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Statistics

Statistics evolved from the need to analyze social and political trends. Despite its
origin, statistics has developed into a highly sophisticated numerical science. Mod-
ern statistics goes beyond data reduction, forming the basis of all applied probability.
Statistics is the foundation of many new and diverse scientific fields such as reliability
theory, decision theory, and epidemiology.

This chapter attempts to cover those areas of statistics that are more frequently
used by engineers and scientists, rather than those that are found in advanced statistics
books.

5.1 EXPECTATION AND RANDOM VARIABLES

In the chapter on probability, the concept of the mean and variance of a random vari-
able was introduced. Recall that a random variable is any function that maps all the
events of a probabilistic experiment (the sample space) to the z-axis. As discussed pre-
viously, each random variable has its own characteristic probability density function
and probability distribution function.

This section defines the expectation of a random variable. The mean and vari-
ance are discussed in more detail and are shown to be special cases of the more general
concept of expectation.
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5.1.1 Expectation of a Function

If X is a random variable and if Y = H(X) is a function of X, then Y is also a random
variable with its own probability density function. The expectation of the random
variable Y will be denoted as E(Y') and is defined below.

If X is a discrete random variable, the expectation of a function of X, H(X), is
defined by:

E(Y) = E(H(X)) =) _ H(z;)p(;)
j=1
where p(z;) is the discrete probability density of X.

Similarly, if X is a continuous variable, the expectation of a function of X, H(X),

is defined by
+o0

E(Y) = E(H(X)) = H(z)f(z) dz

— 00

where f(x) is the continuous probability density of X.

Properties of Expectation. There are a number of important properties of
the expected value that hold for both discrete and continuous random variables. They
are listed here without proof:

1. If C'is a constant, and X = C, then E(X) = C.

2. If C is a constant, then E(CX) = CE(X).

3. Given two random variables, X and Y, E(X +Y) = E(X) + E(Y).
4. If X and Y are independent, then E(XY) = E(X)E(Y).

5.1.2 Mean and Variance of a Random Variable

In the previous section, the expectation of a function of a random variable was
defined. This definition may be used to formally define the mean and variance of a
random variable.

The Mean of a Random Variable. The mean v of a random variable X is
simply the expected value of X, E(X). Thus, if X is a discrete random variable, its
mean is defined by

E(X)= sz‘p(wi)
i=1

where p(z;) is the discrete probability density of X.
Similarly, if X is a continuous variable, its mean is defined by

+oc0
E(X):/_ zf(z) dz

where f(x) is the continuous probability density of X.
The mean represents the average value of the probability density function.
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The Variance of a Random Variable. The variance s? of a random variable
X is the expected value of (X — u)?, and is denoted VAR(X).

Properties of Variance. There are several important properties of the vari-
ance of discrete and continuous random variables:

1. VAR(X) = E(X - E(X))? = E(X?) — E*(X), where E(X) = u.

2. If C is a constant, then VAR(X + C) = VAR(X).

3. If C is a constant, then VAR(CX) = C?VAR(X).

4. If X and Y are independent, then VAR(X +Y) = VAR(X) + VAR(Y).

The variance quantifies the amount of spread that a random variable has about its
mean value.

Sample Variance. In statistical sampling, the above definition of variance is
often referred to as the population variance. In practice, the entire population can
rarely be observed and if the variance is desired, it must be estimated from a small
sample of the population. To ensure that the mean of estimate equals the true variance
(i. e., an unbiased estimate), the above variance definition must be modified slightly.
The sample variance of a sample of size m is given by

82 =[(X1 — u)? + (X2 — )’ + ... + (Xm — us)°]/(m — 1)

Similarly, the sample standard deviation is s,. Note that this variance expression is
similar to the true variance definition except for the factor of m—1 in the denominator.

See Function: stat().

5.1.3 Chebyshev’s Theorem

The concepts of mean and variance are very useful in predicting the outcomes of ran-
dom events. Chebyshev’s theorem relates the mean and variance of any arbitrary ran-
dom variable. This famous inequality is an explicit mathematical bound which shows
how the variance directly measures statistical variability. Chebyshev’s theorem is as
follows:

If a random variable has a probability density with a mean « and
a standard deviation s, the probability that the variable deviates
from the mean by at least k standard deviations is at most 1 /k>.
Mathematically,

P(|X —u| > ks) < 1/k?

Chebyshev’s inequality is a very powerful statistical statement. For example, this the-
orem proves that the probability that a random variable will achieve a value that is
two standard deviations away from the mean is at most 1/4. Likewise, the probability
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that a random variable will achieve a value that is 10 standard deviations away from
the mean is at most 1/100.

Example:

Consider 1600 flips of a fair coin. The number of heads is a binomial random variable
with mean u = 1600/2 = 800 and standard deviation s = (1600/4)°° = 20. For k = 5,
Chebyshev’s theorem states that there is a probability of at least 0.96 that there will be
between 700 and 900 heads. Equivalently, the proportion of heads will fall between 0.4375
and 0.5625.

52 REGRESSION AND LEAST-SQUARES

Errors are inherent in the measurement of any physical quantity. In making mea-
surements, usually the goal is to determine the true values from the observations as
accurately as possible. Regression is a statistical technique that reduces random errors
by effectively smoothing multiple measurements.

Few numerical techniques have had a more pervasive effect on applied math-
ematics than the field of least-squares analysis. The contributions of least-squares
methods are most obvious in the areas of:

1. Data smoothing

2. Statistical trend analysis (regression)

3. Fourier analysis

4. Functional approximation and minimization.

It is interesting to note that the mathematician who first discovered least-squares
(Gauss) considered his findings trivial and did not report them until a decade after
his discovery.

5.2.1 Generalized Least-Squares

One of the most powerful curve-fitting techniques is the method of generalized least-
squares. For any set of one-dimensional functions, this technique determines the lin-
ear combination that best fits the data.
The hypothesis is that a set of M observations (z;, y;) can be represented by the
equation:
y(@) = a1 f1(z) + a2 fo(2) + asfa(z) + ... + an fn(z)

The goal is to find the coefficients a; of the best-fitting linear combination of the N
one-dimensional basis functions f;(x). For a solution to exist, the number of obser-
vations must be greater than the number of basis functions, (i. e., M > N). Solving
for the coefficients a; is equivalent to determining the composite function y(z) that
minimizes the mean-square error across the entire data interval:

MSE = (y(z1) — y1)% + (y(z2) —92)* + ... + (w(zn) — yur)?

Note that if y; exactly equals each y(z;), then the error of the approximation is zero.
This is generally more than one can expect with real data. In practice, there is usually
some minimal nonzero error.
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Before proceeding it will be helpful to introduce a shorthand notation. Let X
denote the finite sum over the M data points. For example, ¥ f; means the sum of
the jth basis function across all the data points:

Z fj = fi(®1) + fi(x2) + ... + fi(Tm)
Similarly, ¥ y; is defined as:
D yfi = yifi(@1) + yafi(@e) + ... + ymfi(zm)
and the expression T fif; denotes:
T fuf; = fe(x1) fi(@1) + fulm2) fi(x2) + - .. + fu(zn) F(2ma)

where1<k<Nand1<j<N.
The minimum MSE solution to the generalized least-squares problem can be
found by solving:

S fifi fifr ThHE ... ThHMN ]| @ Y yfi
Lhfi Tfifs X fofs ... X fofn az Y yfa
Lfsfi X fafa X fafs ... X fafn a3 |— | Zyfs

| Sivh Sixfe Sinfs . Siwfv ||aw | | Sufv

These are called the normal equations. Note that the normal equations are symmetric.
This property can be exploited in determining least-squares solutions.

See Function: least_sq().

5.2.2 Polynomial Regression
One of the more effective fitting functions is the Nth order polynomial:
y=a +a2z+a3m2+...+aNxN

The normal equations for a polynomial fit are

[ M Y 2 ... TN [ a1 ] [ Sy ]
Tz ¥ z? Y3 ... ZgNH as T yx
2?2 ¥ Tzt ... TgNt? as | — | Tyx?

| SN mgNtl nNY2 0 B2 || an | | TyzV

These equations can be solved with a variety of computer approaches such as LU
decomposition or Gaussian elimination. It should be noted that computer precision
usually limits the order of the polynomial to less than ten.
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5.2.3 Linear Regression

The simplest type of approximating curve is a line. The constants a and b must be
found which give the closest agreement between the empirical data and the equation:

y=br+a

This is just a special case of the polynomial regression described above. The solution
can be found by using Cramer’s Rule and the following normal equations:

M Xz a| | Xy
Sr Y2 b | | Ty
Using ¥ to denote summation over all the observations, the solution is given by:

_Yyz—-YzXy/M
T Y22 — (T x)2/M
a=[2y-—bEz]/M.

b

The coefficient of determination r2 indicates how closely a function approximates a
data set. Sometimes called the correlation coefficient, the value of r2 is always between
zero and one. The closer 72 is to one, the better the approximation. For a linear
approximation, the coefficient is given by:

2 _ 2 yz — T 23 y/M]?
X a? - (Z2)?/M][Ly* - (Zy)*/M]

r

See Function: linreg().
5.2.4 Logarithmic Regression
Another useful approximating function is the natural logarithm:
y =a+bln(x)

where z; > 0.
The normal equations for the logarithmic fit are

M ¥ In(x) a | Yy
¥ In(z) ¥ In®(z) b | | Zyln(z) |-
Solving for the logarithmic coefficients yields
_ Yyln(z) — Xy Zln(z)/M
% In%(z) - (T In(x))2/M
a=[Xy—bY In(z)|/M

The correlation coefficient for the logarithmic fit is given by

o 8 In(z)y — T ¥ In(z)/MP?
242 = (S 9/MIE (@) - (£ In(@)?/M]
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5.2.5 Fourier Regression
Any data set can be represented by a combination of a finite sine and cosine series:

Y = ag + a1 cos(wx) +ag cos(2wz) + ... + an cos(Nwz)
+by sin(wx) + by sin(2wz) + ... + by sin(Nwzx)

The normal equations for a finite sinusoidal series fit are

[ M ¥ cos(wz) ¥ sin(wz) oo 1 [ a0 ]
¥ cos(wz) ¥ cos?(wz) ¥ sin(wz) cos(wz) a;
¥ sin(wx) ¥ sin(wz) cos(wz) ¥ sin®(wz) by

¥ cos(Nwz) X cos(Nwz)cos(wz) ¥ cos(Nwz)sin(wzx) an

| T sin(Nwz) ¥ sin(Nwz)cos(wz) X sin(Nwz)sin(wz) oo | L bN

[ Ty i
¥ y cos(wz)
¥ ysin(wz)
Y ycos(Nwz)
| X ysin(Nwz) |

The Fourier coefficients can be determined by any number of approaches for solving
linear systems of equations. However, it should be mentioned that this is neither the
most efficient nor the most accurate approach to sinusoidal analysis. This is especially
true as the number of harmonics N increases. For large N (N > 10), the FFT al-
gorithm described in the Digital Signal Processing chapter is a far more efficient and
accurate method. The FFT method is also a least-squares fit and has almost no limit
on the order () of the sinusoidal series.

5.2.6 Nonlinear Regression

This section describes a few nonlinear forms of regression. For generalized least-
squares, the fitting function can be expressed as a linear combination of arbitrary basis
functions. In this context the term nonlinear does not mean “not a line,” but refers
to functions that cannot be represented by a linear combination of basis functions.
Although these regression types are not currently implemented in this package, you
could easily implement them yourself.

Exponential Regression. The exponential function is one of the most com-
monly used curve-fitting functions. A linear combination of weighted exponentials
can be a very effective regression formula:

y=(31+026z+...

This is the exponential form that is implemented in the GRAFIX program.



Sec. 5.2 Regression and Least-Squares 75

One of the simplest nonlinear approximating functions is the exponential curve:
y=a eba:
where a > 0, and ; > 0.
This problem can be linearized by taking the logarithm of both sides of the equa-
tion:
In(y) = In(a) + bz
The normal equations for the exponential fit are

(& ][] (23]

Solving for the coefficients of the exponential function yields

b Y zln(y) — X 23X ln(y)/M
Y22 - (Zz)2/M
a = exp[X In(y)/M — b% z/M]

The correlation coefficient of the exponential fit is given by

2 _ [X In(y)z — X =X In(y)/M]?
[Z 22 — (2 2)?/M][E In®(y) — (T In(y))2/M]

Geometric Power Curve Regression. Like the exponential curve, the geo-
metric power curve can be useful in approximating data:

y = ax®

where a > 0, z; > 0,and y; > 0.
This problem can be linearized by taking the logarithm of both sides of the equa-
tion:
In(y) = In(a) + bln(x)

The normal equations for the geometric power fit are

M % () ] [ In(a) ]

_| Ty
Y In(z) X In®(z) b

- [ ¥ In(y) In(x) ]
Solving for the coefficients of the geometric power function yields
b Y In(z)In(y) — ¥ In(z)X In(y)/M
B ® n®(z) — (T In(z))2/M
a = exp[¥ In(y) — bX In(x)]/M

For the geometric power fit the correlation coefficient is given by

"2 [£ In(y) In(z) — ¥ In(z)XT In(y)/M]?
[£ In*(2) — (T In())?/M][Z In*(y) — (T In(y))?/M]
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Hyperbolic Regression. In speech analysis and synthesis, the generalized
hyperbolic curve is a useful approximating function:

1
y—al +axz+asz?+...+anzN

where y; > 0.
The normal equations for the hyperbolic fit are

M Tz 2 ... XN 7T a7 ] [ X 1/y

Yz ¥ z2 L2 ... LN+l a; Tzx/y

Y2 ¥z Yzt ... D gN+2 azs | — | 2%y
| T2V mgNt meNt2 L 52N [ |ay | | DNy |

Again, a variety of computer approaches can be used to determine the best-fitting

coefficients. To avoid computer precision problems, the order of the denominator
polynomial should be limited to 10.
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