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Abstract 

A new method for the solution of pentadiagonal systems of 
linear equations is presented. The method is a generaliza- 
tion of ordinary odd-even elimination used for tridiagonal 
systems. Using n processors, an n X n pentadiagonal system 
can be solved using the new method (generalized odd-even 
elimination) in time proportional to log, n. 

1 Introduction 

While much has been written on the parallel solution of tridi- 
agonal systems of linear equations (see [l, 2, 3, 4, 51 for 
surveys), comparatively little work [6, 71 has been done on 
the parallel solution of pentadiagonal systems. Nevertheless, 
pentadiagonal matrices are an important form of banded 
matrix, second only perhaps to the tridiagonal and block- 
tridiagonal forms. Pentadiagonal matrices arise, for exam- 
ple, in the numerical solution of partial differential equations 
when implicit methods are used in conjunction with spatial 
differencing operators that have 5-point stencils. Thus they 
are important in computational fluid dynamics(g]. 

We begin with a review of odd-even elimination as it is 
normally applied in solving tridiagonal linear systems. Then, 
we present a generalization of odd-even elimination for solv- 
ing pentadiagonal linear systems. We report on an initial 
implementation of the new method on a parallel processor. 

2 Tridiagonal Odd-Even Elimina- 
tion 

Odd-even elimination (also known as parallel cyclic reduc- 
tion) is a method for solving tridiagonal systems of linear 
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equations [l, 2, 31. It is conceptually simple and naturally 
parallel. Briefly, we wish to solve the system 

where 
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Consider row i of A: 

Ax=y 

A(i) = (O,...,ai,bi,ci,O,..-). 

(1) 

(2) 

(3) 
We add to row A(i) a multiple of row A(i - 1) chosen such 
as to annihilate ai in A(i). Doing so creates one element 
of fill-in directly to the left of ai. We also add to A(i) a 
multiple of A(i + 1) chosen such as to annihilate c; in A(i). 
This generates one element of fill-in to the immediate right 
of c+. 
Thus we form 

A’(i) = FA(i - 1) + A(i) + zA(i + 1) (4 
a-1 

= (O,..., a:,O,b~,O,c~,O ,... ). (5) 

If we perform the above operation in parallel to ail the 
rows of A, we produce a new matrix 

A’ = 

b; 0 4 
0 b’ 

0” 
0 4 0 

4 b; 0 4 
*. 

ah-2 0 b;-, 0 CL.2 

0 , (L-1 0 b;.m, 0 
I 

%a 0 b’ 78 

\ 
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I 
We have thus reduced the original tridiagonal system into 

two independent tridiagonal systems of half the original size 
1 

‘This can be seen by permuting the rows and columns of A' 
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This process is then iterated for k = 1,2,. . . , peg, nl - 1 , 
with i - 2k and i + 2k replacing i - 1 and i + 1 respectively in 
equation (4). Afte:r the last iteration A has been transformed 
into a strictly diagonal matrix AD. 

For example (after [l]), starting with an 8 x 8 tridiagonal 
matrix and denoting any noneero elements with a ‘W, we 
have: 
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By including, in the standard manner, the right hand side 
y in all row operations, we produce the solution vector x 
after a final, fully parallelizable division of the transformed 
y by the respective diagonal elements of AD. 

To consistently handle references to elements “off the 
edges” of the matrix (i.e., where i - 2k < 1 or i + 2k > n) we 
can use: 

Uj=O) 
b; = 1 

cj =o I 
j<lorj>n (7) 

Stage k(0 5 k 5; Fog, n] - 1) of the odd-even elimination 
can be performed in the following manner, where c- denotes 
the replacement operator. Let m = 2k. 

a; + a;/b; 

ci + cilh 

yi + YiPi 
b; t 1 - a$&, - c&+m 

Yi + yj - aiyi-m - CiYi+m 

Uj + -ai&-, 

ci+ -Wi+m 

(f-9 

This algorithm solves the linear system Ax = y in log, n 
stages with 13n floating-point operations per stage, plus one 
floating-point divide in each processor for the final solve of 
AD = y, giving a total of (131ogsn $ 1)~ floating-point op- 
erations in log, n ,+ 1 stages. Standard Gaussian elimination 
(without pivoting) would require 8n - 7 floating-point oper- 
ations in 2n - 1 stages. 

Since all interprocessor communication is between rows 

that are an exact power of two apart, on hypercube con- 
nected multiprocessor architectures (for example, on the 
Connection Machine [9]), th e interprocessor communication 

time can be kept relatively low by using a binary reflected 
grey code to map row numbers to processor numbers [lo]. 

For each row, we need to store its a;, b;, G, yi, and two 
“stack” temporaries for intermediate expressions. Thus, the 
total storage required to (destuctively) solve the n x n tridi- 
ago& system AZ = y is 6n words. 

Unfortunately, if at any time one of the hi’s becomes zero, 
even though the system may not be singular, the algorithm 
will attempt to divide by zero. However, in practice, for 
random tridiagonal matrices and especially for the types of 
tridiagonal matrices generated by finite differencing in com- 
putational fluid dynamics problems, the algorithm is reason- 
ably well behaved. 

3 Generalized Odd-Even Elimina- 
tion for Pentadiagonal Systems 

Assume that we have a pentadiagonal system 

P= 

Cl (6 el 

bz ~2 d2 e2 0 
a3 b3 Q ds e3 

an-2 b-2 G-Z L-2 en-2 

0 a,-), L.1 G-1 L-1 

an ha c, 

\ 

(9) 

/ 

In the spirit of the transformation A -+ A’ above, we wish 
to transform P, via elementary row operations that can be 
performed in parallel, into a new matrix P’ of the form: 

a' 0 n-4 b:-, 0 4-4O dk-,O ei+., 
ahw3 0 b;-, 0 CL-3 0 d;-,_, 0 

0 ak-2 0 b;-, 0 4-2 0 dL2 
ahsl 0 bL_, 0 d,-1 0 

i aA 0 b: 0 dn 

(10) 
This will effectively decouple the original system into two 

independent pentadiagonal systems of half the original size’. 
To accomplish the transformation P + P’, consider row i 

of P. 

P(i) = (O,..., ai, biy G, 4, co,. - -)- (11) 

Using a linear combination of other rows, we need to trans- 
form P(i) into 

P’(i) = (0,. . . ,a:, 0 b! 0 c! 0 d! 0 e! 0 9 19 9 1, , 0 9 0 ,*‘- ), (12) 

To transform P(i) into P’(i) requires using rows P(i - 2), 
P(i-1), P(i+l) and P(i+2). The correct linear combination 
of these rows can be obtained as follows: Listing five adjacent 
rows of P, we denote with a boxed entry in row P(i) those 
positions where we require a zero in the new row P’(i). 

‘As in the tridiagonal case, this CZLIL be seen by permuting the rows 
and columns of P’ appropriately. 
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a;-2 bi-2 c-2 4-2 e;-2 
ai- bi-1 ~-1 di-1 ei-1 

cl ai cl bi pi cl O!i k?i cl 
ait1 bi+l ci+i 4+i eitl 

ai+2 hi+2 +z 4+2 et2 

*. . 

(13) 

Thus, we must solve the following system of four equations 
in four unknowns 

bi-2 aiT 0 O 
h-2 G-1 ai+i 0 
0 ei-1 ci+l b;+2 

0 0 Q-1 A+2 

0 
-b; 

-4 
0 I (14) 

in order to produce the desired new row 

P’(i) = x~2P(i-2)+x-iP(i-1)tP(i)tZ+r~(itl)+x+s~(it2). 
(15) 

This process is then iterated for a = I, 2,. . . , peg, n] - 1 , 
with i - 2k and i + 2k replacing i - 1 and i $1 respectively in 
equations (14) and (15). After the last iteration P has been 
transformed into a strictly diagonal matrix PD. 

Thus, on n processors, assuming a constant upper bound 
on interprocessor communication time, the entire pentadiag- 
onal system can be solved in time proportional to log, n. 

For example, starting with a 16 x 16 pentadiagonal system, 
and denoting any nonzero elements with a I’.“, we have: 

P= 

The last elimination (P”’ + PD, in this case) can be ac- 
complished, at some cost savings, by standard tridiagonal 
odd-even elimination. 

Again, by including the right hand side y in all correspond- 
ing row operations, the solution vector x can be obtained by 
a final fully parallel division of the transformed y by the 
corresponding diagonal elements of PD. 

4 Implementation 

Dealing with references “off the edges” of the matrix is some- 
what more complicated than in the tridiagonal case. One 
consistent approach is to use: 

aj = 0 

bj = 1 
Cj = 1 
dj=o j< 
ej = 0 

Yj = 0 ! 

1, 

Oj = 0 

bj = 0 
Cj = 1 
dj = 1 
ej = 0 
Yj = 0 I 

j>n (16) 

We only need to store the nonzero elements of each row.’ 
A fairly efficient way to perform stage k of the generalized 
odd-even elimination (for all rows i) is: 

tl= ei++bi+++t - Ci+2hdi+Zh+a 
t2 = a;+2bdi+++x 
h = di-zh+t ai-+ 
81 = bit1 t d;t2 
92 = bim2k+i(ei-2hbi - ~-2b&) + ts& 

D = t3h - bi-2h+t(Cio2btl + ei-pt2) 

XI = - D-‘(aim2hs1) 

22 = D-‘(bi-2~+~ 81) 
~3 = DB’(di+2h+182) 
X4= -D-'(ei+2bS2) 

(17) 

ai = Xlai-2htl 

6: = xlci-2btl t 22bi-2k + ai 

!- 

2: 
x1eiv2b+l + zzdi-z* + G t zsb<++ + x4ai+zb+l 

ei + xgdi+2h + X4Ci+2&+1 
e{ = X4ei+2htl 
y; = Xlyi_2btl t X2yi-2h t yi + X3Yi+lb + x4Yi+2b+1 

As in the tridiagonal case, all interprocessor communica- 
tion is between rows that are an exact power of two apart. 
Therefor, a binary reflected grey code mapping [lo] of row 
numbers to procesor numbers is advantageous for generalized 
odd even elimination on a hypercube connected multiproces- 
sor system. 

A pentadiagonal solver based on the generalized odd-even 
elimination described in this paper has been implemented by 
the author on the Connection Machine [9] model CM2. It 
is written in the *lisp language, a set of parallel extensions 
to common lisp [II]. I n a forthcoming paper, we will com- 
pare the performance and stability of generalized odd even 
elimination with odd even cyclic reduction for pentadiagonal 
systems (described in [S]) and with the Thomas Algorithm, 
often used on serial computers. 
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