
Pd{lpl}lqj Uhvlgxdo Iorz xqghu dq Duf Ghvwuxfwlrq

\1S1 Dqhmd�/ U1 Fkdqgudvhndudq|/ N1S1N1 Qdlu}

Devwudfw

Lq wklv sdshu zh frqvlghu wzr sureohpv uhodwhg wr vlqjoh frpprglw|  rzv rq d
gluhfwhg qhwzrun1 Lq wkh �uvw sureohp/ iru d jlyhq v� w  rz/ li dq duf lv ghvwur|hg/ doo
wkh  rz wkdw lv sdvvlqj wkurxjk wkdw duf lv ghvwur|hg1 Zkdw lv ohiw  rzlqj iurp v wr w
lv wkh uhvlgxdo  rz1 Wkh remhfwlyh lv wr ghwhuplqh d  rz sdwwhuq vxfk wkdw wkh uhvlgxdo
 rz lv pd{lpl}hg1 Zh surylgh d vwurqjo| sro|qrpldo dojrulwkp iru wklv sureohp/ dqg
frqvlghu ydulrxv h{whqvlrqv ri wklv edvlf prgho1 Lq wkh vhfrqg sureohp/ nqrzq dv wkh
�prvw ylwdo duf� sureohp/ wkh remhfwlyh lv wr uhpryh dq duf vr wkdw wkh pd{lpdo  rz rq
wkh uhvlgxdo qhwzrun lv dv vpdoo dv srvvleoh1 Uhvxowv duh ghulyhg zklfk khos lpsohphqw
h!flhqw vfkhph iru vroylqj wklv sureohp dovr1

4 Lqwurgxfwlrq
Lw lv qrw xqfrpprq wkdw lq d frppxqlfdwlrq ru d wudqvsruwdwlrq qhwzrun/ vrph qrghv ru
dufv idlo gxh wr vrph udqgrp qdwxudo fdxvhv1 Rqh fdq dovr frqfhlyh ri vxfk idloxuhv ri fhuwdlq
frpsrqhqwv ri wkh qhwzrun gxh wr ydqgdolvp/ vderwdjh ru vrph dfwlrq ri dq dgyhuvdu|1 Dq|
 rz wkdw zdv jrlqj wkurxjk wkh ghvwur|hg qrghv ru dufv lv orvw1 Jhqhudoo|/ lw lv qrw hdv| wr
uhrulhqw  rzv txlfno| wr wdnh dgydqwdjh ri dowhuqdwh urxwhv iru vhqglqj  rzv1 Khqfh dvvxplqj
wkdw wkh  rzv fdq qrw eh uhrulhqwhg/ wkh uhvlgxdo  rz jrlqj iurp d vrxufh r wr d vlqn | lv wkh
 rz wkdw zdv qrw xvlqj dq| ri wkh ghvwur|hg qrghv dqg2ru dufv1 Wkh remhfwlyh lv/ wkhuhiruh/
wr ghwhuplqh dq r� |  rz vxfk wkdw wkh uhvlgxdo  rz ydoxh lv pd{lpl}hg1 Wr wkh ehvw ri rxu
nqrzohgjh wklv prgho kdv qrw ehhq vwxglhg lq wkh olwhudwxuh1 Lq wkh �uvw sduw ri wkh sdshu
zh frqvlghu wklv sureohp/ uhvwulfwlqj wr wkh fdvh zkhuh rqo| rqh duf lv ghvwur|hg1

Wkh vhfrqg sureohp wkdw uhodwhv wr wkh deryh sureohp lv nqrzq lq qhwzrun olwhudwxuh
dv wkh �prvw ylwdo duf� sureohp ^4`/ zkhuh dv phqwlrqhg lq wkh devwudfw/ wkh remhfwlyh lv wr
ghwhuplqh dq duf zkrvh uhprydo plqlpl}hv wkh pd{lpxp r� |  rz rq wkh uhvlgxdo qhwzrun1
Wklv lv gl�huhqw iurp wkh �uvw sureohp dqg wkh gl�huhqfh olhv lq wkh rughu lq zklfk wkh  rz
dqg idloxuh wdnh sodfh1 Lq wkh ylwdo duf sureohp wkh idloxuh lv dqqrxqfhg �uvw dqg wkh  rz
urxwhu nqrzv wklv lqirupdwlrq1 Lq Sureohp 4/ wkh  rzv rffxu �uvw dqg wkh idloxuh phfkdqlvp
nqrzv wklv lqirupdwlrq1 Wkh iroorzlqj h{dpsoh lq Iljxuh 4 looxvwudwhv wkh gl�huhqfh ehwzhhq
wkh wzr sureohpv1

�Idfxow| ri Exvlqhvv Dgplqlvwudwlrq/ Xqlyhuvlw| ri Zlqgvru/ Zlqgvru/ Rqwdulr/ Fdqdgd Q<E 6S7
|Vfkrro ri Pdqdjhphqw/ Xqlyhuvlw| ri Wh{dv dw Gdoodv/ Ulfkdugvrq/ Wh{dv/ X1V1D11
}Idfxow| ri Dgplqvwudwlrq/ Xqlyhuvlw| ri Qhz Euxqvzlfn/ Iuhghulfwrq/ Q1E1/ Fdqdgd H6E8D6
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Iljxuh 4= H{dpsohv ri wkh Wzr Sureohpv

Lq wkh ylwdo duf sureohp zh uhpryh rqh ri wkh wzr E7c�� dufv zlwk fdsdflw| 6 dqg wkh
vxuylylqj  rz lv 71 Lq sureohp 4/ lq wkh rswlpdo  rz sdwwhuq/ dufv zlwk fdsdflwlhv 6/ 6/ dqg
4 zloo eh vdwxudwhg dqg wkh wzr dufv ri wkh E�c A � zloo hdfk fduu| d  rz ri 6181 Wkh idloxuh
wkdw pd{lpl}hv wkh orvv lv rqh ri wkhvh odvw wzr dufv1 Wkh qhw vxuylylqj  rz lv 6181 Wkxv
wkh wzr sureohpv duh txlwh gl�huhqw1 Ixuwkhu/ wklv h{dpsoh vkrzv wkdw wkh rswlpdo  rz lq
Sureohp 4 qhhg qrw eh lqwhjudo1

Lq wkh qh{w vhfwlrq/ zh gh�qh Sureohp 4 irupdoo| uhvwulfwlqj rxu dqdo|vlv wr uhprydo ri
rqo| rqh duf1 Zh wkhq vkrz wkdw iru dq rswlpdo vroxwlrq/ zh fdq uhvwulfw rxuvhoyhv wr  rzv
wkdw duh df|folf +frqwdlqlqj qr gluhfwhg  rz f|foh, dqg pd{lpdo +lq whupv ri lqsxw  rz
ydoxh,1 Zh wkhq irupxodwh wkh sureohp dv d sdudphwulf  rz sureohp dqg surylgh d vwurqjo|
sro|qrpldo dojrulwkp iru wkh sureohp1 Vhfwlrq 6 frqvlghuv ydulrxv h{whqvlrqv ri wklv prgho1

Lq vhfwlrq 7 zh frqvlghu Sureohp 5/ wkh �prvw ylwdo duf� sureohp1 Lq rughu wr lpsuryh
rq wkh h{lvwlqj dssurdfk/ zh vkrz ydulrxv surshuwlhv ri wkh rswlpdo vroxwlrq wr khos lpsuryh
wkh vhdufk1 Zh �uvw vkrz frqglwlrqv xqghu zklfk dq rswlpdo  rz iru wkh Sureohp 4 uhdglo|
surylghv dq rswlpdo vroxwlrq iru wklv sureohp1 Zh wkhq surylgh d vlpsoh surfhgxuh iru �qglqj
d jrrg orzhu erxqg rq wkh fdsdflw| ri dq rswlpdo duf1 Ilqdoo|/ zh vkrz wkdw li wkh sureohp
lv gh�qhg ryhu dq xqgluhfwhg qhwzrun/ ixuwkhu fkdudfwhul}dwlrq ri dq rswlpdo duf uhgxfhv wkh
vhdufk frqvlghudeo|1

5 Sureohp 4= Irupxodwlrq dqg Vroxwlrq Phwkrg
Ohw C ' d�c�c So eh d gluhfwhg qhwzrun zlwk fdsdflwlhv rq dufv S G � :�$ -1 Ohw rc | 5 � 1
Ohw s G � :�$ - eh d  rz iurp r wr |c zlwk ydoxh �Es� vdwlvi|lqj wkh  rz frqvhuydwlrq
frqglwlrqv iru qrghv rwkhu wkdq r dqg |/ dqg fdsdflw| frqvwudlqwv1 Wkdw lv/
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Qrz vxssrvh dq duf E�c �� idlov dqg doo wkh  rz sdvvlqj wkurxjk wklv duf lv orvw dqg uhvxowv
lq d qhw orvv ri >�c�Es�� Wkh vxuylylqj  rz lv wkhq /�c�Es� ' DEs�� >�c�Es�1 Ohw >

fEs� eh wkh
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pd{lpxp  rz orvv gxh wr dq duf idloxuh1 Wklv pd{lpxp lv ryhu doo srvvleoh fkrlfhv ri dq
duf idloxuh1 Zh zdqw wr �qg s wkdw pd{lpl}hv /fEs� E' DEs�� >fEs��1 Wklv lv wkh sureohp
wkdw zh frqvlghu lq wklv vhfwlrq1

Wkh �uvw txhvwlrq wkdw zh qhhg wr dgguhvv lv= jlyhq d  rz s / zkdw lv wkh orvv >�c�Es� li
duf E�c �� idlovB Li wkh  rz lv ruljlqdoo| ghvfulehg lq wkh duf0fkdlq irup +d fkdlq lq rxu zd| ri
wklqnlqj grhv qrw kdyh dq duf uhshdwhg,/ dqg wkhq frqyhuwhg wr sc wkhq wkh orvv gxh wr wkh
idloxuh ri dq duf lv wkh  rz rq lw1 Li wklv s frqwdlqv d f|foh zlwk srvlwlyh  rz/ wkhq uhprylqj
wklv f|foh fuhdwhv d  rz 	s zklfk lv yhfwruldoo| vpdoohu wkdq s� exw fruuhvsrqgv wr wkh vdph
lqsxw  rz1 Khqfh 	s fdq qrw lqfuhdvh wkh orvv gxh wr dq duf idloxuh lq frpsdulvrq wr s 1 Wkxv
zh fdq dvvxph wkdw wkhuh h{lvwv dq rswlpdo fkdlq  rz zklfk jhwv frqyhuwhg wr dq df|folf
qrgh0duf  rz s 1 Lq dq df|folf  rz wkh  rz orvv gxh wr dq duf idloxuh lv/ ri frxuvh/ wkh  rz
rq wkh idlohg duf1
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Iljxuh 5= Ghfrpsrvlwlrq ri d F|folf Iorz lqwr Wzr Df|folf Iorzv

Vxssrvh wkh  rz s lv surylghg lq wkh qrgh0duf irup1 Li s lv qrw df|folf/ wkhq wkh orvv
>�c�Es� gxh wr idloxuh ri dq duf E�c �� fdq qrw eh ghwhuplqhg xqohvv zh nqrz krz wkh  rz
lv ehlqj urxwhg/ dv wkhuh duh vhyhudo zd|v lq zklfk wkh  rz s fdq eh ghfrpsrvhg wr dq
df|folf  rz dqg  rz f|fohv1 Dvvxplqj wkdw wkh remhfwlyh ri wkh  rz urxwhu lv wr plqlpl}h
wkh pd{lpxp orvv/ wkh dssursuldwh ghfrpsrvlwlrq zrxog eh wkh rqh wkdw plqlpl}hv wklv
pd{lpxp orvv1 Wklv lv htxlydohqw wr vhqglqj wkh fruuhvsrqglqj df|folf  rz1
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Wkh h{dpsoh lq Iljxuh 5 looxvwudwhv wkh dujxphqw1 Wkh qxpehuv rq wkh dufv lqglfdwh wkh
 rzv1 Wkh f|folf  rz fdq eh ghfrpsrvhg lq wzr zd|v1 Lq wkh ghfrpsrvlwlrq rq wkh ohiw/
idloxuh ri duf E�c 2� zrxog uhvxow lq d orvv ri 6 xqlwv/ zkhuhdv lq wkh ghfrpsrvlwlrq rq wkh
uljkw/ wkh pd{lpxp orvv zrxog eh 5 xqlwv1 Wkxv wkh  rz vhqghu zrxog fkrrvh wkh vhfrqg
ghfrpsrvlwlrq1 Zh kdyh wkxv suryhg wkh iroorzlqj1

Ohppd 4 Wkhuh h{lvwv dq rswlpdo  rz zklfk lv df|folf1

Lw lv qrw fohdu dw wklv vwdjh wkdw wkh d  rz s wkdw pd{lpl}hv �Es�/ wkh ydoxh ri lqsxw  rz/
zrxog dovr pd{lpl}h wkh vxuylylqj ru uhvlgxdo  rz /fEs�� Wkh iroorzlqj ohppd dqvzhuv wkh
txhvwlrq lq wkh d!updwlyh1

Ohppd 5 Wkhuh h{lvwv dq rswlpdo vroxwlrq wkdw vlpxowdqhrxvo| pd{lpl}hv erwk �Es� dqg
/fEs�1

Surri1 Li s grhv qrw pd{lpl}h �/ wkhq wkhuh h{lvwv dq dxjphqwlqj sdwk1 Wklv dxjphqwdwlrq
zloo lqfuhdvh wkh  rz rq qr duf e| pruh wkdq wkh dxjphqwdwlrq lwvhoi1 Khqfh/ wkh dgglwlrqdo
orvv gxh wr idloxuh ri dq| duf fdq qrw eh pruh wkdq wkh dxjphqwdwlrq lwvhoi dqg wkh vxuylylqj
 rz zloo qrw eh ghfuhdvhg1�

Zh fdq wkxv uhvwulfw rxuvhoyhv wr pd{lpdo  rzv1 Lq wkh zruvw fdvh dqdo|vlv wkdw zh
duh frqvlghulqj/ wkh orvv zloo eh wkh  rz rq dq duf fduu|lqj wkh pd{lpxp  rz1 Wkxv wkh
remhfwlyh lv wr rewdlq d pd{lpdo  rz lq zklfk wkh odujhvw duf  rz dv vpdoo dv srvvleoh1 Wklv
doorzv xv wr irupxodwh wkh sureohp dv iroorzv1
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Li wkh pd{lpxp  rz lq C Eb� ' d�c�c S Eb�o/ zkhuh S�c� Eb� ' 4�?dS�c�c bo ;E�c �� 5 �/
lv ghqrwh e| s Eb� zlwk ydoxh 8 Eb� c wkhq 8 Eb� lv d slhfhzlvh olqhdu frqfdyh ixqfwlrq ri
b/ zlwk hdfk olqhdu slhfh kdylqj dq lqwhjudo vorsh1 Wklv fdq eh vhhq dv iroorzv1 Wdnh dq|
r � | fxw (1 Ohw (Eb� '

S
E�c��M( S�c�Eb�� Vlqfh hdfk S�c�Eb� lv slhfh0zlvh olqhdu frqfdyh lq

b/ vr lv (Eb� dqg uhsuhvhqwv wkh fdsdflw| ri wkh fxw ( lq CEb�� Vorsh ri dq| olqhdu slhfh lq
(Eb�c iru d jlyhq bc lv dq lqwhjhu zlwk ydoxh htxdo wr wkh qxpehu ri dufv zlwk fdsdflw| b�
Vlqfh 8 Eb� ' 4�?i(Eb� G ( 5 ljc zkhuh l lv wkh vhw ri doo r � | fxwv/ 8 Eb� lv slhfh0zlvh
olqhdu frqfdyh zlwk lqwhjudo vorshv1 Wkh odujhvw vorsh jlyhv wkh fduglqdolw| ri dq r � | fxw
zlwk plqlpdo fduglqdolw|� Frqvlghu qrz wkh ixqfwlrq 8 Eb�� b� Li wklv ixqfwlrq kdv d xqltxh
pd{lpxp dw b ' bWc wkhq wklv bW surylghv wkh ghvluhg pd{lpdo  rz zlwk wkh odujhvw duf
 rz ri bW� Rwkhuzlvh/ 8 Eb��b kdv d olqhdu slhfh zlwk }hur vorsh gh�qhg ryhu vrph lqwhuydo/
dqg iru dq| b lq wklv lqwhuydo sEb� surylghv dq rswlpdo  rz wr wkh sureohp1

Wkh iroorzlqj dojrulwkp surylghv d vwurqjo| sro|qrpldo dojrulwkp iru �qglqj bW/ surylghg
zh xvh d vwurqjo| sro|qrpldo dojrulwkp wr �qg d pd{  rz1 Wkh dojrulwkp lv edvhg rq wkh
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Qhzwrq*v phwkrg vshfldol}hg iru frpelqdwruldo rswlpl}dwlrq ^5`1 Dqdorjrxv vshfldol}dwlrqv
kdyh ehhq xvhg lq vhyhudo rwkhu sureohpv ^9`/^6`/^7`1 Wkhruhwlfdo h!flhqf| ri Qhzwrq*v phwkrg
iru frpelqdwruldo rswlpl}dwlrq sureohpv kdv ehhq hvwdeolvkhg lq ^:`1

Iru d jlyhq bc ohw ( Eb� uhsuhvhqw d plq0fxw/ vhsdudwlqj r dqg | lq CEb�/ dqg ^ Eb� wkh
qxpehu ri dufv lq ( Eb� zlwk fdsdflw| b�

dojrulwkp Qhzwrq>

�qg d pd{  rz s Wdqg plq0fxw (W zlwk ydoxh 8 W lq C�

b G' 4@ iS�c� G E�c �� 5 (Wj (
�qg sEb�c 8 Eb�c (Eb�c ^Eb�(

zkloh 8 Eb� 	 8 W gr

b G' bn E8 W � 8 Eb�� *^ Eb� (

�qg sEb�c 8 Eb�c(Eb�c ^Eb�(

hqgbzkloh >

whuplqdwh zlwk bW G' bc sEbW� dqg (EbW�(

Wkh dojrulwkp lv vwurqjo| sro|qrpldo vlqfh dw dq| lwhudwlrq/ hlwkhu wkh dojrulwkp vwrsv ru
wkh ydoxh ri ^ Eb� ghfuhdvhv e| dw ohdvw rqh1 Vlqfh wkh vwduwlqj ydoxh ri ^Eb� lv erxqghg e| mT m c
wkh wlph frpsoh{lw| ri wkh dojrulwkp lv/ wkhuhiruh/ �EmT m w�c zkhuh � Ew� lv wkh frpsoh{lw|
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ri wkh pd{0 rz dojrulwkp1 Wkh �jxuh ehorz looxvwudwhv wkh dojrulwkp1

Qhzwrq*v Phwkrg

Wkh phwkrg khuh vwduwv zlwk b ' b�c dqg whuplqdwhv zlwk b ' b��

6 H{whqvlrqv

614 Lqwhjudo Iorzv

Dv zh revhuyhg lq wkh lqwurgxfwlrq/ wkh rswlpdo  rz qhhg qrw eh lqwhjudo1 Wklv kdsshqv dv
wkh b0ydoxhv jhqhudwhg e| wkh Qhzwrq*v Dojrulwkp qhhg qrw eh lqwhjudo/ uhqghulqj wkh fd0
sdflw| ri fhuwdlq dufv qrq0lqwhjudo1 Vxssrvh zh duh lqwhuhvwhg lq dq lqwhjudo rswlpdo vroxwlrq1
Wkdw lv/ dprqj doo lqwhjudo  rzv/ zh zdqw d  rz sdwwhuq wkdw rswlpl}hv wkh uhvlgxdo  rz1
Vxssrvh wkh Qhzwrq*v phwkrg whuplqdwhv zlwk bW� Wkdw lv/ wkh frqfdyh ixqfwlrq 8 Eb��b lv
pd{lpl}hg dw bW� Li bW lv lqwhjudo/ wkhq ri frxuvh sEbW� lv lqwhjudo1 Rwkhuzlvh/ ohw b� ' ebWfc
dqg b2 ' gbWh� Li 8 Eb�� � b� 	 8 Eb2�� b2c wkhq sEb�� lv dq rswlpdo lqwhjudo  rz sdwwhuq/
rwkhuzlvh sEb2� surylghv dq rswlpdo vroxwlrq1
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615 Xqgluhfwhg dqg Pl{hg Qhwzrunv

Hdfk hgjh d�c �o fdq eh uhsodfhg e| wzr gluhfwhg dufv E�c �� dqg E�c ��� Lq wklv pdqqhu wkh
sureohp rq xqgluhfwhg ru pl{hg qhwzrunv fdq eh frqyhuwhg wr dq htxlydohqw sureohp rq d
gluhfwhg qhwzrun1 Vlqfh wkh rswlpdo  rz irxqg zloo eh df|folf/ uhprydo ri d gluhfwhg duf lv
htxlydohqw wr uhprylqj wkh fruuhvsrqglqj xqgluhfwhg duf iurp wkh qhwzrun1

616 Qrgh Idloxuh

Vxssrvh/ lqvwhdg ri dq duf/ d qrgh +rwkhu wkdq r dqg |, idlov1 Lq wklv fdvh doo wkh  rz sdvvlqj
wkurxjk wkdw qrgh lv orvw1 Khuh zh gh�qh �fEs� wr eh wkh pd{lpxp orvv gxh wr d qrgh
idloxuh1 Wkh remhfwlyh/ dv ehiruh/ lv wr pd{lpl}h /fEs�� Dv hvwdeolvkhg lq Ohppdv 4 dqg 5/
xvlqj vlplodu dujxphqwv/ rqh fdq vkrz wkdw lq wklv fdvh dovr/ wkhuh h{lvwv dq rswlpdo  rz
zklfk lv df|folf dqg pd{lpl}hv erwk �Es� dqg /fEs�1 Wr vroyh wklv sureohp/ zh prgli| rxu
qhwzrun iurp CE�c�� wr C�E�

�
c �

�
� zkhuhe|/ zh uhsodfh hdfk qrgh � 5 � zlwk wzr qrghv

�
�
c �

�� 5 �
�
( li E�c �� 5 �/ wkhq

�
�
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c �

�� 5 �
�
� Dovr E�

�
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��
� 5 �

� ;� 5 �� Wkh  rz sureohp rq
C

�
lv irupxodwhg dv=
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Khuh zh uhvwulfw wkh fdsdflw| ri rqo| qrgh jhqhudwhg dufv wr b� Dv ehiruh/ krzhyhu/ 8 Eb� c
d pd{0 rz lq C

�
Eb� lv d slhfh0zlvh olqhdu frqfdyh ixqfwlrq lq b zlwk lqwhjudo vorsh iru hdfk

olqhdu slhfh1 Khqfh/ wkh Qhzwrq*v phwkrg ghvfulehg lq Vhfwlrq 5 fdq dovr eh xvhg wr vroyh
wklv sureohp dqg surylghv d vwurqjo| sro|qrpldo dojrulwkp iru wklv sureohp dv zhoo1 Djdlq/
dq lqwhjudo vroxwlrq li qhhghg fdq eh rewdlqhg hdvlo| dv ehiruh1

617 Suredelolvwlf Duf Idloxuh

Vxssrvh/ lqvwhdg ri wkh zruvw fdvh dqdo|vlv ghdow zlwk hduolhu/ zh duh lqwhuhvwhg lq pd{lpl}lqj
wkh dyhudjh uhvlgxdo  rz1 Ohw ^ eh wkh suredelolw| wkdw qr duf idlov/ dqg E� � ^� eh wkh
suredelolw| wkdw rqh duf idlov1 Ohw R�c� eh wkh frqglwlrqdo suredelolw| wkdw duf E�c �� idlov
jlyhq wkdw dq duf idlov1 Wkhq/ iru d ihdvleoh  rz s zlwk ydoxh 8c wkh h{shfwhg  rz htxdov
8 �S

E�c��M�E�� ^�R�c�s�c�� Lw fdq eh vkrzq wkdw dq rswlpdo vroxwlrq lv rewdlqhg dw 8 ' 8 W�
Wkxv/ pd{lpl}lqj wkh h{shfwhg uhvlgxdo  rz lv htxlydohqw wr wkh sureohp ri plqlpxp frvw
 rzv zklfk fdq eh vroyhg e| dq| zhoo nqrzq vwurqjo| sro|qrpldo dojrulwkpv ^4`1
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7 Sureohp 5= Prvw Ylwdo Duf
Dq reylrxv dssurdfk wr vroyh wklv sureohp lv wr ghwhuplqh/ iru hdfk duf/ wkh pd{0 rz ydoxh
ryhu wkh uhgxfhg qhwzrun zkhuh wkh duf xqghu frqvlghudwlrq lv uhpryhg> dqg wkhq fkrrvh dq
duf zkrvh uhprydo uhvxowv lq wkh vpdoohvw pd{0 rz ydoxh1 Wkh frpsoh{lw| ri wklv reylrxv
dssurdfk lv �Em�m w�� Khqfh sro|qrpldolw| lv qrw dq lvvxh lq wklv sureohp1 Wkhuh duh nqrzq
zd|v wr uhgxfh wkh dprxqw ri zrun e| holplqdwlqj fhuwdlq dufv iurp frqvlghudwlrq1 Iru
h{dpsoh/ doo dufv zkrvh fdsdflwlhv duh orzhu wkdq wkdw ri wkh pd{lpxp fdsdflw| duf rq d
plq0fxw fdq eh uhpryhg iurp frqvlghudwlrq1 Lq wklv phwkrg zh kdyh d fxuuhqw orzhu erxqg
rq wkh rswlpdo fdsdflw| dqg zh uhpryh doo dufv zlwk fdsdflw| orzhu wkdq wklv ydoxh1 Wkhq
zh frqvlghu wkh duf zlwk wkh odujhvw fdsdflw| dprqj wkh dufv vwloo xqghu frqvlghudwlrq dqg
vhh li lwv uhprydo uhgxfhv wkh  rz e| d odujhu dprxqw1 Li vr/ rxu orzhu erxqg lv lqfuhdvhg wr
wkh dprxqw e| zklfk wkh  rz lv uhgxfhg1 Rwkhuzlvh/ wklv duf lv uhpryhg iurp ixuwkhu frq0
vlghudwlrq11 Zkloh wklv phwkrg pd| uhgxfh wkh vhdufk lq sudfwlfh/ wkh zruvw fdvh frpsoh{lw|
kdv qrw ehhq vkrzq wr lpsuryh1

Zh zdqw wr fkdudfwhul}h fhuwdlq surshuwlhv ri dq rswlpdo duf zklfk zrxog khos lpsuryh
wkh deryh phqwlrqhg dssurdfk1 Iru h{dpsoh/ li frqglwlrqv ri ohppd 6 duh vdwlv�hg/ wkh
frpsoh{lw| ri wkh vhdufk surfhgxuh uhgxfhv iurp �Em�m w� wr �EmT m w�� Li wkh qhwzrun lv
xqgluhfwhg dqg doo duf fdsdflwlhv duh glvwlqfw wkhq djdlq wkh frpsoh{lw| ri wkh vhdufk surfhvv
uhgxfhv wr �EmT m w�c dv vkrzq e| ohppd 81

Iroorzlqj ohppd hvwdeolvkhv fulwhuld xqghu zklfk dq rswlpdo duf lv uhdglo| dydlodeoh iurp
wkh rswlpdo  rz vroxwlrq wr rxu �uvw sureohp1

Ohppd 6 Frqvlghu wkh plq0fxw (EbW� lq CEbW� lq wkh dojrulwkp Qhzwrq ghvfulehg lq vhf0
wlrq 51 Li wklv fxw/ lq C/ kdv dw prvw rqh duf zlwk fdsdflw| : bWc wkhq dq duf zlwk wkh odujhvw
fdsdflw| lq wklv fxw lv dq rswlpdo duf1

Surri1 Frqvlghu wkh pd{0 rz sEbW� zlwk ydoxh 8 W1 Qr duf lq wklv  rz sdwwhuq fduulhv
d  rz ri pruh wkdq bW� Khqfh uhprydo ri dq| duf zrxog uhvxow lq d  rz orvv ri dw prvw
wkh  rz rq wkdw duf1 Wkxv wkh uhvlgxdo qhwzrun zrxog kdyh d pd{0 rz ydoxh ri dw ohdvw
8 W � bW� Frqvlghu wkh fxw (EbW� Lq CEbW� doo iruzdug dufv ri wklv fxw duh vdwxudwhg/ dqg
doo uhyhuvh dufv  rzohvv1 Lq C/ e| wkh dvvxpswlrqv ri ohppd/ dw prvw rqh duf kdv fdsdflw|
: bWc dqg doo rwkhu dufv kdyh fdsdflw| � bW� Khqfh/ lq Cc wkh  rz sEbW� vdwxudwhv doo dufv ri
wkh fxw (EbW�c h{fhsw dw prvw rqh duf zlwk wkh odujhvw fdsdflw|1 Wkh fdsdflw| ri wklv fxw lv/
wkhuhiruh/ +8 W �bW� n S4@ c zkhuh S4@ lv wkh fdsdflw| ri wkh odujhvw fdsdflw| duf lq wklv fxw1
Uhprydo ri wklv odujhvw fdsdflw| duf uhvxowv lq d fxw zlwk fdsdflw| +8 W � bW� iru wkh uhvlgxdo
qhwzrun1 Wklv pxvw eh d plq0fxw iru wkh uhvlgxdo qhwzrun/ dqg dq rswlpdo duf lv wkh odujhvw
fdsdflw| duf lq wklv fxw1�

Li frqglwlrqv ri wklv ohppd duh qrw vdwlv�hg/ wkhq zh qhhg rwkhu zd|v ri fxwwlqj grzq wkh
vhdufk1 Ohw 8 � eh wkh pd{0 rz ydoxh ryhu wkh uhvlgxdo qhwzrun zlwk dq rswlpdo duf uhpryhg/
dqg �W ' 8 W � 8 �� Wkxv �W uhsuhvhqwv wkh pd{lpxp uhgxfwlrq srvvleoh lq wkh pd{0 rz e|
ghvwur|lqj dq duf1 Frqvlghu dq| plq0fxw +vhsdudwlqj r dqg |� lq C� Uhprydo ri wkh odujhvw
fdsdflw| duf uhvxowv lq  rz uhgxfwlrq htxdo wr wkh fdsdflw| ri wkh uhpryhg duf1 Khqfh/ li S

;



lv wkh fdsdflw| ri wkh odujhvw fdsdflw| duf dprqj doo +r � |� plq0fxwv/ wkhq S � �W� Li S fdq
eh irxqg hdvlo|/ wkhq zh fdq uhgxfh rxu vhdufk wr rqo| duf zlwk fdsdflw| : S� Wr �qg Sc qrwh
wkdw jlyhq dq| plq0fxw dqg dq| pd{  rz/ doo wkh iruzdug +uhyhuvh, dufv ri wkh plq0fxw duh
vdwxudwhg + rzohvv, ^8`1 Wkxv/ jlyhq dq| pd{  rz dqg dq| plq0fxw/ dq| duf wkdw dsshduv
lq vrph plq0fxw lv vdwxudwhg lq wkh fxuuhqw  rz1 Krzhyhu/ wkhuh pd| eh vdwxudwhg dufv lq
wkh fxuuhqw  rz zklfk gr qrw ehorqj wr dq| plq0fxw1 Wr ghwhuplqh li d vdwxudwhg duf E�c ��
ehorqjv wr vrph plq0fxw/ zh dvn= lv wkhuh lv d  rz0dxjphqwlqj sdwk iurp qrgh � wr qrgh �
zlwk wkh fxuuhqw pd{0 rzB Li |hv/ wkhq xvlqj wklv sdwk dorqj zlwk duf E�c �� lq wkh uhyhuvh
gluhfwlrq/ zh kdyh d f|foh dorqj zklfk d srvlwlyh dprxqw ri  rz fdq eh vhqw1 Wklv uhvxowv lq
dqrwkhu pd{0 rz zlwk duf E�c �� xqvdwxudwhg lpso|lqj wkdw E�c �� lv qrw d plq0fxw duf1 Wkh
iroorzlqj lv d v|vwhpdwlf surfhgxuh wr vhdufk iru S�

dojrulwkp Pd{FdsPlqFxw>

�qg d pd{0 rz sW dqg d plq0fxw (W dqg odeho doo vdwxudwhg dufv>

zkloh wkh pd{lpxp fdsdflw| odehohg duf E�c �� *5 (W gr

li < d  rz dxjphqwlqj sdwk iurp � wr �c wkhq xqodeho E�c ��

hovh vwrs zlwk S G' S�c��

vwrs zlwk S G' S�c�(

Iroorzlqj ohppdv duh xvhixo iru qduurzlqj wkh vhdufk ixuwkhu iru xqgluhfwhg qhwzrunv1

Ohppd 7 Ohw E�c �� eh dq rswlpdo duf1 Wkhq S�c� lv wkh fdsdflw| ri wkh odujhvw fdsdflw| duf
ri vrph fxw +vhsdudwlqj r dqg |,1

Surri1 Surri= Ohw 8 W dqg 8 � eh wkh pd{0 rz ydoxhv lq wkh ruljlqdo dqg uhvlgxdo qhwzrun
+rewdlqhg e| uhprylqj E�c ��,/ uhvshfwlyho|1 Wkhq reylrxvo| 8 W : 8 �1 Ohw (� eh d vhw ri
plq0fxw dufv lq wkh uhvlgxdo qhwzrun1 Wkhq lw lv hdv| wr fkhfn wkdw ( ' (� ^iE�c ��j lv d fxw
zlwk fdsdflw| 8 � n S�c�1 Uhprylqj dq duf ri fdsdflw| : S�c� iurp wklv fxw uhvxowv lq d fxw iru
wkh uhvlgxdo qhwzrun zlwk fdsdflw| 	 8 �/ d frqwudglfwlrq1 Khqfh hyhu| duf lq wklv fxw kdv
fdsdflw| � S�c���
Ohppd 8 Ohw E�c �� eh dq rswlpdo +xqgluhfwhg, duf1 Li A lv d pd{lpdo vsdqqlqj wuhh ri
xqgluhfwhg qhwzrun C/ wkhq A frqwdlqv dq duf zlwk fdsdflw| S�c��

Surri1 Frqvlghu wkh fxw ( ri wkh suhylrxv ohppd zklfk vkrzhg wkdw S�c� lv wkh fdsdflw|
ri wkh odujhvw fdsdflw| duf lq (� Uhprydo ri dufv ri ( euhdnv A lqwr wzr sduwv1 Wkxv A
frqwdlqv h{dfwo| rqh duf E&c �� ri (� Wklv duf pxvw kdyh fdsdflw| S�c�c iru li S&c� 	 S�c�c wkhq
uhsodflqj duf E&c �� zlwk duf E�c �� lq Ac uhvxowv lq dqrwkhu vsdqqlqj wuhh zlwk odujhu ydoxh/ d
frqwudglfwlrq1�

Wkxv wkh vhdufk iru dq rswlpdo duf fdq eh uhvwulfwhg ixuwkhu wr dufv zlwk fdsdflwlhv htxdo
wr rqh ri wkh ? � � fdsdflwlhv ri wkh dufv lq d pd{lpdo vsdqqlqj wuhh1 Li doo wkh dufv lq
wkh qhwzrun kdyh glvwlqfw fdsdflwlhv/ wkhq wklv uhvxow lpsuryhv wkh frpsoh{lw| ri wkh vhdufk
surfhgxuh wr �EmT m w� iurp �Em�m w��

<
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