
Ohfwxuh &7=

31314 Glylgh ) Frqtxhu Phwkrg=

Zh qrz wdnh xs wkh frqfhsw ri glylgh dqg frqtxhu1 Zh jlyh vhyhudo h{dpsohv lq
zkdw iroorzv1 Wkh edvlf lghd lv wr glylgh xs wkh sureohp lqwr vpdoohu sureohpv
dqg uhfxuvlyho| vroyh hdfk dqg frpelqh wkh vroxwlrqv wr pdnh xs wkh vroxwlrq
ri wkh odujhu sureohp1 Vrph wlphv/ wklv uhgxfhv wkh frpsxwdwlrqdo h�ruw dqg lw
lv wkhvh fdvhv wkdw zh duh lqwhuhvwhg lq1 Wkh �uvw ihz h{dpsohv iurp wkh �uvw
ohfwxuh wkdw |rx kdyh prvw olnho| vhhq ehiruh wklv fodvv zhuh= +l,Elqdu| Vhdufk>
+ll, Phujh Vruw> dqg +lll, Wkh Wlolqj Sureohp iurp ohfwxuh &41 Qrz zh gr d
ihz pruh1

H{dpsoh 4 Jlyhq dq duud| ri qxpehuv D^4> 5> ===> q`/ �qg wkh pd{lpxp dqg
wkh plqlpxp ri wkh vhw ri wkh jlyhq qxpehuv xvlqj rqo| sdluzlvh frpsdulvrqv1
Zh dvvxph wkdw q lv d srzhu ri 51

Dojrulwkp 5 +D, Vwduwlqj zlwk erwk Pd{ dqg Plq vhw wr D^4`/ zh frpsduh
hdfk hohphqw lq wkh duud| wr wkh fxuuhqw ydoxhv ri wkhvh dqg li D^l` A Pd{/
fkdqjh Pd{ wr D^l`> li D^l` ? Plq/ fkdqjh Plq wr D^l`1 Zh qhhg wr gr wkh
vhfrqg frpsdulvrq rqo| li wkh �uvw grhv qrw fkdqjh wkh ydoxh ri Pd{1

Dojrulwkp 6 +D*, Iluvw �qg Pd{ dqg wklv wdnhv +q � 4, frpsdulvrqv1 Qrz
�qg Plq dprqj wkh uhpdlqlqj hohphqwv dqg wklv wdnhv +q � 5, frpsdulvrqv
iru d wrwdo ri 5q� 6 frpdsulvrqv1

Zkdw lv wkh +zruvw fdvh, qxpehu ri frpsdulvrqv lq Dojrulwkp DB 1 Lw vkrxog
eh fohdu wkdw dq| dojrulwkp iru �qglqj wkh Pd{ lv 
+q,1 Wkxv/ wkh deryh
dojrulwkpv duh �rswlpdo� dv uhjdugv wkh �rughu�1 Exw pd| eh wkhuh lv dqrwkhu
dojrulwkp wkdw lv dovr R+q, exw wkh frqvwdqw lv orzhu1 Wklv lv lqghhg wkh fdvh
dv zh vkdoo vhh ehorz1

Dojrulwkp 7 +E, Frqvlghu wkh uhodwlrq=
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Vr li zh nqrz wkh uhvxowv iru wkh wzr kdoi duud|v/ e| grlqj wzr pruh frp0
sdulvrqv/ zh jhw wkh uhvxowv iru wkh ixoo duud|1 Wklv jlyhv wkh iroorzlqj uhfxuvlrq=
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Zh xvh wkh lwhudwlrq phwkrg wr vroyh wklv uhfxuvlrq +Zk| qrw xvh wkh Pdvwhu
WkhruhpB,1 Vlqfh zh kdyh dvvxphg wkdw q lv d srzhu ri 5/ ohw q @ 5n iru vrph
n1 Wkhq/
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H{huflvh 8 Vkrz e| vxevwlwxwlrq phwkrg wkdw iru jhqhudo ydoxhv ri q/ w+q, @	
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Dojrulwkp E grhv ohvv zrun wkdq Dojrulwkpv D*1 Wkh vdylqjv duh rqo| derxw
58( dqg wklv pd| eh r�vhw e| wkh gl!fxow| lq lpsohphqwlqj dojrulwkp E1 Wkhuh
lv d pxfk vlpsohu dojrulwkp wkdw dfklhyhv wkh vdph erxqg dv dojrulwkp E1

Dojrulwkp 9 +F, Gh�qh wzr duud|v E^4> 5> ===> q5 ` dqg F^4> 5> ===> q
5 ` ri kdoi wkh

ohqjwk ri wkh duud| D dv iroorzv= E^l` @ pd{+D^5l�4`> D^5l`,>F^l` @ plq+D^5l�
4`> D^5l`,> 4 � l � q

5 1 Ilqg wkh pd{lpxp ri wkh qxpehuv lq wkh duud| E dqg wkh
plqlpxp ri wkh qxpehuv lq wkh duud| F1 Wkh wrwdo h�ruw khuh lv dovr
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exw wkh dojrulwkpv lv pxfk vlpsohu$

Exw zh duh uhdoo| orrnlqj iru pxfk eljjhu vdylqjv$ Ohw*v pryh rq wr rwkhu
h{dpsohv1

H{dpsoh : Idvw Lqwhjhu Pxowlsolfdwlrq

Ohw [ @ {4{5{6==={q dqg \ @ |4|5|6===|q eh wzr q0gljlw qxpehuv wkdw zh
zlvk wr pxowlso|1 Wkh ruglqdu| phwkrg ri frpsxwlqj wkh surgxfw [ �\ lqyroyhv
q5 pxowlsolfdwlrq ri vlqjoh gljlw qxpehuv |l+4 � l � q, zlwk {m+4 � m � q,1 Ohw
xv frqvlghu glylgh dqg frqtxhu wr ghyhors d idvwhu dojrulwkp1 Glylgh erwk [
dqg \ lqwr wzr qxpehuv zlwk kdoi wkh qxpehu ri gljlwv lq wkh ruljlqdo qxpehuv1
Vr zh jhw=
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Zh dvvxph wkdw q lv d srzhu ri wzr iru wkh vdnh ri frqyhqlhqfh1 Wkxv/
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Wkh odvw h{suhvvlrq lqyroyhv irxu surgxfwv ri lqwhjhuv ri kdoi wkh vl}h frp0
sduhg wr wkh ruljlqdo sureohp1 Wkh qxpehu ri vwhsv iru dgglqj wkhvh whupv
wrjhwkhu dqg iru grlqj wkh ohiw vkliwlqj wr jhw [4 � \ +4,43q iurp [4 � \ +4, lv fq
iru vrph srvlwlyh f1 Khqfh/ zh rewdlq wkh iroorzlqj uhfxuuhqfh=
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Li zh xvh wkh pdvwhu wkhruhp wr vroyh wklv uhfxuuhqfh/ d @ 7> e @ 5> orje d @
5> i+q, @ �+q, dqg vr zh duh lq Fdvh 41 Khqfh w+q, @ �+q5,1 Wklv lv qr
lpsuryhphqw$ Li |rx orrn fduhixoo|/ zh qhhg rqo| wr frpsxwh wkuhh whupv=[4 �\4/
^[4 � \5 .[5 � \4`/ dqg [5 � \51 Krz zh gr lw lv xs wr xv$1 Qrwlfh

^[4 � \5 .[5 � \4` @ ^[4 .[5` � ^\4 . \5`�[4 � \4 �[5 � \5

Khqfh/ li zh frpsxwh wkh wkuhh surgxfwv [4 � \4/ ^[4 .[5` � ^\4 . \5` dqg
[5 � \5 dqg wzr dgglwlrqv +vxewudfwlrqv dfwxdoo|, deryh/ zh jhw doo wkh uhtxluhg
whupv lq [ � \ 1 Zlwk wklv/ rxu uhfxuuhqfh ehfrphv
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Qrz zh dsso| wkh pdvwhu wkhruhp/ +djdlq Fdvh 4, zh jhw w+q, @ �+qoj 6,
zklfk lv ehwwhu wkdq ehiruh1 Zh kdyh lqghhg frqtxhuhg$ Lq rughu wr vhh zkhwkhu
zh fdq gr hyhq ehwwhu +iru h{dpsoh fdq zh vsolw wkh qxpehuv lqwr wkuhh htxdo
sduwv dqg gr wkh vdph wklqj, / zh qhhg wr xqghuvwdqg zk| wklv zrunhg1 Iru
wklv sxusrvh/ ohw

[+w, @ [4 � w.[5

\ +w, @ \4 � w. \5

]+w, @ [+w, � \ +w,

@ [4 � \4w
5 . ^[4 � \5 .[5 � \4`w.[5 � \5

@ dw5 . ew. f

Wkxv/ ]+w, lv d vhfrqg ghjuhh sro|qrpldo lq w dqg kdv wkuhh frh!flhqwv d> e>
dqg f1 Li zh nqrz wkh ydoxhv ri ]+w, iru wkuhh gl�huhqw ydoxhv ri w wkhq zh fdq

6



fdofxodwh wkh frh!flhqwv d> e> dqg f1 Wkh wkuhh ydoxhv ri w duh qrupdoo| fkrvhq
dv �4> 3> dqg 41 Zh xvh Od Judqjh*v irupxod=
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Wkh wkuhh ydoxhv ]+�4,> ]+3,> dqg ]+4, duh frpsxwhg e| wkuhh pxowlsolfd0
wlrqv rq lqwhjhuv kdoi wkh vl}h ri wkh ruljlqdo qxpehuv1
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Qrwh wkdw
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Li zh ohw w @ 43
q
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\rx fdq gr wkh vdph surfhvv e| glylglqj hdfk qxpehu lqwr wkuhh sduwv1 wkh
dqdo|vlv lv vlplodu1 Lq jhqhudo/ grlqj wklv zh jhw w+q, @ �+qorjn+5n�4,, dqg zh
fdq pdnh wklv �+q4.�, iru duelwudu| srvlwlyh � e| ohwwlqj n ehfrph odujh1 Wklv
frpsohwhv wklv h{dpsoh1 Zkdw zh kdyh lqgluhfwo| vkrzq lv krz wr pxowlso| wzr
sro|qrpldo ixqfwlrqv1

Lq wkh deryh glvfxvvlrq dv dssolhg wr pxowlso|lqj wzr lqwhjhuv ri htxdo vl}h/
zh kdyh ehhq vrph zkdw vorss|1 [+4, .[+5, pd| kdyh pruh gljlwv wkdq hdfk
ri wkhvh qxpehuv1 Zkdw li wkh vl}h lv qrw d srzhu ri 5> iru h{dpsoh li lw lv rggB
Li zh dvvxph wkdw w+q, lv dq lqfuhdvlqj ixqfwlrq ri q/ +iru odujh q,/ wkhq zh fdq
vroyh wkh uhvxowlqj uhfxuuhqfh=
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Qrz li zh ohw aw+q, @ w+q. 5,/ zh fdq wudqvirup wkh deryh lqwr=
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Khqfh aw+q, @ R+qoj 6,1 Vlqfh w+q, lv lqfuhdvlqj/ w+q, � w+q . 5, @ aw+q,1
Khqfh w+q, @ R+qoj 6,1
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