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Pxowlfrpprglw| Pd{lpxp
Iorz Sureohpv

Dssduhqwo| wkh �uvw zrun ghdolqj zlwk pxowlfrpprglw|  rz sureohpv lv
gxh wr Mhzhoo ^M` dqg ^II` lq 4<8;1 Wkh irupxodwlrq lv udwkhu vwudljkw iru0
zdug lq wkh gluhfwhg fdvh> wkh xqgluhfwhg fdvh kdv vhyhudo srvvlelolwlhv1 Lq
vrph ri wkhvh sureohpv/ wkhuh pd| eh fdsdflwlhv rqo| rq wkh wrwdo  rz rq
dq duf1 Vrph fdvhv kdyh lqglylgxdo fdsdflwlhv iru hdfk frpprglw| rq hdfk
duf dqg vrph kdyh erwk w|shv ri fdsdflwlhv1 Dq lpsruwdqw srlqw kdv wr eh
pdgh dw wkh rxwvhw= lw lv qrw wkh mxvw idfw wkdw wkhuh duh dssohv dqg rudqjhv
 rzlqj wkdw jlyhv ulvh wr pdq| frpprglwlhv lq wkh pdwkhpdwlfdo irupdw >
qru lv lw vroho| gxh wr gl�huhqw ruljlq � ghvwlqdwlrq sdluv dv pdwkhpdw0
lfdoo| rulhqwhg zulwhuv pljkw kdyh vxjjhvwhg1 Lw lv gxh wr wkh frpelqdwlrq
ri erwk wkhvh idfwruv1 Pruh suhflvho|/ lw lv gxh wr lqglylgxdo dqg frpprq
fdsdflw| frqvwudlqwv iru wkh gl�huhqw frpprglwlhv rq hdfk duf1 Wkh prvw
jhqhudo irupdw iru gluhfwhg judskv lv d olqhdu surjudp ri wkh irup=
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Lq wklv irupxodwlrq/ n uhihuv wr wkh frpprglw| dqg zh uhihu wr inl>m dv n0
 rz rq duf +l> m,1 Fhuwdlqo|/ wklv lv d olqhdu surjudp dqg fdq wkhuhiruh eh
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vroyhg e| OS phwkrgv1 Dovr/ zh nqrz iurp uhfhqw dgydqfhv lq OS +iru
h{dpsoh/ ^N`/ ^QN`/ dqg ^W`, wkdw wklv sureohp kdv d vwurqjo| sro|qrpldo
dojrulwkp1 D vwurqjo| sro|qrpldo dojrulwkp lq wklv fdvh phdqv wkdw wkh hi0
iruw lv erxqghg e| d sro|qrpldo ixqfwlrq ri wkh qxpehu ri qrghv1 Krzhyhu/
zh gr orvh wkh lqwhjudolw| surshuw| hyhq zkhq wkh qxpehu ri frpprglwlhv lv
wzr1 Dovr/ zh fdq qr orqjhu dvvhuw wkdw pd{lpxp  rz htxdov plqlpxp fxw1
Lq fdvh vn @ v ; n/ zh fdq lqwurgxfh d vxshuvlqn W zklfk lv frqqhfwhg wr doo
wkh ghvwlqdwlrq dqg zh kdyh wkh vdph ghvwlqdwlrq dv zhoo1 Lq wklv fdvh zh
fdq frpelqh doo frpprglwlhv li wkhuh duh qr lqglylgxdo fdsdflwlhv iru hdfk
frpprglw| dqg wkxv uhgxfh wkh sureohp wr rqh ri vlqjoh frpprglw|1 Dovr/
zh pd| dvvxph zlwkrxw orvv wkdw

S
n o

n
l>m � ol>m � xl>m �

S
n x

n
l>m 1 Wkhuh lv

qrw pxfk pruh zrun grqh rq wkh gluhfwhg fdvh h{fhsw wr vroyh wklv OS e|
phwkrgv ri odujh vfdoh olqhdu surjudpplqj vxfk dv ghfrpsrvlwlrq wkhru|
ru jhqhudol}hg xsshu erxqglqj +vhh ^G`, ru froxpq jhqhudwlrq whfkqltxhv
vxfk dv wkrvh ri ^M` ru ^II`1
Lq wkh xqgluhfwhg fdvh/ wkh irupxodwlrq prvw riwhq xvhg lv wkh iroorzlqj=

[
m

inl>m @

;?
=

In
3

�In

l @ vn
l 9@ vn> wn
l @ wn

+417,

3 � ��inl>m
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zkhuh doo  rzv duh dojheudlf +phdqlqj srvlwlyh ydoxh iru inl>m lpsolhv wkdw
wkh frpprglw| n  rzv lq wkh gluhfwlrq iurp l wr m dqg qhjdwlyh  rz lq
wkh uhyhuvh gluhfwlrq,1 Hyhq lq wklv fdvh/ lq prvw sdshuv/ wkhuh lv qr erxqg
iru lqglylgxdo frpprglwlhv1 Zlwk wklv odvw dvvxpswlrq/ zh fdq dvvxph wkdw
wkhuh duh dw ohdvw wzr glvwlqfw ruljlqv dqg dw ohdvw wzr glvwlqfw ghvwlqdwlrqv1
Wkh uroh ri ruljlqv dqg ghvwlqdwlrqv lq xqgluhfwhg qhwzrunv lv v|pphwulf1
Zh duh qrz uhdg| wr ehjlq wkh glvfxvvlrq ri wkh �uvw lpsruwdqw frqwulexwlrq
lq wklv duhd gxh wr W1F1 Kx iru n @ 51 Wkh qhwzrun lv xqgluhfwhg dqg wkhuh
duh qr hgjh fdsdflwlhv iru lqglylgxdo frpprglwlhv1

Gh�qlwlrq 4 D glvfrqqhfwlqj vhw +fxw, lv d vhw ri hgjhv zkrvh uhprydo
ohdyhv qr sdwk ehwzhhq vn dqg wn iru ; n1

Rqh frxog uhzulwh wkh fdsdflw| frqvwudlqw dv iroorzv=

�xl>m � i4l>m . i5l>m � xl>m; +l> m, 5 H +41:,

�xl>m � i4l>m � i5l>m � xl>m; +l> m, 5 H +41;,
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Ohppd 4 Wkh uhprydo ri d glvfrqqhfwlqj vhw ri dufv iru n sdluv ri qrghv
zloo uhvxow lq d qhwzrun zlwk dw prvw n . 4 pruh frpsrqhqwv wkdq wkdw ri
wkh ruljlqdo judsk1

Surri= Uhpryh wkh dufv ri wklv vhw rqh e| rqh lq dq| rughu1 Dq| wlph wkh
qxpehu ri frpsrqhqwv lqfuhdvhv +lw lqfuhdvhv e| rqh, dw ohdvw rqh pruh
+qhz, sdlu jhwv glvfrqqhfwhg1 Khqfh wkh uhvxow1�
Ohw f+v4> v5>====>vn> w4> w5> ===> wn, ghqrwh wkh plqlpxp ydoxh ri wkh glvfrq0

qhfwlqj vhw wkdw vhsdudwhv wkhvh vrxufh vlqn sdluv1 Ohw ^~V�` ghqrwh wkdw
wkh vhw ri qrghv lq ~V� kdyh ehhq frqghqvhg lqwr d vlqjoh qrgh1

Ohppd 5 f+v
4
> v5> w4> w5, @ plq^f+^iv4> v5j`> ^iw4> w5j`,> f+^iv4> w5j`> ^iv5> w4j`,`1

Surri = Vlqfh wkh deryh glvfrqqhfwlqj vhw surgxfhv dw prvw wkuhh frpsr0
qhqwv/ rqo| wkh iroorzlqj vlwxdwlrqv duh srvvleoh=
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Wkh irupxodv dsso| lq hdfk fdvh1

Ohppd 6 I4> I5 duh ihdvleoh  rzv rqo| li=

I4 � f+v4> w4,
I5 � f+v5> w5,

I4 . I5 � f+v4> v5> w4> w5,
+41<,
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dqg wkh odvw lqhtxdolw| lv vdwlv�hg dv dq htxdwlrq zkhq wkh  rzv duh pd{lpdo
dqg wkh fxw lv plqlpdo1 Dovr/ hdfk ri wkhvh fxw fdsdflwlhv lv hdvlo| frpsxwhg1

Wkhruhp 7 Wkh deryh frqglwlrqv duh dovr vx!flhqw1

Wkhruhp 8 < dq rswlpdo vroxwlrq wr wkh wzr frpprglw| sureohp zlwk
I4 @ I �

4 zkhuh wkh odwwhu lv wkh rswlpdo ydoxh ri wkh �uvw frpprglw| lq
wkh devhqvh ri wkh vhfrqg1

Surri = Ohw +I4> I5, eh dq rswlpdo vroxwlrq wr wkh wzr frpprglw| sureohp
zklfk pd{lpl}hv I41 Vxssrvh I4 ? I �

4 1 Li zh glvuhjdug 50 rzv/ wkhuh lv
dq dxjphqwlqj sdwk iru 40 rz1 Wudyhuvlqj wklv sdwk iurp v4 wr w4/ ohw h4
dqg h5 eh wkh �uvw dqg odvw hgjhv wkdw duh vdwxudwhg ehfdxvh ri 50 rzv rq
wkhp1 Vlqfh erwk wkhvh hgjhv fduu| d srvlwlyh ydoxh ri 50 rz/ hlwkhu= +l,<
rqh sdwk iurp v5 wr w5 fduu|lqj srvlwlyh 50 rz xvlqj erwk dufv h4 dqg h5
ru +ll,wkhuh lv rqh vxfk sdwk xvlqj h4 dqg dqrwkhu vxfk sdwk xvlqj h51 +Vhh
gldjudpv ehorz,1
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e 1
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Lq hlwkhu fdvh/ zh fdq lqfuhdvh I4 zlwkrxw fkdqjlqj wkh ydoxh ri I4 . I51
Khqfh wkh wkhruhp1�

Fruroodu| 9 Wkh vhw ri +I4> I5, ri ihdvleoh  rzv lv ri wkh irup=

^+I4> I5, = 3 � I4 � I�

4 > 3 � I5 � I �

5 >I4 . I5 � I �`



41 Pxowlfrpprglw| Pd{lpxp Iorz Sureohpv y

F 1

F *
2F 2

F *

Jlyhq dq| ihdvleoh  rz/ gh�qh wkh iroorzlqj vhwv=
[4 = v4 5 [4> li l 5 [4/ dqg i4l>m .

��i5l>m
�� ? xl>m / wkhq m 5 [4=

[5 = v5 5 [5> li l 5 [5/ dqg
��i4l>m
��. i5l>m ? xl>m / wkhq m 5 [51

[e
5 = v5 5 [e

5> li l 5 [e
5/ dqg i

4
l>m . i5l>m ? xl>m / wkhq m 5 [e

51

[i
5 = v5 5 [i

5 > li l 5 [i
5 / dqg i

4
m>l . i5l>m ? xl>m / wkhq m 5 [i

5 1
Vlqfh i4l>m.i5l>m �

��i4l>m
��.i5l>m zh pd| dvvxph zlwkrxw orvv wkdw [5 � [e

51
Dovr/ l0 rzv rq wkh vdph duf lq rssrvlwh gluhfwlrqv fdq eh fdqfhoohg zlwkrxw
d�hfwlqj wkh wrwdo  rz> khqfh zh fdq frqvlghu wkh 40fdsdflw| ri dq duf +l> m,
dv iroorzv= 40fdsdflw| lq wkh gluhfwlrq +l> m, lv x4l>m @ xl>m �

��i5l>m
�� � i4l>m > 40

fdsdflw| ri wkh vdph duf lq wkh gluhfwlrq +m> l, lv jlyhq e| wkh uhodwlrq= x4m>l @
xl>m�

��i5l>m
��.i4l>m 1 Vlploduo| 50fdsdflwlhv lq wkhvh gluhfwlrqv duh uhvshfwlyho|=

x5l>m @ xl>m �
��i4l>m
��� i5l>m dqg x

5
m>l @ xl>m �

��i4l>m
��. i5l>m 1 Zh vkdoo zulwh wkhvh

fdsdflwlhv dv x4l>m @ xl>m �
��i5l>m
��	 i4l>m dqg x

5
l>m @ xl>m �

��i4l>m
��	 i5l>m zlwk wkh

xqghuvwdqglqj wkh surshu vljq zloo eh fkrvhq ghshqglqj rq wkh gluhfwlrq
ri wkh duf zh duh lqwhuhvwhg1 Li w4 5 [4/ zh gr d uhjxodu  rz dxjphqwdwlrq
zlwkrxw dowhulqj 50 rzv1 Vlploduo| li w5 5 [5 zh gr d 50 rz dxjphqwdwlrq
zlwkrxw dowhulqj 40 rzv1 Wkxv/ iurp qrz rq zh pd| dvvxph zlwkrxw orvv
wkdw wl @5 [l iru l @ 4> 51 Li w5 5 [e

5/ wkhq wkhuh lv d fkdlq Se/ iurp v5 wr w5
zlwk wkh surshuw| wkdw iru hdfk duf lq wkh fkdlq xl>m �i4l>m �i5l>m A 3/ zkhuh
wkh srvlwlyh gluhfwlrq ri wkh duf djuhhv zlwk wkh wudyhuvdo ri wkh fkdlq iurp
v5 wr w51 Vxfk d sdwk lv fdoohg d edfnzdug sdwk iurp v5 wr w51 Vlploduo|/ li
w5 5 [i

5 / wkhq wkhuh lv d fkdlq Si / iurp v5 wr w5 zlwk wkh surshuw| wkdw iru
hdfk duf lq wkh fkdlq xl>m . i4l>m � i5l>m A 3/ zkhuh wkh srvlwlyh gluhfwlrq ri
wkh duf djuhhv zlwk wkh wudyhuvdo ri wkh fkdlq iurp v5 wr w51 Vxfk d sdwk
lv fdoohg d iruzdug sdwk iurp v5 wr w51 Wkh fdsdflw| ri vxfk sdwkv lv wkh
plqlpxp ri wkhvh txdqwlwlhv ryhu doo wkh dufv lq wkh sdwk1 Zh vd| d grxeoh
sdwk h{lvwv ehwzhhq v5 dqg w5 li wkhuh lv rqh ri hdfk nlqg1
Dvvxph wkdw wl @5 [l iru l @ 4> 51 ^i4l>m . i5l>m ? xl>m >

��i4l>m
�� . ��i5l>m

�� @
xl>m ` lpsolhv wkdw dw ohdvw rqh ri i4l>m dqg i5l>m lv qhjdwlyh1 Wkxv/ iru hdfk
fdsdflwdwhg hgjh lq d edfnzdug sdwk dw ohdvw rqh ri wkhvh wzr txdqwlwlhv
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lv qhjdwlyh1 Jlyhq wkdw wl @5 [l/ < dw ohdvw rqh vdwxudwhg hgjh rq vxfk d
edfnzdug sdwk1 Vlploduo|/ ^i5l>m�i4l>m ? xl>m >

��i4l>m
��.��i5l>m

�� @ xl>m ` lpsolhv wkdw
zh fdq qrw kdyh erwk i4l>m � 3 dqg i5l>m � 31 Khqfh/ iru hdfk fdsdflwdwhg
hgjh rq d iruzdug sdwk/ hlwkhu i5l>m ? 3 ru i4l>m A 3 ru erwk1

Gh�qlwlrq 5 D sdwk iurp v5 wr w5 lv fdoohg d iruzdug sdwk uhodwlyh wr  rzv
^^i l> Il`> l @ 4> 5` li lw kdv srvlwlyh i40 rzv ru qhjdwlyh i50 rzv +ru erwk
wkhvh frqglwlrqv krog, rq hdfk fdsdflwdwhg hgjh +khuh srvlwlyh dqg qhjdwlyh
uhihu wr djuhhphqw ru glvdjuhhphqw ri wkh gluhfwlrq ri  rz zlwk wkh gluhfwlrq
ri wudyhuvdo dorqj wkh sdwk iurp v5 wr w5,1 D sdwk iurp v5 wr w5 lv fdoohg d
edfnzdug sdwk uhodwlyh wr  rzv ^^i l> Il`> l @ 4> 5` li lw kdv qhjdwlyh i40 rzv
ru qhjdwlyh i50 rzv +ru erwk ri wkhvh frqglwlrqv krog, rq hdfk fdsdflwdwhg
hgjh1

Wkhruhp : Ohw ^i4> I4`/ ^i5> I5` eh d ihdvleoh  rz zlwk I4 @ I �

4 1 I4
.I

5
?

I � +, < d grxeoh sdwk iurp v5 wr w51 Lw lv wklv wkhruhp wkdw lv wkh pdlq
sduw ri  rz dxjphqwlqj vfkhph iru wklv sureohp1

Vxssrvh wl @5 [l iru l @ 4> 5= Wklv lpsolhv wkdw zh fdq qrw lqfuhdvh hlwkhu
frpprglw| zlwkrxw dowhulqj wkh  rz ri wkh rwkhu1 Lqghhg/ zh dvvxph wkdw
zh pd{lpl}h wrwdo 40 rzv �uvw dqg uhwdlq dw wkdw ydoxh> khqfh zh pd|
dvvxph wkdw I4 @ I �

4 1 Qrz/ xvlqj uhvlgxdo fdsdflwlhv xul>m @ xl>m �
��i4l>m
��/

pd{lpl}h 50 rzv dqg wkhq zh zloo kdyh vxfk d vlwxdwlrq1 Dw wklv srlqw/ li zh
fdq �qg d grxeoh sdwk ehwzhhq v5 dqg w5 / wkhq zh fdq lqfuhdvh wrwdo 50 rz
zlwkrxw fkdqjlqj wrwdo 40 rz1 Qhz duf  rzv �i duh jlyhq e| wkh uhodwlrqv=
Ohw

j4i @ plq
+l>m,5Si =i4l>mA3

^i4l>m `

j4e @ plq
+l>m,5Se=i4m>lA3

^i4m>l`

5�e @ plq
+l>m,5Se

^xl>m � i4l>m � i5l>m ` A 3

5�i @ plq
+l>m,5Si

^xl>m . i4l>m � i5l>m ` A 3

dqg
� @ plq^�e> �i > j

4
i > j

4
e ` A 3

Qrz fkdqjh  rzv rq Se dqg Si dv iroorzv=

; +l> m, 5 Si = �i4l>m @ i4l>m � �> �i5l>m @ i5l>m . �
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; +l> m, 5 Se = �i4l>m @ i4l>m . �> �i5l>m @ i5l>m . �

Wklv ohdyhv wkh wrwdo 40 rz frqvwdqw +dw wkh ydoxh I �

4 , dqg lqfuhdvhv wkh
wrwdo 50 rz e| 5�1 Zh qhhg wr vkrz wkdw qhz  rz rq wkhvh dufv lv ihdvleoh1
+l> m, 5 Si = Wr vkrz wkdw

�� �i4l>m
�� . �� �i5l>m

�� � xl>m zh qhhg wr vkrz wkh
iroorzlqj irxu vwdwhphqwv=

i4l>m � � . i5l>m . � � xl>m

i4l>m � � � i5l>m � � � xl>m

�i4l>m . � . i5l>m . � � xl>m

�i4l>m . � � i5l>m � � � xl>m

Doo h{fhsw wkh wklug ri wkhvh iroorz iurp wkh idfw wkdw wkh ohiw vlgh lv ohvv
wkdq ru htxdo wr

��i4l>m
�� . ��i5l>m

��1 Wkh wklug iroorzv iurp wkh gh�qlwlrq ri �i
dqg wkh idfw wkdw � � �i 1
+l> m, 5 Se = Wr vkrz wkdw

�� �i4l>m
�� . �� �i5l>m

�� � xl>m zh qhhg wr vkrz wkh
iroorzlqj irxu vwdwhphqwv=

i4l>m . � . i5l>m . � � xl>m

i4l>m . � � i5l>m � � � xl>m

�i4l>m � � . i5l>m . � � xl>m

�i4l>m � � � i5l>m � � � xl>m

Doo h{fhsw wkh �uvw ri wkhvh iroorz iurp wkh idfw wkdw wkh ohiw vlgh � ��i4l>m
��.��i5l>m

��1 Wkh �uvw iroorzv iurp wkh gh�qlwlrq ri �e dqg wkh idfw wkdw � � �e1
Qrwh wkdw li dq duf lv xvhg lq erwk wkhvh sdwkv lq rssrvlwh gluhfwlrqv/ 40 rz
lqfuhdvhv e| 5� dqg 50 rz fkdqjhv fdqfho hdfk rwkhu1 Krzhyhu/ qr fsdflw|
zloo eh h{fhhghg ehfdxvh ri wkh gh�qlwlrq ri �1 Wkh vdph dujxhpqw dssolhv li
wkh duf lv xvhg lq erwk sdwkv lq wkh vdph gluhfwlrq1 Khqfh/ wkh h{lvwhqfh ri d
grxeoh sdwk zkhq wl @5 [l/ iru l @ 4> 5 jlyhv dq dxjphqwdwlrq vfkhph1 Rqfh
wklv dxjphqwdwlrq lv grqh/ zh pd| qhhg wr gr vrph 50 rz dxjphqwdwlrqv
zlwkrxw dowhulqj 40 rzv1 Zh xvh grxeoh sdwk dxjphqwdwlrq rqo| zkhq zh
duh xqdeoh wr dxjphqw 50 rz zlwkrxw dowhulqj 40 rz1
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Wr vkrz wkh frqyhuvh zh qhhg wr vwxg| wkh qdwxuh ri wkh vhwv [e
5 dqg [

i
5

lq juhdwhu ghwdlo1 Vxssrvh wkhuh lv d sdlu ri qrghv +l> m, 6 xl>m�i4l>m�i5l>m @ 31
Vlqfh xl>m �

��i4l>m
��. ��i5l>m

�� � i4l>m . i5l>m @ xl>m lq vxfk d fdvh zh zrxog kdyh
i4l>m @

��i4l>m
�� � 3 dqg i5l>m @

��i5l>m
�� � 31 Li iru dq| sduwlwlrq ri wkh qrghv lqwr

+V> �V, zlwk xl>m � i4l>m � i5l>m @ 3 ; l 5 V> m 5 �V/ zh kdyh inl>m � 3 ; n/ dqg
l 5 V dqg m 5 �V1 Lq wklv fdvh/ li vn dqg wn duh qrw vhsdudwhg e| wkh fxw
+V> �V,/ wkhq inl>m @ 3 ; l 5 V> m 5 �V1 Wklv lv wuxh ehfdxvh wkh qhw  rz dfurvv
vxfk d fxw iru wklv frpprglw| lv }hur dqg doo dufv kdyh qrqqhjdwlyh  rzv
iru wklv frpprglw|1
Li < qr edfnzdug sdwk wkhq +[e

5> �[
e
5, lv vxfk d fxw dqg lw vhsdudwhv v5

iurp w51 Khqfh/ li v4 dqg w4 duh qrw vhsdudwhg e| wklv fxw/ wkhq i4l>m @

3 ; l 5 [e
5> m 5 �[e

51 Wkxv/ i
5
l>m @ xl>m iru doo wkhvh dufv dqg khqfh I5 @

I �

5 @ x+[e
5> �[

e
5, dqg zh kdyh uhdfkhg rswlpdow|1 Li v4 dqg w4 duh vhsdudwhg

e| wklv fxw/ wkhq vlqfh I �

4 A 3/ wkhuh duh dufv zlwk il>m A 3 dfurvv wklv fxw1
Lq wklv fdvh/ zh kdyh I4 . I5 @ x+[e

5> �[
e
5, dqg khqfh zh kdyh rswlpdolw|1

Wkxv/ li < qr edfnzdug sdwk zh kdyh rswlpdolw|1 Wkh surri wkdw zh kdyh
rswlpdolw| li < qr iruzdug sdwk lv vlplodu1 Khqfh wkh wkhruhp1�

Dojrulwkp K=

Vwhs 3= Ilqg ^i4> I �

4 ` xvlqj xl>m dqg d vlqjoh frpprglw| dojrulwkp1
Vwhs 4= Ilqg ^i5> I5` xvlqj dv duf fdsdflwlhv xl>m �

��i4l>m
��1

Vwhs 5= Wu| wr orfdwh grxeoh sdwkv iurp v5 wr w51 Li wkh| gr qrw h{lvw/
wkh fxuuhqw  rz lv rswlpdo1 Li wkh| duh irxqg fdofxodwh � dqg gr wkh  rz
dowhudwlrqv dv ghvfulehg deryh1 Jr wr vwhs 41
Zh kdyh douhdg| vkrzq wkdw vwhsv 3 � 5 duh ydolg1 Wkh prvw lpsruwdqw

sduw lq surylqj wkdw wklv dojrulwkp lv �qlwh/ iru hyhq lqwhjudo gdwd/ lv wkdw
wkh vroxwlrq lv dozd|v lqwhjudo1
Vwhs 3 fohduo| surgxfhv hyhq lqwhjhuv iru i4 dqg I4 dqg vwhs 4 grhv wkh

vdph iru i5 dqg I51 � lv jlyhq e| wkh uhodwlrqv=

j4i @ plq
+l>m,5Si =i4l>mA3

^i4l>m `

j4e @ plq
+l>m,5Se=i4m>lA3

^i4m>l`

5�e @ plq
+l>m,5Se

^xl>m � i4l>m � i5l>m ` A 3

5�i @ plq
+l>m,5Si

^xl>m . i4l>m � i5l>m ` A 3

dqg
� @ plq^�e> �i > j

4
i > j

4
e ` A 3
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Li lqwhjudolw| lv qrw pdlqwdlqhg wkhq wkhuh lv vrph srlqw lq wkh dojrulwkp
zkhq wklv kdsshqv iru wkh �uvw wlph1 Dw wklv srlqw/ � pxvw eh iudfwlrqdo
+wkh suhylrxv � lv lqwhjudo, dqg wklv fdq kdsshq rqo| li plq^�e> �i ` lv dovr
iudfwlrqdo1 Wklv lq wxuq lpsolhv 5plq^�e> �i ` lv rgg1
Ohw +l> m, eh dq duf zlwk �i4l>m @ i4l>m . � dqg �i5l>m @ i5l>m � �1
xl>m 	

��i4l>m . �
�� 	 ��i5l>m � �

�� lv hyhq li xl>m 	
��i4l>m
�� 	 ��i5l>m

�� lv hyhq dqg �
lv lqwhjudo1 Wkxv/ vwduwlqj zlwk lqwhjudo � zh fdq qhyhu kdyh qrqlqwhjudo �
dqg wklv frpsohwhv wkh surri ri lqwhjudolw| dqg �qlwhqhvv1�
Zh nqrz wkdw vlqjoh frpprglw| dojrulwkpv fdq eh pdgh �qlwh +dqg

lqghhg sro|qrpldo, hyhq lq wkh suhvhqvh ri luudwlrqdo gdwd xvlqj uhdo dulwk0
phwlf1 Wklv fdq eh grqh khuh wrr dqg wklv lv vkrzq ehorz1 Exw ehiruh zh
sxuvxh wkdw olqh/ zh vkrz wkdw wklv vruw ri uhvxow grhv qrw krog iru pruh
frpprglwlhv1 Vhh h{dpsoh lq Kx ss1 4;; ru Urwkidue dqg Iulvfk ss1 7: zlwk
6 frpprglwlhv1 Hyhq wkh vlpsoh fdvh ri 7 frpprglwlhv zlwk rqo| vrxufhv
dqg vlqnv iru hdfk dv wkh qrghv ri d frpsohwh judsk rq wkhp lv d frxqwhu
h{dpsoh iru pd{ rz plqfxw1

Vdndurylwfk*v Dojrulwkp=

P1 Vdndurylwfk irupxdowhv wkh sureohp voljkwo| gl�huhqwo| dv iroorzv1 Kh
dvvxphv wkdw zh duh jlyhq d gluhfwhg judsk J @ ^Q>D` zlwk wkh surshuw|
+l> m, 5 D+, +m> l, @5 D> vxfk d judsk lv vdlg wr eh dqwlv|pphwulf1 Hvvhq0
wldoo| kh kdv duelwudulo| dvvljqhg gluhfwlrq wr wkh hgjhv1 Dovr/ ohw xl>m eh
wkh fdsdflw| ri wkh duf> qhjdwlyh duf  rzv duh shuplwwhg +wkhvh phdq wkdw
wkh gluhfwlrq ri  rz lv djdlqvw wkh fkrvhq gluhfwlrq iru wkh duf,1 Khqfh wkh
sureohp lv=

[
m

inl>m �
[
m

inm>l @
In
3

�In

l @ vn
l 9@ vn> wn
l @ wn

[
n

��inl>m
�� � xl>m; +l> m, 5 D

pd{
[
n

mInm

Uhpdunv=

41 Vrxufhv dqg vlqnv fdq eh lqwhufkdqjhg1 Khqfh wkh remhfwlyh ixqfwlrq
fdq eh uhsodfhg e|

S
In1

51 D qhwzrun lv hxohuldq li xl>m duh lqwhjudo dqg
S

m xl>m lv hyhq ; l1
61 Zh fdq uhzulwh wkh fdsdflw| frqvwudlqwv dv=

�xl>m � i4l>m . i5l>m � xl>m;+l> m,
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�xl>m � i4l>m � i5l>m � xl>m;+l> m,
71 Wkhuh lv d uhgxqgdqw frqvwudlqw lq hdfk vhw ri frqvhuydwlrq htxdwlrqv

zklfk fdq eh gursshg1

Wklv vxjjhvwv wkh iroorzlqj wudqvirupdwlrq= Ohw

j4l>m @ +i4l>m . i5l>m,@5

j5l>m @ +i4l>m � i5l>m,@5

Wkhq/
i4l>m @ +j4l>m . j5l>m,@5

i5l>m @ +j4l>m � j5l>m,@5

Li zh qrz ohw
k4l>m @ j4l>m . xl>m@5

k5l>m @ j5l>m . xl>m@5

zh jhw wkh htxdwlrqv=

k4l>m @ +xl>m . i4l>m . i5l>m,@5

k5l>m @ +xl>m . i4l>m � i5l>m,@5

dqg
i4l>m @ k4l>m . k5l>m � xl>m

i5l>m @ k4l>m � k5l>m

Xvlqj wkh uhodwlrqvkls ehwzhhq i dqg j zh kdyh wkh iroorzlqj uhirupxodwlrq=

Sureohp L=

H+j4 . j5, .U4I
4
@ 3

H+j4 � j5, .U5I
5
@ 3

�x@5 � j4 � x@5

�x@5 � j5 � x@5

pd{I4 . I5

Khuh H lv wkh qrgh0duf lqflghqfh pdwul{ +lw lv srvvleoh wr dvvxph zlwk0
rxw orvv wkdw wkh urz fruuhvsrqglqj wr v4 lv uhpryhg lq erwk frpprglw|
frqvhuydwlrq htxdwlrqv, dqg U4 lv wkh xqlw yhfwru zlwk 4 lq wkh srvlwlrq
fruuhvsrqglqj wr w41 U5 lv d yhfwru doo ri zkrvh frpsrqhqwv duh }hur h{fhsw
lq urz fruuhvsrqglqj wr v5 zkhuh wkhuh lv d .4 dqg urz fruuhhvsrqglqj wr
w5 zkhuh wkhuh lv d �41 Vlpsoli|lqj wkh �uvw wzr htxdwlrqv zh jhw=
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Sureohp LL=

Hj4 . ^U4I4 .U5I5`@5 @ 3

Hj5 . ^U4I4 �U5I5`@5 @ 3

�x@5 � j4 � x@5

�x@5 � j5 � x@5

pd{I4 . I5

Wkh gxdo ri wkh deryh OS lv=

Sureohp LL*=

�4H . �4 � �4 @ 3

�5H . �5 � �5 @ 3

�4w4 . �5w4 @ 5

^�4w5 � �4v
5

` . ^�5w5 � �5v5 ` @ 5

�4>�5> �4> �5 � 3

plq^�4 . �4 . �5 . �5`x@5

Wkh dv|pphwu| lq wkhvh wzr vhwv ri htxdwlrqv lv gxh wr wkh gursslqj ri
wkh vdph frqvwudlqw lq erwk zklfk lv uhgxqgdqw1
Xvlqj k/ zh jhw wkh sulpdo sureohp wr eh=

Sureohp LLL=

Hk4 . ^U4I4 .U5I5`@5 @ Hx@5

Hk5 . ^U4I4 �U5I5`@5 @ Hx@5

3 � k4 � x> 3 � k5 � x

pd{I4 . I5

Wkh gxdo ri wkh deryh OS lv=



{ll 41 Pxowlfrpprglw| Pd{lpxp Iorz Sureohpv

Sureohp LLL*=

�4H . �4 � 3

�5H . �5 � 3

�4w4 . �5w4 @ 5

^�4w5 � �4v5 ` . ^�5w5 � �5v5 ` @ 5

�4 � 3>�5 � 3

plq^�4 . �5`x. ^�4 . �5`Hx@5

Ohppd ; Li +�4> �5> �4> �5> �4> �5, lv rswlpdo wr LL*/ wkhq +�4> �5> �4> �5,
lv rswlpdo wr LLL*1 Frqyhuvho|/ li +�4> �5> �4> �5, lv rswlpdo wr LLL*/ wkhq
+�4> �5> �4> �5> �4> �5, lv rswlpdo wr LL* zkhuh �4 @ �4H . �4 dqg �5 @
�5H . �51

Uhpdun= Ohw +k4> k5> I4> I5, eh d vroxwlrq wr Sureohp LLL1 Wkhq ++x �
k4,> +x� k5,>�I4>�I5, lv dovr d vroxwlrq wr LLL zkrvh ydoxh iru mI4m. mI5m
lv wkh vdph1 Wklv zrxog fruuhvsrqg wr lqwhufkdqjlqj wkh vrxufhv dqg vlqnv
rq erwk frpprglwlhv1 Ri frxuvh/ |rx fdq gr wklv vruw ri wklqj rqo| rq rqh
ri wkh frpprglwlhv1 Zkhq wklv lv grqh iru erwk frpprglwlhv/ zh vkdoo fdoo
wkh uhvxowlqj sureohp L aLL1
Wkh ihdvleoh uhjlrq iru hdfk duf lv ghslfwhg lq wkh iroorzlqj gldjudp=

Ohppd < Ohw ^I4> I5` eh dq rswlpdo vroxwlrq wr sureohpv L � LLL1 Ohw
�4> �5> �4> �5> �4> �5 eh dq rswlpdo vroxwlrq wr LL* dqg ohw Fn @ ^+l> m, =
�nl>m . �nl>m A 3` iru n @ 4> 5= Ohw F @ ^nFn1 Wkhq/ F frqwdlqv d fxw1

Surri = +l,Ohw S n eh d sdwk iurp vn wr wn iru n @ 4/ 51 Vxssrvh S 4_F @ !1
Iurp LL* zh kdyh=

�nm � �nl @ �nl>m � �nl>m ; +l> m, 5 D dqg ; n

dqg khqfh ; +l> m, 5 S 4 > �nm��nl @ 3 ; n xqghu wklv k|srwkhvlv1 Wklv lpsolhv
�nw4 @ 3 ; n dqg wklv frqwudglfwv �4w4 . �5w4 @ 51 Li S5 _ F @ !> +l> m, 5 S5

lpsolhv
�nm � �nl @ 3 +l> m, 5 S 5 dqg ; n

zklfk lq wxuq lpsolhv wkdw �nw
5

� �nv
5

@ 3 ; n dqg wklv lv d frqwudglfwlrq wr
wkh frqvwudlqw

�4w5 � �4v5 . �5w5 � �5v5 @ 5

Khqfh wkh ohppd1�

Ohppd 43 Hyhu| rswlpdo edvlv wr LLL lv wuldqjxodu dqg khqfh kdv d gh0
whuplqdqw htxdo 	41
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Surri= Fohduo|/ zh fdq shuirup d uhgxfwlrq ri d edvlv pdwul{ E li wkhuh lv
rqo| rqh qrq}hur hohphqw lq vrph urz ru froxpq ri wkh pdwul{> wkh uhgxfhg
pdwul{ lv wuldqjxodu l� wkh ruljlqdo rqh lv1 Shuirup wkh iroorzlqj uhgxfwlrqv
rq dq rswlpdo edvlv ri Sureohp LLL= knl>m li lwv vodfn lv qrw lq wkh edvlv +lq
wklv fdvh knl>m @ xl>m,1 Diwhu doo ri wkhvh duh grqh E lv ri wkh irup=

E @
H4 3 U4 U5

3 H5 U4 �U5

D froxpq lqHn fruuhvsrqgv wr d yduldeoh knl>m wkdw vdwlv�hv wkh uhodwlrq= 3 ?
knl>m ? xl>m dqg e| OS gxdolw| lpsolhv �nl>m @ 3> dqg �nl ��nm.�nl>m @ 3 +@ �nl>m
ri LL*,1 Khqfh/ froxpqv ri Hn fruuhvsrqg wr yduldeohv �nl>m @ �nl>m @ 31 Ohw
Dn @ ^+l> m, = �nl>m @ �nl>m @ 3`1 Lw iroorzv iurp ohppd 5 wkdw hdfk ri
Jn @ ^Q>Dn` kdv dw ohdvw wzr frpsrqhqwv qrqh ri zklfk frqwdlqv erwk
vrxufh dqg vlqn ri hlwkhu frpprglw|1 Ohw K eh wkh frqqhfwhg frpsrqhqw
ri J5 wkdw frqwdlqv rqh ri v5 ru w5 exw qrw w41 Zlwkrxw orvv/ dvvxph wkdw
K frqwdlqv w51 Vlqfh ghwE 9@ 3/ K grhv qrw frqwdlq d f|foh1 Khqfh < d
wls yhuwh{ 9@ w5 lq K1 Wkh fruuhvsrqglqj urz ri E kdv d vlqjoh qrq}hur
hohphqw lq E1 E| vxffhvvlyh uhgxfwlrqv ri E +dqg fruuhvsrqglqj rshudwlrqv
rq K, K lv uhgxfhg wr yhuwh{ w51 Qrz d uhgxfwlrq rq wkh urz ri yhuwh{
w5 dqg wkh odvw froxpq lv shuiruphg1 Qrwh wkdw qhlwkhu U4 qru H5 +dw wklv
srlqw, kdv dq| qrq}hurhv lq wklv urz1 Dw wklv vwdjh zh duh ohiw zlwk d pdwul{
ri wkh irup=

aE @
H4 3 U4

3 aH5 U4

Zklfk lv fohduo| wrwdoo| xqlprgxodu1 Qrwh wkdw E lv qrw qhfhvvdulo| wrwdoo|
xqlprgxodu1 Xvlqj vlplodu dujxhphqwv zh fdq vkrz wkdw rswlpdo edvhv ri
LL duh dovr xqlprgxodu�

Wkhruhp 44 < d fxw F vdwlvi|lqj wkh uhodwlrq= I �

4 . I�

5 @ x+F, zkhuh
x+F, @

S
+l>m,5Fxl>m1

Surri= Ohw �4> �5> �4> �5> �4> �5 eh dq rswlpdo vroxwlrq wr LL*1 Iurp ohppd
6 dqg lwv fruuhvsrqglqj uhvxow iru LL*/ dqg wkh idfw wkdw uljkw vlgh ri LL*
lv hyhq/ zh ghgxfh wkdw �n dqg �n duh hyhq1 Qrz xvlqj wkh idfw wkdw �nl>m
phdvxuhv wkh lqfuhdvh lq wkh wrwdo  rz iru d xqlw lqfuhdvh lq xl>m@5/ zh kdyh
�nl>m � 5 dqg khqfh 3 ru 51 +\rx fdq dovr suryh wklv gluhfwo|,1 Vlploduo| �nl>m
lv dovr 3 ru 51 Qrz ohw Fn eh gh�qlhg dv lq ohppd 51 Khqfh/ e| OS gxdolw|
zh kdyh=

I �

4 . I �

5 @
[

+l>m,5F4

xl>m .
[

+l>m,5F5

xl>m

@
[

+l>m,5F

xl>m .
[

+l>m,5F4_F5

xl>m
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�
[

+l>m,5F

xl>m +4143,

I �

4 . I �

5 @
S

+l>m,5F4 xl>m .
S

+l>m,5F5
xl>m

@
S

+l>m,5F xl>m .
S

+l>m,5F4_F5
xl>m

�S+l>m,5F xl>m
Khqfh htxdolw| krogv lq wkh odvw vwhs dqg wkh vhfrqg whup lq wkh vhfrqg

vwhs lv }hur1 Wklv suryhv wkh wkhruhp1 Qrwh wkdw wklv surri glg qrw uhtxluh
lqwhjudolw| ri fdsdflwlhv1 Wklv lv krz lw vkrxog eh> xqiruwxqdwho| W1F1 Kx*v
surri qhhghg lqwhjudolw|1

Wkhruhp 45 < dq lqwhjhu rswlpdo vroxwlrq li x lv hyhq1

Wkhruhp 46 < dq lqwhjhu rswlpdo vroxwlrq li wkh qhwzrun lv hxohuldq1

Wkh �uvw ri wkhvh iroorzv iurp ohppd 6 dssolhg wr LL dqg wkh vhfrqg
iurp ohppd 6 dssolhg wr LLL1 Qrz zh ghvfuleh Vdndurylwfk*v dojrulwkp iru
wklv sureohp zklfk gl�huv iurp Kx*v1 ^V` vroyhv wkh sureohp e| vroylqj wzr
vlqjoh frpprglw| sureohpv1 Wkh dgydqwdjh wkdw wklv kdv lv wkdw zh fdq qrz
uhvroyh wkh fdvh ri qrqlqwhjudo fdsdflwlhv1 Pdnh wzr frslhv J4 @ ^Q4> D4`
dqg J5 @ ^Q5> D5` ri J1 Qrwh wkdw Q / Q4/ dqg Q5 duh lghqwlfdo forqhv dqg
vr duh wkh fruuhvsrqglqj dufv1 Zh zloo dovr xvh wklv qrwdwlrq iru vxevhwv1
Zh gh�qh orzhu dqg xsshu erxqgv rq dufv ri J4 dqg J5 dv iroorzv=

o4l>m @ o5l>m @ �xl>m@5>x4l>m @ x5l>m @ xl>m@5

Wkh fdsdflw| ri d fxw +V4> �V4, vhsdudwlqj v44 +wkh forqh ri v4 lq J, iurp w44
+wkh forqh ri w4 lq J, lv jlyhq e|=

[
l5V4

m@5V4

x4l>m �
[
l5V4

m@5V4

o4m>l @ x4+V4> �V4,� o4+ �V4> V4,

Vxfk d fxw lv vdlg wr eh vdwxudwhg li doo dufv ri wkh �uvw whup duh dw xsshu
erxqg dqg doo dufv ri wkh vhfrqg duh dw orzhu erxqg1

Dojrulwkp ^V` =

Vwhs 4= Pd{lpl}h  rz ehwzhhq w44 dqg v54 xvlqj wkh qhwzrun K @ ^Q4 ^
Q5> D4 ^ D5 ^ +w44> v

5
4, ^ +w54> v

4
4,` lq zklfk wkh erxqgv rq wkh odvw wzr dufv

duh +�4>4,1 Ohw ^*>�4` eh wkh uhvxowlqj rswlpdo  rz1
Vwhs 5= Pd{lpl}h  rz ehwzhhq w45 dqg w55 xvlqj wkh qhwzrun N zklfk kdv
wkh vdph qrghv dv K dqg doo dufv ri K dqg wzr dgglwlrqdo dufv= +w45> w

5
5,

dqg +v55> v
4
5,1 Qrz hdfk ri wkh dufv +w44> v

5
4,^ +w54> v

4
4, kdyh orzhu erxqg htxdo

wr xsshu erxqg htxdo wr �4 @ *+w44> v
5
4, @ *+w54> v

4
4,1 Xvh * dv wkh vwduwlqj

 rz1 Ohw wkh uhvxowlqj  rz eh ^#>�`1

Wkhruhp 47 Rswlpdo vroxwlrq wr wkh �uvw sureohp lv jlyhq e|=

i�4l>m @ #l4>m4 . #l5>m5
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i�5l>m @ #l4>m4 � #l5>m5

I �

4 @ 5#w4
4
>v5
4

@ 5#w5
4
>v4
4

I �

5 @ 5#w4
5
>w5
5

Surri = Lw lv hdv| wr vhh wkdw  rz frqvhuydwlrq iru hdfk frpprglw| lv vdw0
lv�hg iru hdfk lqwhuphgldwh qrgh1 Iru 40 rz dw v4/

[
i�4v4> >m �

[
i�4m>v4 @ #+w54> v

4
4, . #+w44> v

5
4, @ I �

4

Wkrvh ri erwk  rzv iru hdfk ri wkhvh qrghv lv vkrzq lq d vlplodu pdqqhu1
Wr vkrz wkdw wkhvh vdwlvi| fdsdflw| frqvwudlqwv zh qrwh=

��i�4l>m
��. ��i�5l>m

�� � 5 pd{^
��#l4>m4

�� > ��#l5>m5

��` � xl>m

Wr suryh rswlpdolw| qhhg vrph suholplqdu| uhvxowv zklfk duh wdnhq xs
qrz1 Dw wkh hqg ri vwhs 4 ri wkh dojrulwkp/ < lv d vdwxudwhg fxw +\ 4> �\ 4,
vhsdudwlqj v44 iurp w44 lq J4 dqg d fxw +\ 5> �\ 5, vhsdudwlqj v54 iurp w54 lq
J51 Qrwh wkdw erwk wkhvh fxwv fruuhvsrqg wr d fxw +\> �\ , lq J1 Dw wkh hqg
ri vwhs 5/ < hlwkhu d vdwxudwhg fxw +]4> �]4, vhsdudwlqj v45 irup w45 lq J4 ru
d vdwxudwhg fxw +]5> �]5, vhsdudwlqj w55 irup v55 lq J

5 ru erwk1

Ohppd 48 +l,+\ 4> �\ 4, _ +]4> �]4, 9@ ! @, +]4> �]4, vhsdudwhv v44 iurp w44>
+ll,+\ 5> �\ 5, _ +]5> �]5, 9@ ! @, +]5> �]5, vhsdudwhv v54 iurp w541

Surri= Zh zloo vkrz +l,> +ll, lv suryhg dorqj vlplodu olqhv1 Vxssrvh erwk
v44 dqg w44 5 �]4> ohw +\ 4> �\ 4, _ +]4> �]4, @ P4 9@ !> S 4 @ +\ 4> �\ 4, �P4>
T4 @ +]4> �]4,�P41 +Vhh �jxuh ehorz,

Ohw P / S / T eh wkh fruuhvsrqglqj vhwv lq J1

#w4
4
>v4
4

@ #w5
4
>v4
4

@ ^x+P, . x+S ,`@5

#w4
5
>w5
5

@ #v4
5
>v5
5

@ ^x+P, . x+T,`@5

Wkh �uvw ri wkhvh htxdwlrqv lv irufhg dqg wkh vhfrqg iroorzv iurp wkh idfw
wkdw wkhuh lv d fxw zlwk rqo| wkhvh irxu dufv1 Lq J5/ S5 ^ T5 fruuhvsrqg
wr d fxw vhsdudwlqj iv54> w55j iurp iv55> w54j1 Wkh fdsdflw| ri wklv fxw htxdov
^x+S , . x+T,`@51 Wkxv zh kdyh=

5^#w4
4
>v5
4

. #w4
5
>w5
5

` @ x+S , . x+T, . 5x+P,

� x+S , . x+T, +4144,

5^#w4
4
>v5
4

. #w4
5
>w5
5

` @ x+S , . x+T, . 5x+P,

� x+S , . x+T,
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zklfk lpsolhv x+P, @ 3 dqg khqfh P @ ! dqg wklv lv d frqwudglfwlrq1
Wkh vdph surri dssolhv li v44 dqg w

4
4 5 ]41�

Qrz zh uhwxuq wr wkh surri ri wkh wkhruhp 71
Surri ri Wkhruhp 7= +frqwg, Wr vkrz rswlpdolw| ri wkh vroxwlrqv zh zloo
vkrz wkdw < d vdwxudwhg fxw F lq J1 Wkhuh duh wzr fdvhv=

+d, v44 5 ]4> w44 @5 ]4 +ru v54 5 ]5> w54 @5 ]5, =Ohw F @ +]> �], zkhuh ]
fruuhvsrqgv wr ]4 +ru ]5,1

5^#w4
4
>v5
4

. #w4
5
>w5
5

` @ 5^x4+]4> �]4,� o4+ �]4> ]4,`

@ I4 . I5 +4145,

@ x+F, +4146,

5^#w4
4
>v5
4

. #w4
5
>w5
5

` @ 5^x4+]4> �]4,� o4+ �]4> ]4,` @ I4 . I5 @ x+F,=

+e, Rqh ri i^v44/ dqg w44 5 ]4` / ^v44/ dqg w
4
4 5 �]4`j krogv +ru rqh ri i^v54/ dqg

w54 5 ]5` / ^v54/ dqg w
5
4 5 �]5`j krogv,1 Iru wkh vdnh ri vshfl�flw|/ dvvxph

^v44/ dqg w44 5 ]4`1 Ohw F @ +\> �\ , ^ +]> �], zkhuh \ fruuhvsrqgv wr
\ 4 dqg ] fruuhvsrqgv wr ]41 Iurp suhylrxv ohppd zh kdyh= +\> �\ ,^
+]> �], @ !1 Pruh ryhu/ lq wklv fdvh/

#v5
5
>v4
5

@ #w4
5
>w5
5

@ x4+]> �],� o4+ �]>],

Dovr/ hlwkhu v45/ dqg w
4
5 duh erwk lq \ 4 ru duh erwk lq �\ 4> li qrw/ wkhq

+\ 4> �\ 4, zrxog kdyh ehhq d vdwxudwhg fxw vhsdudwlqj w55 iurp v55 dw
wkh ehjlqqlqj ri vwhs 51 Wkxv/

#w5
4
>v4
4

@ #w4
4
>v5
4

@ x4+\ 4> �\ 4,� o4+�\ 4> \ 4,

I4 . I5 @ 5^#w5
4
>v4
4

. #v5
5
>v4
5

`

@ 5^x4+]> �],� o4+ �]>],` . 5^x4+\ 4> �\ 4,� o4+ �\ 4> \ 4,`

@ x+F, +4147,

I4.I5 @ 5^#w5
4
>v4
4

.#v5
5
>v4
5

` @ 5^x4+]> �],� o4+ �]>],`.5^x4+\ 4> �\ 4,�
o4+ �\ 4> \ 4,` @ x+F,1

Wklv suryhv wkh wkhruhp1�

Fruroodu| 49 < dq rswlpdo vroxwlrq zlwk I4 @ I�

4 1



Wklv lv sdjh {yll
Sulqwhu= Rsdtxh wklv

5
Jhqhudo Pxowlfrpprglw| Iorzv

Lq wklv vhfwlrq zh frqvlghu pd{lpxp pxowlfrpprglw|  rz sureohp rq
xqgluhfwhg qhwzrunv1 Rxu dssurdfk lv sduwldoo| lqvsluhg e| wkh zrunv ri
Ndu}dqry/ Orprqrvry hw do1
Zh duh jlyhq wzr xqgluhfwhg judskv J @ ^Q>H> f` dqg K @ ^W> X ` zlwk

W � Q 1 Wkh qhwzrun K lv fdoohg wkh frpprglw| judsk> W duh fdoohg wkh
whuplqdov/ wkh hohphqwv ri X ghqrwh ruljlq0ghvwlqdwlrq sdluv iru wkhvh frp0
prglwlhv dqg f ghqrwhv qrqqhjdwlyh hgjh fdsdflwlhv1 Zh zlvk wr pd{lpl}h
wkh vxp ri doo wkhvh frpprglw|  rzv1 Zh dvvxph wkurxjkrxw wklv zrun
wkdw K kdv qr lvrodwhg qrghv1

H{dpsoh 4 mX m @ 4= Wklv lv wkh zhoo nqrzq vlqjoh frpprglw| fdvh1 Zh
kdyh wkh idprxv pd{0 rz0plq0fxw wkhruhp1 Khuh li f lv lqwhjudo/ wkhq zh
fdq eh dvvxuhg wkdw wkhuh duh lqwhjudo rswlpdo vroxwlrqv1

H{dpsoh 5 Wkh fdvh zkhq K lv d vwdu qhwzrun +l1h1 X @ i+4> m, = m 9 @4j,
fdq eh hdvlo| frqyhuwhg wr wkh deryh fdvh1 Wklv fdvh lv ghqrwhg e| V1 Wklv
dovr dvvxuhv lqwhjudolw| surshuw| iru wklv fdvh1

H{dpsoh 6 K @ N5= Wklv lv wkh zhoo nqrzq Wzr Frpprglw| Iorz Sure0
ohp vroyhg �uvw e| W1F1 Kx1 Khuh zh vwloo kdyh pd{0 rz0plq0fxw htxdolw|
exw wkh lqwhjudolw| surshuw| lv qr orqjhu ydolg1 Lqvwhdg/ li f lv lqwhjudo zh
jhw kdoi lqwhjudo rswlpdo vroxwlrqv1 Wklv zdv jhqhudol}hg e| Urwkvfklog dqg
Zklqvwrq wr wkh Hxohuldq fdvh iru zklfk lqwhjudolw| krogv1

H{dpsoh 7 Wkh fdvh zkhuh K @ V5 zklfk lv wkh xqlrq ri wzr vwdu judskv
fdq eh uhgxfhg wr wkh fdvh N5 e| wkh vdph uhgxfwlrq wkdw uhgxfhv V wr
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vlqjoh frpprglw| fdvh1 Uhpdunv uhjduglqj lqwhjudolw| ru kdoi lqwhjudolw| lq
wkh deryh dovr dsso| khuh1

S
2

Wkh qh{w lpsruwdqw fdvh zdv vroyhg e| Nxshuvfkwrfk dqg khuh K @ Nq

iru vrph q1

K 4

Ohw I �

v eh wkh pd{lpxp wrwdo  rz rq J iru wkh vwdu sureohp Kv @ ^W>Xv`
zkhuh Xv @ i+v> m, = m 5 W�vj1 Fohduo| I �

v htxdov wkh ydoxh ri wkh plqlpxp
fxw vhsdudwlqj v iurp W � v1

Wkhruhp 4: Wkhuh lv dq rswlpdo vroxwlrq wr wkh sureohpv zlwk K @ Nq

lq zklfk wkh wrwdo  rz ri frpprglwlhv i+v> m,> m 5 W � vj htxdov I �

v 1 Wklv
lpsolhv/ wkdw wkh pd{lpxp wrwdo  rz I iru K lv 4

5

S
v I

�

v 1 Pruhryhu/ wkhuh
lv d kdoi lqwhjudo  rz li f lv lqwhjudo +dqg dq lqwhjudo  rz li lw lv hxohuldq,1

Surri = Vxssrvh lq vrph rswlpdo vroxwlrq wr wkh sureohp/ Iv ? I �

v 1 Wklv
phdqv wkdw li zh ljqruh wkh  rzv ri doo rwkhu frpprglwlhv/ wkhq wkhuh lv
dq dxjphqwlqj sdwk S iurp v wr vrph w 5 W � v1 Exw wklv fdq qrw eh
dxjphqwlqj sdwk lq wkh ruljlqdo sureohp li zh gr qrw fkdqjh dq| ri wkh
uhpdlqlqj frpprglw|  rzv1 Wklv lpsolhv wkdw vrph hgjhv dorqj wklv sdwk
duh vdwxudwhg gxh wr wkh suhvhqfh ri rwkhu frpprglw|  rzv> ohw h @ +x> y,
eh wkh �uvw vxfk hgjh +wudyhuvhg lq wklv rughu, dorqj S 1 Wklv lpsolhv wkhuh
lv vrph sdwk T sdvvlqj wkurxjk x frqqhfwlqj wzr whuplqdov w> w3 5 W � v
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+dv vkrzq ehorz, fduu|lqj srvlwlyh  rz1 Sohdvh qrwh wkdw wkh dufv rq S lq
wkh gldjudp ehorz duh hlwkhu xqvdwxudwhg ru kdyh  rz ri wkh w|sh +v> m, lq
wkh uhyhuvh gluhfwlrq1 Wklv lv vlplodu wr wkh vlqjoh frpprglw|  rz odeholqj1

s

P

t

t’

u Q

Uhgxflqj  rz ri wklv frpprglw| rq T e| � A 3/ zloo doorz xv wr lqfuhdvh
 rz rq hdfk ri wkh wzr sdwkv S ^v> x` ^ T^x> w` dqg S ^v> x` ^ T^x> w3` e| �
zklfk |lhogv d qhw lqfuhdvh ri � iru wkh wrwdo  rz1 Khqfh li wkh ruljlqdo
 rz zdv rswlpdo zh fdq qrw kdyh wklv vlwxdwlrq1 Khqfh wkh �uvw sduw ri wkh
wkhruhp1 Lq dq| ihdvleoh vroxwlrq/ zh kdyh=

[
x@+v>m,
m5W�v

Ix � I�

v ;v 5 W

Dgglqj doo wkhvh htxdwlrqv zh jhw wkh uhvxow wkdw wkh wrwdo  rz lv ohvv wkdq
ru htxdo wr 4

5

S
v5W I

�

v 1 Wkdw htxdolw| lv dfklhyhg dw rswlpdolw| iroorzv iurp
wkh deryh glvfxvvlrq1 Wklv suryhv wkh vhfrqg sduw ri wkh wkhruhp1 Wkh wklug
sduw lv grqh e| dq dojrulwkp gxh wr Fkhundvvnll fdoohg wkh W 0urxwlqh1 Xqghu
wkh dvvxpswlrq ri lqwhjudolw| iru f wkh dojrulwkp lv vkrzq wr pdlqwdlq kdoi
lqwhjudolw| dw doo wlphv dqg khqfh wkh odvw sduw ri wkh wkhruhp1
Zh ghvfuleh wklv dojrulwkp qrz1 Wr suryh d voljkwo| vwurqjhu uhvxow/ zh

dvvxph wkdw f vdwlv�hv wkh lqqhu Hxohuldq frqglwlrq ghvfulehg ehorz dqg
surylgh lqwhjudo vroxwlrqv=

Gh�qlwlrq 6 Zh vd| wkdw f lv lqqhu Hxohuldq zlwk uhvshfw wr d jlyhq J @
^Q>H` dqg K @ ^W> X ` li f lv lqwhjudo dqg

S
m fl>m lv hyhq iru doo l 5 Q �W 1

51314 A 0Urxwlqh=

Wkurxjkrxw wklv urxwlqh zh dvvxph lqwhjudo  rzv +vwduwlqj zlwk }hur  rzv,1
Li zh frqvlghu  rzv frpprglwlhv iru zklfk qrgh v lv d whuplqdo/ dqg nhhs doo
rwkhu frpprglw|  rzv iur}hq +dw lqwhjudo ydoxhv,/ wkh uhvlgxdo fdsdflwlhv ri
dufv vdwlvi| lqqhu Hxohuldq frqglwlrq vlqfh ruljlqdo fdsdflwlhv glg dqg hdfk
olqh ri  rz ri doo frpprglwlhv uhgxfh wkh wrwdo fdsdflw| e| dq hyhq lqwhjhu
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dw hdfk lqqhu qrgh1 Khqfh/ wkhuh lv d grxeoh sdwk ri xqvdwxudwhg dufv wr
dq| qrgh wkdw kdv vxfk d sdwk dw doo1 Wklv doorzv xv wr fkrrvh d � lq wkh
deryh glvfxvvlrq wr eh lqwhjudo dqg khqfh wkh qhz lpsuryhg  rz lv dovr
lqwhjudo1 Wklv frqfoxghv wkh glvfxvvlrq rq wklv wkhruhp1

Uhpdun 4 Qrwh wkdw qr fodlp lv pdgh dw wklv srlqw uhjduglqj wkh frp0
soh{lw| ri wkh dojrulwkp rwkhu wkdq wkdw lw lv �qlwh1

H{dpsoh 8 Li K � N7/ wkhq lw lv hdv| wr vkrz wkdw hlwkhu= +l,K @ N7 lq
zklfk fdvh wkh W 0urxwlqh vroyhv wkh pd{lpxp  rz sureohp ru +ll,zh fdq
frqyhuw wkh sureohp wr wkh fdvh zkhuh mX m @ 5 e| wkh vdph wudqvirupdwlrq
wkdw frqyhuwv K @ V wr d vlqjoh frpprglw| sureohp1 Wkxv/ zh qhhg qrw
frqvlghu wkhvh fdvhv1 Pruhryhu/ lqwhjudolw| lv dvvxuhg lq wkhvh fdvhv dv zhoo
zkhq wkh fdsdflwlhv duh Hxohuldq1

H{dpsoh 9 Wkh rqo| fdvh zlwk �yh whuplql wkdw fdq qrw eh frqyhuwhg wr
wkh suhylrxv fdvhv +e| wkh wudqvirupdwlrq wkdw wxuqv d vwdu lqwr d vlqjoh
frpprglw|, dqg vwloo ghwhuplqhg e| fxw fdsdflwlhv lv K @ F8> d �yh f|foh1

C 5

F8 lv vroyhg e| Ndu}dqry0Orprqrvry e| zkdw Orprqrvry fdoov wkh gudlq
wudqvirupdwlrq zklfk vroyhv wkh vr fdoohg Orfnlqj sureohp dqg wklv lq wxuq
vroyhv wkh pd{ rz sureohp1 Lw wxuqv rxw wkdw lqwhjudolw| xqghu Hxohuldq
frqglwlrq lv idovh lq wklv fdvh1

Iru l> m 5 W ohw F�

l>m uhsuhvhqw wkh pd{lpxp wrwdo  rz zlwk rqh whuplqdo
lq wkh vhw il> mj dqg wkh rwkhu lq wkh vhw W � il> mj= Fohduo| wklv ydoxh lv
ghwhuplqhg e| wkh fdsdflw| ri vrph fxw +vlqfh wklv lv wkh fdvh ri pxowlsoh
ruljlq pxwolsoh ghvwlqdwlrqv fdvh exw zlwk vlqjoh frpprglw|,1 Zh duh rqo|
lqwhuhvwhg lq wkhvh ydoxhv iru +l> m, @5 F81 Iru h{dpsoh/ li wkh dufv ri F8 duh
i+l> l . 4, = 4 � l � 8 prg+8,j wkhq zh zrxog eh lqwhuhvwhg lq I �

l>m iru
wkrvh fdvhv zkhuh m @ l. 5 prg+8,1

Ohppd 4; Wkh iroorzlqj uhodwlrqv duh vdwlv�hg e| dq| ihdvleoh  rz=

I4>5 . I5>6 . I6>7 . I8>4 � F�

4>6

I7>8 . I5>6 . I6>7 . I8>4 � F�

6>8

I4>5 . I5>6 . I7>8 . I8>4 � F�

8>5

I4>5 . I5>6 . I6>7 . I7>8 � F�

5>7

I4>5 . I7>8 . I6>7 . I8>4 � F�

7>4
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Dgglqj doo wkhvh zh jhw dq xsshu erxqg rq wkh wrwdo  rz htxdo wr
4
7

S8
l@4F

�

l>l.5prg+8,1 Zh zloo vkrz wkdw wklv erxqg lv dfklhyhg1 Ixuwkhu/
wklv ydoxh lv kdoi lqwhjudo li f lv Hxohuldq vlqfh hdfk fxw lv hyhq1 Wkh fdvh
zlwk K @ F8 dqg J @ �K dqg f � 4 vkrzv wkdw hyhq zkhq J lv Hxohuldq/
wkhuh pd| rqo| eh kdoi lqwhjudo  rzv1 Lq wklv wkh wrwdo  rz dw rswlpdolw| lv
545 1 Ndu}dqry kdv vkrzq wkh vwurqjhu idfw wkdw wkh iudfwlrqdolw| lqgh{ iru
wklv sureohp lv 71

H{dpsoh : K @ N5 ^N6 =

K 2 +K 3

Lq doo wkh deryh fdvhv pd{0 rz lv ghwhuplqhg e| fxw fdsdflwlhv1 Qrz zh
pryh rq wr fdvhv lqyroylqj mW m @ 8 dswo| fdoohg �yh whuplqxv  rzv e|
Ndu}dqry1 Doo wkh uhpdlqlqj fdvhv zkhuh K � N8 dqg qrw frqyhuwleoh wr wkh
suhylrxv fdvhv fdq eh vkrzq wr uhgxfh wr wkh fdvh zkhuh K @ N5 ^N61 Zh
wdnh xs wklv fdvh qrz1 Lw wxuqv rxw wkdw lqwhjudolw| xqghu Hxohuldq frqglwlrq
lv vwloo wuxh> exw pd{ rz lv qrw ghwhuplqhg e| fxw fdsdflwlhv1 Ndu}dqry
vkrzhg wkdw zh qhhg zkdw kh fdoov +5> 6,�phwulf dqg wkdw wkhvh duh dovr
vx!flhqw lq wklv fdvh1

Iru wkh sxusrvhv ri lqwhjudolw| ri wkh pd{ rz dqg ihdvlelolw| sureohp
lw kdv ehhq vkrzq wkdw wkh devhqfh ri vrph vshfldo vxejudskv lq K lv
lpsruwdqw1 Iru h{dpsoh/ wkh devhqfh ri N5 ^ N5 ^ N5 dv d vxejudsk ri
K |lhogv d vxejudsk ri rqh ri N7> F8> ru V51 Wklv lv lpsruwdqw iru wkh
ihdvlelolw| sureohp1 Devhqfh ri hlwkhu N5 ^ N5 ^ N5 ru N5 ^ N6 |lhogv
d vxejudsk ri N8> V

5> rw N6 ^ N61 Wklv lv lpsruwdqw iru fxw ghshqghqw
sureohpv1 Qlfh dojrulwkpv h{lvw iru wkh pd{lplqxp  rz sureohpv iru doo
wkhvh fdvhv h{fhsw N6 ^N61
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514 H{dpsohv lq Pxowlfrpprglw| Iorzv

H{dpsoh L=

J @ ^Q>H`> Q @ ivn> wn> n @ 4> 5> 6j> H @ i+v5> {,/ +v6> |,/ +w4> w6,/ +w4> |,/
+v4> {,/ +v4> w5,/ +{> w6,/ +{> |,/ +w5> w6,/ +w5> |,j> xl>m @ 5 ; +l> m, 5 H1

s 1

s 2

s 3

t 2

t 1t 3

All Capacities are equal to 2

Iru wklv h{dpsoh zlwk n @ 6/ wkh lqhtxdolwlhv x+[> �[, �SIn zkhuh wkh
vxp lv ryhu wkrvh frpprglwlhv zkrvh vl dqg wl duh vhsdudwhg e| wklv fxw
lv qrw vx!flhqw wr dfklhyh wkhvh  rz ydoxhv1 Iru h{dpsoh/ lq wklv sureohp
wdnh I4 @ 7> I5 @ 5> dqg I6 @ 41 Dq| wzr frpprglwlhv lv dfklhydeoh
dqg plq fxw vhsdudwlqj doo wkuhh lv ;1 \hw wkhvh ydoxhv duh qrw dfklhydeoh1
W1F1Kx jlyhv dq h{dpsoh +e| frqwudfwlqj dufv +{> v5, dqg +|> v6, lq zklfk
wkh deryh ydoxhv duh qrw dfklhydeoh exw pd{  rz htxdov plq fxw1 Lq wkh
h{dpsoh jlyhq/ hyhq wklv lv qrw wuxh1 Vhh �D Wzr frpprglw| Fxw Wkhruhp�
e| S1G1 Vh|prxu/ Glvf1 pdwk +4<:;,/ 56/ 4::04;4 iru d vlpsohu h{dpsoh
ri wklv nlqg1

s 2 =
t 3

s 1 =
t 2

s 3 =
t 1

s 1

s 2 =
t 3

s 4 =
t 2

t 1
s 3 =

t 4
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Urwkidue dqg Iulvfk vkrz wkdw li hyhu| qrgh lv hlwkhu dq ruljlq ru d
ghvwlqdwlrq/ pd{  rz htxdov plq fxw iru n @ 61 Iru n @ 7 hyhq wklv lv qrw
wuxh1 Wklv surshuw| lv qrz whuphg dv T.0PIPF surshuw|1 Wkh sureohp ri
ghwhuplqlqj zkhq pd{ rz0plqfxw krogv lv vwloo dq rshq txhvwlrq1

515 Pxowlfrpprglw| Iorzv Uhihuhqfhv

51514 Lqlwldo uhvxowv
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Wklv lv sdjh {{y
Sulqwhu= Rsdtxh wklv

Uhihuhqfhv

^II5` O1U1 Irug dqg G1U1 Ixonhuvrq= Iorzv lq Qhwzrunv/ Sulqfhwrq Xql0
yhuvlw| Suhvv/ +4<95,1

^UZ4` E1 Urwkvfklog dqg D1Z1 Zklqvwrq= Ihdvlelolw| ri Wzr Frpprglw|
Qhwzrunv/ Rshudwlrqv Uhvhdufk/ 47/ +4<99,/ ss1 4454044571

^UZ5` E1 Urwkvfklog dqg D1Z1 Zklqvwrq= Rq Wzr Frpprglw|  rzv/ Rs0
hudwlrqv Uhvhdufk/ 47/ +4<99,/ ss1 6::06;:1

^W4` G1W1Wdqj= Elsdwk Qhwzrunv dqg Pxowlfrpprglw| Iorzv/ LHHH
Wudqv1 Flu1 Wkhru|/ FW044/ +4<97,/ ss1 79;07:71

^W5` G1W1Wdqj= Frpphqwv rq Ihdvlelolw| Frqglwlrqv ri Vlpxowdqhrxv
Iorz lq d Qhwzrun/ Rshudwlrqv Uhvhdufk/ 46/ +4<98,/ ss1 476047911

^W6` G1W1Wdqj= Frppxqlfdwlrq Qhwzrunv zlwk Vlpxodwdqhrxv Iorz Uh0
txluhphqwv/LUH Wudqv1 Flu1 Wkhru|/ FW0</ +4<95,/ ss1 4:904;51

^W7` G1W1Wdqj= Rswlpdo Wuhhv iru Vlpxowdqhrxv Iorz Uhtxluhphqwv/
Surf1 Qdw1 Hohfwu1 Frqi1 4</ +4<96,/ ss1 5;0651

^K` W1F1Kx= Pxowlfrpprglw| Qhwzrun Iorzv/ Rshudwlrqv Uhvhdufk/ 44/
+4<96,/ ss1 67706931

^V` P1 Vdndurylwfk= Wzr Frpprglw| Qhwzrun Iorzv dqg OS/ Pdwk1
Surj1 7/ +4<:6,/ ss1 40531



{{yl Uhihuhqfhv

^UI` E1 Urwkidue dqg L1W1 Iulvfk= Rq wkh 60Frpprglw| Iorz Sureohp/
V1L1D1P1 Mrxu1 Dsso1 Pdwk1 4:/ <4<9<,/ ss1 7908;1

^M` Z1V1Mhzhoo= Pxowlfrpprglw| Qhwzrun Vroxwlrqv/ R1U1 Fhqwhu Uh0
sruw/ X1F1 Ehunhoh|/ +4<99,1

^GJ` K1 Gld} dqg J1 gh Jkhoolqn= Pxowlfrpprglw| Pd{lpxp Iorz lq
Sodqdu Qhwzrunv � Wkh G0Dojrulwkp Dssurdfk/ Whfk1 uhsruw/ +4<:5,

Uhvxowv rq Vlqjoh Frpprglw| Iorzv lq Sodqdu Qhwzrunv=



Wklv lv sdjh {{yll
Sulqwhu= Rsdtxh wklv

Uhihuhqfhv

^II4` O1U1 Irug dqg G1U1 Ixonhuvrq= Pd{lpxp Iorz Wkurxjk d Qhwzrun/
Fdq1 M1 Pdwk1 ;/ +4<89,/ ss1 6<<07371

^LV` D1 Lwdl dqg \1 Vklordfk= Pd{lpxp Iorz lq Sodqdu Qhwzrunv/
V1L1D1P1 Mrxu1 rq Frpsxwlqj/ ;/ +4<:<,/ ss1 46804831

^K4` U1 Kdvvlq= Pd{lpxp Iorz lq +v/w,0Sodqdu Qhwzrun/ Lqi1 surf1 Ohw0
whuv/ 46/ &6/ +4<;4,/ ss1 43:1

^K5` U1Kdvvlq= Pd{lpxp Iorz lq Xqgluhfwhg Sodqdu Qhwzrunv/ Whfk1 Uh0
sruw/ +4<;5,1

Dgydqfhg Uhvxowv Lqfoxglqj Lqwhjhu Iorzv=
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Wklv lv sdjh {{l{
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^E` K1U1Eudkdqd= V|vwhpv ri Flufxlwv rq 50glphqvlrqdo Pdqlirogv/ Dq0
qdov ri Pdwk1 56/ +4<54,/ ss1 477049;1

^KX5` W1F1Kx= Wzr Frpprglw| Fxw Sdfnlqj Sureohp/ Glvf1 Pdwk1 7/
+4<:6,/ ss1 43;043<1

^S` E1D1Sdshuqry= Rq wkh H{lvwhqfh ri Pxowlfrpprglw| Iorzv/ Vwxglhv
lq Glvfuhwh Rswlpl}dwlrq/ +D1D1 Iulhgpdq hg,/ Qdxnd/ +4<:9,/ ss1
56305941 +lq Uxvvldq,1

^HLV` V1 Hyhq/ D1 Lwdl/ dqg D1 Vkdplu= Rq wkh Frpsoh{lw| ri Wlphwdeoh
dqg Pxowlfrpprglw| Iorz Sureohp/ V1L1D1P1 mrxu rq Frpsxwlqj/
8/ +4<:9,/ ss1 9<40:361

^O]` O1Orydv}= Rq Vrph Frqqhfwlylw| surshuwlhv ri Hxohuldq Judskv/
Pdwk1 Dfdg1 Vfl1 Kxqj1 5;/ +4<:9,/ ss1 45<046;1

^OR4` P1Y1Orprqrvry= Vroxwlrqv iru Wzr Sureohpv lq Qhwzrunv/ Sure0
ohp| Shuhgdfl Lqirupdfll/ +4<:9,1

^VH\4` S1G1Vh|prxu= D Wzr Frpprglw| Fxw Wkhruhp/ Glvf1 Pdwk1 56/
+4<:;,/ ss1 4::04;41

^VH\5` S1G1Vh|prxu= Vxpv ri Flufxlwv/ Jdusk Wkhru| dqg Uhodwhg Wrslfv/
+Erqg| dqg Pxuw| hgv,/ +4<:;,1

^OR5` P1Y1Orprqrvry= Pxowl rz Ihdvlelolw| Ghshqglqj rq Fxwv/ Judsk
Wkhru| Qhzvohwwhu/ </ +4<:<,/ &4/ ss1 71



{{{ Uhihuhqfhv

^VW` \1 Vrxq dqg N1 Wuxhpshu= Vlqjoh Frpprglw| Uhsuhvhqwdwlrq ri
Pxowlfrpprglw| Qhwzrunv/ VLDP M1 Glvf1 Pdwk1 4/ +4<;3, &611

^VH\6` S1G1Vh|prxu= Glvmrlqw Sdwkv lq Judskv/ Glvf1 Pdwk1 5</ +4<;3,/
ss1 5<6063<1

^VH\7` S1G1Vh|prxu= Irxu0Whuplqxv Iorzv/ Qhwzrunv/ 43/ +4<;3,/ ss1 :<0
;91

^VFK4` D1Vfkulmyhu= D Frxqwhu h{dpsoh wr d Frqmhfwxuh ri Hgprqgv dqg
Jlohv/ Whfk uhsruw1 +4<;3,1

^RV` K1 Rndpxud dqg S1G1Vh|prxu= Pxowlfrpprglw| Iorzv lq Sodqdu
Judskv/ Mrxu1 Frpe1 Wkhru|/ E/ 64/ +4<;4,/ ss1 :80;41

^VH\8` S1G1Vh|prxu= Pdwurlgv dqg Pxowlfrpprglw| Iorzv/ Hxurs1 M1
Frpelqdwrulfv/ 5/ +4<;4,/ 58:05<31

^4` P1 Vdndurylwfk/ Wzr Frpprglw| Qhwzrun Iorzv dqg OS/ Pdwk1
Surj1 7 +4<:6,/ 40531

^5` E1 Urwkidue/ L1 W1 Iulvfk/ Rq wkh 60Frpprglw| Iorz Sureohp/ VLDP
M1 Dsso1 Pdwk1 4: +4<9<,/ 7908;1

^6` S1 G1 Vh|prxu/ Rq Rgg Fxwv dqg Sodqh Pxowlfrpprglw| Iorzv/
Surf1 Orqgrq Pdwk1 Vrf1 6 +4<;4,/ 4:;04<51

^7` V1 Olqv/ D Plqlpd{ Wkhruhp rq Flufxlwv lq Surmhfwlyh Judskv/
M1F1W1 63 E +4<;4,/ 58605951

^8` N1 Pdwvxprwr/ W1 Qlvkl}hnl/ dqg P1 Vdlwr= Sodqdu Pxowlfrpprglw|
Iorzv/ Pd{lpxp pdwfklqjv/ dqg Qhjdwlyh f|fohv/ VLDP M1 Frps1
48/ +4<;9,/ ss1 7<808431

^9` H1 Nrudfk/ Sdfnlqjv ri W0Fxwv dqg Rwkhu Dvshfwv ri Gxdo Lqwhjudo0
lw|/ Sk1G1 Wkhvlv +4<;5,/ Xqly1 ri Zdwhuorr1

^:` P1 Y1 Orprqrvry/ Rq wkh Sodqh Lqwhjhu Wzr0Iorz Sureohp/ Frp0
elqdwrulfd 5 +4<;5,/ 53:054;1

^;` K1 Rndpxud/ Pxowlfrpprglw| Iorzv lq Judskv/ Glvf1 Dsso1 Pdwk1
9 +4<;6,/ 880951

^<` P1 Y1 Orprqrvry/ Frpelqdwruldo Dssurdfkhv wr Pxowl rz Sure0
ohpv/ Glvf1 Dsso1 Pdwk1 44 +4<;8,/ 40<71

^43` D1 Y1 Ndu}dqry/ Phwulfv dqg Xqgluhfwhg Fxwv/ Pdwk1 Surj1 65
+4<;8,/ 4;604<;1

^44` D1 Y1 Ndu}dqry/ D Jhqhudol}hg PIPF0Surshuw| dqg Pxowlfrpprg0
lw| Fxw Sureohpv/ Ilqlwh dqg Lq�qlwh Vhwv +4<;8,1



Uhihuhqfhv {{{l

^45` L1 Qhzpdq/ Rq Lqwhjudo Sdfnlqj ri W0Fxwv dqg Lqwhjudo Pxowlfrp0
prglw| Iorz/ P1V1 Wkhvlv/ Whfkqlrq +4<;9,1

^46` D1 Y1 Ndu}dqry/ Kdoi Lqwhjudo Ilyh Whuplqxv Iorzv/ Glvf1 Dsso1
Pdwk1 4; +4<;:,/ 59605:;1

^47` I1 Edudkrqd/ Sodqdu Pxowlfrpprglw| Iorzv/ Pd{ Fxw/ dqg wkh Fkl0
qhvh Srvwpdq Sureohp/ Erqq Uhsruw &;:787 +4<;:,1

^48` D1 Iudqn/ Judsk Frqqhfwlylw| dqg Qhwzrun Iorzv/ Erqq Uhsruw
&;:7:6 +4<;:,1

^49` D1 Vher/ Sdfnlqjv ri Rgg Fxwv dqg Sodqh Pxowlfrpprglw| Iorzv/
Lq�qlwh dqg Ilqlwh Vhwv/ Kdmqdo ) Vrqv/ hg1 +4<;:,1

^4:` D Vher/ Lqwhjhu Sodqh Pxowlfrpprglw| Iorzv zlwk d Erxqghg Qxp0
ehu ri Ghpdqgv/ Erqq Uhsruw &;;867 +4<;;,1

^4;` D1 Iudqn/ Sdfnlqj Sdwkv lq Sodqdu Judskv +4<;;,1

^4<` D1 Iudqn/ Sdfnlqj Sdwkv/ Flufxlwv/ dqg Fxwv 0 D Vxuyh|/ Erqq Uhsruw
&;;865/ +4<;;,1

^53` Q1 Urehuwvrq/ S1 G1 Vh|prxu/ Dq Rxwolqh ri d Glvmrlqw Sdwk Dojr0
ulwkp/ Erqq Uhsruw &;;856 +4<;;,1

^54` H1 Nrudfk/ P1 Shqq/ Rq Vh|prxu*v dqg Orprqrvry*v Sodqh Lqwh0
judo Wzr0Frpprglw| Iorz Uhvxowv/ X1E1F1 Uhsruw &;<0PVF0338
+4<;;B,1

^55` K1 Rndpxud/ Sdwkv lq n0hgjh Frqqhfwhg Judskv/ M1F1W1 78 E &6
+4<;;,/ 67806881

^56` Q1 Urehuwvrq/ S1 G1 Vh|prxu/ Judsk Plqruv YLL= Glvmrlqw Sdwkv rq
d Vxuidfh/ M1F1W1 78 E &6 +4<;;,/ 54505871

^57` D Iudqn/ Rq Frqqhfwlylw| Surshuwlhv ri Hxohuldq Judskv/ Dqqdov ri
Glvf1 Pdwk1 74 +4<;<,/ 4:<04;71

^58` D1 Y1 Ndu}dqry/ Sro|khgud Uhodwhg wr Xqgluhfwhg Pxowlfrpprglw|
Iorzv/ Olq1 Doj1 Dsso1 4472448 +4<;<,/ 5<6065;1

^59` K1 Qdjdprfkl/ W1 Ledudnl/ Rq PIPF dqg Lqwhjudo Iorz Surshu0
wlhv iru Pxowlfrpprglw| Iorz lq Gluhfwhg Qhwzrunv/ Olq1 Doj1 Dsso1
4472448 +4<;<,/ 5:<05;91

^5:` D1 Vfkulmyhu/ Glvwdqfhv dqg Fxwv lq Sodqdu Judskv/ M1F1W1 79 E
+4<;<,/ 7908:1

^5;` D1 Vfkulmyhu/ Krprwrs| dqg Furvvlqjv ri V|vwhpv ri Fxuyhv rq d
Vxuidfh/ Olq1 Doj1 Dsso1 4472448 +4<;<,/ 48:049:1
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^5<` D1 Vfkulmyhu/ Ghfrpsrvlwlrq ri Judskv rq Vxuidfhv dqg d Krprwrslf
Flufxodwlrq Wkhruhp +4<;<,1

^63` D1 Vfkulmyhu/ Rq wkh Xqltxhqhvv ri Nhuqhov +4<;<,1

^64` D1 Vfkulmyhu/ Vkruw Surriv rq Pxowlfrpprglw| Iorzv dqg Fxwv
+4<;<,1

^65` D1 Vfkulmyhu/ Wkh Nohlq Erwwoh dqg Pxowlfrpprglw| Iorzv/ Frpel0
qdwrulfd/ </ +4<;<,/ ss1 6:806;71

^66` D1 Vfkulmyhu/ Glvmrlqw Flufxlwv ri Suhvfulehg Krprwrslhv lq d Judsk
rq d Frpsdfw Vxuidfh +4<;;,1

^67` D1 Vfkulmyhu/ Hgjh Glvmrlqw Krprwrslf Sdwkv lq Vwudljkw Olqh Sodqdu
Judskv/ VLDP M1 Glvfuhwh Pdwk1 +4<;<,1

^68` D1 Vfkulmyhu= Dssolfdwlrqv ri Sro|khgudo Frpelqdwrulfv wr Pxowlfrp0
prglw| Iorzv dqg Frpsdfw Vxuidfhv/ GLPDFV Surf1 Hgv= Frrn qdg
Vh|prxu/ +4<<3,/ ss1 44<046:1

^69` D1 Vfkulmyhu/ D Iudqn/ Glvmrlqw Krprwrslf F|fohv lq d Judsk rq d
Wruxv +4<;<,1

^6:` D1 Vfkulmyhu/ F1 yrq Krhvho/ Hgjh Glvmrlqw Krprwrslf Sdwkv lq d
Sodqdu Judsk zlwk Rqh Kroh/ M1F1W1 +4<;<,1

^6;` F1 D1 Kxunhqv/ D1 Vfkulmyhu/ H1 Wdugrv/ Rq Iudfwlrqdo Pxowlfrp0
prglw| Iorzv dqg Glvwdqfh Ixqfwlrqv/ Glvf1 Pdwk1 +4<;<,1


