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Lqwhjudo Vroxwlrqv wr Olqhdu
Surjudpv

Wkh sureohpv zh kdyh vwxglhg vr idu kdyh rqh surshuw| lq frpprq= wkhuh
h{lvw rswlpdo vroxwlrqv wkdw duh lqwhjudo li wkh gdwd +lq vrph fdvhv vrph
sduw ri wkh gdwd, duh lqwhjudo1 +Li rqh uhsodfhv wkh zrug �lqwhjudo� e| wkh
zrug �udwlrqdo� wkhq wklv vwdwhphqw lv wuxh iru jhqhudo OS,1 Zh qrz orrn
dw wkh frqglwlrqv wkdw doorz wklv wr kdsshq1 Lq wklv vhfwlrq zh dvvxph wkdw
D lv dq lqwhjudo pdwul{ dqg wkdw qr frqvwudlqw lv uhgxqgdqw1
Ohw V @ ^{ = D{ @ e>{ � 3` dqg V� @ ^{ = D{ � e>{ � 3`1

Wkhruhp 4 Wkh iroorzlqj vwdwhphqwv duh htxlydohqw=

41 Iru hyhu| edvlv E ri D ghwE @ 	4

51 Doo h{wuhph srlqwv ri V duh lqwhjudo iru doo lqwhjudo e

61 E�4 lv lqwhjudo iru doo edvhv E ri D1

Surri = Zh suryh wkdw +4, @,+5,@,+6,@,+4,
+4,@,+5,= Frqvlghu d ihdvleoh edvlv E1 Wkh fruuhvsrqglqj edvlf ihdvleoh

vroxwlrq {E vdwlv�hv wkh uhodwlrq E{E @ e dqg lv wkh xqltxh vroxwlrq wr
lw1 E| Fudphu*v uxoh {Em @ ghw Gm

ghw E
zkhuh Gm lv wkh pdwul{ rewdlqhg zkhq

zh uhsodfh wkh mwk froxpq ri E e| e1 Vlqfh Gm lv dq lqwhjudo pdwul{ dqg
ghwE @ 	4 zh kdyh wkh ghvluhg uhvxow1
+5,@,+6,= Ohw el @ E|l.hl zkhuh |l lv lqwhjudo dqg vdwlv�hv |l.E�4=l � 3

dqg hl lv wkh lwk xqlw yhfwru1 Frqvlghu wkh v|vwhp V zlwk wklv el1 Fohduo|
wkh edvlv E lv ihdvleoh dqg wkh fruuhvsrqglqj h{wuhph srlqw lv jlyhq e|
{E @ |l .E�4=l dqg e| k|srwkhvlv lv lqwhjudo dqg khqfh E�4=l lv lqwhjudo1
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+6,@,+4,= Vlqfh E dqg E�4 duh lqwhjudo wkh uhvxow iroorzv iurp wkh idfw
wkdw ghw L @ 41
Ohw D eh d pdwul{ ri udqn n1 Zh vd| wkdw lw lv xqlprgxodu li hyhu|

vxepdwul{ E ri vl}h n kdv d ghwhuplqdqw htxdo wr 	4 ru 31

Wkhruhp 5 Wkh iroorzlqj vwdwhphqwv duh htxlydohqw=

41 Hyhu| qrqvlqjxodu vxepdwul{ ri D kdv d ghwhuplqdqw zkrvh ydoxh lv
3/ ru 	4

51 H{wuhph srlqwv +edvlf ihdvleoh vroxwlrqv, ri V� duh lqwhjudo iru doo
lqwhjudo e

61 Hyhu| qrqvlqjxodu vxepdwul{ ri D kdv dq lqwhjudo lqyhuvh1

Surri = Ohw D3 @ ^D> L` dqg xvh wkh htxlydohqfh ri frqglwlrqv ri wkhruhp 4
dqg wkh fruuhvsrqglqj rqhv ri wklv wkhruhp1
D pdwul{ doo ri zkrvh vxepdwulfhv kdyh ghwhuplqdqw htxdo wr 3 ru 	4 lv

fdoohg d wrwdoo| xqlprgxodu pdwul{1

Fruroodu| 6 D lv wrwdoo| xqlprgxodu +w1x, l� hdfk ri +l,Dw> +ll, E> +lll,F>
+ly,^D> L`> +y,

�
D
L

�
> +yl,D�4 li lw h{lvwv lv wrwdoo| xqlprgxodu1 Khuh E dqg

F duh gh�qhg dv iroorzv= E=m @ 	D=m dqg F lv d pdwul{ zkrvh glvwlqfw
froxpqv +urzv, iurp d vxevhw ri froxpqv +urzv, ri D1

Surri = Doo vwdwhphqwv h{fhsw +yl, duh vwudljkw iruzdug1 Wr vkrz +yl, frq0
vlghu wkh vhw>

aV @ ^{> v = D�4{. Lv @ e>{ � 3> v � 3`
@ ^{> v = Dv. L{ @ De @ e3>{ � 3> v � 3`
Vlqfh D lv w=x=/ h{wuhph srlqwv ri aV duh lqwhjudo iru doo lqwhjudo e3 dqg

khqfh doo e +vlqfh D lv qrqvlqjxodu, dqg khqfh D�4 lv w=x=

Wkhruhp 7 Ohw D eh pdwul{ zlwk dl>m @ 3@	4 dqg
S

l mdl>m m � 5 ; m1 Wklv
frqglwlrq lpsolhv wkdw wkh qxpehu ri qrq}hurhv lq hdfk froxpq lv dw prvw
wzr1 Wkhq D lv w=x1 l� wkh urzv fdq eh sduwlwlrqhg lqwr wzr vhwv U4 dqg
U5 6=+l,li d froxpq kdv wzr qrq}hurhv ri wkh vdph vljq wkhq wkhuh lv rqh
lq hdfk vhw1+ll,li d froxpq kdv wzr qrq}hurhv ri rssrvlwh vljq wkhq erwk duh
lq wkh vdph vhw1

Surri = Lw lv hdv| wr yhuli| wkdw vxepdwulfhv ri vxfk pdwulfhv vdwlvi| wkh
vdph frqglwlrq1 Vxfk d surshuw| lv vdlg wr lqkhulwhg1 Khqfh lw vx!fhv wr
vkrz wklv iru vtxduh pdwulfhv1 Wkh surri lv e| lqgxfwlrq rq wkh vl}h ri wkh
pdwul{1 Lw lv wulyldoo| wuxh iru n @ 41 Dvvxph wkdw lw lv wuxh iru n � 41 Ohw
D eh d n � n pdwul{1 Li wkhuh lv d froxpq zlwk h{dfwo| rqh qrq}hur wkhq
e| fridfwru h{sdqvlrq dqg wkh lqgxfwlrq k|srwkhvlv wkh wkhruhp iroorzv1
Li hyhu| froxpq kdv wzr qrq}hurhv wkhq wkh pdwul{ lv vlqjxodu vlqfh vxp
ri wkh urzv lq U

4
htxdov wkh vxp lq wkh vhw U51 Iru wkh rqo| li sduw lw lv

hdv| wr yhuli| wkdw li wkh frqglwlrq grhv qrw krog wkhq wkhuh lv d vxepdwul{
zkrvh ghwhuplqdqw htxdov wzr1 Khqfh wkh wkhruhp1
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Fruroodu| 8 H lv w=x=

Fruroodu| 9 Wkh frqvwudlqw pdwul{ ri wkh wudqvsruwdwlrq sureohp lv w=x=

Wkhruhp : Iru dq lqwhjudo pdwul{ zlwk dw prvw wzr qrq}hurhv lq hdfk
froxpq zklfk duh 	4 wkh frqglwlrq ri wkh suhylrxv wkhruhp lv qhfhvvdu|1

Gh�qlwlrq 4 D pdwul{ D lv vdlg wr Gdqw}lj surshuw| li D{ @ D=m @, {
lv d yhfwru doo ri zkrvh frpsrqhqwv duh 3/ ru 	41 J1E1 Gdqw}lj vkrzhg
wkdw wklv surshuw| zdv ydolg iru wkh frqvwudlqw pdwul{ ri wkh wudqvsruwdwlrq
sureohp1

Wkhruhp ; D w=x @, D kdv Gdqw}lj surshuw|1

Surri = Vxssrvh qrw1 Ohw D{ @ D=m > dqg { lv qrw vxfk d yhfwru1 Zh pd| dv0
vxph wkdw D lv qrqvlqjxodu zlwkrxw orvv1 Frqvlghu wkh pdwul{ D�4^D>D=m ` @
^L> {`1 Vlqfh wkhuh lv d frpsrqhqw ri { zklfk lv qrw 3 ru 	4/ wkhuh lv d
vxepdwul{ ri wklv pdwul{ zkrvh ghwhuplqdqw lv qrw 3 ru 	41 Wdnlqj wkh
fruuhvsrqglqj vxepdwul{ ri ^D>D=m ` surylghv wkh ghvluhg uhvxow1�
Vlqfh wkh Gdqw}lj surshuw| grhv qrw uhtxluh wkh hohphqwv wr eh 3 ru 	4/

zh qhhg dgglwlrqdo dvvxpswlrqv iru wkh frqyhuvh1

Wkhruhp < Ohw D eh d p � q pdwul{ zkrvh udqn lv p zlwk wkh Gdqw}lj
surshuw|1 Ohw E eh d edvlv> wkhq E�4D lv w=x1

Surri = Gdqw}lj surshuw| iru D lv wkh vdph dv wkh surshuw| iru E�4D zklfk
lv ri wkh irup ^L> �D`1 Gdqw}lj surshuw| iru ^L> �D` lv htxlydohqw wr w=x ri wklv
pdwul{1�

Wkhruhp 43 Ohw D eh d p�q pdwul{ zkrvh udqn lv p1 Xqlprgxodulw| ri
D lv htxlydohqw wr w=x1 ri E�4D dqg mghwEm@ 	4 iru doo edvlv E ri D1

Surri = Iroorzv iurp wkh xqlprgxodulw| ri E�4D dqg wkh irup ri E�4D @
^L> �D`1�
Wkh prvw lpsruwdqw uhvxow lq wklv duhd / lq rxu rslqlrq/ lv d uhvxow dw0

wulexwhg wrU1H1Jrpru| dqg vwdwhg dqg suryhg lq d sdshu e| S1Fdplrq1
Zh jlyh d voljkwo| gl�huhqw surri1 Lw vwdwhv wkdw wkh ghwhuplqdqw ri d plq0
lpdo qrq� w=x1 pdwul{ zkrvh hqwulhv duh 3/ ru 	4 lv 	51

Ohppd 44 Ohw J eh vtxduh/ 3@ 	 4 pdwul{ zklfk lv qrw w=x1 exw doo ri
zkrvh vxepdwulfhv duh w=x1 Wkhq= +l,mghwJm @ 5> +ll, Doo hqwulhv lq J�4

duh 	4@5> +lll, hwJ � Jh � 3 +prg 5,> +ly, hwJh � 5 +prg 7,1 Pdwulfhv
vdwlvi|lqj +lll, duh vdlg wr eh Hxohuldq1

Surri = Ohw g @ mghwJm � 51 Vlqfh doo vxepdwulfhv duh w=x1 /
K @ J�4 @ 4

ghwJ
J& zkhuh J& lv wkh fridfwru pdwul{ iru J dqg khqfh

lv d 3@	 4 pdwul{1 Khqfh doo hohphqwv ri K duh 3 ru 	4
g
1 Iluvw zh zloo vkrz

wkdw wkhuh duh qr }hurhv1
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Vxssrvh Km>n @ 31 Ohw aK dqg aJ eh pdwulfhv rewdlqhg iurp K dqg J

uhvshfwlyho| e| ghohwlqj froxpq m1 Wkhq aJ aK=n @ JK=n @ hn1 aJ lv w=x1 e|
dvvxpswlrq dqg kdv lqghshqghqw froxpqv dqg hn lv lqwhjudo dqg khqfh aK=n

+dqg khqfh K=n, lv lqwhjudo1 Krzhyhu/ hdfk hohphqw ri K=n lv 3 ru 	 4
g
zlwk

g � 5 dqg wkh yhfwru K=n 9@ 31 Wklv lv lpsrvvleoh1 Khqfh/ wkh dvvxpswlrq
wkdw Km>n @ 3 lv lqydolg1 Wkxv/ hdfk hohphqw ri K lv 	 4

g
1 Qrz zh vkrz wkdw

g @ 51

Ohw J @

�
N =
| =

�
zkhuh N lv d +p� 4,� +p� 4, pdwul{ dqg J lv dq

p�p pdwul{1 Vlqfh J�4 kdv qr }hurhv/ dqg N lv d fridfwru ri J/ N lv w=x1
dqg qrqvlqjxodu1 Khqfh { lq N{ @ h4 lv d yhfwru doo ri zkrvh frpsrqhqwv

duh 3/ ru 	41 Ohw J

�
{
3

�
@

�
h4
�

�
> y @ |{ dqg khqfh lv dq lqwhjhu1�

h4
�

�
@ J+J�4

=4 . yJ�4
=p,> Vlqfh J lv qrqvlqjxodu

�
{
3

�
@ J�4

=4 . yJ�4
=p 1

Uhfdoo wkdw doo hqwulhv lq J�4 duh 	4@g dqg wzr froxpqv ri J�4 duh olqhduo|
lqghshqghqw zh pxvw kdyh wkh iroorzlqj �slfwxuh� ri d 5�5 vxepdwul{ iurp

wkh froxpqv ri J�4
=4 dqg J�4

=p = 4
g

� �4 �4
4 �4

�
1 Wkhq/ +4@g, . +y@g, � 3

+prg4, dqg +4@g,� +y@g, � 3 +prg4, vlqfh { kdv rqo| frpsrqhqwv zkrvh
ydoxh lv 3 ru 	41 Dgglqj wkhvh zh jhw= 5@g � 3 +prg4,1 Vlqfh g � 5 zh
kdyh wkh uhvxow wkdw g @ 51 Zh kdyh frpsohwhg wkh surriv ri +l, dqg +ll,1
Vlqfh doo hohphqwv riK duh	4@5/ doo hohphqwv ri 5K duh	41 Ohw | @ 5K=41

Wkhq lw lv fohdu wkdwJh � J| +prg 5,1J| @ 5h4 � 3 +prg 5, dqg khqfh wkh
uhvxow iroorzv1 Urz hxohuldqqhvv iroorzv lq d vlplodu pdqqhu1 Wklv suryhv
+lll,1
Iurp +lll, hwJh � 3 ru 5+prg 7,1 Zh zloo h{foxgh wkh �uvw srvvlelolw| e|

d ohppdv ehorz1

Ohppd 45 Ohw E eh vtxduh/ froxpq hxohuldq1 Wkhq ghw E � 3 +prg 5,1

Surri= Li E lv qrqvlqjxodu/ ohw Eh @ 5|/ | lqwhjudo1 Wkhq h @ 5E�4| @
5+dgmE@ghw E,|1 Khqfh +ghwE,h @ 5 +dgmE,| zklfk lv hyhq1 Khqfh ghw E �
3 +prg 5,=

Ohppd 46 Ohw E eh vtxduh/ hxohuldq zlwk hwEh � 3 +prg 7,1 Wkhq
ghw E � 3 +prg7,1

Surri = Zlwkrxw orvv dvvxph ghw E 9@ 31 Ohw aE eh gh�qhg e| aE4= @
S

lEl=>
aEl= @ El= iru l 9@ 41 Hyhu| hqwu| lq aE4= lv hyhq vlqfh E lv urz hxohuldq1
Vlqfh E lv froxpq hxohuldq/ vr lv aE dqg khqfh aEh @ 5| zlwk | lqwhjudo1
+ghw aE,h @ 5+dgm aE,|> dgm aE kdv hyhq hqwulhv lq doo urzv h{fhsw srvvleo| wkh
�uvw vlqfh wkh �uvw urz ri aE kdv rqo| hyhq hqwulhv1 Dovr/ wkh �uvw frpsrqhqw
ri | lv hyhq vlqfh wkh �uvw hohphqw ri aEh @ hwEh � 3 +prg 7,1 Khqfh +dgm
aE,| � 3 +prg 5, @ 5} zlwk } lqwhjudo1 Khqfh +ghw aE,=h @ 5 � 5} � 3
+prg 7,1 Khqfh wkh ohppd1


