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L =R

I = (1-R)

I = I implies R = 3=/5 = 0.3820
n=101H+I = 76.4% '
I3 = (1-R%*R = 0.144




Design and Analysis
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Decoupled (Random Interference) Analysis

I = Ry
I = (l — R1)2R2
Is=(1—-Ry)%*Q1 — Ry)%R3

n—1
In=Rn [] (1 - Ry)
1=1

ifweletly =l =l3=... =Iy then we may derive the polynomials,

R,—1=0
R2 | —3R,_1+1=0
R} 5—TR> 5+ 13R2 o —TRp_9+1=0
1,-15, +83, —220, 4303, —220, +83, —15, +1
1,-31,+413,—3141, +15261, —50187, +-115410, — 189036, +222621...

Alternatively we can build up a solution by,

2R; + 1 2R, +1\?2
R = _ 1
Y \/( 2R; ) |




Analysis Including Interference and Echo Pulses

L =R
I=(1- R1)2R2
I3 =(1- R1)2 [(1 — R2)2R3 + Rle]

li= (1 - R(1 — Ro*{ [(1 - Ra)’Ra £ 2R RoRs & RoR))| £ IR}
h=b=Ilg3=. .. =1l

Comparison of designed reflectivities for
optical rattlers which produce four bit codes.

Interference |R1 R2 R3 R4 Efficiency
constructive | 0.1684 0.2434 0.4078 1.0 0.673
none 0.1605 0.2278 0.3820 1.0 0.642
destructive | 0.1574 0.2216 0.3530 1.0 0.629

Comparison of output intensities for optical rattlers which produce four bit codes.

Interference I1 12 I3 I4 I5 I6 I7

constructive 0.1684 0.1684 0.1684 0.1684 0.1056 10.0763 }0.0452
none 0.1605 0.1605 0.1605 0.1605 0.1097 10.0760 ]0.0452
destructive 0.1574 0.1574 0.1574 0.1574 0.1117 ]0.0756 |0.0455




Component reflectivities and efficiencies
for up to an eight mirror filter

RO |R1 |R2 |R3 (R4 [R5 |R6 [R7 [y
1.0 | 1

0.76
0.70
0.67
1.0 0.66
0.418 [ 1.0 0.66
0.2610.431 | 1.0 0.64
0.185]0.262 ] 0.456 | 1.0 [0.64

N
1
2
3
4
5
6
7
8

Individual components of each intensity equation:

el — 5
o ly — 14
o ls — 42
.« lg — 126
. l; — 400
Drawbacks

 Cumbersome

* Cannot analyze filters — only design




Coded puise trains — component reﬂectivities and efficiencies

Calculated Response

Specified —Fg; rs
Waveform '

Pulse Burst 0.1684

{a’a’aya}

Pulse Code 0.2278 1 0.0000 | 0.3820
{a,0,a,a}

Sawtooth 0.0699

{a,2a,3a,4a}

000 |0.0699 0.1398 0.2096 0,

{0.1684 0.1684 0.1684 0.1
10.0327... }

684 0.1056 0.0713 0.0484

{0.2278 0.0000 0.2275 0,
10.0309 ...}

2278 0.1068 0.0729 0.0494

2795 0.1296 0.0738 0.0425

M

2x

3Ix

4x 0.1095 » 1.000 —_

5x 0.0763 0.2192 0.3906 1.000 — — —
6x 0.0565 0.1478 0.2281 0.3972 1.600 — —
7x 0.0437 0.1086 0.1557 0.2344 0.4021 1.000 —
8x 0.0350 0.0841 0.1156 0.1614 0.2392 0.4060 1.000
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Signal filtering — integration: step to ramp
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' Data — pulse train multipliers

Input pulse train

)

o
o)
1

o
o)
I

Intensity (Dimensionless
o
N
|
|

o
V)
I
|

WMW““.W

5 10 15 20
Time (nsec) |

4

o



imensionless)

Intensity (D

{s
z
£

4X multiplication

o
00
I

o
o))
I

o
n
|

.

10
Time (nsec)

-




) o

o
o

Intensity (Dimensionless

o

o
)
1

o
n
1

8X multiplication

)]
f—

€
L
&

YN

o
)]

- 10
Time (nsec)

15

20



Other Configurations:
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Analysis of the Fabry-Perot Etalon, Revisited

Equations of state:
CEr(2) =t1pr12 22 A(z) + ro1 Ei(2)
A(z) =1y Ez(z) + 710712 272 A(Z)

Ei(z) = t192~ lA(z)

Eliminating A(z)

toitig 271
E — B :
He) = Bie) [1 - 7’107"122"2]

o toitig T1g 272
Br(2) = Ba)[ro + {012 2

or in rational form

Er(2)  ro1+ rigz 2

Ei(z) 1 —rygrigz—2




Region of convergence

|Z| > 4/T10712

Difference equations

y[n] — rior12 y[n — 2] = tort12 z[n — 1]

y[n] — riori2 y[n — 2] = ro1z[n] — ri2 z[n — 2]

Cascade form

H(s) = o1 (1 —_ \/%12:2"1) (1 + \/%z_l)

(1-roriz 271 (1 + /rior122~1)

Parallel form

1| ro1 -+ %(2) 21 01 — 712 ,—1

H(z)== + mo
2|11 —rigrizz~ ! 14 /roriz 2t
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Three Mirror Etalon

Equations of state:

Er(2) = ro1Ei(2) + ti0z " R1(2)
Ti(2) = to1Ei(2) + r102 " Ry(2)
Ry(2) = 11227 T1(2) + tg12" Ry (2)
To(z) = tlgz"lTl(z) + r21z_1R2(z)
Ry(2) = ro3z™ ' Ty(2)

Eyz) = t23z—1T2(z)

or in summary,
T(2) = th-162" Th-1(2) + ri 12" "B (2)

Rp(2) = rg 12 " Ti(2) + tpy1 42 1Ry y1(2)



Cramer’'s Rule

—r01Ei(2) = —E(2) + t1027 *R1(2)
—to1Ei(z) = —T1(2) + r10z 'Ry (2)
0 = 1227 T (2) — R1(2) + ta12 1Ry (2)
0= tlgz"lTl(z) — To(2) + 19127 Ry (2)
0 = rog32 1Ty(2) — Ra(2)

0= t232“1T2(z) — Ey(z)

in matrix form

Y = MyX

where

Y = {-ro1E;, —t01E;,0,0,0,0}

X = {E;,T1, R1,T2, Ry, E;}



and
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the transfer functions:

Continued fraction form:

Bi(2) _ toi1t1ota32 2
Ei(2) (1 - rarrpsa-?) [1 — rigrigz—2 — Hgululag 2_4]

1—7'21'!'232:"2

' : —2 | tortiotartioTonz ™t
Er(2) tortiorize ™" 4 SR T —
5 =Tt

Ei(z)

_ —9 _ Tigtiotayrozz?
[1 T10712%2 g ———

Rational form:

By(z) _ to1tiotsz 2
Ei(z) 1= (rior12 + r21793)2 =2 — r1grozz %

E(z) _ [ro1+ (r12 — roirairas)z ™2 + rozz ™
Ei(z) 1= (rior12+r21793)2 72 — r1grogz—4
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Location of the resonance peaks

|T(w)| =
to1t1atas

\/1 + (r10712 + T21723)° + r2er2s — 2(r1oT12 + ra17as)(1 — F1o7as) cos (2w) — 211073 cos (4w)

Differentiate
O|T(w .
| afd )l =0 = —4sin (Zw)[—(rlorlz -+ r217-23)(1 — 1r10793) — 4719723 cOs (2w)]
or
Wiy = -1-arccos —(r1or12 + r21723) (1 — r19723)
2 4r10723

or, for a single resonance peak

(r10712 + ro1re3)(1 — rigra3) = —4riras

10
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State variable description

Tiln + 1] = tg_1 g Tp—1n] + rg k-1 R[]

Rg[n + 1] = v g 1T[n] + tp41 g Ri+1(n]

or in matrix form

v[n + 1] = Fv[n] + gx[n]

with
0 ro O 0 0 0
ri2 0 0 togy O 0
F _tiz 0 0 71 O 0
10 0 ri3 00 i3
0 0 tg 0O 0 73
0 0 0 0 rg4 O
and

q= {t01’ 07 07 07 07 O}

x = {E;}

v[n] = {T1, R1, T, R2, T3, R3}

12



output equations

Er = ro1E; +t10R)

E; = t34T3

or, in matrix form,
y[n] = g*v[n] + dx[n]

y= {E’l'7 Et}

+_ |0 tp 0O 0 0 O
B T10 0 t 0 0 0

d = {ro1, 0}

13
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Relationship to 2x2 Scattering Matrices

Let us rewrite the recursion relations,
1

Tk 1kz '
Ti41(2) = T Bk
k+1k
and .
z? k+1k _1
R i(2) = z) — 2T (2)

'k
Tket1,k ,tk+1,k
Or, in matrix form,

{Tlfﬂ(z)] __Z [ . —Tk+1,k] [Tk(z)]
Rp1(2) bkt 1,k ~Tky1k? 1 Ry (2)
1 -
A 22 Tk(z):l
= ®
thre TR RY(2)
This relation holds for all layers k except for the zeroth layer where,
[Tl(z)] [ 1 —ro] [To(z)] A -—1-—@10[%(2)]
Ri()] tipl-mo0 1 [[Ry(2)| tio [ Ry(2)
so that, by induction, ‘
T11(2) ] 2 [To(z) ]
=& Py .. P -
[R;c—i-l(z) kk—1Fk—1,k—2--F0 Rf)(z)

Th+1,k--11,0
To(z
= Tk+1, O(I)k+1 0 |:R9((2;]

o=

[X] Eol

The transfer matrix is composed of polynomials of the form,

AR(z) BE(z
ven= |50 5]

where the super R denotes the polynomial coefficient reversal operation,
Af(2) = 27%4, (z_l)
Can show,
Ap(2) = Ap-1(2) — Thp1p2 "B 1(2)

By(z) = “Tk+1,lcz_1A£-1(z) + Bi_1(2).



To relate these polynomials to the system transfer functions, we must
analyze the system model with the appropriate boundary conditions.

We assume the excitation signal, E;(z) = Ty(z) is applied to the structure,
but that no excitation signal is applied from the right, so that Ry, = 0.

Thus we must solve the system,

[0 =l 5} ][]

yielding,
Ti41(2) = Thy1,0| AF(2)T0(2) + BE(2) R (2)]
and
0= 71,0 [Bi(2)To(2) + Ai(2) Ry (2)]
or, -
Ri(e) = o).
and,

Th41(2) = ZAT =),

Hence, for an arbitrary k—layer system, the two transmission and reflection
transfer functions are,

A= B2 _ Tppa(2) _ ngk-l—l,O
Hi(z) = Eiz) To(z)  Ag(z)

and, °

| E(2) _ Ry(2) _ =By(2)
H Z) = = =
CEEE T T T A
This basic order-recursive transfer function description provides framework
needed to solve the synthesis problem.



Multimirror Etalon Syhthesis Algorithm

The synthesis problem is to determine a parameterization (set of reflection
coefficients) that will produce a specified transfer function of the correct
forms given above.

Write the step-down design recursions in the form

42 80)-Laoa v2E43 28)

Now apply Cramer’s 2 x 2 matrix inversion rule to obtain,

[Ag_l(z) B,f_l(z)]z 1 [ Lo rk+1kH4k(z) Bi¥(z )]_

Bp-1(2) Ap-1(2)] 27l —rf ) 2t k2™ By(2) Ak(z)

Explicitly,

Th+Lk 1
Ag-1(z) = 'f"“‘“fr_Bk (2) + T——Ak(z)
Tk+1,k Tk+1,k

Tk41,k 1
T AR() + T——Bi(2).
“Thr1k 7"k+1 k
Note that the A;_1(z) and By_1(z) are polynomials of order kK — 1. Thus
choose ry.. 1 x to force the coefficients ag(k—1) and bg(k — 1) to zero:

Bj_1(z) =

1
0=ap(k—1)zF = —l“i’i—-b o(k)z~F 4+ ————ap(k)2 "
=114 L=ritik

Solving for ry.; ; gives,

o _(R) _ be(k)
HLET To(k) T " ao(k)’

Both equalities will be satisfied concurrently by a single value of ry .
A final scaling constant, «, stands in the way of a unique solution. Defining,

By(2) = aBy(2)

and using the relation for r; ; gives, o = %:J(%



An algorithm can be written which makes use of efficient root- -finding routines
and autocorrelation routines.

[1] Set the overall transmission parameter Tk 1,0 equal to a step size, e,
and input Ag(z).

[2] Set Tk 1,0 = Tk +1,0 + € or to the unity intensity gain value.

[3] Compute and factor ¥(z) to obtain B(z).

[4] Compute the scaling constant «, and from it, the valid By(z2).
[5] Compute 7415 |

[6] Use the step-down recursions, to move from the order k system to the
order k£ — 1 system polynomials, A;_1(z) and By_1(2).

[7] Set k = k — 1 and return to step [5] until £ = 1.
[8] Use (1 — rigro1) -+ (1 — Thp1 Tk pr1) = T]?_i_l’o and solve for rj

[9] Check to see that |riy14] < 1 for i = 0..k. If this is the case, report the
parameterization.

[10] Return to step 2 until T,? +1,00ra reflection coefficient approaches unity.

As an example, let’'s synthesize a multimirror etalon structure to implement
the transmission transfer function,

T4,02_2

1—2.2214271 4 2.1654272 — 1.09452~3 4 0.24782~4

This transfer function is low pass by nature, and has an as yet unspecified
gain term in the numerator.

Hi(z) =
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VI. Multimirror Etalon Design

Finally we are in the position of designing N** order devices by first spec-

ifying the response function and then syntheSIzmg the associated lattice -
parameterization.

Digital filter design software may be exploited to generate a response func-
tion, and then to convert the response function into an all-pole approximation
appropriate for multimirror etalons.

We are especially interested in high finesse structures

We show how to design N**—order interferometer/resonator response func-
tions to achieve unity intensity passband gain,

a specified half-power bandwidth (and thus a specified finesse),
and a specified out of band rejection level.
Recall the form for the transmission,

k
22TE41,0
R TeR

The numerator represents the scalar loss and the delay of £ 5 time units

through the structure. We'll solve fopr this using a weighting scheme at the
end of our procedure. ,

Use an autoregressive approximation,

H(z) ~

Akl(z) = H(z)Ar(z) =1

or, in the time domain,
h(n) * ag(n) =~ 6(n)

The time-domain expression, (3), may be written in matrix form as a Toeplitz
least squares problem,

Ch(0) ... 0 i (1]
: ag 0

h(k) h(0) [ : } ~ |

| hR(L) ... h(L-k)] o | 0]



which we write more compactly as
Hak ~ ej.

L is the block size which is selected to be large enough for the impulse
response to be sufficiently close to zero by the L** sample.

~ The vector of coefficients, ay is obtained by solving this equation for a least
squares solution. -

This gives a reasonable approximation, and autoregressive modified Stiglitz-
McBride iterations may be used to further refine the estimate.
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As another example, consider a resonator response function constructed
from a k*"-order complex-conjugate pole pair. That is, :

Gy
(1- rej‘f’z“l)k(l — re‘j‘ﬁz‘l)k'

This transfer function has k** order poles at p = re*7%, that is with radius
r < 1 and angle *¢.

Note that there are only four parameters in Eq. (6), {k, G, r, ¢}. For any
specified value of k£, one can derive a set of parameters {Gg,r, ¢} to meet
the unity intensity and 1/2 power bandwidth specifications, but systems of
higher order, &, will provide better out of band rejection.

Hence the resonator response function design procedure will loop from low
to high & producing filters of fixed finesse until the out of band rejection
specification is met.
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As another example, consider the design of multimirror etalons with flat-top
responses.

Instead of starting with the multi-mirror etalon and deriving the condition to

get a flat top and no ripples, start with the analog Butterworth filter response
function.

The Nth—order analog lowpass prototype Butterworth intensity function is
given by
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Discussion

“ The prime motivation of this work was to introduce z-transform techniques
to the analysis of etalon-type optical structures.

We presented several examples of varying degrees of familiarity in order
to illustrate the mechanics of the technique.

We talked about various matrix techniques in the analysis of these
structures.

We also presented multimirror etalon synthesis recursions that map
transfer functions specifications onto sets of reflection coefficients. The
synthesis process reverses the direction of the scattering matrix recur-
sions to step down through an order recursive system of polynomials. As
the recursion proceeds, one reflection coefficient is revealed each step
of the way.

This is reminiscent of Schur-like “layer peeling” and Levinson-like “layer
adjoining” algorithms used in digital lattice filter problems

Using our results, we can now specify a device in terms of-a desired
response function and then use the synthesis procedure to compute the
corresponding reflection coefficients. The procedure’s order recursive
structure by-passes the complicated and non-linear sets of equations
normally associated with the design problem.

The method decouples the design of the response function specification
from the design of the device, allowing us to focus separately on the
different design issues. We presented a weighted auto-regressive mod-
eling based approach to approximate any arbitrary transfer function with
all-pole transfer function suitable for multistage etalon implementation.

For examples we looked at designing high finesse filters and flat-top
response filters.



