9.991Table 1: The average a

ess time under di�erent iteration spa
e sizesIf the dynami
 s
heduling in the se
ond level memory 
an take good advantage of the se
ond levelmemory, we expe
t to see an average a

ess time 
lose to 3, whi
h is the a

ess time from the se
ond to�rst level memories. However, from the data in the table, we 
an see that having more memory levelsdoes not result in a substantial improvement when the iteration spa
e is large. The reason is that thedynami
 algorithm 
an not predi
t the data a

ess sequen
e. In addition, the data have already been9



swapped out to the third level memory by the time they are needed. This demonstrates that dynami
s
heduling 
annot make use of the information obtained during 
ompilation to improve data lo
ality andredu
e a

ess time. This phenomenon leads us to think about partitioning in the se
ond level memoryas well as in the �rst level memory.The obje
tive of the se
ond level partition is to prefet
h some data from the third to the se
ond levelmemories and keep some data in the se
ond level memory for the near future use. Therefore, wheneverthe �rst level memory wants to a

ess these data, it 
an always �nd them in the se
ond level memory,thus eliminating the time used to fet
h data from the third level memory.3.1 The di�erent delay dependen
es
d1

d2

d3

d4Figure 3: The di�erent kinds of delay dependen
e for the se
ond level memoryWhen 
onsidering the se
ond level partition, we 
an treat the �rst level partition as the basi
 integralunit. Then, the se
ond level partition will be the 
ombination of a number of �rst level partitions. Forinstan
e, the se
ond level partition size in Figure 3 is 3� 3 �rst level partitions.In the se
ond level, the 
urrent partition, next partition and other partition have the same de�nitionsas in the �rst level. In the 
ase of two level partitions, there will be four kinds of delay dependen
eswhi
h need to be treated di�erently when s
heduling the loop. They are indi
ated by d1, d2, d3, andd4 in Figure 3, the dotted lines delimiting �rst level partitions here. d1 is a delay dependen
e thatgoes to one other partition from the 
urrent partition in both the �rst and se
ond levels. For this delaydependen
e, the prefet
h operation is needed in both levels. In the se
ond level, d3 is an intra-partitiondelay dependen
e, while it goes to the next partition in the �rst level. It only needs keep operations inthe �rst level partition s
hedule and has no e�e
t on the se
ond level partition s
hedule.Delay dependen
e d4 is an intra-partition delay dependen
e in the se
ond level but goes to one otherpartition in the �rst level. Therefore, it will be treated with a prefet
h operation in the �rst level and a10



keep operation in the se
ond level in order to retain the 
orresponding data for near future use. Moreover,some write-ba
k operations are needed to put ba
k the data 
orresponding to this delay dependen
e intothe se
ond level memory.The delay dependen
e d2 goes to the next partition in both �rst and se
ond levels. Due to theexe
ution sequen
e (the loop is exe
uted by the �rst level partition sequen
e along the x-axis until theright boundary of the se
ond level partition is rea
hed, then 
ontinues from the left boundary of these
ond level partition along the next row of �rst level partitions), this delay dependen
e gives rise tosome 
ompli
ations in the s
hedule. In the �rst level partition it 
annot be kept in the �rst level memoryas usual, sin
e it will not be needed until the exe
ution rea
hes a partition in the next se
ond levelpartition. Instead, from the standpoint of the �rst level partition s
hedule, the data will be prefet
hedfrom the se
ond level memory before it is needed. Thus, we will have the following de�nition.De�nition 2 A boundary partition is a �rst level partition with at least one delay dependen
e goingto the next partition in the se
ond level.In a boundary partition, some or all of the keep operations in an ordinary partition transform intoprefet
h operations. The number of keep operations whi
h be
ome prefet
h operations depends on therelation between the �rst level partition size and the distan
e of the delay dependen
e. For instan
e, ifthere are only keep 1 operations in the ordinary �rst level partition, the boundary partitions are foundonly in the rightmost 
olumn of �rst level partitions. If a keep 2 operation also exists, then the boundarypartition also in
ludes the next right-most 
olumn of �rst level partitions. However in a �rst level partitionof this 
olumn, only keep 2 operations be
ome prefet
h operations. After de
iding whi
h keep operationswill be
ome prefet
h operations, the boundary partition s
hedule lengths 
an be determined a

ordingly.In the se
ond level partition, the data 
orresponding to d2 will be also prefet
hed from the third levelmemory to the se
ond level for use in the next se
ond level partition.3.2 The write ba
k operationAs about write ba
k operations whi
h write data ba
k to the higher level memory, they 
an be 
onsid-ered as being hidden in the prefet
h operations. We �rst prove that the number of write-ba
k operationsis the same as the number of prefet
h operations in the �rst level partition.Lemma 1 In the �rst level partition, the number of the write-ba
k operations is always the same as thenumber of prefet
h operations. 11



Proof:
Figure 4: The area of the prefet
h and writing ba
k operationIn Figure 4, the shaded upper region denotes the area of write-ba
k operations and the shaded lowerregion represents the area of prefet
h operations. If there is a delay dependen
e to another partition inthe shaded upper region, the 
orresponding data need to be written ba
k to the higher level memory. Atthe same time, there must exist the same delay dependen
e 
oming into the shaded lower region fromanother partition, whi
h means the 
orresponding data need to be prefet
hed in the previous partition.Therefore, they have identi
al number of operations. 2As dis
ussed in [26℄, one memory operation (prefet
h or keep) 
onsumes two memory lo
ations. Oneis used for the datum needed in the 
urrent partition, the other is used for next partition's 
omputation.Provided that the numbers of write ba
k and prefet
h operations are identi
al, it is possible to treatthem as an integrated operation. Next we will prove that the memory 
onsumption is still two for su
han integrated operation. At the same time, how to integrate these two operations into one operation isillustrated.Theorem 2 Every write ba
k operation 
an be 
ombined with a prefet
h operation into an integratedoperation, with two memory lo
ations required.Proof: From the above proof, we know that there exists both a write ba
k operation and a prefet
hoperation to ea
h delay dependen
e going into another partition. We 
an treat them with one operationby the following method.1. In the 
urrent partition, for ea
h delay dependen
e going into one other partition, we use onememory lo
ation to store data prefet
hed for the use of the next partition, and one memory lo
ationto store data whi
h need to be written ba
k. 12



2. In the next partition, we �rst write one datum ba
k to the higher level memory, then use thislo
ation to store the prefet
hed data. At the same time, whenever a datum to be written ba
k is
omputed, a datum prefe
hed by the previous partition must have been 
onsumed. This lo
ation
an be used to store the 
omputed data. 2From this theorem, we 
an simply double the prefet
h time to 
onsider the write ba
k operation. Themodel and algorithm 
an still be useful. The following theorem de�nes the relationship between thenumber of write ba
k operations and prefet
h operations in the se
ond level partition.Theorem 3 The number of prefet
h operations and write ba
k operations, whi
h are used to write databa
k to the third level memory, are identi
al. These two operation 
an be regarded as one integratedoperation when 
onsidering the se
ond level partition s
hedule.Proof: It is easy to verify this theorem based on the proof of Theorem 2. 23.3 Two level partition s
hedulingWith all the pie
es now in pla
e, we perform two-level partition s
heduling by 
onsidering both levelsseparately. The �rst level partition s
hedule 
onsists of two parts as one-level partition te
hnique [26℄,as shown in Figure 5(a). However the prefet
h part is made up of integrated prefet
h and write ba
koperations as dis
ussed in the last subse
tion.
Keep

ALU Memory

          (a)

 Prefetch and Write back

One-iteration schedule
One first level
partition schedule

  1st  level 2nd  level

(b)Figure 5: (a) The �rst level partition s
hedule. (b) Two level partition s
heduleBe
ause the keep operation 
an only been issued after the 
orresponding 
omputation, we alwaysissue prefet
h operations ahead of all keep operations in the memory part s
hedule. Also, due to this13



dependen
e between keep operation and the 
orresponding datum's �nishing time, the length of thememory part is always longer than the ALU part. and some idle time may exist in the memory part.Therefore, the s
hedule length for one partition in the �rst level Lfirst satis�es the inequality.Lfirst � #prefet
hfirst � T2-1+#keepfirst � Tkeepwhere #prefet
hfirst is the number of prefet
h operations per �rst level partition, T2-1 is the time 
ostto load data from the se
ond to �rst levels, #keepfirst is the number of keep operations per �rst levelpartition, and Tkeep is the time 
ost per keep operation. The boundary partition s
hedule length isdi�erent. Its value will depend on how many keep operations 
hange into prefet
h operations.In the se
ond level, there exist only two kinds of operation: prefet
h to fet
h those data 
orrespondingto data dependen
es like d1 and d2 in Figure 6 and keep to keep the data 
orresponding to the datadependen
es like d4 in Figure 6. The two-level partition s
hedule is shown in Figure 5(b). The length ofthe �rst level s
hedule is the summation of all the �rst level partition s
hedules in a se
ond level partitionand the length of the se
ond level s
hedule is the sum of the lengths of the prefet
h and the keep parts.
(a) (b)Figure 6: (a) Prefet
h operations in the se
ond level partition. (b) Keep operation in the se
ond levelpartitionThe length of the prefet
h part 
an be 
al
ulated from the area shown in Figure 6(a). The length ofthe keep part 
an be 
al
ulated from the area shown in Figure 6(b). The overall length isLse
ond = Lprefet
h + Lkeep= #prefet
hse
ond � T3-2+#keepse
ondwhere #prefet
hse
ond is the number of prefet
h operations of the se
ond level partition, T3-2 is the time
ost to load data from the third to the se
ond level, and #keepse
ond is the number of keep operationsin the se
ond level partition.

14



4 Two Level Partition S
heduling algorithmKnowing the 
onstitution of the �rst and se
ond level s
hedules, we need to �nd the relation betweenthese two s
hedules in order to a
hieve the optimal average s
hedule length. From the analysis above, the�rst level s
hedule 
an be determined independently. Therefore, the lower bound of the average s
hedulelength is the average s
hedule length of the ordinary �rst level partition, whi
h equals the one-levelpartition s
hedule length where the prefet
h time 
an be regarded as the fet
hing time from the se
ondlevel to the �rst level. We now wish to determine the se
ond level partition size whi
h will make theoverall s
hedule optimal.4.1 The property of the operation amountThe �rst level s
hedule length depends on the ALU s
hedule, as well as the number of prefet
h andkeep operations in the �rst level. On the other hand, the se
ond level s
hedule length only depends on theprefet
h and keep operations in the se
ond level. The following properties show the relationship betweenthe numbers of operations in the �rst and the se
ond level partitions.The �rst level partitions in a se
ond level partition 
an be 
lassi�ed into ordinary partitions andboundary partitions. Assume that the region size 
onsisting of only ordinary partitions is x1 � y andthat 
onsisting of only boundary partitions has size x2�y. Let the number of prefet
h operations in the�rst level be prefirst and the number of keep operations be keepfirst. The number of prefet
h and keepoperations in the se
ond level partition 
an be 
al
ulated as follows.Property 2 In the region 
onsisting of only ordinary partitions, the number of prefet
hes in the se
ondlevel partition is pre2ord = x1 � #prefirst and the number of keep operations is keep2ord = x1 � (y -1)�#prefirst.In the region 
onsisting of only boundary partitions, there exist three sub-regions for a given delaydependen
e d, as shown in Figure 7. In the �gure, the dotted lines delimit the �rst level partitions. Thethree di�erent sub-regions are designated in the �gure.De�nition 3 In the region 
onsisting of only boundary partitions, the top region for a delay dependen
eis the region from whi
h this delay dependen
e starts and goes into one other se
ond level partition. Theboundary region for a delay dependen
e is the region from whi
h this delay dependen
e starts and goes15



Top Region

Boundary Region

Region

d
Keep

Figure 7: The di�erent sub-regions in the boundary partitionsinto the next se
ond level partition. The keep region for a delay dependen
e is the region from whi
hthis delay dependen
e starts and goes into one other �rst level partition, while remaining in this se
ondlevel partition.The one-level partition s
heduling algorithm guarantees that the Py proje
tion of a delay dependen
ewill not be longer than the length of the �rst level partition size along the Py dire
tion. That is to say,the top region is only in
luded in the top row of the �rst level partitions in a se
ond level partition.The number of integer points in these regions is the number of 
orresponding operations for this delaydependen
e. These numbers 
an be 
al
ulated using the same parallelogram idea given in [26℄Property 3 For a given delay dependen
e, the total number of integer points in the top region and theboundary region is the number of prefet
h operations in the boundary partitions. The number of integerpoints in the keep region is the asso
iated number of keep operations in the boundary partitions.4.2 The balan
ed two levels partition s
heduleSin
e the lower bound of the length of the two-level partition s
hedule is determined by the �rst levels
hedule, we should make the �rst level s
hedule longer than the se
ond level s
hedule to a
hieve goodperforman
e. Analyzing the relationship between the �rst and se
ond level s
hedules, we �rst give thefollowing de�nition.De�nition 4 Given the �rst level partition s
hedule and a se
ond level partition size, a balan
ed two-level partition s
hedule is a s
hedule in whi
h the �rst level s
hedule is longer than the se
ond levels
hedule and the s
hedule length di�eren
e between the �rst and se
ond level is minimal.The following theorem proves the existen
e of su
h a balan
ed two level partition s
hedule.16



Theorem 4 If the s
hedule of the �rst level partition is determined, a se
ond level partition size thatmakes the two level partition s
hedule a balan
ed two level partition s
hedule 
an always be found.Proof: Assume the size of the se
ond level partition size is x�y. We �rst prove that the s
hedule lengthdi�eren
e between the �rst level and the se
ond level will in
rease as the value of x is enlarged.Suppose that the se
ond level partition size in
reased from x� y to (x + 1)� y, where the value of xis large enough that the number of boundary partitions will not in
rease when x is enlarged. The lengthof the �rst level s
hedule in
reases by more than (#prefirst � T21 + #keepfirst) � y, while that of these
ond level s
hedule length in
reases by more than #prefirst � T32+#prefirst� (y- 1). The �rst itemis always larger than the se
ond item as long as y � T32-1T21-1 .We now prove the existen
e of a se
ond level partition size whi
h 
an make the �rst level s
hedulelonger than the se
ond level s
hedule. Assume the size of a region 
onsisting of only boundary partitionsis z� y. Then the �rst level s
hedule length satis�es:Lfirst > (#prefirst � T21+#keepfirst)xyThe se
ond level s
hedule length satis�es:Lse
ond < #prefirst(x - z)T32+#prefirstxy+ (#prefirst +#keepfirst)T32zyTherefore,Lfirst - Lse
ond > #prefirst(T21xy- T32x- xy- T32zy) +#keepfirst(xy- T32zy)When the following is satis�ed, we 
an guarantee that the �rst level s
hedule length is longer than these
ond level s
hedule length. 
 x � T32zyy � T32+1T21-1In fa
t, these are rather loose 
onstraints for �nding a feasible size. 24.3 The 
al
ulation of the memory requirementIn the two level partition s
hedule, we need to 
al
ulate both the �rst and se
ond level memoryrequirements. 17



Theorem 5 The �rst level memory requirement mem1req is 
al
ulated by the following equation:mem1req = meminter +X#keep n� (n + 1) + 2�#prefirstIn the equation, meminter is the memory requirement for the intermediate data in the �rst level partition,#keep n is the number of keep-n operations, and #prefirst is the number of prefet
h operations.Proof:From Theorem 2, the number of write-ba
k operations equals the number of prefet
h operations, andtheir integrated operation only requires 2 memory lo
ations. Thus in the �rst level memory, the memoryrequirement 
onsists of three parts: those used to store prefet
hed and written ba
k data, those used tostore kept data, and those used to store intra-partition intermediate data. Based on the knowledge of thememory 
onsumption for ea
h kind of memory operation introdu
ed before, the above equation is true.2 We 
an use the above theorem to derive the memory requirement for the �rst level memory, in whi
hthe 
al
ulation of meminter is the same as in the one-level partition algorithm.Theorem 6 The memory requirement for the se
ond level mem2req is 
al
ulated by the equationmem2req = 2�#prese
ond +#keepse
ond;where #prese
ond represents the number of prefet
h operations in the se
ond level, and #keepse
ond isthe number of keep operations.Proof: From the above analysis we know that the se
ond level partition s
hedule 
onsists of only twoparts, one 
onsisting of prefet
h operations, the other of keep operations. The memory requirement alsodepends on these two parts. The keep operations in the se
ond level partition are di�erent from thosein the �rst level partition. Corresponding data are only kept in the se
ond level memory for the 
urrentpartition to use; hen
e the lifetime is only one se
ond level partition. This keep operation only needsone memory lo
ation to store the data. Thus we 
an dire
tly obtain the above equation using previouslyderived information. 2Combining the above theorem and two properties in Se
tion 4.1, the memory requirement for both the�rst and se
ond level memories 
an be 
al
ulated. 18



In 
hoosing the se
ond level partition size, we sele
t the size that 
an make the two level partitions
hedule a balan
ed two level partition s
hedule. This is the tradeo� between the performan
e improve-ment and the memory 
onsumption. After a
hieving a balan
ed two level partition s
hedule, in
reasingx 
an still bring some performan
e improvement. On the other hand, the memory requirement is in-
reasing at a mu
h larger rate than the performan
e improvement. For instan
e for an IIR �lter, whenthere is some �rst level memory 
onstraint, the balan
ed two level partition s
hedule requires a se
ondlevel partition size of 7� 10. If the se
ond level partition size is in
reased by one along the Px dire
tion,the memory requirement in
reases by 12:94%, while the s
hedule improvement in
reases by only 0:058%.Therefore it is more reasonable to adopt a se
ond level partition size whi
h 
an generate a balan
ed twolevel partition s
hedule.We have demonstrated that we 
an always �nd su
h an x to generate a balan
ed two level partitions
hedule as long as y is large enough. Therefore, there exist di�erent su
h x asso
iated with di�erent y.The following algorithm gives the method to 
al
ulate the minimum se
ond level memory requirementsand the 
orresponding se
ond level partition size.In this algorithm, the symbol #pre1 denotes the number of prefet
h operations in one �rst levelpartition, keep1 n is the number of keep-n operations in one �rst level partition; T3-2 and T2-1 are thefet
hing times from the third level memory to the se
ond level memory and from the se
ond level memoryto the �rst level memory, respe
tively; and lpord is the s
hedule length of the ordinary �rst level partition.Algorithm 1 Cal
ulate the minimum se
ond level memory requirement and the 
orresponding se
ondlevel partition sizeInput: A given �rst level partition s
hedule and the 
orresponding set of delay dependen
esOutput: The minimum se
ond level memory requirement and the asso
iated se
ond level partition size1. Use the delay dependen
e set to determine the width w of the region 
onsisting of only boundary partitions2. Compute the amount of keep operations #keepkeep and prefet
h operations #prebound in the bottom row of thisregion3. Derive the fun
tion f(y) to 
al
ulate the number of keep operations and f0(y) to 
al
ulate the number of prefet
hoperations. 
 f(y) = #keepkeep � (y- 1)f0(y) = #prebound � (y- 1) +Pn�#keep1 n +#pre1 �w4. Compute l(y) whi
h is the summation of all boundary partition s
hedule lengths.5. Let the �rst level s
hedule length equal to the se
ond level s
hedule length and derive the expression for the se
ondlevel memory requirement memreq2
 lpord(x -w)y+ l(y) = #pre1T3-2(x-w) +#pre1(x-w)(y- 1) + f0(y)T3-2+ f(y)memreq2 = 2#pre1(x-w) +#pre1(x-w)(y- 1) + 2f0(y) + f(y)6. Cal
ulate x for a given y using the �rst equation.7. Substitute x into the se
ond equation. Cal
ulate the value of y whi
h make memreq2 minimum.8. Cal
ulate the value of 
orresponding x and the se
ond level memory size.19



In Algorithm 1, after the value of y whi
h 
an lead to the minimum se
ond level memory requirementis determined, we 
al
ulate an x value that makes the �rst level s
hedule length equal to the se
ondlevel s
hedule length using this y. Then dxe is 
hosen as the a
tual x. It 
an be seen from the proof ofTheorem 4 that the di�eren
e between the �rst level and se
ond level s
hedules is an in
reasing fun
tion ofx. The se
ond level partition size 
al
ulated using Algorithm 1 guarantees a balan
ed two level partitions
hedule.4.4 AlgorithmFrom the above dis
ussion, the balan
ed two level partition s
hedule is a good point to sele
t these
ond level partition size. It 
an provide us both the optimal average s
hedule length and se
ond levelmemory requirement. After knowing the partition size in both levels, we 
an generate the s
hedule forboth levels using our previous knowledge. Note that there is a di�eren
e between the arrangement ofmemory operations in the �rst and se
ond levels. In the �rst level partition, we 
an only issue keepoperations after the 
orresponding data are ready, so there may be some idle time in the memory part.In the se
ond level partition, we 
an arrange the keep operations as soon as the 
orresponding data havebeen written ba
k. Sin
e there is no keep operation in the top row of the se
ond level partition, therewill be no su
h idle time in the se
ond level memory.Algorithm 2 The two-level partition s
heduleInput: An MDFG, the �rst level memory 
onstraintOutput: The two level partition s
hedule1. Retime the MDFG to get a 
ompa
t s
hedule for one iteration. //Using multi-dimensional rotation s
hedulingalgorithm. see se
tion 2.1.2. Based on the delay dependen
es in the retimed MDFG, determine the �rst level partition shape. // see se
tion 2.13. Based on the �rst level memory 
onstraint and the �rst level partition shape, 
al
ulate the �rst level partition size.//Using one-level partition algorithm, see se
tion 2.14. Create the �rst level partition s
hedule.5. Use this �rst level partition s
hedule and Algorithm 1 to 
ompute the se
ond level partition size. //see se
tion 4.36. Cal
ulate the 
orresponding se
ond level memory requirement. //see se
tion 4.37. Create the se
ond level s
hedule.To 
reate the �rst level s
hedule, we dupli
ate the retimed s
hedule of one iteration in order to 
onstru
tthe ALU s
hedule. In the memory part, we �rst arrange prefet
h operations, then keep operations. Inthe se
ond level s
hedule, the prefet
h and keep operations are arranged in turn as we have mentionedabove.In this paper, we illustrate the two-level partition s
heduling with two dimensional iteration spa
e,be
ause it is the most general 
ase in multi-dimensional DSP appli
ations. It is important to note that20



this s
heme 
an be extended to more dimensional iteration spa
e with little modi�
ation. All the 
on
eptsand algorithms under more dimensional 
ase are easily dedu
ed. Take 3-dimensional loop as an example,the partition will be
ome a 
ube whose ea
h fa
e is a parallelogram. A partition is delimited by threepartition ve
tors: Px, Py and Pz. All data dependen
es must lie inside these partition ve
tors to preventthe dependen
e 
y
le between di�erent partitions. The partition exe
ution sequen
e is along X axis �rst,then Y axis and Z axis. The identi�
ation of memory operations and the algorithm still applied. Thepartition size whi
h 
an a
hieve the balan
ed partition s
hedule is still the preferred 
hoi
e.5 ExperimentIn this se
tion, the e�e
tiveness of the two-level partition te
hnique is evaluated by running a set ofDSP ben
hmarks. In the experiments we assume that the time to load data from the third to se
ondlevel memories is 9 
lo
k 
y
les, from the se
ond to �rst level memories is 3 
lo
k 
y
les, and from thethird to �rst level memories is 12 
lo
k 
y
les. We 
ompared six di�erent s
hemes. They are two-levelpartition algorithm, one-level partition algorithm in [26℄, pen-tiling algorithm in [18℄, PSP s
heduling in[9℄, list s
heduling and hardware prefet
h s
heme, respe
tively. Pen-tiling algorithm presents a s
alable
riterion to de�ne optimal tiling. This 
riterion, related to the 
ommuni
ation to 
omputation ratioof a tile, only depends upon its shape, not its size. The pen-tiling algorithm solves a 
ombinatorialproblem to �nd a basi
 tile, then determines the �nal tile size depending on the �rst level memory size
onstraints. It assumes a two-level memory hierar
hy in the system. In the experiments, we loose thememory size 
onstraints for the pen-tiling algorithm to demonstrate that our partition method, whi
hbalan
es the 
omputation and 
ommuni
ation, 
an get the better result even under the tighter memorysize 
onstraints. PSP s
heduling attempts to balan
e the 
omputation and 
ommuni
ation. Nevertheless,the situation with the �rst level memory size 
onstraints was not 
onsidered in PSP s
heduling. Thisalgorithm 
an obtain the same results as our algorithm under no �rst level memory size 
onstraints, but
an not get feasible results when this 
onstraint is imposed. Therefore, their experimental results are notshown in the table.List s
heduling is the most traditional algorithm. It is a greedy algorithm whi
h seeks to s
hedule aMDFG node as early as possible while satisfying the data dependen
e and resour
e 
onstraints. In ourexperiment, we use list s
heduling to s
hedule the ALU operations, but the memory is not partitioned. Inhardware prefet
hing s
heduling, we use the model presented in [4℄. In this method, to take advantage of21



the data lo
ality, the next blo
k in the higher level memory is also loaded whenever a blo
k is loaded fromthe higher level to the lower level memories. We use the multi-dimensional rotation s
heduling algorithmto arrange the 
omputations in the ALU s
hedule. Furthermore, the prefet
hing operations are added inthe memory part. However, no partition is 
onsidered here.The �rst table presents the results without the memory 
onstraint in the �rst level. In this table, weuse the same �rst level partition size as shown in the table in both the one-level and two-level partitions
heduling algorithms. Also, they have the same average s
hedule length. The other two tables des
ribethe results with memory 
onstraints. In the last two tables, the relative memory 
onstraints for allben
hmarks are used due to the large di�eren
es among their memory requirements.Ben
hmark Two-level One-Level pen-tiling list hardware premreq2 size2 size1 len mreq1 size1 len mreq1 len ratio len ratioIIR 1159 6� 2 4� 8 6.031 358 7� 7 6.021 346 40 85% 37 83.7%DPCM 3982 5� 3 12� 10 4.008 840 11� 11 4.008 801 27 85.16% 22 81.78%WDF 486 6� 2 4� 5 4.05 129 4� 4 4.625 128 18 77.5% 12 66.25 %Floyd 477 3� 2 7� 4 6.000 216 5� 5 6.000 227 33 81.82% 22 72.72%2D 491 3� 2 3� 5 12 241 4� 4 12 260 65 81.54% 60 80%Table 2: Experimental results without memory 
onstraints assuming Tprefet
h =12Ben
hmark One-level pen-tiling Two-levelsize1 mreq1 len size mreq1 len size1 mreq1 size2 mreq2 lenIIR 1� 6 175 10 4� 4 193 10.125 5� 2 141 7� 10 3825 6.129DPCM 3� 9 416 5 7� 7 427 5.347 12� 4 381 7� 8 9230 4.027WDF 1� 5 74 5 3� 3 89 6.111 4� 2 75 8� 5 936 4.156FLOYD 2� 3 109 8.333 3� 3 128 7.889 4� 2 89 6� 4 742 62D 1� 4 112 14 2� 2 128 24 3� 1 125 4� 13 2080 12.5Table 3: Experimental results with about 1/2 of original sizeBen
hmark One-level pen-tiling Two-levelsize1 mreq1 len size mreq1 len size1 mreq1 size2 mreq2 lenIIR 1� 3 85 15.67 2� 2 83 19.75 2� 2 74 13� 6 1435 6.404DPCM 2� 6 216 7.083 2� 2 205 9.062 4� 4 205 15� 8 6952 4.188WDF 1� 3 44 8 2� 2 52 9 1� 3 44 19� 3 462 4.645FLOYD 1� 2 43 12.5 2� 2 70 12 1� 2 37 18� 4 592 6.4172D 1� 2 65 25 2� 2 128 24 1� 2 65 11� 4 755 12.615Table 4: Experimental results with about 1/4 of original sizeIn our experiments, the �ve ben
hmarks used are In�nite Impulse Response �lter, Di�erential Pulse-Code Modulation devi
e, Wave Digital �lter, Floyd-Steinberg algorithm and Two Dimensional �lter.They are represented by \IIR", \DPCM", \WDF", \Floyd" and \2D", respe
tively, in all tables. Allthe \size1" 
olumns list the partition size of the �rst level in both the one-level and two-level partitionalgorithms. The \size2" 
olumns list the partition size of the se
ond level in the two-level partitionalgorithm. All the \len" 
olumns represent the average s
hedule lengths, and the \ratio" 
olumn in22



the �rst table denotes the improvement the two-level partition algorithm 
an obtain 
ompared with lists
heduling and hardware prefet
hing s
hemes. The mreq1 and mreq2 
olumns represent the memoryrequirements of the �rst and se
ond level memories for ea
h algorithm, respe
tively.As we 
an see from the �rst table, list s
heduling and hardware prefet
hing s
heduling have mu
hworse performan
e than the other three algorithms. The reason is that, in list s
heduling, the s
hedule isdominated by a long memory s
hedule, whi
h is far from the balan
ed s
hedule. In hardware prefet
hings
heduling, little 
ompiler-generated information is available. Although the performan
e di�ers with datalo
ality, it has on average the same performan
e as list s
heduling. The one-level partition algorithm andpen-tiling algorithm 
an 
ompete in performan
e with the two-level partition algorithm in the 
ase withoutthe memory 
onstraints, whi
h is due to the fa
t that a large �rst level memory size 
an eÆ
iently hide thelong memory a

ess time. When memory 
onstraints are added, the performan
e di�eren
e is obviousfrom the last two tables. Moreover, we 
an see from the last two tables that the two-level partitionalgorithm is superior to the one-level partition algorithm, and the one-level partition algorithm superiorto the pen-tiling algorithm, whi
h illustrates the importan
e of balan
ing the di�erent s
hedules.
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(b) DPCMFigure 8: The relationship between the average s
hedule length and the se
ond memory size for IIR andDPCMIn Figures 8(a) and 8(b), the 
urves depi
t the relationship between the average s
hedule length andthe se
ond level memory requirement. Two di�erent ben
hmarks, IIR and DPCM, are used with the �rstlevel memory 
onstraints the same as in the se
ond table. The x axis in these two 
urves is the se
ondlevel memory size, and the y axis is the 
orresponding average s
hedule length. Around the threshold,23



it 
an be seen from the 
urves that a smaller se
ond level memory size will degrade the performan
egreatly, while in
reasing the se
ond level memory size will not result in mu
h performan
e improvement.The memory size and the 
orresponding se
ond level partition size obtained from our algorithm is justthis threshold to determine the two level s
hedule.6 Con
lusionIn this paper, a new s
heme that 
an obtain a minimal average s
hedule length under three levels ofmemory hierar
hy was proposed. This algorithm not only explores the ILP among instru
tions by usingretiming te
hniques, but 
ombines it with data prefet
hing in both the �rst and se
ond level memoriesto produ
e high throughput s
hedules. It uses partitions in both the �rst and se
ond level memories.Through the study of the properties of the memory requirement and the s
hedule length in both levels, thealgorithm gives a partition shape and size so that the overall minimal s
hedule length 
an be obtained.This s
heme 
an take full advantage of the se
ond level memory as 
ompared to dynami
 s
heduling.Experiments on DSP ben
hmarks show that our s
heme 
an always produ
e a minimal average s
hedulelength.Referen
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