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This document contains supplementary proofs, additional discussion on power trend regression, some

further numerical calculations, and additional simulations to those reported in Kong, Phillips and Sul (2019,

hereafter KPS). We begin with the proofs of Lemmas 1-5.

Proofs of Lemmas

Proof of Lemma 1: By Euler-Maclaurin summation, the stated representations and large T approxima-

tions of �T (�) and HT (�; `) for � � 1 are well known: When � > 1; the exact expressions for the in�nite

sums are given by the Riemann and Hurwitz zeta functions
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the B2j are Bernoulli numbers, and P2J+1 (t) = (�1)J�1
P1
k=1 2 sin (2k�t) = (2k�)

2J+1
: Thus, the expres-

sions given in (1) provide upper bounds for ZT (�) and �T (�; `) : Simpler bounds are readily constructed

(e.g., Kac and Cheung, 2002; KC). Indeed, since t�� is positive, continuous, and tends to zero, the Euler-

Maclaurin-Cauchy constant � = limT!1

nPT
t=1 t

�� �
R T
1
t��dt

o
exists and is �nite for all � > 1:Note the
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explicit form X1
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where the �oor function bxc denotes the integer part of x. Since � 1
2 < bxc � x+

1
2 �

1
2 we have the bound����Z 1
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;

from which we deduce that j��j < 1
2 for all � > 1: The �rst element of (4) is, of course, unbounded as

�! 1: Finally, the inequality � (�; `) � � (�) holds trivially for all ` � 1 when � > 1:
�

Proof of Lemma 2 The proof of lemma 2 follows in a straightforward way by direct calculation using

lemma 1. In particular, we have as T !1
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Then, using the results just established we have
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Proof of Lemma 3 To derive the required asymptotic orders, it is su¢ cient to compute the order of the

variances since all quantities have zero mean. By direct calculation
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and we deduce by summability and Cauchy-Schwarz that
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For the �nal result, note that
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from which we deduce that
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Proof of Lemma 4 Denote t` = t+ ` for any given integer ` � 1 and observe that
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so that
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Combining (15) with (14) yields
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In the �rst three cases, the asymptotic order of the sum is the same as the asymptotic order of the upper

and lower bounds, as con�rmed in the above derivation. In the last case when 1= (1 + �) � � < 1; we use

the upper bound. Note that when � < �=2; this term increases as T increases, but when � � �=2; this term

decreases as T increases.1

When � = 1 and for `!1 we have
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Then, using (17), (18), and with L = T� !1 as T !1; we obtain
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=
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�
:

1A graphical demonstration of the relevance of the decay rate (13) in determining the behavior of G (T; �) as T ! 1 is

given in Fig. S5 at the end of this Appendix.
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When � > 1; we �nd from Lemma 1 thatXL

`=1

�
1� `

L+ 1

�
	`;11 = lim

T!1
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`=1

XT�`

t=1

�
1� `
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��
t2 + t`

���
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�
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�

= lim
L!1

XL

t=1

1

t�

XL

`=1

�
1� `
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�
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=

X1

t=1

1
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�
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where � (�; `) is the Hurwitz zeta function which is well de�ned for all � > 1 and t > 0: Note, in particular,

that

� (�; t) =
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`=0

1

(t+ `)
�
=
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`=1

1

(t+ `)
�
+
1

t�
< � (�) +

1

t�
;

with strict inequality showing that2X1

t=1
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<
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t=1

� (�)
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+
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t=1

1

t2�
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t=1

� (�; t)

t�
� � (2�) < � (�)

2
= O (1) :

Our next step is to calculate
PL
`=1

�
1� `

L+1

�
(	`;12 +	`;13 +	`;2) but before doing so we provide

summation results for
PL
`=1

PT�`
t=1

~tt��` and
PL
`=1

PT�`
t=1

gt��t`: These results and their orders of magnitude
are given as follows:XL

`=1
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t=1
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t=1

�
t+ `� 1

T � `
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t=1
(t+ `)

�
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=
XL

`=1
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s=`+1
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`=1

�XT

s=1
~ss�� �

X`

s=1
~ss��

�
=
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`=1
(TT (1; �)� T` (1; �))

s

8>>>><>>>>:
� �

2 (�� 2) (�� 1)T
2��+� if � < 1;

�1
2
T 1+� lnT if � = 1;

�1
2
� (�)T 1+� if � > 1;

2 It is not needed in the results for Lemma 4 but is interesting to note (and will be used later) that as � ! 1; we get
lim�!1

�P1
t=1 t

��� (�; t)� � (2�)
	
= 1� 1 = 0; which corresponds to

lim
�!1

lim
M!1
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`=1
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t=1

1

t� (t+ `)�
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M!1
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`=1
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t=1
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�!1

1

t� (t+ `)�
= 0;

whereas lim�!1 � (�)2 = 1: Therefore, as �!1 we �nd that the serial correlation terms

1

T
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`=1
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�
1� `

M + 1

�
~mt ~mt+` ! 0:
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and XL

`=1

XT�`

t=1

gt��t` (20)

=
XL

`=1

XT�`

t=1

��
t�� � 1

T � `
XT�`

t=1
t��
�
(t+ `)

�
=

XL

`=1

XT�`

t=1

�
t�� � 1

T � `
XT�`

t=1
t��
�
t

=
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`=1
TT�` (1; �)
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8>>>><>>>>:
� �

2 (�� 2) (�� 1)T
2��+� if � < 1;

�1
2
T 1+� lnT if � = 1;

�1
2
� (�)T 1+� if � > 1;

=

8>><>>:
O
�
T�+2��

�
if � < 1;

O
�
T�+1 lnT

�
if � = 1;

O
�
T�+1

�
if � > 1:

Then, using results (19) - (20) and Lemmas 1 and 2, we haveXL

`=1
	`;12 = �
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`=1

1

T � `

�XT�`

t=1
t��
�XT�`

t=1
t��`

= �
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`=1

1

T � `
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= �
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1
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��XT
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O
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�
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O
�
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�
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Note, when � < 1;
PL
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=
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�
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�
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�
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�
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�
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O
�
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�
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�
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�
= O

�
T��1

�
if � > 1:

8



When � < 1;
PL
`=1	`;13 s �

3�2

(�� 2)2 (�� 1)2
T 1�2�+�:

XL

`=1
	`;2 = �

�XT

t=1
~t2
��1�XT

t=1
~tgt���XL

`=1

XT�`

t=1
~tt��`

+

�XT

t=1
~t2
��2�XT

t=1
~tgt���2XL

`=1

XT�`

t=1
~tt`

=

8>><>>:
O
�
T�3

�
O
�
T 2��

�
O
�
T�+2��

�
+O

�
T�6

�
O
�
T 4�2�

�
O
�
T�+3

�
if � < 1;

O
�
T�3

�
O (T lnT )O

�
T�+1 lnT

�
+O

�
T�6

�
O
�
T 2 ln2 T

�
O
�
T�+3

�
if � = 1;

O
�
T�3

�
O (T )O

�
T�+1

�
+O

�
T�6

�
O
�
T 2
�
O
�
T�+3

�
if � > 1;

=

8>><>>:
O
�
T�+1�2�

�
if � < 1;

O
�
T��1 ln2 T

�
if � = 1;

O
�
T��1

�
if � > 1:

When � < 1;
PL
`=1	`;2 s �3

�
�

(�� 2) (�� 1)

�2
T 1�2�+� + 3T�6

�
�

(�� 2) (�� 1)T
2��
�2

T 3+� = 0:

Combining these three terms we �nd that

XL

`=1

�
1� `

L+ 1

�
(	`;12 +	`;13 +	`;2) =

8>><>>:
O
�
T�+1�2�

�
if � < 1;

O
�
T��1 ln2 T

�
if � = 1;

O
�
T��1

�
if � > 1:

(21)

When � < 1;
PL
`=1

�
1� `

L+1

�
(	`;12 +	`;13 +	`;2) s �4 �2��+1

(�2�3�+2)2T
1�2�+�:

Hence, we have

1

T

XL

`=1

XT�`

t=1

�
1� `

L+ 1

�
~mt ~mt+`

=
XL

`=1

�
1� `

L+ 1

�
(	`;11 +	`;12 +	`;13 +	`;2)

=

8>>>>>>>>>>>>><>>>>>>>>>>>>>:

�2 (�+ 1)
2

(1� 2�)
�
�2 � 3�+ 2

�2T�2�+� if � < 1=2;

T�1+� lnT if � = 1=2;

T�1+�� (2�) if 1=2 < � < 1= (1 + �) ;
1

(1� �)2 (2� �)
T��+���� if 1= (1 + �) � � < 1;

�2

2 T
�1 ln2 T +O

�
T�2 lnT

�
if � = 1;

T�1
�P1

t=1 t
��� (�; `)� � (2�)

	
if � > 1:

�

Proof of Lemma 5 Since �b;n = Op
�
n�1=2

�
and n=T !1; we have

�b;n
gt�� = Op

�
n�1=2gt��� = op

�
T�1=2gt��� :

9



Note that

gt��T�1=2 =
8>><>>:

t��T�1=2 � 1

1� �T
�1=2T�� if � < 1;

t��T�1=2 � T�1T�1=2 lnT if � = 1;

t��T�1=2 �ZT (�)T�1T�1=2 if � > 1;

and

gt�2� =
8>><>>:

t�2� � 1

1� 2�T
�2� if � < 1=2;

t�2� � T�1 lnT if � = 1=2;

t�2� �ZT (2�)T�1 if � > 1=2:

Hence

gt�2� �gt��T�1=2

=

8>>>>>>>>><>>>>>>>>>:

t�2� � 1

1� 2�T
�2� � t��T�1=2 + 1

1� �T
�1=2T�� if � < 1=2;

t�2� � T�1 lnT � t��T�1=2 + 1

1� �T
�1=2T�� if � = 1=2;

t�2� �ZT (2�)T�1 � t��T�1=2 +
1

1� �T
�1=2T�� if 1=2 < � < 1;

t�2� �ZT (2�)T�1 � t��T�1=2 + T�1T�1=2 lnT if � = 1;

t�2� �ZT (2�)T�1 � t��T�1=2 + ZT (�)T�1T�1=2 if � > 1;

= gt�2� + o�gt�2�� :
For example, when � = 1=2; as T !1 we have

lim
T!1

�gt��T�1=2gt�2� = lim
T!1

�t��T�1=2 + 1

1� �T
�1=2T��gt�2� = lim

T!1

�t�1=2T�1=2 + 2T�1
t�1 � T�1 lnT

= lim
T!1

� (t=T )1=2 + 2 (t=T )
1� (t=T ) lnT ! 0;

since t=T 2 (0; 1] as T !1 for 1 � t � T: Hence, for all t � T; �gt��T�1=2 = o
�gt�2�� : The required result

(38) in KPS now follows.

�

Proof of Theorem 1: The Asymptotic Limit of �̂nT

To analyze the asymptotic behavior of the trend regression coe¢ cient �̂nT we use the convenient decompo-

sition (21) in KPS, viz.,

�̂nT =
XT

t=1
atT �t +

XT

t=1
atT �n;t +

XT

t=1
atT "n;t =: IA + IB + IC ;

where

atT =
~tPT

s=1 ~s
2
=

t� T�1
PT
s=1 s

T 3 � 1
T 3

PT
s=1 ~s

2
=
12

T 3

�
t� T + 1

2

��
1 +O

�
T�1

�	
;

10



The dominant term in �t;denoted by �t;d; can be classi�ed according to the three models as follows

Case M1 M2 M3

�; � > 0;and �a� 6= 0 2�a�t
�� �2� t

�2� 2�a�t
�� + �2� t

�2�

�; � > 0;and �a� = 0 �2�t
�2� �2� t

�2� �2�t
�2� + �2� t

�2�

� < 0 or � < 0 �2�t
�2� �2� t

�2� �2�t
�2� + �2� t

�2�

Using the general form �t;d = bt��;where � represents the decay parameter and b is the corresponding

coe¢ cient in that term, we �rst obtain the following expression for IA: We specify b and � later in the case

of each individual model.

IA =

�XT

t=1
~t2
��1XT

t=1
~t�t s b

�XT

t=1
~t2
��1XT

t=1
~tt��

= �6b�

8>>><>>>:
�

(�� 2) (�� 1)T
�1�� +O

�
T�2��

�
if � < 1;

T�2 lnT +O
�
T�2

�
if � = 1;

T�2ZT (�)
�
1 +O

�
T�1

�	
if � > 1:

(22)

In particular:

(i) Case � < 1

XT

t=1
atT t

�� =

PT
t=1 t

1�� � T + 1

2

PT
t=1 t

��PT
s=1 ~s

2
=

�
T���1

2� � � T�1��

2 (1� �)

��
1 +O

�
T�1

�	
T�3

PT
s=1 ~s

2

= �
�

6�T�1��

(2� �) (1� �)

��
1 +O

�
T�1

�	
(ii) Case � = 1

XT

t=1
atT t

�� =
T � T + 1

2

PT
t=1 t

�1PT
s=1 ~s

2
=

�
T�2 � T�2

2
lnT

��
1 +O

�
T�1

�	
T�3

PT
s=1 ~s

2

= �6T�2 lnT
�
1 +O

�
T�1

�	
(iii) Case � > 1

XT

t=1
atT t

�� =

PT
t=1 t

1�� � T + 1

2

PT
t=1 t

��PT
s=1 ~s

2
=

T 2��

2� �
�
1 +O

�
T�1

�	
� T + 1

2
ZT (�)

T 3 � 1

T 3
PT
s=1 ~s

2

= �

0B@ T�2

2
ZT (�)

�
1 +O

�
T�1

�	
1

T 3
PT
s=1 ~s

2

1CA = �6T�2ZT (�)
�
1 +O

�
T�1

�	

Next consider IB =
PT
t=1 atT �n;t:When �a� 6= 0; we have

IB = Op

�
n�1=2

�
�
�XT

t=1
~t2
��1XT

t=1
~tt��

11



Thus, IB = Op
�
n�1=2

�
� IA and IA dominates IB always. When �a� = 0 (this only in�uences M1 and M3),

term 2�a�t
�� disappears in IA, but term 2�a�;nt

�� is still present in IB : Hence, when �a� = 0;

IB =

(
Op
�
n�1=2T�3

�
TT (1; �) for M1,

Op
�
n�1=2T�3

�
TT (1; ��) , with �� = min [�; 2�] for M3,

since n�1
Pn
i=1 ~ai~�i = Op

�
n�1=2

�
by (19) in KPS; and�XT

t=1
~t2
��1XT

t=1
�a�;n~tgt��

=

�XT

t=1
~t2
��1 �

n�1
Xn

i=1
~ai~�i

�XT

t=1
~tgt�� =

8>><>>:
Op
�
n�1=2T�1��

�
if � < 1;

Op
�
n�1=2T�2 lnT

�
if � = 1;

Op
�
n�1=2T�2

�
if � > 1:

For term IC ; �rst recall that

"n;t =

8>><>>:
2n�1

Pn
i=1(~ai~�it + ~�i~�itt

��) +
�
�2�;nt � �2�;nT

�
for M1,

2n�1
Pn
i=1 ~ai~�itt

�� +
�
�2�;nt � �2�;nT

�
t�2� for M2,

2n�1
Pn
i=1(~ai~�itt

�� + ~�i~�itt
����) +

�
�2�;nt � �2�;nT

�
t�2� for M3.

Let ~&it = 2~ai~�it: Then irrespective of whether �a� = 0; or �a� 6= 0; if � > 0 and � > 0 the dominant term in

"n;t is as follows:

M1 M2 M3

n�1
Pn
i=1 ~&it +

�
�2�;nt � �2�;nT

�
n�1

Pn
i=1 ~&itt

�� n�1
Pn
i=1 ~&itt

��

Using lemma 3, for M2 and M3, we have

IC =

�XT

t=1
~t2
��1XT

t=1

�
n�1

Xn

i=1
~&it

�
~tgt�� =

8>><>>:
Op
�
n�1=2T�3=2��

�
if � < 1=2;

Op

�
n�1=2T�2 [lnT ]

1=2
�

if � = 1=2;

Op
�
n�1=2T�2

�
if � > 1=2;

and then, for M1,

IC =

�XT

t=1
~t2
��1

n�1
Xn

i=1

XT

t=1
~&it~t+

�XT

t=1
~t2
��1XT

t=1
~t
�
�2�;nt � �2�;nT

�
= Op

�
n�1=2T�3=2

�
:

If � < 0 or � < 0;the order of term IC will be discussed under each case.

The Asymptotic Limit of �̂nT When � > 0; � > 0

When � > 0; � > 0;we separate the proof when �a� = 0 from that when �a� 6= 0:

(i) The Asymptotic Limit of �̂nT when �a� = 0

Recall that �t;d = bt��: Then, when �a� = 0; we have: � = 2� and b = �2� in M1; � = 2�; b = �2� in M2;

and � = min [2�; 2�] ; with b = �2� if � = 2�; and b = �2� if � = 2� in M3. We take each model in turn to

obtain the �nal results.

12



Under M1: We have

�̂nT = IA + IB + IC

=

8>>>>>>><>>>>>>>:

O
�
T�1�2�

�
+Op

�
n�1=2T�1��

�
+Op

�
n�1=2T�3=2

�
if � < 1=2;

O
�
T�2 lnT

�
+Op

�
n�1=2T�1��

�
+Op

�
n�1=2T�3=2

�
if � = 1=2;

O
�
T�2

�
+Op

�
n�1=2T�1��

�
+Op

�
n�1=2T�3=2

�
if 1=2 < � < 1;

O
�
T�2

�
+Op

�
n�1=2T�2 lnT

�
+Op

�
n�1=2T�3=2

�
if � = 1;

O
�
T�2

�
+Op

�
n�1=2T�2

�
+Op

�
n�1=2T�3=2

�
if � > 1;

=

8>><>>:
O
�
T�1�2�

�
+Op

�
n�1=2T�1��

�
if � < 1=2;

O
�
T�2 lnT

�
+Op

�
n�1=2T�3=2

�
if � = 1=2;

O
�
T�2

�
+Op

�
n�1=2T�3=2

�
if � > 1=2:

(23)

So IA dominates IB when n=T !1:

Under M2 For M2, IA always dominates IB as discussed above. Then

�̂nT = (IA + IC) f1 + o (1)g

=

8>><>>:
O
�
T�1�2�

�
+Op

�
n�1=2T�3=2��

�
if � < 1=2;

O
�
T�2 lnT

�
+Op

�
n�1=2T�2 [lnT ]

1=2
�

if � = 1=2;

O
�
T�2

�
+Op

�
n�1=2T�2

�
if � > 1=2;

(24)

so that IA dominates IC :

Under M3 We have

IA = O
�
T�3

�
� TT (1; �) =

8>><>>:
O
�
T�1��

�
if � < 1;

O
�
T�2 lnT

�
if � = 1;

O
�
T�2

�
if � > 1;

with � = min [2�; 2�] ;

IB = Op

�
n�1=2T�3

�
TT (1; ��) , with �� = min [�; 2�] ;

=

8>><>>:
Op
�
n�1=2T�1��

��
if �� < 1;

Op
�
n�1=2T�2 lnT

�
if �� = 1;

Op
�
n�1=2T�2

�
if �� > 1;

IC =

8>><>>:
Op
�
n�1=2T�3=2��

�
if � < 1=2;

Op

�
n�1=2T�2 [lnT ]

1=2
�

if � = 1=2;

Op
�
n�1=2T�2

�
if � > 1=2:

We need to consider the following two subcases.
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Case 1: (� � �) Combining all the three terms, we have the following.

�̂nT = IA + IB + IC

=

8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:

O
�
T�1�2�

�
+Op

�
n�1=2T�1��

�
+Op

�
n�1=2T�3=2��

�
if � � � < 1=2;

O
�
T�1�2�

�
+Op

�
n�1=2T�1��

�
+Op

�
n�1=2T�2 [lnT ]

1=2
�

if � < � = 1=2;

O
�
T�2 lnT

�
+Op

�
n�1=2T�1��

�
+Op

�
n�1=2T�2 [lnT ]

1=2
�

if � = � = 1=2;

O
�
T�2 lnT

�
+Op

�
n�1=2T�1��

�
+Op

�
n�1=2T�2

�
if 1=2 = � < �;

O
�
T�2 lnT

�
+Op

�
n�1=2T�1��

�
+Op

�
n�1=2T�2 [lnT ]

1=2
�

if 1=2 = � = �;

O
�
T�2

�
+Op

�
n�1=2T�2

�
+Op

�
n�1=2T�2

�
if 1 < � � �;

O
�
T�2

�
+Op

�
n�1=2T�1��

�
+Op

�
n�1=2T�2

�
if 1=2 < � < 1 � �;

O
�
T�2

�
+Op

�
n�1=2T�2 lnT

�
+Op

�
n�1=2T�2

�
if 1 = � � �;

O
�
T�1�2�

�
+Op

�
n�1=2T�1��

�
+Op

�
n�1=2T�2

�
if � < 1=2 < �;

=

8>>>>>>><>>>>>>>:

O
�
T�1�2�

�
+Op

�
n�1=2T�1��

�
if � < 1=2;

O
�
T�2 lnT

�
+Op

�
n�1=2T�1��

�
if � = 1=2;

O
�
T�2

�
+Op

�
n�1=2T�1��

�
if 1=2 < � < 1;

O
�
T�2

�
+Op

�
n�1=2T�2 lnT

�
if � = 1;

O
�
T�2

�
+Op

�
n�1=2T�2

�
if � > 1;

(25)

so that IA dominates IB and IC when n=T !1:

Case 2: (� > �) When �a� = 0 and � > �; IA always dominates IC : When 2� � �;

�̂nT = IA + IB

=

8>><>>:
O
�
T�1�2�

�
+Op

�
n�1=2T�3=2��

�
if � < 1=2;

O
�
T�2 lnT

�
+Op

�
n�1=2T�2 [lnT ]

1=2
�

if � = 1=2;

O
�
T�2

�
+Op

�
n�1=2T�2

�
if � > 1=2:

If 2� > � > �; we have

�̂nT = IA + IB

=

8>>>>>>><>>>>>>>:

O
�
T�1�2�

�
+Op

�
n�1=2T�1��

�
if � < 2� < 1;

O
�
T�2 lnT

�
+Op

�
n�1=2T�1��

�
if � < 2� = 1;

O
�
T�2

�
+Op

�
n�1=2T�1��

�
if � < 1 < 2�;

O
�
T�2

�
+Op

�
n�1=2T�2 lnT

�
if � = 1 < 2�;

O
�
T�2

�
+Op

�
n�1=2T�2

�
if 1 < � < 2�;

(26)

so that IA dominates IB when n=T !1:

(ii) The Asymptotic Limit of �̂nT when �a� 6= 0

When �a� 6= 0;and �; � > 0; we have: � = � and b = �a� for M1; � = 2� and b = �2� for M2; � = min [�; 2�]

for M3, with b = �a� if � = �; and b = �2� if � = 2� for M3. When b = �a�; the sign of IA is consonant with

that of �b: Hence, when �a� > 0; IA is negative, and when �a� < 0; IA is positive.
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Under M1 �̂nT can be written as

�̂nT = (IA + IC) f1 + op (1)g

=

8>><>>:
O
�
T�1��

�
+Op

�
n�1=2T�3=2

�
if � < 1;

O
�
T�2 lnT

�
+Op

�
n�1=2T�3=2

�
if � = 1;

O
�
T�2

�
+Op

�
n�1=2T�3=2

�
if � > 1;

(27)

so that if � < 0:5; then IA dominates IC for any n. Otherwise, IA dominates IC when n=T !1:

Under M2 For M2, the behavior of �̂nT when �a� 6= 0 is the same as when �a� = 0:

Under M3 When �a� 6= 0; we have

IA =

(
O
�
T�3TT (1; �)

�
if � � 2�;

O
�
T�3TT (1; 2�)

�
if � > 2�;

where TT (1; �) =
PT
t=1

~tgt�� =PT
t=1 t

�(��1) �
�
T+1
2

�PT
t=1 t

�� is de�ned in the proof of Lemma 2.

From the analysis above, the term IC has the following order

IC =

8>><>>:
Op
�
n�1=2T�3=2��

�
if � < 1=2;

Op

�
n�1=2T�2 [lnT ]

1=2
�

if � = 1=2;

Op
�
n�1=2T�2

�
if � > 1=2:

Case 1: ( � � 2�) When �a� 6= 0 and � � 2�;

�̂nT = fIA + ICg f1 + o (1)g

=

8>>>>>>>>>>>>><>>>>>>>>>>>>>:

O
�
T�1��

�
+Op

�
n�1=2T�3=2��

�
if � � 2� < 1;

O
�
T�1��

�
+Op

�
n�1=2T�2 [lnT ]

1=2
�

if � < 2� = 1;

O
�
T�2 lnT

�
+Op

�
n�1=2T�2 [lnT ]

1=2
�

if � = 2� = 1;

O
�
T�2 lnT

�
+Op

�
n�1=2T�2

�
if 1 = � < 2�;

O
�
T�2 lnT

�
+Op

�
n�1=2T�2 [lnT ]

1=2
�

if 1 = � = 2�;

O
�
T�2

�
+Op

�
n�1=2T�2

�
if 1 < � � 2�;

O
�
T�1��

�
+Op

�
n�1=2T�2

�
if � < 1 < 2�;

=

8>><>>:
O
�
T�1��

�
if � < 1;

O
�
T�2 lnT

�
if � = 1;

O
�
T�2

�
if � > 1:

(28)

Note that since O
�
T�1��+3=2+�

�
= O

�
T��+1=2+�

�
> O

�
T�2�+1=2+�

�
when � � 2�; the �rst term domi-

nates the second term.
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Case 2: (� > 2�) When �a� 6= 0 and � > 2�;

�̂nT = IA + IC

=

8>><>>:
O
�
T�1�2�

�
+Op

�
n�1=2T�3=2��

�
if � < 1=2;

O
�
T�2 lnT

�
+Op

�
n�1=2T�2 [lnT ]

1=2
�

if � = 1=2;

O
�
T�2

�
+Op

�
n�1=2T�2

�
if � > 1=2:

(29)

The �rst term always dominates the second term.

The Asymptotic Limit of �̂nT When � < 0 or � < 0

Recall the OLS estimate is decomposed in the form

�̂nT =
XT

t=1
atT ~�t +

XT

t=1
atT~�n;t +

XT

t=1
atT~"n;t =: IA + IB + IC :

Note that when � < 0 or � < 0; we have: � = 2� and b = �2� in M1; � = 2� and b = �2� in M2;

� = min (2�; 2�) in M3. As shown above, IA always dominates IB since IB = Op
�
n�1=2

�
IA:Using Lemma

2, we have

IA = �b
�

6�T�1��

(2� �) (1� �)

��
1 +O

�
T�1

�	
:

Note the sign of IA is positive when � < 0 or � < 0.

Under Model M1 and M2:

First, we consider the term IC : If � < 0 (for M1) or � < 0 (for M2), the dominating term in "nt is

2n�1
Pn
i=1 ~�i~�itt

�� in M1 and
�
�2�;nt � �2�;nT

�
t�2� in M2. By using lemma 3, we have

IC =

�XT

t=1
~t2
��1XT

t=1
~t"nt

=

8<: Op

�
n�1=2T�2 [�T (2�)]

1=2
�

for M1,

Op

�
n�1=2T�2 [�T (4�)]

1=2
�

for M2.

Combining the two parts we have

�̂nT = IA + IC

=

(
O
�
T�1�2�

�
+Op

�
n�1=2T�3=2��

�
for M1,

O
�
T�1�2�

�
+Op

�
n�1=2T�3=2�2�

�
for M2.

Thus, IA dominates IC for M1 and M2.

Under Model M3

We proceed case by case as follows.
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Case 1: (� < 0 and � > 0) If � < 0 but � > 0; the dominating term is �2�t
�2� in �t and is

2n�1
Pn
i=1 ~�i~�itt

���� in "nt: Then IA =
�PT

t=1
~t2
��1PT

t=1
~t~�t = O

�
T�1�2�

�
and

IC =

�XT

t=1
~t2
��1XT

t=1
~t~"nt = Op

�
n�1=2T�2 [�T (2�+ 2�)]

1=2
�
:

Note from Lemma 1 that �T (2�+ 2�) reaches the largest order of O
�
T 1�2��2�

�
when �+ � < 1=2. Even

at this case, IC = Op
�
n�1=2T�3=2����

�
;and is still dominated by IA:Hence, we have

�̂nT = O
�
T�1�2�

�
+Op

�
n�1=2T�2 [�T (2�+ 2�)]

1=2
�
= O

�
T�1�2�

�
:

Case 2: (� > 0 and � < 0) If � > 0 and � < 0; the dominating term is �2� t
�2� in �t; and is�

�2�;nt � �2�;nT
�
t�2� in "nt: Then IA = O

�
T�1�2�

�
and IC = Op

�
n�1=2T�2 [�T (4�)]

1=2
�
: Hence we have

�̂nT = O
�
T�1�2�

�
+Op

�
n�1=2T�2 [�T (4�)]

1=2
�

= O
�
T�1�2�

�
+Op

�
n�1=2T�3=2�2�

�
= O

�
T�1�2�

�
:

Case 3: (� < 0 and � < 0) If � < 0 and � < 0;the dominating terms are �2�t
�2� + �2� t

�2� in �t; and

2n�1
Pn
i=1 ~�i~�itt

���� +
�
�2�;nt � �2�;nT

�
t�2� in "nt: Then we have

�̂nT = O
�
T�3

� �
�2�TT (1; 2�) + �2�TT (1; 2�)

�
+Op

�
n�1=2T�2 [�T (2�+ 2�)]

1=2
�

+Op

�
n�1=2T�2 [�T (4�)]

1=2
�

= O
�
T�1�2�

�
;

where � = min (�; �) :

The Asymptotic Limit of �̂nT When � = � = 0

This case is covered by standard theory and the proof is omitted.

�

Proof of Theorem 2: (t-ratio of �̂nT )

The proof under � = � = 0 is standard and is omitted.

(i) The Asymptotic Limit of t�̂nT when � > 0; � > 0

The asymptotic behavior of the t-ratio is determined by the three component factors of

t�̂nT
= �̂nT

�XT

t=1
~t2
�1=2

=
q

2M:

The behavior of �̂nT is described above in (23) - (29), and
PT
t=1

~t2 = 1
12T

3
�
1 +O

�
T�1

�	
: The behavior of

the long run variance estimate 
2M is obtained as follows. As in the proof of Theorem 1, it is convenient to

use the following speci�cations of � for each model.
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Model speci�cations of �

� M1: � = � (or 2�) when �a� 6= 0 (respectively, �a� = 0) ;

� M2: � = 2�;

� M3: � = min [�; 2�] (or min [2�; 2�]) when �a� 6= 0 (respectively, �a� = 0).

We write fMnt = ~mt +Rnt; where the deterministic part is ~mt =gt�� � ~t�PT
t=1

~tgt����PT
t=1

~t2
��1

and

the random part is Rnt = ~�n;t� ~t (IB + IC). Note that as n=T !1; Rnt = op ( ~mt) uniformly in t � T: The

regression residual is given by

ût = gKx
nt � �̂nT ~t =

�
~�n;t � �̂nT ~t

�
+ ~"nt =: ~Mnt + ~"nt:

We decompose 
̂2u; the long run variance estimate with lag truncation parameter L and Bartlett lag kernel

#`L; as follows


̂2u =
1

T

XT

t=1
û2t + 2

1

T

XL

`=1
#`L

XT�`

t=1
ûtût+`

=
1

T

XT

t=1

�
~Mnt + ~"nt

�2
+ 2

1

T

XL

`=1
#`L

XT�`

t=1

�
~Mnt + ~"nt

��
~Mnt+` + ~"nt+`

�
=

1

T

XT

t=1
~M2
nt + 2

1

T

XL

`=1
#`L

XT�`

t=1
~Mnt

~Mnt+`

+
1

T

XT

t=1
~"2nt + 2

1

T

XL

`=1
#`L

XT�`

t=1
~"nt~"nt+`

+2
1

T

XT

t=1
~Mnt~"nt + 2

1

T

XL

`=1
#`L

XT�`

t=1

�
~Mnt~"nt+` + ~"nt ~Mnt+`

�
: = 
̂2M + 
̂2" + 2
̂M";

where


̂2M =
1

T

XT

t=1
~M2
nt +

2

T

XL

`=1

XT�`

t=1

�
1� `

T� + 1

�
~Mnt

~Mnt+`; (30)


2M =
1

T

XT

t=1
~m2
t +

2

T

XL

`=1

XT�`

t=1

�
1� `

T� + 1

�
~mt ~mt+`: (31)

Note that


̂2M =
1

T

XT

t=1
~M2
nt +

2

T

XL

`=1

XT�`

t=1

�
1� `

T� + 1

�
~Mnt

~Mnt+`

=
1

T

XT

t=1
( ~mt +Rnt)

2
+
2

T

XL

`=1

XT�`

t=1

�
1� `

T� + 1

�
( ~mt +Rnt) ( ~mt+` +Rnt+`)

=
1

T

XT

t=1
~m2
t +

2

T

XL

`=1

XT�`

t=1

�
1� `

T� + 1

�
~mt ~mt+`

+
1

T

XT

t=1
R2nt +

2

T

XL

`=1

XT�`

t=1

�
1� `

T� + 1

�
RntRnt+`

+2
1

T

XT

t=1
~mtRnt +

2

T

XL

`=1

XT�`

t=1

�
1� `

T� + 1

�
( ~mtRnt+` +Rnt ~mt+`)

We have shown that Rnt = op ( ~mt) uniformly in t � T: It follows that 
̂2M = 
2M + op
�

2M

�
; which we

write as 
̂2M � 
2M:
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From Lemma 4, we know that


2M �

8>>>>>>>>>>><>>>>>>>>>>>:

�2(�+1)2

(1�2�)(�2�3�+2)2 b
2T�2�+� if � < 1=2;

b2T�1+� lnT if � = 1=2;

b2T�1+�� (2�) if 1=2 < � < 1= (1 + �) ;
1

(1� �)2 (2� �)
b2T��+���� if 1= (1 + �) � � < 1;

�2

2 b
2T�1 ln2 T +O

�
T�2 lnT

�
if � = 1;

T�1b2
�P1

t=1 t
��� (�; `)� � (2�)

	
if � > 1:

Recall that

"n;t =

8>><>>:
2n�1

Pn
i=1 ~ai~�it + 2n

�1Pn
i=1 ~�i~�itt

�� +
�
�2�;nt � �2�;nT

�
for M1,

2n�1
Pn
i=1 ~ai~�itt

�� +
�
�2�;nt � �2�;nT

�
t�2� for M2,

2n�1
Pn
i=1 ~ai~�itt

�� + 2n�1
Pn
i=1 ~�i~�itt

���� +
�
�2�;nt � �2�;nT

�
t�2� for M3.

For �xed t; "n;t = Op
�
n�1=2

�
: When � > 0 and � > 0; the dominant term in "n;t is 2n�1

Pn
i=1 ~ai~�it for M1

and 2n�1
Pn
i=1 ~ai~�itt

�� for M2 and M3. From Lemma 3, we have


̂2" =
1

T

XT

t=1
~"2nt + 2

1

T

XL

`=1
#`L

XT�`

t=1
~"nt~"nt+`

=

(
Op
�
n�1T�1S (�)

�
in M2 & M3,

Op
�
n�1

�
in M1.

Comparing 
̂2M and 
̂2"; it is evident that the order of 
̂
2
M exceeds that of 
̂2" as long as n=T ! 1: Next,

consider 
̂m": By Cauchy-Schwarz, 
̂m" is bounded above as

1

T

XT

t=1
~Mnt~"nt �

�
1

T

XT

t=1
~M2
nt

�1=2�
1

T

XT

t=1
~"2nt

�1=2
= op

�
1

T

XT

t=1
~M2
nt

�
;

since 1
T

PT
t=1 ~"

2
nt = op

�
1
T

PT
t=1

~M2
nt

�
.

Combining these results, we �nd that


̂2u = 
̂
2
M + 
̂2" + 2
̂M" s 
̂2M s 
2M; (32)

and therefore


̂2u =

8>>>>>>>>>>><>>>>>>>>>>>:

�2(�+1)2

(1�2�)(�2�3�+2)2 b
2T�2�+� if � < 1=2;

b2T�1+� lnT if � = 1=2;

b2T�1+�� (2�) if 1=2 < � < 1= (1 + �) ;
1

(1� �)2 (2� �)
b2T��+���� if 1= (1 + �) � � < 1;

�2

2 b
2T�1 ln2 T +O

�
T�2 lnT

�
if � = 1;

T�1b2
�P1

t=1 t
��� (�; `)� � (2�)

	
if � > 1:

(33)

Using (32), the t ratio t�̂nT has the same asymptotic form as

t�̂nT
s

�̂nT
�P

~t2
�1=2q


̂2M + 
̂2" + 2
̂M"

s
�̂nT

�P
~t2
�1=2p


2M
;
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where 
2M is deterministic. Therefore, using (33) as n=T !1 with � = 1=3 and a �nite �; the asymptotic

behavior of the t-ratio in all models can be represented as follows:

t�̂nT
=

8>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>:

�
p
3 (1� 2�)1=2

(�+ 1)
T 1=2��=2 = (�1)�O

�
T 1=2��=2

�
! �1 if � < 1=2;

� 2
3

p
3T 1=2��=2 (lnT )

�1=2
= (�1)�O

�
T 1=2��=2 (lnT )

�1=2
�
! �1 if � = 1=2;

�
p
3�

(�� 2) (�� 1) (� (2�))
�1=2

T 1����=2 = (�1)�O
�
T 1����=2

�
! �1 if 1=2 < � < 1= (1 + �) ;

�
p
3�

(2� �)1=2
T (1��)(1��)=2 = (�1)�O

�
T (1��)(1��)=2

�
= �1 if 1= (1 + �) � � < 1;

�6bT�2 lnT
�
1
12T

3
�1=2�

�2

2
b2T�1 ln2 T

�1=2 = �3
p
6 if � = 1;

�6bT�2� (�)
�
1
12T

3
�1=2

(T�1b2 f
P1
t=1 t

��� (�; t)g)1=2
=

�� (�)
p
3

(
P1
t=1 t

��� (�; t))
1=2

> �
p
3 if � > 1:

(34)

Note that with � = 1=3; we have 1 � � � �=2 > 0 as long as 1=2 < � < 1= (1 + �) : The last inequality in

(34) is obtained by noting that when t > 1; � (�; t) < � (�) and henceX1

t=1
t��� (�; t) <

X1

t=1
t��

X1

s=1

1

s�
= � (�)

2
;

giving
� (�)

(
P1
t=1 t

��� (�; t))
1=2

> 1 for all � > 1:

Moreover, when �!1 we have

lim
�!1

nX1

t=1
t��� (�; t)� � (2�)

o
= lim

�!1

(X1

t=1

X1

s=0

1

t� (t+ s)
�
�
X1

t=1

1

t2�

)

= lim
�!1

(X1

t=1

X1

s=1

1

t� (t+ s)
�

)
= 0:

Then, as �!1 we have

lim
�!1

t�̂nT
= � lim

�!1

� (�)
p
3

(
P1
t=1 t

��� (�; t))
1=2

= � lim
�!1

� (�)
p
3

� (2�)
1=2

= �
p
3;

giving a sharp result for the t-ratio for large �:

On the other hand, as �! 0; the t-ratio has the following limit

lim
�!+0

t�̂nT
= lim
�!+0

�
p
3 (1� 2�)1=2

(�+ 1)
T 1=2��=2 = �

p
3T 1=2��=2 ! �1 as T !1:

(ii) The Asymptotic Limit of t�̂nT when � < 0 or � < 0

Recall the representation

~Mnt = b

"gt�� � ~t�XT

t=1
~t2
��1XT

t=1
~tgt��#+Rnt = b ~mt +Rnt; (35)
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where � = 2� for M1, � = 2� for M2, and � = min [2�; 2�] for M3. The factor b in (35) is positive since

b = �2� or �
2
�: Then we have

1

T

XT

t=1
~m2
t = b2B (�) = Op

�
T�2�

�
;

since from Lemma 2, B (�) = O
�
T�2�

�
when � < 0. Note also that when � < 0;

	`;11 =
XT�`

t=1

�
t2 + t`

���
=
XT�`

t=1
t�� (t+ `)

��
<
XT�`

t=1
(t+ `)

�2� s
T 1�2�

1� 2�
Then

1

T

XL

`=1

�
1� `

L+ 1

�
	`;11 <

T�2�L

1� 2� = O
�
T�2�+�

�
:

This implies from lemma 4 that

1

T

XL

`=1

XT�`

t=1

�
1� `

L+ 1

�
~mt ~mt+` = O

�
T�2�+�

�
:

The order of 
2M is at least Op
�
T�2�

�
and is less than O

�
T�2�+�

�
;where � = 2� for M1, � = 2� for M2,

and � = min [2�; 2�] for M3. From Lemma 3, we have


̂2" =

8>><>>:
Op
�
n�1T�1S (�)

�
= Op

�
n�1T�2�

�
in M1,

Op
�
n�1T�1S (2�)

�
= Op

�
n�1T�4�

�
in M2,

max
�
Op
�
n�1T�2(�+�)

�
; Op

�
n�1T�4�

��
in M3.

Hence, 
̂2M dominates 
̂2":And 
̂
2
M also dominates 
̂m" since

1

T

XT

t=1
~Mnt~"nt �

�
1

T

XT

t=1
~M2
nt

�1=2�
1

T

XT

t=1
~"2nt

�1=2
= op

�
1

T

XT

t=1
~M2
nt

�
;

Hence the long run variance has the following order


̂2u = O
�
T�2�+�

�
:

Then

t�̂nT
=
�̂nT

qPT
t=1

~t2q

̂2u

=
O
�
T�1��

�
O
�
T�=2��

�O �T 3=2� = O
�
T 1=2��=2

�
:

In this event, t�̂nT ! +1 as n; T !1; since the sign of t�̂nT is consistent with �̂nT which is positive when
� < 0:

Power Trend Regression

We explore the impact on Theorem 1 of using a power trend regression of the form (34) in KPS in place of

a linear trend regression. In (34) in KPS the empirical regression involves the power trend regressor t for

some given power parameter  > 0: Direct calculations extending the results in Theorem 1 show that the

asymptotic behavior of the regression coe¢ cient �̂nT in this case is as follows:

�̂nT =

8>><>>:
Op
�
T� ��

�
if 0 < � < 1;

Op
�
T�1� lnT

�
if � = 1;

Op
�
T�1� 

�
if � > 1:

(36)
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rather than �̂nT = Op (OT�) ; where � in (36) is as given in Theorem 1. Upon calculation, we �nd that XT

t=1

�
t � 1

T

XT

t=1
t 
�2!�1XT

t=1

�
t � 1

T

XT

t=1
t 
�
"n;t = Op

�
n�1=2T�1=2� 

�
;

and then

n1=2T 1=2+ �̂nT =

8>><>>:
O
�
n1=2T 1=2��

�
if 0 < � < 1;

O
�
n1=2T�1=2 lnT

�
if � = 1;

O
�
n1=2T�1=2

�
if � > 1:

Hence divergence of the scaled statistic n1=2T 1=2+ �̂nT requires n=T !1 regardless of the value of  : Thus

using a power trend regression with regressor t instead of a simple linear trend does not lead to di¤erent

requirements regarding (n; T ) :

Additional Numerical Calculations

We extend the numerical calculations given in Section 5 of the paper for model M1 by conducting related

computations for models M2 and M3. As either n or � increases, the variance of en;t shrinks to zero for

given T , so that the t-ratio diverges to a negative in�nity under the alternative as n ! 1 with a �xed �,

or approaches the limit value of �
p
3 given in Theorem 2 as � ! 1: We �rst investigate the �nite sample

behavior of the t-ratio for given n and T: Figure S1 plots the empirical density functions of the t-ratio with

various � values in M2. We set n = 100; T = 200; �2a = 1; and �it � iidN (0; 1) : As � decreases, the variance

of the t ratio increases and the mean of the distribution moves to the left. Even for moderately large n and

T; the entire empirical distribution of the t-ratio still lies in the left side of the critical value, �1:65; with
for � = 2: As � passes to in�nity, the empirical distribution collapses to a mass point at �

p
3 = �1:73:

For � = 0:5; xit is convergent, the trend regression test is consistent, and its strong discriminatory power is
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evident in the density shown in Figure S1.
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Figure S1: Empirical distribution of t�̂nT in M2

T = 200; n = 100; �2a = 1; �it � iidN (0; 1) ; � = 1=3
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Figure S2: Rejection Frequencies plotted against � in Model M2

for a 5% level test with �2a = 1; �
2
� = 4.

Figure S2 displays the rapid changes in the power function of a 5% level test near � = 0 as n and

T increase with T = n: As Theorem 2 indicates, no asymptotic n=T ratio condition is required for test

consistency in this case. Evidently, as sample size increases, the rapid movement in the power function near

� = 0 becomes more accentuated. The power function is unity outside a small neighborhood of � = 0 even

for n = T = 25 because the empirical distribution of the t-ratio is well separated from the test critical value

of �1:65:
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Figure S3: The Rejection Frequencies with

the critical value of �
p
3 over � = 2� in Model 2 (�2a = 1; �

2
� = 2)

Since Figure S2 reports the rejection probability for the 5% level test with critical value of �1:65; which
exceeds �

p
3; this �gure does not reveal the relationship of the density function of the t-ratio to the limit

value �
p
3: To explore this issue, we set the critical value of the test to �

p
3 and plot the associated rejection

frequencies in Figure S3. When n; T is small, some portion of the t-ratio is in fact larger than �
p
3 so that

in that case the rejection frequency is less than unity. However as n increases, the power function reaches

unity rapidly, thereby indicating that the asympotic theory holds well in �nite samples.
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Figure S4: Test Rejection Frequencies in Model M3 (� = 2� � 0:1; �2a = 8; �a� = 0; �2" = �2� = 1)
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Finally, we consider model M3. As shown in Theorems 1 and 2, when either 2� > � > � or � � � < 1

the n=T ratio matters in the limit theory and we explore �nite sample performance in this case, setting

� = 2� � 0:1; �2a = 8 and �xing T = 50 for all values of n. Figure S4 displays the power of the test for

various values of �. The power functions are seen in the �gure to have a mild U�shape and minimum power

is found around � = 1. When � > 1 power increases as � increases. It is also apparent from Figure S4 that

as n increases with T �xed, the n=T ratio increases and test power approaches unity around � = 1:

Approximation accuracy of (13) for G (T; �)

We can assess the adequacy of the approximation (13) in a graphical demonstration by using the determin-

istic DGP in (35) in KPS to characterize the large T behavior of G (T; �) = 1
T

PL
`=1

PT�`
t=1

�
1� `

L+1

�
~mt ~mt+`

when � < 1. We let � = 1=3 and compute the ratio
G(10k;�)
G(106;�) for various values of � and k = 3; 4; 5: The plots

are shown in Figure S5. Evidently, the ratios exceed unity for large � but rapidly decrease as � decreases.

The threshold value of � for G (T; �) to decay as T ! 1 is � > �=2 = 1=6 ' 0:167 for � = 1=3; which is

evidently well-matched in the �gure, corroborating the limit behavior G (T; �) = O
�
T��+����

�
& 0 given

in (13).
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Figure S5: Approximation Accuracy of (13) for G (T; �)
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