
Details and Rules of the Test 
Introduction to Digital Signal Processing 

EE 4361
Midterm Exam 

Monday-June 21, 2004
Dr. Charles P. Bernardin

Please Print Clearly.

Last Name___________________     First Name _________________   Student ID______________

Instructions:
WRITE CLEARLY AND NEATLY

1. Exam Duration 1 hour and 15 minutes (Test will end at (9:50)
2. One 8.5" x 11" SINGLE-sided Crib sheet
3. One calculator is allowed
4. Read the test first and note that each problem is worth a different point value
5. A Z-Transform Table is provided on the last page of the test
6. Answer in the space/sheets provided
7. Where possible, show all your work; answers without any justification will not be credited
8. ANY copying or cheating will result in appropriate action as per university regulations



Complex Numbers in 
Communications Engineering
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Principal Nth root of a complex number
(N= 16 for this example)
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for k = 0,1,2,…N-1



Phase and Arctangent
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Unit Circle

Z-Plane

Real

Imaginary

4th roots of unity
(N= 4 for this example)

[cos(-45o),sin(-45o)][cos(-135o),sin (-135o)]

[cos(135o),sin (135o)] [cos(45o),sin(45o)]

45o
Unit Circle

Z-Plane

Real

Imaginary

4th roots of unity
(N= 4 for this example)

[cos(-45o),sin(-45o)][cos(-135o),sin (-135o)]

[cos(135o),sin (135o)] [cos(45o),sin(45o)]

45o

Two Argument Arctangent function
Atan1arg[sin(45o)/cos(45o)] = Atan2arg[cos(45o),sin(45o)]  = 45o

Atan1arg[sin(-45o)/cos(-45o)] = Atan2arg[cos(-45o),sin(-45o )= -45o

Atan2arg[cos(135o),sin(135o)]  = Atan1arg[sin(135o)/cos(135o)] + 180o = 135o

Atan2arg[cos(-135o),sin(-135o)] = Atan1arg[sin(-135o)/cos(-135o)] - 180o= -135o
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More on Phase and Complex Numbers

•Phase of a real number: z = re jθ=r [cos(θ ) + j 0]
Phase[z] = Phase[re jθ] ; z is real => sin(θ ) = 0. Two cases:
1) θ = 0 for z positive, since cos(0) = 1
2) θ = π for z negative, since cos(π) = -1

•Phase of a purely complex number: z = re jθ=r [0 + j sin(θ )]
Phase[z] = Phase[re jθ] ; z is purely complex => cos(θ ) = 0. Two cases:
1)θ = π/2 for z/j positive, since sin(π/2) = 1
2)θ = -π/2 for z/j negative, since sin(-π/2) = -1

•Phase of the product of two complex numbers is the sum of the phases of the
individual numbers:

Phase[z1z2] = Phase[r1e jθ1 r2e jθ2] = Phase[r1 r2e j(θ1+θ2)]= θ1 +θ2

•Phase of the quotient of two complex numbers is the difference between the
phase of the numerator and the phase of the denominator:

Phase[z1/z2] = Phase[r1e jθ1/r2e jθ2] = Phase[r1/r2e j(θ1−θ2)]= θ1 −θ2
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•Any system that is described by the following constant-coefficient difference equation
is Linear Shift Invariant (LSI)

•Causality: A system is causal if y(n),for n=n1, depends on x(n) only for n < n1 ,
i.e., the impulse response h(n)=0 for n<n1

•Memory defined through examples:
•Memoryless (Instantaneous) e.g., y(n) = 2x(n) (memory of zero length)
•Finite Memory e.g., y(n) = 2x(n)+3x(n-1)+4x(n-2) (i.e., FIR with memory of length 3)
•Infinite memory e.g. y(n) = ay(n-1) + x(n) (first order recursive lowpass filter)

•BIBO (bounded input bounded output) Stability
•A system is BIBO stable if and only if for every input x(n) that is bounded on the
ordinate, there is a resulting output y(n) that is also bounded on the ordinate
i.e., |x(n)|<      and |y(n)|< 
•Equivalently, a system is BIBO stable if and only if it’s impulse response series
is absolutely convergent
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Properties of Linear Shift Invariant (LSI) 
Systems

6.23-A



6.23-BExamples BIBO Stability
•Consider the first order causal recursive lowpass filter with difference equation

y(n) = ay(n-1) + x(n)           

• The impulse response is h(n) = an u(n), n=0,1,2,… (why?) 

•This is a geometric series which converges to

•The system is stable if 

•This means that for the system to be stable, |a|<1

e.g., 1) h(n) = 2nu(n) is not stable, since

2) h(n) = (1/2)nu(n) is stable,

3) h(n) = (1)nu(n) is not stable. However, this system is sometimes referred to as
marginally stable because it is stable for many input waveforms. However,
note that if x(n) = u(n) (bounded input), then y(n) = r(n) (unbounded output) => unstable
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System Stability iff Unit Circle is in 
ROC of Z-Transform

• A LSI System is stable iff the ROC of the 
Z-Transform of its impulse response includes the 
unit circle

• Convergence iff

• Stability iff H(z) converges for |z| = 1, 
i.e., the ROC includes the unit circle
hence, 

n
Σ |h(n) z-n| < 8

H(z) =

n
Σ |h(n)| < 8
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