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ALIASING (1) |

e Let f be a periodic, continuous-time function with period L:
VteR: f(t+ L) = f(t)
> Can also use this formula for periodic extension of a function that is
defined only on a finite interval [—L/2, L/2)
> Expand f in a Fourier series

0
27N

t) = njwnt h n— 5
f(t) Zce where w 7

n=—oo
o One is using the Fourier basis
e/t n e’

o Only the discrete frequencies w, enter, because f is periodic (or is
defined on |[—L /2, L/2) and has been periodically extended)
o Calculation of the Fourier coefficients uses orthogonality:

e
Cp = — e I¥nt (1) dt
L /L/2 2
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SAMPLING THEOREM (1) I

e A function f is called band-limited with bandwidth B if the spectrum
of f vanishes outside an interval of length 2B in transform (frequency) space

> For a baseband signal, the interval in transform space is [— B, B

e The sampling theorem asserts that a band-limited function can be recon-
structed perfectly from samples taken at time intervals of 1/2B

> For a band-limited baseband signal,
B 00
f(t) = / f()e*™dy  where f(v) = / f(t)e *™dt
B —00

> The Fourier transform f can be periodically extended to a function fp
with period 2B
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SAMPLING THEOREM (2) I

e The periodic extension f, has a Fourier series:

~

1 o, m
f(v) = ﬁzmjfme 72t where  t,, = 7B

B
and  fp, :/ Fo(0)e*™mdy = f(t,,)
—B
> Then

0= [ fwean = > in |

B .
6]27w(t_tm)dy
B

sin(7x)

T

_ Z fmsine(2B(t —t,,)) where sinc(z) =

> It follows that f(t,) = f,, so the function f is reconstructed at the
sampling times t, = n/2B

> The interval between successive sampling times is 1/2B
© C. D. Cantrell (05/2005)
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ALIASING (2) |

e Sample a continuous-time function f at the 2/N discrete points

L
t =t =1lh where h:ﬁ
> This produces a discrete-time function, which is defined entirely by
its values f(t_n), ..., f(ty_1), where t € [—L/2,L/2)

e Only a finite frequency range is meaningful for a discrete-time
function, because

2m(n + 2N)
2Nh

WhioN T = ( ) lh = w,t; + 2ml

e Therefore w, is confined to the Nyquist interval,
_%WN S Wy < %WN,

where
2T .
WN = - = Nyquist frequency
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ALIASING (3) |

e A discrete-time function f is a vector with 2N components

> Only 2N basis vectors are needed to expand a 2/N-component vector
> Possible basis sets:

o Canonical basis (one component equals 1, all others equal 0)
o Sampled Fourier basis u,(t;) = e/*n"

e Orthogonality of the sampled Fourier basis functions w,,(#;):

N-1 .

Z i wn—wm)ty _ 2N, ifn=m+2Ngq;

— 0,  otherwise

e Eixpansion in the sampled Fourier basis =- discrete Fourier expansion:

f(t) = Z C, et where C, = L Z f(t) e~ Jwnti
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SAMPLED FOURIER BASIS COMPONENTS (1)

e Values of Re [u,(t,,)] = ¢/*n'm for N =50, n =1 and m € [-N, N — 1]
Real part of components of u;

o
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SAMPLED FOURIER BASIS COMPONENTS (2) |

e Values of Re [u,(t,,)] = e/“n'm for N =50, n =10 and m € [-N, N — 1]

Real part of components of uy,

1 L
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SAMPLED FOURIER BASIS COMPONENTS (3) |

e Values of Re [u,(t,,)] = e/“n'm for N =50, n =25 and m € [-N, N — 1]

Real part of components of u,s
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SAMPLED FOURIER BASIS COMPONENTS (4) |

e Values of Re [u,(t,,)] = e/“n'm for N = 50, n =50 and m € [-N, N — 1]

Real part of components of us,

1+

| L}
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ALIASING (4) |

e When a function is sampled, all frequencies outside the Nyquist

interval

2

—le < w, < %wN

are mapped (“aliased”) into the Nyquist interval

> Discrete Fourier series for a sampled function:

N—1
f(t) = Z Cpe?n

n=—N

> Relation between Fourler coeflicients for continuous vs. discrete Fourier
series, showing where aliasing comes from mathematically:

1 N—-1 1 N—-1 00
- —Jwmt; T (wn—wm)t
o=y 3 Sl e =50 3 3 bl

[=—N n=—00

Chn

© 9]

g Cm+2Ngq

gq——00 © C. D. Cantrell (06/2000)
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ALIASING (5) |

e Calculation of the discrete Fourier coeflicients using the discrete
orthogonality relations:

where
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COARSELY SAMPLED SQUARE WAVE AND ITS DFT I

Sampled square wave Discrete Fourier transform
g(tp) e, 1/2
¢ 0.5¢ ¢
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. 4 ‘ m
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CONTINUOUS SQUARE WAVE
AND ITS FOURIER COEFFICIENTS

Square wave Fourier coefficients
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ALIASING (6) |

e Aliasing is a property of all expansions in orthogonal functions that are
sampled on a discrete set

> Example: Let

© 9]

f(t) = Z ¢, Py(t) for all x € [—1,1]

n=0
(P, = n™-order Legendre polynomial). On {t, = —1, t; = 1},
f(t) = Co Po(ty) + Cy Pi(t)
where Py(t) =1, Py(t) = x, and

©.@)

C(m:z:cmj%q (m = 0, 1)

q=0

Sampling = the Legendre expansion is aliased, not truncated.
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