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Detalls and Rules of the Test

Introduction to Digital Signal Processing
EE 4361
Midterm Exam
Monday-June 21, 2004
Dr. Charles P. Bernardin

Please Print Clearly.

Last Name First Name Student ID

Instructions:
WRITE CLEARLY AND NEATLY

Exam Duration 1 hour and 15 minutes (Test will end at (9:50)

One 8.5" x 11" SINGLE-sided Crib sheet

One calculator is allowed

Read the test first and note that each problem is worth a different point value

A Z-Transform Table is provided on the last page of the test

Answer in the space/sheets provided

Where possible, show all your work; answers without any justification will not be credited
ANY copying or cheating will result in appropriate action as per university regulations



Complex Numbers In
Communications Engineering

j:i:«/—l
Euler's Formula:
e*l’ =cos@+ jsing

Useful Related Expressions:

el? +e71
Cosé =




Principal Nth root of a complex number
(N= 16 for this example)

Imaginary
Z-Plane
Nth Roots of z=rel?
Polar Circle
\O
Real

z=r(cosé + jsing)

2N =[r(cos@+ jsing)]'" =

UN [6’+2k7zj .. (9+2k7zj
r'NJcos + jsin
N N

fork=0,1,2,...N-1




Phase and Arctangent

[cos(135°),sin (135°)

Imaginary
Z-Plane

[cos(459),sin(45°)]

Unit Circle

[cos(-135°),sin (-135°)

Real

[cos(-45°),sin(-45°)]

2
| | 0 | | X
-2 -1 1 2
— e e e T e e e e e
2 /

Two Argument Arctangent function

_ Imag(z)
(a0 e Real(z)
_ Imag(z
(e Rea?((z))
_ Imag(z
(a0 e Rea?((z))

0 = tan 5. {Real(z), Imag(z) } =

4th roots of unity

— (N= 4 for this example)

Atanlarg[sin(45°)/cos(45°)] = AtanZarg[cos(45°),sin(45°)] = 45°
Atan, ,[sin(-45°)/cos(-45°)] = Atan,, [cos(-45°),sin(-45° )= -45°
Atan,,4[cos(135°),sin(135°)] = Atan, ,,[sin(135°)/cos(135°)] + 180° = 135°

Atan,,4[cos(-135°),sin(-135°)] = Atan,,4[sin(-135°)/cos(-135°)] - 180°= -135°

for z € Quadrant | or IV
+7 for z € Quadrant 11

-7 for z € Quadrant IlI



More on Phase and Complex Numbers

*Phase of a real number: z = re 1%=r [cos(8) +j O]
Phase[z] = Phase[re 19 ; z is real => sin(€) = 0. Two cases:
1) &= 0 for z positive, since cos(0) = 1
2) 6= r for z negative, since cos(z) = -1

*Phase of a purely complex number: z = re i=r [0 + j sin(8)]
Phase[z] = Phase[re 19 ; z is purely complex => cos(€) = 0. Two cases:
1)0= =/2 for z/j positive, since sin(z2) = 1
2)0 = -7/2 for z/j negative, since sin(-z/2) = -1

*Phase of the product of two complex numbers is the sum of the phases of the
individual numbers:
Phase[z,z,] = Phase[r,e 1% r,e 1%] = Phase]r, r,e (0/+62]= g, +0,

*Phase of the quotient of two complex numbers is the difference between the
phase of the numerator and the phase of the denominator:

Phase[z,/z,] = Phase[r,e 1%/r,e 1%] = Phase][r,/r,e (9/-02]= 9, -0,



Chapter 1
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Properties of Linear Shift Invariant (LSI) 6.23-A
Systems

* Any system that is described by the following constant-coefficient difference equation
Is Linear Shift Invariant (LSI) N M

> ay(n-k)=> bx(n-k)

k=0 k=0

«Causality: A system is causal if y(n),for n=n,, depends on x(n) only forn<n,,
i.e., the impulse response h(n)=0 for n<n,

Memory defined through examples:
*Memoryless (Instantaneous) e.g., y(n) = 2x(n) (memory of zero length)
*Finite Memory e.g., y(n) = 2x(n)+3x(n-1)+4x(n-2) (i.e., FIR with memory of length 3)
Infinite memory e.g. y(n) = ay(n-1) + x(n) (first order recursive lowpass filter)

*BIBO (bounded input bounded output) Stability

A system is BIBO stable if and only if for every input x(n) that is bounded on the
ordinate, there is a resulting output y(n) that is also bounded on the ordinate

i.e., [x(n)|<c0 and |y(n)|< &0

*Equivalently, a system is BIBO stable if and only if it’s impulse response series
Is absolutely convergent +0

3" [h(n)| < oo

N=—o00



Examples BIBO Stability 6.23-8

«Consider the first order causal recursive lowpass filter with difference equation
y(n) = ay(n-1) + x(n)

N+1

» The impulse response is h(n) = a" u(n), n=0,1,%,... (Why?)h 1_‘3‘
Z\h(n)\ =— 11 _ forN>0
*This is a geometric series.which converges to n=— n=—o0 1—‘a‘
Z‘h(n)‘ < o0
*The system is stable if n=—
*This means that for the system to be stable, |a|<1
5 _ N 1—|2/N* .
e.g., 1) h(n) = 2nu(n) is not stable, since ) |h(n)|=lim,_, > [a"|=lim_, ‘_“ 2 =2 ~1=00
- _ N ‘1/ 2"\”1
2) h(n) = (1/2)u(n) s stable, 2N =limy_ > Ja" =lim,_, — i =2<o0

3) h(n) = (1)"u(n) is not stable. However, this system is sometimes referred to as
marginally stable because it is stable for many input waveforms. However,
note that if x(n) = u(n) (bounded input), then y(n) = r(n) (unbounded output) => unstable



System Stabllity iff Unit Circle Is In
ROC of Z-Transform

A LSI System is stable iff the ROC of the
Z-Transform of its impulse response includes the
unit circle

« Convergence iffH(z) = [h(n) z"| < @
N

o Stabllity iff H(z) converges for |z| = 1,
l.e., the ROC includes the unit circle
hence,) |[h(n)| < o

n



Chapter 2

o A discrete-time (DT) signal is defined only at discrete instants of time.
« A DT signal is usually represented as a sequence of values x (n) for integer values of n.
¢ A DT signal x(n) is periodic with period N if x(n + N} = x{(n) for some integer N.

¢ The DT unmit-step and impulse functions are related as

)= 3 8(k)

3(n)=un) —un-1)

o Any DT signal x(n) can be expressed in terms of shifted impulse functions as

o

2= 3 x(k)8(n — k)
k

The complex exponential x(rn) = exp[iQ,n] is periodic only if £,/2w is a ratio-

nal number.

The set of harmonic signals x, (n) = exp [/ k{lyn ] consists of only N distinct waveforms.

Time scaling of DT signals may yield a signal that is completely different from the

original signal.

» Concepts such as linearity, memory, time invariance, and causality in DT systems
are similar to those in continuous-time (CT) systems.

e A DT LTI system is completely characterized by its impulse response.

The output y(n) of an LTI DT system is obtained as the convolution of the input
x(n) and the system impulse response k(n):

Yy = k) s xn) = 5, h(m)x(s — m)

m=-w

The convolution sum gives only the forced response of the system.

An alternative representation of a DT system is in terms of the difference equation (DE)

N M

Doayn—k)= 2 bx(n—k), n=z0

k=0 &=0
e The DE can be solved either analytically or by iterating from known initial condi-
tions. The analytical solution consists of two parts: the homogeneous (zero-input)
solution and the particular (zero-state) solution. The homogeneous solution is
determined by the roots of the characteristic equation. The particular solution is of
the same form as the input x(n) and its delayed versions.
The impulse response is obtained by solving the system DE with input x(n) = &(n)
and all initial conditions zero.
The simulation diagram for a DT system can be obtained from the DE using sum-
mers, coefficient multipliers, and delays as building blocks.

The following conditions for the BIBO stability of a DT LTI system are equivalent:
@ 2 [h©)| <
b=

(b) T—h_e roots of the characteristic equation are inside the unit circle. These are also
the poles of the system transfer function H(z)=Y(z)/X(z).

&

Chapter 3

The Z-transform is the discrete-time counterpart of the Laplace transform.
The bilateral Z-transform of the discrete-time sequence x(n) is defined as

w0

X(z) = E x{m)z ™"

n=—mn

The unilateral Z-transform of a causal signal x(#) is defined as

X(z) = 2 x(n)z™ ie.,x(n)is a right-sided sequence
n=0

The region of convergence (ROC) of the Z-transform consists of those values of z
for which the sum converges.

For causal sequences, the ROC in the z piane lies outside a circle containing all the
poles of X{z). For anticausal signals, the ROC is inside the circle such that all poles
of X(z) are external to this circle. If x(n) consists of both a causal and an anticausal
part, then the ROC is an annular region, such that the poles outside this region cor-
respond to the anticausal part of x(n), and the poles inside the annulus correspond
to the causal part. For finite sequences, the ROC is 0 < z| <00

The Z-transform of an anticausal sequence x_(n) can be determined from a table of
unilateral transforms as

X_(2) = Zx_(-n)}

Expanding X(z) in partial fractions and identifying the inverse of each term from a
table of Z-transforms is the most convenient method for determining x (r). If only
the first few terms of the sequence are of interest, x(n) can be obtained by expand-
ing X(z) in a power series in z ™! by a process of long division.

The properties of the Z-transform are similar to those of the Laplace transform.
Among the applications of the Z-transform are the solution of difference equations
and the evatuation of the convolution of two discrete sequences.

The time-shift property of the Z-transform can be used to solve difference equations.
If y (n) represents the convolution of two discrete sequences x(x) and #(z), then

Y(z) = H(z) X(2)

The transfer function H(z) of a system with input x(n), impulse response #(r), and
output y(n) is

Y(z)
H(z) =Zlh ="
(@) = ZIh) = 35
The relation between the Laplace transform and the Z-transform of the sampled
analog signal x,(t) is

X(Z) ‘z:cxp[Ts] = Xs(S)

The transformation z = exp[7s] represents a mapping from the s plane to the z
plane in which the left half of the s plane is mapped inside the unit circle in the z
plane, the jw-axis is mapped into the unit circle, and the right half of the s plane is
mapped outside the unit circle. The mapping efffectively divides the s plane into
horizontal strips of width o, each of which is mapped into the entire z plane.
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